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H. BAUES 

The chains on the loops and  
4 - dimensional homotopy types 

Hans Joachim Baues 

In this lecture I want to describe some results on a problem of 
J.H.C. Whitehead: 

Classify algebraically the homotopy types of 
4 - dimensional polyhedral 

In 1948 J.H.C- Whitehead solved this problem for simply connected 
4 - dimensional polyhedra; he first used the 'enriched cohomology ring1 

[7] and later the 'certain exact sequence1 [9] as the classifying in
variants which determine the homotopy type. On the other hand he 
showed 1 n [8 ] that two 3 - dimensional polyhedra are homotopy equivalent 
iff the cellular chain complexes of their universal coverings are homo
topy equivalent. These results rely on the following facts (a) and (b) 
respectively: 

(a) Each simply connected 4 - dimensional CW - complex X is homotopy 
equivalent to the mapping cone C^ of a map f between 1 - point 
unions of 2 - dimensional and 3 - dimensional spheres. 

3 2 3 2 f: V S V V S > V S V V S 
A B C D 

Here A,B,C and D denote index sets. 

(b) Each chain map between chain complexes of universal coverings 
is geometrically realizable up to dimension 3. 
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THE CHAINS ON THE LOOPS 

For 4 - dimensional polyhedra which are not simply connected there 
is no analogue of (a) and we cannot use (b). Therefore the solution 
of the general problem has to be different from the solutions in the 
special cases described by J.H.C. Whitehead. 

We are not yet able to solve the problem completely but we describe 
a result which solves the problem 'up to the prime 2'. Moreover, we 
solve the problem if the second homotopy group TT̂  satisfies the con
dition that multiplication by 2 is an isomorphism or that TT2 =Z! is 
the group of integers. 

Our classifying invariant is the chain algebra given by the chains 
on the loop space. In fact, for all connected polyhedra this chain algebra 
determines the chains of the universal covering, see (24). Therefore 
this invariant is more powerful than the chains of the universal 
covering used by Whitehead. 

Also we describe a small model of this chain algebra, which extends 
the result of Adams and Hilton [1] to the non simply connected case. 

The results described in this lecture are just a few items in my 
forhtcoming book "On the homotopy classification problem'. This book will 
contain all proofs and the explicit constructions. 

We say a CW - complex X is reduced if the O - skeleton of X consists 
of a single point, which is the base point of X . All maps and homo-
topies which we consider are basepoint preserving. Let CW be the cate
gory of reduced CW - complexes and of cellular maps. Its homotopy category 
dfj/ is equivalent to the homotopy category of all path connected CW -
spaces. Let 
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(1) c I CW > ChaJLvC 
* 

be the functor of cellular chains on the universal covering. Here Ckdin 

- CkcuinL is the following category. Objects are pairs (TT,C) where 
TT is a group and where C is a positive chain complex of free (right) 
25 [TT ] - modules with C Q = X [TT ] . A morphism in CkctsLn is a pair (cp,f) : 
(TT,C) > (TT'^C1) where cp: TT > TT* is a homomorphism between 
groups and where f is a cp - equivariant chain map, that is df = fd 
and f(x-a) = (fx) • (cpa) for x€c , a € TT ; f = 2Z[cp] . The functor in 

o 
(1) is given by 

C^X) = (TT^C^X) 

where X is the universal covering of X in which we fixed a base-
point * . Thus for each map f: X > Y in CW there is a unique 
basepoint preserving covering map f: X » Y . This map is cellular 
and induces a TT̂  (f ) - equivariant chain map, f^: C^X > C^Y , 
between the cellular chain complexes. The functor in (1) carries 
the map f to the pair (TTj (f ) ,fJ|t) . Two morphisms (cp,f) , (cp' ,f') 
in Chcucn are nomotopic if cp=cp' and if there is a cp - equivariant 
map a: C > C of degree +1 with O q = O and da + ad = f ' - f . 
The functor (1) induces the functor 

(2) C*: CW/ > ChouivC / 

between homotopy categories. As a variant of the Whitehead theorem we 
have 

(3) A map f in CW is a homotopy equivalence if and only if 
C^f is a homotopy equivalence in ChcuLn 
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Moreover, for the full subcategory CW*1 of n - dimensional complexes 
in CW Whitehead proves in [8]: 

(4) On CCl/3/a> the functor is full and on CW2 / the 
functor is full and faithful. 

