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FLOW OF OIL AND WATER THROUGH POROUS MEDIA 

by H.W. ALT (Universität Bonn) and E.DI BENEDETTO (Indiana University) 

We shall prove existence and regularity for the flow of two immiscible fluids 

through a porous medium. It is described by the following system of degenerate 

ell iptic parabolic equations (see [2], [ 3 ] ) . 

(1) 3 s - V- (k±(Vpi + ei)) = 0 in fiT := M 0 , T C 

for i = 1,2 , with side condition 

s1 + s2 = l . 

The porous body 9, is a bounded domain in TR with Lipschitz boundary, s^ is 

the fluid content of the i-th fluid depending on p̂  - p̂  , k̂  i ts conductivity 

depending on s^. The hydrostatic pressure is denoted by p^ and ei is the 

gravity, s^ and k̂  are continuous functions as in the Figure, s^ strictly 

monotone in Cp . ,p 1 , where - 00 < p . <0<p <°°, and k. positive in mm max —mm max— l 
DO,13. Therefore we have the additional side condition 

Pmin — Pl " P2 - Pmax ' 

S2X 

P . 
min 

p max 
>P1"P2 

k. 
i 

0 1 
s. i 
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H.W. ALT, E. DI BENEDETTO 

As initial condition we pose 

(p± - p2) (x,0) = s°(x) for x€fi , 

where s^ are nonnegative measurable functions with s° + s° = 1. We assume that 

ijj(s°) € (Çl) where is defined below. The boundary conditions are induced by 

a partition of into three measurable sets ^ , F 2 and Tq. We consider 

Neumann data 

k. (Vp. + e. ) • v = 0 on r x]0,TC 

and mixed Dirichlet and overflow conditions 

D 
Pl = Pl 
k2(Vp2 + e2) -V = 0 if P1-P2>Pnin 

k2(Vp2 + e2) -V = 0 if Pl~p2 = pm.n 

on T^xDO^C and similar conditions on r2><30,T[. 

Here 

p^eL°°(̂ T) nL2(0,T;H1,2(ft) ) 

with 

Pmin — Pl " P2 - Pmax 

and 

atp°€L1(0,T;L2(^)) nLr(flT) for some r > l . 

Common Dirichlet conditions for p̂  and p2 are easier to handle. 

Multiplying ( 1 ) by p^ - p*? we see that 

(2) S f [ k (s (p -p ))|Vp T 
1=1,2^0 Jft 

determines the natural topology of the problem. Therefore since ki degenerates 

we cannot work in function spaces for p^. But if we define 
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FLOW OF OIL AND WATER... 

ul *l(pl'p2} := V 
Pl-P2 

'o 

/k (s <min(C,0))) 

k.(s,(o)) 
(f+g ) 

(3) 

u2 := $2(P1,P2) := PX-
fPrP2 

'o 

/k2(s2(max(C,0))) 

k2(s2(0)) 
dqf 

2 
then (2) is equivalent to the L -Norm of (Vu ,Vu~). Also 

qdf 

{p _> p9) 
= K(Sl) 

dv 

VU2. k 

where in the set {p _> p9) the matrix K is given by 

K(Sl) = 

{p _> 

U2(s2) • /k2(s2(0))k2(s2) /k2(s2(0)k2(s2) 

and similarly in {p^ <.P2). Introducing the notation 

K := { ( v . , v j eL2(0,T;H1,2(fì)) ; v, = p° and v. - v_ > p . on I\ x ]0,TC 
i z l l l z mm l 

v_ = p^ and v - v 0 < . p on rox]0,TC} 2 2 1 2 max 2 

we can formulate the properties of a weak solution (p ,̂P2) as follows, p^ : ft-*]R 

with p . < p. - p. < p and the transformation (u. ,uj obtained by (3) (in ft) mm 1 2 max 1 2 

is of class L2(0,T;H1,2(ft)) . Furthermore for (v^v^EK with av±€L1(^) the 

following inequality holds for almost all t , where s_̂  = s^^-p,^) : 

{p _> p9) t q (s)o (SjCt) (v1-v2)(t) - s°{v1 - v2) (0)) + a t at (v1 -t v2 + 

(4) 
H Z. [ f f z . k.. ( s . )Vu. + k. ( s . ) e . i « (r—r—r Z. k. . (s.)Vu. - Vv. \ki(si) 3 ID 1 3 i , 

d 

Here by convention 

k. . (0) = 0 and 
ID 

k. . 

