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D. BURGHELEA

Rational homotopy theory, group actions
and algebraic K-theory of topological spaces

by D. Burghelea (t

The Ohio State University
Department of Mathematics
Calumbus, Ohio 43210

The most remarkable thing about rational homotopy theory is the

*
fact that it has good algebraic models like CDGA's, CDGC's, DGL's,(

etc., and, in the corresponding category of models, the homotopy type

can be described by (unique) minimal models which are analogous to the

nilpotent groups in the category of groups. Most of the minimal models
are algebraic objects which can be effectively manipulated. Conse-
quently,

1) some very subtle algebraic-arithmetic structures in homotopy
theory have been noticed and

2) effective computational methods for problems reducible to

rational homotopy theory have been discovered.

*) CDGA
CDGC
DGL = differential graded lie algebra

commutative differential graded algebra

commutative differential graded coalgebra

LR Supported by NSF-Grant No. MCS8102686
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RATIONAL HOMOTOPY . K-THEORY

The best known illustration of 1) is the result that no(ﬁ(X))
(resp. no(Diff M?) resp. ﬂo(Homeo N?)) is commensurable to an arith-
metic group when X(resp. M resp. N°) is a 1l-connected compact
polyhedron (resp. differentiable manifold resp. topological manifold)
(see [W] and [S]). The best known illustrations of 2) are the de-
scription of the homotopy groups of the topological monoid of self-
homotopy equivalences H(X) of a l-connected polyhedron X , due to
D. Sullivan [S] and Haefliger's description of the Gelfand-Fuks co-
homology [H].

In this report I will present two other illustrations of 1) and
2). First, I will discuss the homotopy theorey of actions of discrete
groups (mostly infinite) on spaces and show how the algebraic struc-
ture of the automorphisms of the minimal models permits us to obtain
some unexpected results about such actions (theorems C and D, section
I). The material in this section is essentially chapter I of John
Oprea's thesis [O].

In section II, I will discuss computations of the algebraic K-
theory of a topological space tensored by Q , the field of rational
numbers. This ultimately permits us to compute the rank of the homo-
topy groups of diffeomorphisms and homeomorphisms [B]l, (M]. This
section is based on the results of myself [B]l, [B]2, [B]3; Dwyer-
Hsiang-Staffeldt [DHS], and Hsiang-Staffeldt [Hs]l, [HS]2. Both sec-
tions, aside from the specific questions they address, provide new
situations where important results in algebraic and arithmetic groups
have interesting consequences in homotopy theory or geometric topology.
They also provide new relations between homotopy theory, algebraic

groups, algebraic geometry and invariant theory.
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D. BURGHELEA

Section I:
In this section, the models we will work with are CDGA's (any
other models ,namely CDGC's or DGL's, will produce equivalent results).
A minimal CDGA @ 1is a commutative differential graded algebra
over Q which is free (i.e., & = S(V) where V is a graded vector
space V =V, @ v, ® ...) , decomposable (i.e., d(d;) ca, - d; where

*
a; is the ideal generated by positive degree elements) and nilpotent (
(i.e, there exists a totally ordered basis of V , {xd} so that
e -
dxa S(YQJ) where YQJ is the subspace of V generated by

xB s, B<a) .

The nilpotency is the fundamental reason for the behaviour which
will be described below.

Unless otherwise mentioned, all our minimal CDGA's will be assumed
of finite type. This means that either [xa] is finite or
dim H*(07 < e ., Any of the above mentioned restrictions imply that the
group Aut(d) is an algebraic group over Q of finite dimension (x*

It is easy to see that for a minimal CDGA of finite type,
Auth(d) (resp. AutH(d)), the subgroup of automorphisms homotopic to
the identity (resp. inducing the identity on cohomology), is an alge=-

braic subgroup. The following facts were first noticed by D. Sullivan

[s].

*
) If 4 1is l-connected, free and decomposable = nilpotent.

*x) If one works with algebraic groups of ®-dimension one can weaken

the finiteness condition to the following: in each degree there
are only finitely many elements of the set {xa] .
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Theorem 1.1. 1) Aut, (4) & Aut, (@) © R(Aut(d)) are algebraic normal

subgroups contained in the unipotent radical of Aut(@) , R(Aut(a)) .
2) The surjections Aut(@) - Auth(d) > AutH(d) with Aut’' " (@) =

Aut(d)/Aut“ ‘(d) induce homorphisms on the reductive quotiens,

aut (@) Y aut? (@) B, Aut? (a) .
R(aut @) poautP(@) rawti(@))

Equivalently, the above mentioned surjections induce isomorphisms on

the maximal reductive subgroups.