We derive from (3) and (4) 

(5) Two 3 - dimensional complexes X,Y in CW are homotopy equi
valent if and only if their chain complexes C^X , C^y are 
homotopy equivalent in Ckctcn 

Such a result is not true for 4 - dimensional complexes, but we get 

(6) Theorem; Let X3 Y be 4 - dimensional complexes -in CW and let 

F= f<p,/;.- C+X > C+Y 

be a map in Chain . Then we associate with the triple (X>YSF) 

an obstruction element 

Ox,y(F) £ H4(x,Q*r( 2Y)) 

with the following property : 

The homotopy class of F in Chain /a* is realizable by a map in 

CW if and only if 0X y(F)=0 . 

-4 
Here H denotes the cohomology with local coefficients and T is 

the quadratic construction of Whitehead [9]; T is a functor so that 
r(TT 2Y) is a TT̂  (Y) - module which via op is considered as a TT̂  (X) -

module. 
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If X and Y are simply connected we can derive from the theorem 
the result of Whitehead in [7]. In the general case we get: 

(7) Corollary; Two 4 - dimensional complexes X3Y in CW are homotopy 

equivalent if and only if there is a homotopy equivalence 

F- faf): C*X ^ C^Y 

in Chain with 0V (F) - 0 . 

Thus we have to compute the obstruction O V(F) in terms of in-
X r * 

variants of X and Y respectively. This is not yet completely done. 
We know however, how to compute the image of this obstruction under 
the following homomorphism: 

(8) T*; H4(X,tp*r<TT2Y)) > H4(X,cp*(TT2Y(g>TT2Y) ) . 

Here T; T(A) > A<g)A is the canonical homomorphism associated to 
the quadratic map q: A > A(g)A , q(a) = a(g)a . Clearly, if A = TT2Y 

is a TT̂ Y — module then x is a homomorphism of TT̂  (Y) - modules. It is 
well known that T is an isomorphism if A =2Z and that T admits 
a natural retraction if multiplication by 2 is an isomorphism on 
A . Thus in these cases in (8) is injective and therefore the 
image T * ° x y( p) vanishes iff O x Y(F) vanishes. We can describe the 
element T^O V(F) in terms of F and the chain algebras C^Qx and X, Y 
Ĉ ftY which are given by the cubical chains on the loop spaces Q.X and 
ftY respectively. For the computation of T^O V(F) we only need to 

X , Y 
know small models of these chain algebras. 

To this end we describe the connection between the chain algebra Ĉ ftX 
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and the chain complex C^X. 

Let R be a subring of the rationals <Q • We introduce the fpilowing 
diagram of categories and functors: 

(9) 

The functor was defined in (1); if in the definition of C/uLcnA we 
replace the ring Z by the subring R of $ we obtain the category 
ChcuLvi^y and the functor C # 8 R. 

The subcategory PA of chain algebras is defined as follows : A chain R 
algebra A, over R, is a graded, associative algebra A, over R, with unit 
together with a differential d : A A of degree -1 and an augmentation 
e : A R such that 
(a) A , as a module, is a free R-module, 

(b) (A,d) is a chain complex with A^ = O for i< O , 

(c) £ is an algebra homomorphism and a chain map, 

(d) the multiplication y: A(g)A > A is a chain map. 

We say A is good if 

(e) the homology in degree O , H A , is free as an R - module. 
o 
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Let PA R be the category of good chain algebras. The maps are of 
degree zero and preserve y,d and £ . 