^ 1 
(0) = 0 

and the convex function is defined by 
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H.W. ALT, E. DI BENEDETTO 

iMs^z)) : = r . 
o 

(SjCz) - s^Ç)) d£ 

Hence formally 3 ^ (Sj (Pj - p2)) = (pJ - P2^ts1 <Pj ~ P2̂  ' therefore the variational 

inequality (4) formally is equivalent to the above stated initial boundary value 

problem. We prove 

1. Existence Theorem. Suppose that tf*"1 (I\ ) >0 , p . > - «> , and  1 mm 
u v := (0,-p ) <~ , or that HN_1(r ) >0 , p < °° , and max 2 max 2 max 
u . := $, (p . ,0) > - oo. Then theve exists a weak solution. min 1 mm 

Proof. We approximate the conductivity by positive functions 

2 
k . := max(e ,k.) , £1 1 

and the water content by adding a penalizing term 

s£l(z) := s^z) + £z , se2(z) := s2(z) " £z * 

Furthermore we approximate the time derivative 3 by backward difference 

quotients 3.*1. Thus we start with solutions (p, ,p, _) £K, of (p̂  := p, . -
t hei h£2 In h£ hcl 

- phe2> 

(5) h\Q ( C ^ i ' P h c X P h e i - V ^ ^ h e i - ^ ' ^ i ^ i ^ ' ^ h e i ^ i ' ) ^ 0 

for all times and for every (v]/v2) ^^h* Here ^ -*-s defined as K with p^ 

replaced by 

{p _> p9) (t) = rjh 

j (j-Dh 
p^ (T) dT for (j - l)h < t < jh . 

The initial condition is 

s£i(Ph£)(t) = s° for - h < t < 0 . 

The solution P^iet °f these inductively defined ell iptic problems exists since 

%F ^(T^[)Y^) > 0. Setting v_̂  = pj\ we obtain for the parabolic part since s£i 

is monotone 
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e n8th sei(phe)(phe-ph' - ddd 

ft d fdd 

d 

{p _> p9) ec e de = ei pn ei pho + 

rt-h , . rjn. D ^ ^ 
L Kef - e o 

{p _> p9) 

Together with the ell iptic part we obtain the a priori estimate 

e sup 
0£ t£T 

{p _> p9) z . 
1 

{p _> p9) phe )) v ph ei 
I 2 < c . 

Therefore if u, . are defined as in (3) with respect to k . we can conclude riei ei 2 

that are bounded in L (fî ,) . Now in the set {Ph£i — Phe2"̂  by definition 

of k£. (write u^ := u ^ - u ^ ) 

0 < u. < u + c e I p. I . — ne — max 1 he1 

Thus if u < 00 by the a priori estimate max 

oo 2 
maxdi - u ,0) + 0 in L (0,T;L (Œ) ) ne max 

Similarly if u . > - 00 min 

min(iL - u . ,0) •+ 0 in L°°(0,T;L2(fi)) . ne min 

Together with the boundary condition and the assumptions made this implies that 
2 12 

u^^ are bounded in L (0,T;H ' (Q) ) . Hence for a subsequence h-*o , e + o 

uh£i + u± weakly in 1? (Oj^1 '2 (Œ) ) 

and 

min 1 2 max 

Consequently p̂  and p̂  are well defined by (3). 