The reader should be reminded that for an algebraic group over Q ,
any reductive subgroup is contained in a maximal reductive subgroup,
any two maximal reductive subgroups are conjugate, and if R(G) de-
notes the unipotent radical, any maximal reductive subgroup is the im-
age of a crossection homomorphism G/R(G) i G (i.e., pe+i=1id,

p : G > G/R(G) . He should also be reminded that for a reductive al-
gebraic group, any finite dimensional algebraic representation is semi~
simple (i.e., decomposes as a direct sum of irreducible algebraic rep-
resentations).

An action, (resp. action up to homotopy resp. action up to hom-

ology) of a group I' on a minimal CDGA, & , is a homomorphism

~ o
p T > Aut(@) (resp. p : T > Auth(d) resp. u ¢ ' » AutH(d)) . An
action (resp. action up to homotopy resp. an action up to homology) is

called reductive if u(l') (resp. B(I') resp. 2(I') 1lies inside a re-

*
ductive ( subgroup of Aut(d) (resp. Auth(d) resp. AutH(d)) . The

*
) If T is finite, any action is reductive.
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following theorem is a straightforward consequence of Theorem 1l.1.

Theorem A: 1) Any reductive action up to homotopy i (resp. up to
homology ) has a lifting to a reductive action p (i.e.,
W(resp. #) in the compontion of p with the projection
Aut(@) » Aut® (@) (resp. Aut(@) - aut?(z)) .
2) Two reductive actions By f ' > Aaut(@) i =1, 2 which are
conjugate in AutH(d) are conjugate in Aut(a) .
3) If w: T > Auth(d) is a reductive action up to homotopy ,
g, and g, €T and E(gl) and H(g2) are equal in AutH(d) then

they are equal in Auth(d) .

Let G be an abstract group, UC G be a normal subgroup and
p : ' > G be a group homomorphism. Let ad : I' - Aut(G) be the ad-
joint action Y > h , hY(g) =u(Y)e u(Y)’l , which also defines
ad : T > Aut(U) since U is a normal subgroup. Iet Hl(l" s U) be
the nonabelian cohomology of I with coefficients in U ; Hl(l" 5 U)
is a base-pointed set defined by Zl(l" s U)/~ where
zl(l“ 5 U) ={6 :T >U] &s(yy') = 5(v) hY(E)(’Y'))] and the equivalence
relation ~ makes & equivalent to 51 iff there exists u € U so
that &'(Y) = u’ls(Y) h(Y(u) for each YET . ILet f € G and as-
sume that the set fU is invariant under ad : I' > Aut(G) ; this means
that w(Y)f u.(Y-l) =f « Sf(Y) , where 8f :T>U is a cocycle in

Zl(r 3 U) . The cohomology (equivalence)class of Bf depends only on
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the set [fY] and not on the representative f .

Proposition 1.2 [0]. The action ade w : I' X [fU] » [fU] has a

fixed point iff the cohomology class [Bf] € Hl(l" s U) is the base-

point.

Iet us consider an action p : I > Aut(d) and let U be Auth(d)
(resp. AutH(d)) . Let FA‘ut(ﬂ) (resp. rAuth(d) resp. rAutH(d)) be the
subgroup of Aut(&) (resp. Auth(d) resp. AutHQ7)) consisting of those
elements which commute with the action p(resp. ﬂ =P * KW resp. B =

=p' e p e+ w) . The construction described above produces the maps

raut? @ L2 wN(r 5 aut, (@) ana st (@) ("] ylcr s At @) -

Theorem B [0O]. The following sequences are exact

autp @) > auth@ 7wt s aut, @)

mat (@) > auth@) 7] (T 5 mue @)

(this means that an automorphism f € Aut & which is homotopy (resp.

homology equivariant) is homotopic to an equivariant one iff [Sf] =X .
Here are some situations when the set Hl(r 5 U) consists of only

one point. The exact sequence of nonabelian cohomology (see [Se]) com-

bined with the nilpotency of U = Auth(d) or AutH(d) implies

65



D. BURGHELEA

Proposition 1.3. If Hl(r 5 {V}) = O for any irreducible I-rep-

resentation of finite dimension {V} , then Hl(T s U) reduces to * .

Examples: The hypothesis Hl(T s {V}) = * in Propositian 1.3 is
satisfied for a) finite groups, b) any arithmetic subgroup of
SLn(Q) n >3 (in particular, SLn(Z)) and any arithmetic subgroup of
Spn(Q) n > 2 (in particular, Spn(z)) . The hypothesis is probably

satisfied for c) any arithmetic subgroup of a connected semisimple

Q-algebraic group G of rank G>2 (see [BMS]).