The next step is to prove compactness of s£j_̂ Pj1ê ' We "^^P^-Y t*ie equation 

in the time interval 3(j-m)h,jhC by the time independent function 

vi " phei + n2(uhei(t) " "hei*-**1" ' 
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00 
where T]£Co(fi) , j_>m , and ( j - l ) h < t < j h . Using the a priori estimate we 

obtain 

jmhj 
n2(s£l(ph£(t)) " ^ ( p ^ C t - m h J J ^ C t J - ^ ^ t - m h ) ) < C mh . 

Since p̂ ^ is a monotone function of and since e|Ph£l 0 in L*(̂ T) it: 

follows as in [ID that s (̂Ph£) is relative compact in L1(̂ T) , hence for a 

subsequence convergent to s^p^-p^) in l} {0,^) and almost everywhere. 

Then also ~ ul ~ U2 â most everywhere in 0,^. Moreover the 

boundary condition on f, , i = 1,2 , is of the form 

Vi + V a ^ e ' V i ' W ' 

where y ^ are continuous functions converging uniformly to some y. This implies 

that 

u1+u2 = y(u1-u2) , 

that i s , (u^u^) is of class K. 

Finally we have to show that (u^u^) satisfies the variational inequality. 

For this write (5) (omitting unessential positive terms on the left) in the form 

_1_ 
h 

qdf {p _> p9) qsodl r) d f 
. I \[kei(si(%e> > lVphei !2 + kei(si(phe> >Vphei ' ed) 

< i - h r j ^el(phe)vh " F o • 
o 

n 1 h • 
rt-h 

' o 
s , (pt )3*V + ^ el ^he t h 

dfg( d) r 
o ' 

qd kei(si(phe))vvhi • ei+kei(si(ph£))vphei • Vvhi) 

Here ^vhi'vh2^ ^^h is a suitable approximation of a given function (vi'V2^ with 

the properties as in (4). Since ^(P^e^ converges almost everywhere the first 

integral on the left and all terms on the right except the last one converge to the 

desired limit. Since 

k . (s. (p-J)Vp. . = Z.k . . (s. (p J)Vu ei i ^he ^hei ] ei] i he nei 
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also the last term on both sides converge. The second term on the left is (£<.e ) 

rt 
> I. — L J o 

1 
ß ke i(si(Phe)) o hkei j (s i (Phe))VVi 

I2 

which in the limit Z 0 , h 0 is 

> Z. 
— L 

't 

o n keoi(si<Pl -P2>) 
l 

2jkij(si(p1-p2))Vui|2 . 

Then let e -> 0. o 

That weak solutions satisfy the differential equation is stated in the next 

Lemma. 

2. Lemma. For any weak solution ^ s ^ p ^ - p ^ £L (°'T'*H ' ) with initial 

values s° , that is3 

(6) Otsi(p1 -p2),ç> + 
o 

x d {p _> p9) p2) n 1 et = 0 

for ç € c~(fì x C0,TC) . Moreover £n tfte above space 

(7) atsi(pl "p2) " V ' Ijkij(si(p1.p2))Vuj+ki(si(p1-p2))e i j= 0 

Proof. Formally this follows by setting = ± £ in (4) . But since we do not 

know whether p^ is regular enough to do so, we have to approximate these 

functions. Choose u .̂ N u . and û  »̂ u and define mm mm max max 

dfq ef Ul+U2 

2 
± -j max P • I P / u . , min(u , u. - u_) mm max 1 2 y 

Then the corresponding pressures pj belong to L2(0,T;H*'2(ft)). Similary 
Dp 

define p. . Then 

D . / P DPN 

satisfy p . < w. - w_ < p and the Dirichlet condition on I \ . As test ^min — 1 2 — *max i 
function in (4) we use 
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Vl,2 = -2 
' T£ T£ . 1 

±2 max 
. , T£ T£, p . , mm(p ,w. - w_ ) min max 1 2 + h,2 ' 

where 

wje(t) :-pJ(t) + (pP-p°P)(t) + 

+ max 0̂ i _ (J + D h - T - t > 
£ 

<PP-P°p)<(j + l )h-T)- (pP-P°p)(jh-T) 

whenever jh - T <_ t < (j + l)h-T , j = 0 , . . . , j , , t = j • h , t -h<_t < t for 
h h n n o n 

given tQ<T. In this definition p?(t) := p?(o) and pP(t) := p°P for t < 0 , 
where p?P£H1,2(ft) is chosen such that p . < p°P - p°P < p and l rmm-rl 2̂ — max 

(*(s°) -

op op 
fpl "P2 

ô 

{p _> p9) E) dµE -> 0 as p -> 0 . 

Then the £̂  terms in (4) give the assertion provided we can show that for £̂  = 0 

the right side in (4) does not exceed the left in the limit £ 0 , h •+ 0 , and 

p 0. 

Let us consider the parabolic terms. For almost all T almost everywhere in 
T£ T£ T£ 

we have (writing s^(t) for s^(x,(p^ - p^)(x,t)) , v for v̂  ~ v2 etc.) 
,(j+l)h-T 

jh-T 
Sl 8tV = 

(j+l)h-T 

jh-T 
X({emin<wT£<*max}) " ( s r S l ( ( j + 1 ) h - T ) ) 9 / e + 

d = (j + l)h-T 
j 

wT£((j + l)h-T) -wT£(jh-T) d x 

>_ -
,(j+l)h-T 

J jh-T 
| S l - S l ( ( j + l )h-T) | |3tpD| - i 

(j+l)h-T 

(j+l)h-T-e 
| S l - S l ( ( j + l)h-T)| 

• |h8Npp-pDp) (jh-T) | - |s ((j + l )h-T) | 
(j+l)h-T 

'jh-T 
|3t(PD-pDp)| -

+ Sjdj + Dh-T) 4p((j + l)h-T) -pp(jh-T)^ 

The second term tends to zero as £ 0 , hence summing over j and integrating 
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over Q, we obtain 

(8) lim 
f+ 0 

t,-T 
r^1 r 

Jo 
{p _> p9) lqlq 

t +1 

j=o « 
I s^(j + l)h-T^pp((j + l)h-T) -pp(jh-T)^ . 

For the second term on the left of (4) we have 

(9) -
e 

s1(th-T)vTe(th-T) - s°*vTe(o) n = ^s1(th-T)pP(th-T) - s° • pp(o) 

Thus the sum of the left sides in (8) and (9) is 

> « 3 -
d+1 

3=0 Jo' 
fs^Cj + Dh-T) - Sl(jh-T)jpp(jh-T) > 

> 8 3 -
d fdf 

Jo 
{p _> p9) dsqd W + 

p°P 

d 
(s°-Sl(Ç))dÇ > 

> 8 3 - ^ ( s l ( t h - T ) ) -
p°P 

' O 
(s°-Sl(Ç))dçJ . 

Integrating over T from 0 to h and dividing by h the last integral 

converges to the first term in (4). The remander tends to zero with h and 

p after perferming the mean over T. In the ell iptic term we first can go to the 

limit with £. After that i t is not hard to complete the proof. 

3. Remark. In order to show that the weak solution P1'P2 satisfies the original 

problem, we have to show that (p̂  ~P2) are continuous in space and time. This 

would imply that Vpi is well defined in the open set {k_̂  (si (p̂  - p2)) >0}. 

We need 

4. Assumptions, s.̂  is continuous differentiable with respect to the z variable 

in fix {p> <z<p } and min max 

(10) 3 s. > 0 , z 1 

(11) 
k^s^z)) 
8 sAz) z 1 

> c(a) > 0 for z<pP p , ~~ ~ max max 
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(12) 
ki(si(z)) 

3 s.(z) z 1 
£ C for z<_0(>_0) if i= l (2 ) 

(13) Ik^s^z)) Ozk2) (s2(z)) + k2(s2(z)) O ^ ) <Sl(z)) I <. C . 