Q

Comments: Theorem B claims that if T belongs to the above men-
tioned class of groups, any isomorphism f € Aut(&4) which is homo-
topically (resp. homologically) equivariant is homotopic (resp. homo-
logically equivalent) to an equivariant one. The most natural way to
prove this fact is to consider F = Zariski closure of w(I') in
Aut(d) , the unipotent normal subgroup U = Auth(07 or AutHQﬂ) and
the action by conjugation of f or Aut(@) ; we have to show that
whenever the subvariety fU is invariant under the adjoint action of
% , then it has a fixed point. Our conclusion should probably fallow
from some general fixed point theorems about algebraic action of re-
ductive groups on some type of affine varieties. I do not know any
result in this direction although something can be said (for instance,
any linear representation of a reductive group decomposes as a direct
sum of irreducible representations). The dual situation, algebraic
actions of nilpotent algebraic groups on projective varieties is bet-
ter known (see M. Rosentlich--8ome basic theorems on algebraic groups--
Annali di Math., 1957). It is not hard to supply a proof along these

lines when I if finite.
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Now we will discuss a few geometric applications of Theorems A and
B. ILet us first recall the following definitions: If T is a dis-
crete group, then a T-space (X , w) , or an action, is an homomorph-
ism @ : T > Homeo(X) (or equivalently a continuous map
B :GXX~>X satisfying hw(g.g, , x) =w(g, , wlg, , x)) and
p(e , x) =x) . An action up to homotopy on X is an homorphism
T > no(u(x)) (or equivalently a continuous map % :Tx X X which
satisfies u:(glg2 5 ...) is homotopic to lJ-(gl » u(ge 5 «..) and
p(e , ...) is homotopic to idx) .

Years ago D. Sullivan noticed the following:

Theorem: Given a compact riemannian manifold M which is l-connected
(or more generally a nilpotent space) any two isometries which induce

the same isomorphism for cohomology are rationally homotopic.

The conclusion above is definitely false if h and g are only
diffeomorphisms (and probably even affine maps. Here is a substantially

stronger statement.

Theorem C: If I' is finite or an arithmetic subgroup of the algebraic
groups SLn(Q) n>3 or Spn(Q) n > 7 , (and probably any simple alge-

G>2) and W is an action up to

(-)(-

braic group over Q 3 G , with rankQ

homotopy of I' on the nilpotent space of finite type X,

*
) X is of finite type if either dim =, (X) ® Q <= or
dim H, (X) ® Q<o .
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then for any two elements g, , g, €T so that u-(gl) and u(gg) in-
duce the same isomorphism for cohomology u(gl) and u(gz) are ratim-

ally homotopic.

n
If M is a compact riemannian manifold, no(Iso(Mn)) acts up to

homotopy on M 3 Sullivan's conclusion follows from Theorem C.

Proof: Iet & be the minimal model of X . The action : indu-
ces the action up to homotopy W : I - Auth(d) . Let g s & be two
elements of T so that E(gl) and ril'(Ge) induce the same isomorphism
in cohomology. To verify Theorem C, we have to show that E(glge-l) =e
for this purpose we consider TI'' , the subgroup of T
generated by glgz-l . We will show that there exists a finite index

subgroup I"O T so that @ : T - Auth(d) is reductive. If so,

O
I“O NT' is of finite index in TI' and, since W 1"0 Nr* » Auth(d)
is reductive and trivial after composing with Auth(d) B’ AutH(d) 5
then W : 1"0 nre* » Auth(d) is *rivial. Therefore, W factors through
: : F'/FO nsf* > Auth(d) which is trivial after composing with ©p'

and 1"'/1“O N T' is finite. The same arguments as above show that
is trivial. To check that : restricted to a finite index subgroup
is reductive, we apply the main results of [BMS] and conclude that
there exists an algebraic morphism @ : G + Auth(d) so that B re-
stricted to a subgroup 1"o of infinite index in T is exacf;ly : .

Clearly, B(G) is reductive since G is a connected simple algebraic

group.
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To better understand the contents of Theorem D, a few more def-
initions and considerations are necessary.

Two T-spaces (Xi R ui) i =1, 2 are called equivalent (resp.
rationally equivalent) iff there exists a I'-space (Y , TN) and equi-
variant maps fi : Xi + Y which are homotopy (resp. rational homotopy)
equivalences.

An action up to homotopy ® : I - nO(H(X)) is said to be realiz-
able) iff there exists an action p : ' X Y » Y together with a homo-
topy (resp. rational homotopy) equivalence f : X - Y so that the
following diagram is homotopy commutative.