Let us consider the transformation (see LQl, [133) 

fPrP2 k^s^Ç)) 
v = s, , and u = p0 + -—; #r. , -—; ,r. . d£ 

Then formally v and u locally in fi are solutions of the system 

(14) 0 = V- (k(v)Vu + e(v)) (define v := -(k(v)Vu + e(v))) , 

(15) 3 v = V • (a(v)Vv + b(v) + d(v)v) , 

where 

k(z) = k^z) + k2(l - z) , 

e(z) = k1(z)e1 + k2(l-z)e2 , 

k1(z) k2(l - z) x 
a(z) * kû) atSï (Z) ' 

kj(z) k2(l - z) 
b(2) " k(i) (el"e2} ' 

k2( l -z) kx(z) 
d(z) ry-T or = -k(z) k(z) ' 

The assumptions made imply that these coefficients are bounded and 

c < k < C , |3 d| < C , z 

<f) (0)) := inf a(z) >0 for every U) > 0 . 
° z<.l-0)/4 

Then u satisfies an el l iptic equation and v a degenerate parabolic equation, 

coercive near 0. 
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5. Remark. u and v are solutions of (14) and (15) with Vv replaced by 

lim V min (v, 1-p) and Vu replaced by lim VuP , where min (v , l -p) and uP 
P"*° 2 12 D P"*° 0 
are in L (0,T; H ' (ft)) . u is defined as u with p_̂  replaced by p7̂  , which 
is the transformation of uP according to (3), and 

P Ul+U2 + 1 / P . , P ^ 
Ui := ~ T ~ * 2 " " " ( W mln(Umax' Ul " V J 

with uP. N u . and uP ^ u 
mm mm max max 

Next we show 

6. Lemma. In addition to the assumptions in theorem 1 suppose that if HN~1(r ) >0 

then p . > -oo anci mm 
p 
/•max 

e 

k (s (?)) 
{p _> p9) fdgd r 

d£ < C 

(similar if HN"1(r2) >0 J. Then u is locally bounded in tt^. 

Proof. The assumptions imply that the functions uP defined as above are 

uniformly bounded on U b y some C. Then 

<J)(uP) := min(uP + C, max(uP-C, 0)) 

can be used as test function for the equation (14). This gives that 

lim ||cf>(uP(t)) || - 9 
o->0 H (Q) 

2 0 00 
is bounded in t. Then multiplying (14) by N u with r)€c (8) we obtain that 

lim||uP(t)|| 
p + 0 H.f (8) loc 

is bounded in t. Therefore uP has a weak limit, which is a bounded function 

satisfying (14). 

Now we are able to prove 

7. Regularity theorem. Suppose that the assumptions in 1. and 4. hold and that u 

is bounded. Then si(p1~p2) are continuous in Q,^ , and the modulus of 
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continuity can be estimated. 

Proof. This follows by an iterative procedure from the two propositions below, 

and they are proved using the De Giorgi techniques, where the special features here 

are the degeneracy of the coefficient a in the parabolic equation for v and 

the coupling to the ell iptic equation for u. 

8. Notation. Let (x^^) €fiT« For R>0 > a>0 , and 0 < , a2< 1 We let 

2R(V<V == B(l-01)R(Xo) X 3 t o - " - V 0 * 2 ' V 

and Q£ = Q™(0,0) , QR = QR. We define 

ll-llj = = ess sup 
t -R2 < t < t 

( M2 |Vw|2 , 

and similar for Q^°l'°2^' In the followin9 0<R<.Rq with QR c c and y+ , 

y are any numbers with 

ess sup v y+ <_ 1 , ess inf v _> y >. 0 , 
C2R 22R 

hence ess ose v <_ y+ - y 1. Furthermore a) is any positive number satisfying 

y+-y" <_ u> <_ 2(y+-y") . 