~

rx x5 x
1ig@ If Lf
rxyH%y

In this case (Y , w) is called a realization of % (resp. a rational
realization of @) . Given a TI-space (X , w) and f : X +X a
homotopy equivariant map f 1is said to be realizable (resp. rationally
realizable) by an equivariant map iff there exists two I'-spaces

(Y , u') , (X', u'), equivariant maps f : X' > X' , o : X' > Y,

B3 X>Y with o and B homotopy (resp. rational homotopy) equiv-
lences and the following diagram homotopy commutative (f' : X' - X'

is called a realization of f : X + X) .

tf te!

x 8y 2y
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Let us remind the reader of the homotopy theoretic context in which

the above definitions occur.

Given a TI-space (X , p) one associates a fibration (actually, a

bundle) V(w) : X »E > K(G , 1) with fibre X . For any fibration
E : X+>E > K(G, 1) one can associate an action up to homotopy

E : X X >X end clearly V(u)=peu where p : Homeo(X) + nO(H(X))

*
Observation 1: ( a) There exist actions up to homotopy (on 1-

connected rational spaces) which do not come from any fibration over
K(G, 1) .

b) An action up to homotopy comes from a fibration iff it is

-

realizable.
c) There exist fibrations X - E, » K(G , 1) and X » E, > K(G, 1)
whose associated actions up to homotopy are equal but where El and

E2 have different rational homotopy types.

c) Two I-spaces (X ) and (X2 R u2) are equivalent

1’ ¥
(resp. rationally equivalent) iff the associated fibrations V(ul)

and ¢(u2) are fibre homotopy (resp. rational homotopy) equivalent.

If € : X>E >K(@, 1) isg a given fibration and a : E + E a
fibre homotopy equivalence which induces «' : X » X , then clearly, o'
commutes with the associated action up to homotopy.
(* X
Observations 2: a) There exists «a' : X - X which commutes

up to homotopy with a given action, but for which there is no fibre

The homotopy theory behind these observations is due to Dweyer-
Dror-Kan [D.D.K.].
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homotopy equivalence o of the fibration ¥(k) inducing o' .
b) A necessary and sufficient condition for o' to be induced
from a fibre homotopy equivalence is that ' is realizable in the

sense described above.

Definition: An action up to homotopy w : T - no(ﬁ(x)) is
rationally reductive iff u : T > no(AuthCW)) is reductive, where N
is the minimal model of X . (This definition makes sense only when
X is of finite type)

An action p : T > Homeo(X) is called rationally reductive iff
there exists a reductive action wu' : I > Aut(M) (M being a minimal
CDGA) so that u and the spatial realization |u'| : I' » Homeo(|7|)
are rationally equivalent. In the light of Observations 1 and 2, the

following theorem is interesting.

Theorem D [0]: a) Any action up to homotopy u : I' » n007(x)) » X
nilpotent and of finite type, which is rationally reductive has a reali-
zation as a reductive action.

b) Any two rationally reductive actions (Xi B ui) i=1,2
which are conjugate up to homotopy are rationally equivalent.

c) If (X, n) is a reductive action and f : X - X a homotopy
equivalence which is homotopy equivariant, then f : X - X has a
rational realization as an equivariant map iff the associated ob-
struction [Sf] € Hl(F H Auth(M)) is the base point (this is always
the case when G is finite or an arithmetic subgroup of SLn(Q) n >3
or Spn(Q) n>2) . Here 7 is the minimal CDGA associated to X
(the unique minimsl model) on which the action u provides a unique

reductive action.
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Section IT:

Let us first recall that for an associative ring with unit R ,
the algebraic K-groups in positive dimension are defined as the homo-
topy groups of the space K(R) = BGL(R)+ X KO(R) here "+" denotes
the Quillen "+"-construction. In principle, it is very difficult to
compute these groups even in the simplest cases like R = Z the ring
of kntegers. However, because K(R) is an H-space (in fact, an
=m- loop space), ={K(R)) ® Q@ identifies to the primitive part of
H*(BGL(R)+ 5 Q) which as a graded vector space is the symmetric alge-~
bra generated by g, (K(R)) ® Q@ . The methods of differential geometry

have permitted the calculation of H,(BGL(Z) ; Q) , [BO], and as a con-
1 if 1 =0 and i® 1 mod 4

sequence, we know that dim Ki(Z) ® q ={r
O otherwise.

Waldhausen [W] has introduced the algebraic K-theory K(R.) , of
a topological or simplicial ring R. , and he has defined K(X) , the
algebraic K-theory of connected hase pointéed space X , as the alge-
braic K-theory of the simplicial ring Z(QX) , where QX is regarded
as a simplicial group and Z(Q1X) is the simplicial group ring of QX .
For a topological or simplicial ring R. the construction of K(R.)
goes as follows: instead of the group GLn(R) one considers the topo-
logical associative monoid 5in(R.) of n X n matrices with coeffie
cients in R. which are homotopy invertible; a matrix Haij” is homo-

topy invertible if the matrix ||x ain , with = : R. » nO(R.) de-

noting the projection on the ring of connected components is invert-

2
ible. The topology of GLn(R.) is the one induced from Mn(R.) =r." .

Matrix composition provides a structure of topological monoid on

6ih(R.) and Rence on GL(R.) = lim éin(R;) ;s this monoid has
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no(ﬁ.(R.)) = GL(JIO(R.)) and, therefore, one can define K(R.) =

= BAL(R.)V x K, (7, (R)) . Clearly, if R is a discrete ring,

when regarded as a topological ring with the discrete topology, K(R.)
is the same as the usual algebraic K-theory. The functor K has
the following properties: If ¢ : R:!' - R2. is a continuous, resp.
simplicial unit preserving homomorphism which induces an isomorphism
for ) and is k-connected modulo a class of abelian groups, then
K(¢) is (k + 1l)-connected modulo the same class. As a consequence,
if £ : X > Y 4is a base point preserving map of connected spaces
which induces an isomorphism for ) and is k-connected modulo a class
of abelian groups, so is K(f) .

The calculation of n, (K(R.)) ® @ and in particular of
n, (K(X)) ® @ 1is very important for geometric topology. Here we will
outline some results about these calculations for a class of topolog-
ical (simplicial) rings called & . These results can be regarded as
applications of rational homotopy theory. It is important to mention
that the class ¥ contains 2Z(QX) for X l-connected.

The calculation of ﬂ*(K(R.)) ® Q@ has to be at least as compli-
cated as that of :vr*(K(nO(R.) ® @ but the class F contains topolog-
ical rings R. with ﬂo(R.) =2 , end as noted, n, (K(Z)) ® Q is known.
The extra complexity in the structure of = (K(R.)) ® Q@ versus that of
7, (K(z)) ® @ comes from the homotopy type of R. . Fortunately,
this is treatable by the techniques of rational homotopy theory com-
bined with important results from classical invariant theory. The

reader will not see too much invariant theory since it is hidden in

Theorem 2.3 below (due to Hsiang I. Staffeldt) and in the proof of
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Theorem 2.7. From "rational homotopy theory"” we use: Quillen's re-
sults about the equivalence of the homotopy categories of wvarious al-
gebraic models for rational homotopy theory, the existence, unique-
ness and the structure of minimal models for commutative differential
graded coalgebras (as well as the existence of I'-minimal models for

T-commutative differential graded co-algebras on which the discrete

group T acts reductively) and for differential graded chain algebras

[B-1].

We begin with the description of the class & . Let us first call

rationally equivalent two topological rings R! and R' for which one

can find the topological rings R% » R% ey Rgs—l , and the contin-

uous unit preserving homomorphism fl » f2 gesey f2s 5

1 s .
rt £ gt -irz R 33 .. ges-t 12 R" with all f 's inducing an isomorph-

ism for =, and ni(...) ® Qi >1 . This insures that KX(R!) and

K(R") are rationally homotopy equivalent. We say that a simplicial

ring R. is special if it satisfies properties A) B) C) below and we

say that a simplicial resp. topological ring belongs to the class &

if it is rationally equivalent to a special ring resp. to a geometric

realization of a special ring.

Property A): There exists a continuous (simplicial) ring homo-

morphism i : ﬂo(R.) -+ R. so that = « i = id .

Property B): nO(R.) =27 and R. is complete with respect to

*
some filtration ( which begins with Rgl) = Ker(m : R > nO(R.)) = B.

*) A filtration is a sequence of ideals Rgl) =2 R§2) = . so that

R L R@) ¢ g343)
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)

this means that R. -+ lim R./R.(l is an isomorphism .

o
Property C): R has only one zero dimensional simplex and is a

Q-algebra.

Proposition 2.1 1) Given two special rings R! and R" there
exists a new special ring R! B R' , the pull back of R! X RY > Z X Z
via the diagonal Z + 2 X Z with R! B R" = B! x B .

2) Given a special simplicial ring R. , for each integer k ,
there exists a diagram (k)R. igr. B R.(k) with all terms special sim-
plicial rings, i : (k)R. » B. , a k-connected covering and p : R - B.(X)

a k-Postnikov fibration.

3) If X is 1l-connected simplicial complex, Z(QX) is in & and

7 (2(QX) ® @ = 7 (Q(AX)) =H, (X 5 Q) , 1 >1.

et M (R.) *) be the simplicial monoid of n X n matrices with co-
efficients in the ideal ﬁ. equipped with the operation A ¥ B =
A+ B+ Ao B . If the ring R. has Property A, GLn(no(R.)) acts on
Mn(R') by conjugation and, therefore, on BMn(ﬁ.) s we have the fol-

lowing commutative diagram.

eL_(m(R.)) X BMn(ﬁ.) > BMn(ﬁ.)