9. Proposition. There is a small constant such that if 

meas(QRfl {v > y+ - j})<. c ((̂  (a>)meas (Q ) , 

then 

s 5 
ess ose v <̂  — 0) 

N+2 
Here <J>1 (0)) := (0) <|> (u>) ) 

Proof. Let v^ := min(v,y+ - and y + - ^ - < . k £ y + - ~ and multiply (15) by 
+ 2 2 (v - k) n in the time interval It - R ,tC with t < t . Here n is a cut off u) o o 
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function with Tl = 1 in Qn(a ,0.) , n = 0 on the parabolic boundary of Q , 
R 1 £ K 

and 

IVnI <c(a R) 1 , IVnI ^ao^)"2 

o < 3fcn < c(a2R2)_1 

We obtain 

BR 
n(t)2$(v(t)) + 

•t 

't-R2 o BR 
a(v)n2|V(vw-k) + |2 

't -R2 
o 

BR 
($(v)3 n2 -

- a(v) (v -k)+VvVn2 - (b(v) +d(v)v)V((v -k)+n2)) , 
03 03 

where 

$ (v) = - I (v - k) I + (y - - - k) (v - (y - -)) 

Since a(v) > d> (03) in {(v -k)+ ± 0} and 
O 03 1 

a(v) (v -k)+Vv = (v -k)+V 
03 03 

d 

o 
a(£)d£ d 

s 

'o 
a(Ç)d£ V(v -k) + 

we derive using the various properties of the coefficients 

c 
BR 

n( t )2 | (v ( t ) -k) + |2 + I $ (03] 1 03 1 2 o 
ft 

' t -R2 
o 

BR 
n2|V(v -k) + |2 < 

1 03 1 

(axR)"2 

<fr(U» 
o 

(^R2)-1 
*R 

X((v>k}) -
t 

t -R2 o 
vd(v)V((v -k)+n2) . 

03 

Using the fact that v is divergence free the last term equals 

t 

t -R2 o JBR 
V 

•k+(vu-k) + 

'k 
(d(v) - d(Ç))dÇ Vn2 < 

< Ô 
•t 

't -R2 
o 

sq 
|Vu|2(vu-10+Y + § 

t 

>t -R2 
O 

'BR 
X((v>k}) I Vn 12 -

+ 2 2 Multiplying (14) with u((v^-k) n) we see that the integral involving |Vu| 

is estimated by 
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C 
t 

t -R 
o 

BR 
( n 2 | v ( V a ) - k ) + |2 + X({v>k}) ( I v n 1 2 + n 2 ) ) . 

Substituting this estimate we obtain 

ih*u-«+i i . 
2 
^R(al'a2) 

rx C 
())o(a))2 

-2 2 -1 
(axR) z + <a2R > • meas(Ç) fi {v > k}) R 

Now we use this over a sequence 

R : = n 
R 
2 + • R 

2n+1 and k = n 
+ CO 

2 a 
03. 
8 

CO 
"2n+3 • 

Using an embedding Lemma CIO; 1 1 ( 3 . 9 ) 3 we get 

n+1 

(v - k ) + 
co n 

I2 < c 
22n 

2 2 4> (CO) R o 
meas(QR n ( v >k }) 

n 

1 + 2 
N+2 

But the left side controls <kn+l-kn)2meaS^R ,n{v>kn+l}) n+1 , hence 

dd dq 
C 24" 
2 2 co cb (co) yn 

1 + 2 
N+2 1 

rN+2 
meas(QR fl {v > kn}) 

n 

Since by assumption y^ was small enough, vn~*"̂  as n'̂ co by C9; 2 Lemma 4.73, 

which proves the Lemma. 

From below we will only assume that 

(16) meas(Q n {v < y + -}) < (1 - c (J), (co) )meas(Q_) 
R Ht O 1 K 

But since a is coercive near 0 , we can derive a similar statement to 

Proposition 9. First we show an uniform estimate in time. 

10. Lemma. Let k < y+ + - and p > 3. Then for t - R2 < t. < t < t — M 4 c — J o 1 o 

B(l-a1)R 
^2((v(t) - k)") < 

BR 
^2((v(t ) - k ) " ) C (p-2) 

$ (U» 2 
âl 

S 
2PV 

CO 

2 

where 

lĵ (z) := maxi 0, log co/4 
co/4 - z + co/2P> 

102 



FLOW OF OIL AND WATER... 