! i !

6L, (ny(R.)) X BM @®.) - BM, R.)

n+1 1

In order to prove geometric properties which make it possible to cal-
culate the algebraic K-theory of special simplicial rings, it is con-

venient to use as models the category of commutative differential

*)

If R. satisfies Proberty B, then Mn(ﬁ.) is a simplicial group.
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graded coalgebras (CDGC) (whose duals are commutative differential
graded algebras). One can consider actions of discrete groups on
CDGC's, and for a fixed discrete group I’ we will denote by TI'-CDGC,
the category whose objects are pairs consisting from a object & € ob
CDGC and action I X & - d and whose morphisms are morphisms of CDGCs
which are equivariant. There is an evident concept of minimal model
(dual to the one for CDGA's) made explicit by Neisendorfer and Bauer-
Iemaire and for any & € ob CDGC one can prove the existence and
uniqueness (up to a noncanonical isomorphism) of a minimal model (&)
and of a homotopy class of quasi-isomorphisms V¢ : & -» M(@) [N] [B-L].
Moreover, if « € ob TI'-CDGC and in each degree n the representation
of I' on the n-th component of & is a direct sum of irreducible
representations, one can construct an action I on 7(&) and one can
choose ¥ to be equivariant. 1In fact, (&) is still unique up to a
noncanonical isomorphism as an object of T-CDGC. In [Q], Quillen has
defined a spatial realization functor | |: CDGC » Top, . The same con-
struction defines a spatial realization functor ‘ \ : I'-cDGC T-Top*
which associates with each action w : ' X & - d an action

\p\ : T X ‘d‘ - \d\ of the group I on the topological space \d\

If d is l-connected CDGC, a@is minimal iff & = sS(V) with

V a graded vector space V = Zg Vi S(V) denotes the symmetric co-
algebra generated by V , and t}:e irduced differential 4 + P(@) > P(@)

is zero. Notice that as a graded vector space the symmetric co-

»*
) (@) denotes the graded vector space of primitive elements.

76
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algebra generated by V is isomorphic to the symmetric algebra gene-
rated by V .

If w : T XX > X is an action of T on the space X , let us
denote by X // I' the total space of the fibration VY (u) defined in
section I.

Given a linear representation & : I' X V - V one denotes by
Cov(V) = V/Q where % is the intersection of all subrepresentation
V' so that V/V' is trivial. Cov(V) is a trivial representation and
the canonical projection V - Cov(V) is equivariant. If the represen-
tation & is semisimple the composition Inv(V) € V + Cov(V) is an

isomorphism. If T X @ ~d is a T-CDGC then Cov(&) is a CDGC.

Theorem E: 1) If R. satisfies Property A, then BELn(R.) =
BM, (R.) // GL_(n,(R.)) for any n finite and BOL'(R.) =
(T(r.) x BGL+(nO(R.)) with F(R.) an o-loop space.

2) If R. is special, there exists a GLn(Z) - CDGC map
"o GLn(Z) X dn - dn s n <=, and a commutative diagram

n

GL (z) xd -+d
n n n
) ) !

GLn+1(Z) x dn+l > an+1

so that =G =Iim d_ , and Ifn\ : oL, (z2) x |\@ | -+ @ | is rationally

equivalent to Byt GLn(Z) x BMn(R) - BMn(ﬁ.) . Moreover, for each n
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the representation of GLn(Z) on each component of d; is semi-
. *)
simple .

3) If m(an) is a GLn(Z)-minimal model for &  one has the se-
quence ... - 00vcm@7n)) - UOVCWG7H+1)) + ... Cov(iM(@)) which for each
component stabilizes, i.e., (Cov Wth))P = Covcmﬁﬂh+l))p = ... =
COVCW@7))p if n>p . Moreover, F(R.) has the same rational homo-
topy type as |Cov(M(@))| and Cov((d)) is 1l-connected, free com-

mutative differential graded coalgebra (not necessary minimal).

Proof (sketch): The first part requires a careful description of

the fibration Fibre (@) - BELn(R.) E BCLn(r(O(R.)) , the observation
that this fibration is exactly w(pn) as well as the proof (similar
to the case of discrete rings) that éEL+(R) is an e-loop space.