Proof. Multiply (14) by -(^ ) ' (v-k) )n where T) is a cut off function in 

space with r) = 1 in BM . . 
V l—CJ ̂ ) R 

We obtain 

R 
T i V ( ( v ( t ) -k)~) + 

•t 

r d 
a(v)n2i2" ((v-k) )|V(v-k)"|2 = 

s 
BR 

TlV((v(t ) -k) ) + 
t 

d r 
a(v)^2' ((v-k)")VvVn2 + 

+ 
t 

s 
0 

(b(v) +d(v)v)V(^2' ((v-k)"")n2) . 

Since a(v) >.<|>o(U)) in ty2 ((v-k)") +0} and 

(̂ 2)M = 2(1 +^)^'2 , hence 
< iV2 

2 11 
( Ì ) 

<2^ , 

we derive that 

v 
n\2((v(t) -k)~) + c<|> «*>) 

t 

fcl BR 
n V " ( ( v - k ) " ) |V(v-k) I2 < 

BR 
n2i((v(t1)-k) ) + 

+ c 
(|>O(U)) 

n 

BR 
((l+^)^2Ti2+^|Vn|2) + 

f 

o BR 
d(v)vV(^2, ((v-k)")n2) . 

Since v is divergence free the last term equals 

z •t 

o BR 
v3zd(v)V(v-k)" ip2' ((v-k) )n2 <. 

< <5 
•t 

FCI BR 
n V " ( ( v - k ) ) (|V(v-k) |2+ 1) + | 

•t 

f BR 
n 2 ( | v n | 2 + i ) ^ . 

Using 

(17) J)((v-k)') < (log 2)(p-2) and ±' ( (v - k)") <• 1 
"03/2P 

the assertion follows, where the integral with |Vu|2 can be estimated by 
2 

multiplying (14) with ur| . 
As a consequence we obtain 
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11. Lemma. There is a p = p(u)) such that if R <_ 2 poj and (16) AoW t/zerc 

meas(B n { v ( t ) < y ' + 2"Pw) <_ (1 - a2)meas (B ) 
•K R 

2 C 
for tQ-aR <t<tQ. Here a := ~~ (Ĵ  (w). 

Proof. By the previous lemma (k = y + 

(18) 
B(l-a1)R 

¿2((v(t) -k)~) < 
BR 

^((v i t j ) -k) ) . C(p- 2) 
2 

(j>o (a))a1 
2 2 and by (16) for some t, € D t -R ,t - OtR C l o o 

meas(B fi {v(t ) < k}) <. 1 - 2g  
1 - a meas(BR) 

hence using (17) 

I -
BR 

¿2((v(t1) -k) ) < (log 2)2(p-2)2 1 - 2a  
1 - a meas(B ) R 

The left side of (18) is 

rs 

Bd-a )R n{v(t)<y +2 Pa)} 
¿2((v(t) -k) ) >. 

>_ max (0, log 2 
Po"3. 2 

meas (B 
(1-0 )Rnív(t) < P + 2 P(Jü}) -

>. (log 2)2(p - 3)2(meas(B_ PI {v(t) < y~ + 2 PU)}) - ĉ N meas (B_) ) O R 1 R 

Substituting these estimates in (18) we get 

meas(BRn {v(t) < y" + 2~Pü)}) 

meas(BR) 
f g jgvb V2 1 - 2a  

1 - a + c p - 2 
<f)o(ü))a2(p- 3)2 

+ a N . 

2 
Now choose = 3a /(2N) and p large enough so that 

C(p - 2) 
<j)o(0))cr2(p- 3)2 

3 2 
< j « and p - 2 

tzr 

2 
£ (1 - a) (1 + 2a) . 

We also need the following estimate 
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12. Lemma. There is a constant C such that for k_<y + j and 0<ß<l 

II (v-k)~ 2 
Ql(olfa2) 

r c 
0 (co) 2 

-2 2 -1 
(ĉ R) + (a23R ) v (v-k)"|2 + 

+ C 
<{>o(ü))2 

o 
meas(Q^n ív<k}) . 