To prove 2, one needs the full chain of equivalences between the
homotopy categories of various algebraic models which Quillen uses in
[Q). The proof goes as follows: first we notice (using [Q]) that the
action B is rationally equivalent to the one obtained by the Quillen
spatial realization from the action E; : GLn(Z) X CNMn(ﬁ.) > CNMn(ﬁ.) .
To describe CNMn(ﬁ.) one begins with the Q-simplical algebra 8 H
Mn(ﬁ.) is the simplicial lie algebra of n X n matrices with coeffic-
ients in 8. ana NMn(ﬁ.) is the differential graded lie algebra
obtained from Mn(g.) by normalization. € is the Koszul-Quillen
functor which assocites with a differential graded algebra a com-

mutative differential graded coalgebra. It is immediate that

*)

semisimple representation = direct sum of irreducible representations
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CNMn(ﬁ.) = CMn(N(ﬁ.)) . GL (Z) acts by conjugation on Mn(N(R)) and
then on C{Mn(N(ﬁ)) s clearly, any component of C{Mn(N(ﬁ)) regarded
as a GLn(Z) representation is a direct sum of tensor products of
symmetric and exterior powers of the adjoint representation

P, 2 GL (Z) x M (Q) »M(Q) (P (A ;M) = AMA’J‘) and is, therefore,
semisimple.

3) is a consequence of Borel's theorems about the vanishing of the
cohomology (in dimension < n ) of GLn(Z) with coefficients in a
nontrivial irreducible representation. Applying the theorems one con-
cludes that =mM(B.) // GL(Z) has the same rational cohomology as
|Cov M(@w)| X BGL(Z) . To check that Cov M(de) is a free commutative
graded coalgebra one observes that one can produce a ring R. so that
Cov(M(dea)) 18 the homology coalgebra of TF(R.) .

It is clear that replacing N(B.) , the augmentation ideal of the
chain differential graded algebra N(ﬁ.) » by the augmentation ideal of
any other homotopy equivalent *) chain differential graded algebra one
obtains the same result.

For K. a l-connected chain differential graded algebra over Q ,
let X be its augmentation ideal and E;b its abelianization (pre-
cisely one regards X as a differential graded 1lie algebra with

[x , y] = xy + yx and one take R;b = K/[K, K] regarded as a com-

*
) Two chain differential graded algebras K' and K" are homotopy
equivalent if there exists a chain of differential graded algebras
Kl » Ké 3 eeey Kés+l and the quasi-isomorphims £l 5
1 f2 3 s+1
£ I £ "
K Ki > K2 e Kés+l K" .
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mutative differential graded algebra). Then "trace'" induces an homo-
morphism of differential graded lie algebras Tr : M(X.) -+ T(ab . Ap-
plying the functor C one obtains the following homotopy commutative

diagram

Cov (M@ M(X.))) &— Cov(C(M(K.)))

/o

M Cov(MCEM(K.))) <mmmm- cM(X.))) r > c(r‘(ab)

Theorem 2.3.(Hsiang-Staffeldt) [H—S]l. If K is a tensor algebra,
then &£ is a quasi-isomorphism, consequently, Cov(C(M(K.))) and

C'/(T(ab) have isomorphic minimal models.

Observation: If Cov(M(C(M(K.))) describes the rational homotopy
type of W(R.) then the minimal model of C'/(T(ab) which is the same as
of Cov(M(C@(M(X.))) is exactly (H*(C'/(Kab)) , d = 0) , hence

n (TR.)) =H; ,(K,) .

Exact Formulae: It is known that each l-connected chain differen-

tial graded algebra has a minimal model which is a tensor algebra of a
graded vector space [B-L]. So, in particular, one can take such a
model for N(RC')) ® Z and denote it by K . The Hsiang-Staffeldt
theorem implies that m, ,(W(R.)) = H,(K,) . If R. =2(0X) with X
l-connected the model K is Chen's minimal model of X . There are
two cases when H*('Kab) (for K the Chen's minimal model) can be rel-

atively easily calculated, namely when X is a l-connected space
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n
rationally homotopy equivalent to either (\_x/ s @ n, >2 or [aﬁ( (Va)

na >2 . In the first case one obtains.

Theorem 2.4 ([H-S]l). If X is a l-connected space rationally homo-
topy equivalent to a bouquet of spheres of dimension > 2 then

K, (X) ® Q=K (2)®Q+ (H(OX :Q),p);

This is a straightforward application of Theorem E and Theorem 2.3.

2n+l) ® Q resp. dim Ki(sen) ® q is

th )-1 . t2n+1(

As a consequence, one has dim Ki(S

the i-th term of the series 1 + t-(1 - 1 - &1 resp.

1+ t5(1 _ th)-l tan(l _ tlm-2)-l

+

For the second case, a few morg considerations are necessary. Let
V be a graded vector space V = 21 Vi regarded as a commutative dif-
ferential graded Lie algebra withl_d =0 and let (V) , @ = 0) be
the differential graded chain algebra obtained by the universal enve-
loping algebra construction (U(V) , & =0C) = (S(V) , d =0) . Iet
(T(v') , Q) *) be its minimal model ; it is unique up to an isomorph-
ism and characterized by the following two properties: i) there

exists a quasi-isomorphis ¢ : (T(V') , 4) » (WV) , d =0) , ii) - 4

followed by the projection T(V') » T(V')/T(V') « T(V') is zero.

*
) T(V') denotes the free associative graded algebra generated by V'
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Theorem 2.5 [H-SJ2' If X is a l-connected space rationally homo-

topy equivalent to 'alK(Gd 5 Qa) > ny,>22, and V= n, (QX) ® Q , then
® = ® ' .
K, (X) ®Q =K, (2) ® q+H_,(T(V'),)
If V has an homogeneous base {ui s vj} with \ui\ = deg ui
_ _ . r— ' . s _
even and \vj\ = deg vy odd then t, = dim Hi-l(T(v )ab) is the i-th

la, |

-1 v, |+1
coefficient of the serie ,iRl -t )_'1 0%}(1 - t‘ J )-l .

e t(1 + t)'l(x(x , t) = 1) where X(X , t) =T;"(1 + t M (L+1t)) -

v,
-lj.\l’l+t (L +¢)) .
If the set of even degree resp. odd degree generators are empty the

product] J(...) are considered equal to 1.

The first part is a straightforward consequence of Theorem E and
Theorem 2.3. The second part follows from the first; if V has a
homogeneous base with either elements of even degree or odd degree the
formula above is not too hard to verify. The general case is much
more complicated. Notice that always V' = s-1 ﬁ;(x : Q) (xx » hence
V' = s_l s(sV) . For example, if V' = the graded vector space with a

base (Vi} deg v; = \vi\ =2ni - 1 , then it is easy to see that one

can take dv, = :z vV and, therefore
i r's

Q if r =2ni - 1
H (T(V),,, = so aim K, (K(zZ , 2n)) ® @ =

O elsewhere

=7
( If V 1is a graded vector spaces er is the graded vector space

. r _
defined by (s V)i =V . -
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1 if i = 2nr
dim Ki(Z) ® qQ + . This result was proved first in
O elsewhere

[B]2 . In general, it is not easy to produce models K which are
tensor algebras and to calculate H(i;b) . The following result, which
follows from Theorem E and the general properties of minimal models pro-
vides upper bound estimates for dim Ki(R') ® Q@ resp. dim Ki(X) ®@ q

. 9Q M .
in terms of ri+l(R') = dim ﬂi(R.) ® Q resp. si(X) = dim Hi(X 5 Q) .

Theorem 2.7. There exists the polynomials Ri(X s Xy 9oy Xi) resp.

3
n, ng n;
3i(X2 R X3 s eees Xi) whose monomials X, X3 .. X satisfy
n, i+ ni-l(l - 1) + ni_2(1 -2) + ... n, 2 <i so that

a) For any topological (simplicial) ring R. in the class &

resp. l-connected topological space X ,

dim Ki(R.) ® Ri(r2 s Ty oseees ri)
< dim Ki(Z) ® q +

dim Ki(X) ® Q) Si(s s

o » Sy 2ctts si)
b) These inequalities are sharp; this means they are equalities
for some topological rings in & (for instance, those whose ideal ﬁ.
. . r.
is a product 'ilﬁ% where R*~ k(@ ', i)) resp. for some l-connected

spaces (for instance,those which are of the form X =i§é Xi with

. s )
X, = s*V sV ... S); they provide the best upper bound
————

1

polynomial approximations for fixed ry s r3 ¢ee Ty .. TESP.
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The polynomials 8§ can be calculated using Theorem 2.4. The

i
calculation of Ri is much more elaborate [B}3 . The first eleven
polynomials Ri (r2 e ri) are listed below.
R2 = r2
R3 = r3
Rh = r,_L + % rg + -;f r2
R5 = r5 + r2r3
R6 =r6+r2ru+%r§+%r§-%r3+§r2
R7 = r7 + r2r5 + 3rh + rg r3
R8 =r8+r2r6+r3r5+%i r2rh+r§r2+]]frg+ﬂ;rg+%r2+l
R9 = r9 + r2r7 + r3r6 + r)_\L 5 %rg + rgr5 + 2r, r3 i + r3r -§-
RlO = rlO + r2r8 + r3r7 + rur6 + % rg + r2r6 + r2rh + rﬁr + 2r2r3r5 +
LT LT T Iy
Rll = rll + r2r9 + r3r8 + rur,] + r5r6 + 2r2r3r6 + 2r2rhr5 + rgr,7 +
+ r§r5 + g 5 + 2r2r3ru + rir3 + rgra - rgr3
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