Proof. This follows similarly to the first part of the proof of Proposition 9 by 
_ 2 

multiplying (15) with -(v-k) T) , where T) is a suitable cut off function. 

Now we are able to show 

13. Lemma. For 0>O there is a q = q(u),0) >p(co) such that if R£2~~poj and 

(16) hold* then 

meas(Q^ fl {v < y~ + 2~%}) < 9 meas(Q°S . R R 

Proof. Let q_>p(o)) , I = y~ + 2~qoj , and k = y~ + 2~q~1u). By Lemma 11 for 

t - aR2 < t < t o o 

meas(BRn (v(t) >$,}) >_ ca2RN , 

therefore using C9; 2 Lemma 3.5D 

(a) 
rx 

MEAS(B n{v(t) < k}) <_ CR 
2 

a 
'br(1 {k< v(t) < £} 

|V((v(t) - £) ) I . 

Integrating over t yields 

(19) r 0) 2 
meas(Q°¡n {v < k})2 < R — 

CR2 
4 

ot 

meas ( Q ^ n {k< v< £}) 
Qa *R 

|V(v- £)"|2 

and by lemma 12 

R 
|V(v- l)~\2 < C 

(()o(CD)2 
ess, 

*2R 
sup(v - %)~ 

2 
+ R2 RN c 

«O(O))2 
(2-%))2RN . 

Thus (19) becomes 

meas(Q^n {v<k})2 £ R 
„N+2 CR 

a 6 (a)) 
o 

meas(QRn {k< v<£}) . 

Adding this unquality for q = p(oo) , . . . ,q - 1 we obtain the lemma, if q is 
o ô 
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large enough (depending on to and 0) . 

14. Proposition. There is a q = q(to) such that if (16) holds and R <_ 2 

then 

ess osc v <_ to(l - 2 q , 
QR* 

£ 7 /6 
where R = CjR . Here is a small constant independent of R and to. 

Proof. Consider the cylinders QR and the levels kn defined by 
n 

R : = n 
R 
2 

+ R 
2n+l and k := y + n 

to 
2<*+1 

+ to 
2q+n+l 

where q = q(to,0) , 8 to be chosen. By the embedding lemma CIO; II (3.9) 1 

Rn+1 

I (v - k ) I < C meas 1 n 1 a QR ' n+1 
D {v < k } n 

2 
N+2 

l | ( v -V-H2a 

'Rn+1 

The left side controls 

(kn-kn+l)2meaS< ,n{v<kn+l}) ' n+1 

and by Lemma 12 

II <v-kn>~ 
2 

n+1 

a C 
<j>o(to)2 

r 

b 
ess sup (v - k ) a ^ n 

~R 
n 

d f( ) 
• meas ( < £ n{v<kn}' 

\ n 

Since (v - k ) < 2 on 0_ we get the recursive estimate n — R n 

*n+l^ 

2 
„ N+2 
ca * (to)2 o 

2 % 
2 

N+2 
n 

yn : = 

meas(Q°¡ fi {v < k }) R n n 

meas(QR ) 
n 

By CIO; II Lemma 5.6] we infer that Yn~*Q as n~*°° if 

y < c 
• , xN+2 (f)(0)) 

a 
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But if we choose 0 to be the right side of this inequality, this is just the 

statement in Lemma 13. 

15. Remark. In [83 the existence of a classical solution is proved in the case 

that the equation (15) is strictly parabolic. The paper also contains uniqueness 

and stability results, but the overflow condition is not included. Some of the 

arguments are restricted to the two dimensional case. 

Recently in [73 the existence of a weak solution was shown for the Dirichlet-

Neuman problem. The assumption is that the initial and boundary data stay away 

from one side of the degeneracy, so that the solution contains only one pure fluid 

besides the mixture. 

In the article presented here the statement of Lemma 6 in connection with the 

assumption in Theorem 7 is not quite satisfactory, since if k1(z) <̂ Cz condition 

(11) implies that p . = - 0 0 , but then Lemma 6 does not cover the case mm 
rf*'1^) >0. 
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