Clearly, A = Cj^^X&R is a chain algebra in 0AR . Here fix is the 
Moore loop space which has an associative multiplication. The homology 
in degree O is 

(IO) H (c^ftx&R) = RCTT^X] . o * 1 

For a chain algebra we have the canonical projection 

(11) X: A > H A = H 
o 

which is trivial in degree >1 . Via X the algebra H = H
Q

A *-s a n 

A-module. Let BA be the reduced bar construction and let T: BA > 
A be the canonical twisting cochain. Then via (11) the two-sided bar  
c on s tr uc t i on 

(12) BA = H<8> BA<g> H T T 

is defined, see [3], [4]. This is an object in the following category 
PFMR . Objects of PFMR are pairs (H,C) where H is an augmented 
(non graded) algebra with unit which is free as an R - module and where 
C is a chain complex of H — bimodules with the following properties: 

(a) C is a free H - bimodule and the differential d is a map of 
n 

H-bimodules, n €Z! , 

(b) C = H<g)H , C = O for n < O , 
o n 
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A map 0= (cp,a): (H,C) > (H f,C) is a homomorphism cp: H > H' 
between augmented (non graded) algebras together with a cp - biequivariant 
chain map Oz C > C* with G q = cp&cp in degree O. 

The functor a in (9) carries the object (TT,C) to (H,C) with 

(13) H=R[TT] and C=C0 H!*(H®H° P) 

We identify an H — bimodule with a right H<g>H°p - module. Here H° p is 
the opposite algebra and H<8>Hop is the enveloping algebra, see [2]. 
If H=R[TT] we have the canonical homomorphism 

£: H > H O P , £[a] = [a" 1 ] 

which yields 

(14) \: H > H<g)H°P , £(x) = x(g)£x . 

Via E, the algebra H(g>H°p is a left H - module which is denoted by 
£ (H®H o p ) . The functor a is defined on maps in the obvious way. 

Now all categories and functors in diagram (9) are defined. We 
introduce homotopy categories by localizing with respect to weak equi
valences : 

(15) Definition; We call f; X > Y in GW a twisted R - equivalence 
if f induces isomorphisms 

f * : iTjX = TTjY and 

f T T X&R = TT Y(g)R ^ n n , n ̂  2 

Let Ho CW be the category obtained by localizing CW with respect R 
to twisted R - equivalences. 
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In PA R a weak equivalence is a map which induces isomorphisms in 
homology. In Chain and WU weak equivalences are pairs (cp,f) 

R R 

where cp is an isomorphism and where f induces isomorphisms in homo
logy. Moreover, twisted R- equivalences are the weak equivalences in 
CW . Then we get: 

(16) Proposition: All functors in (9) carry weak equivalences to weak 

equiva lences. 

For Cjjê R this is part of the R-*- local Whitehead theorem, for B 
this is proven in [5]. 

Moreover, we have the following important result: 

(17) Theorem: (A) A map f in CW is a twisted R - equivalence if and only 

if the induced map C^f§§R is a weak equivalence in Chaln^ . 

(B) A map g in VA^ is a weak equivalence if and only if 

the induced map Bg is a weak equivalence in PFM^ . 

Part (A) is a variant of the Whitehead theorem, see (3), part (B) 
seems to be new. For A in t?AR the homology of BA is denoted by 

(18) Tor (H A,H A) = H*(BA) A o o * 

Therefore, (B) is equivalent to 

(19) Theorem: A map f: A > B in P A D induces isomorphisms in homology 
——————— ti 

if and only if 

Torf(Hof3Hof): TorA(HoA,HoA) > Tor^H^H^) 
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is an isomorphism. 

This result is well known in the connected case H A=H B=R . We now 
o o 

localize all categories in diagram (9) with respect to weak equivalences. 
By (16) we obtain the diagram of functors: 

(20) 

In extension of equation (lO) we get: 

(21) Theorem: Diagram (20) commutes * that is* there is a natural equiva

lence 

t: B(C*ÜX<&R) - — > OL(C*X®R) 

in HoVThAR . 

Let a HOPA r be the pull back category. Then commutativity of the 
diagram yields the functor A R in (20). The functor a is faithful 
so that the pull back category can be considered as a subcategory of 
HoPAR . 

(22) Remark: This result seems only to be known in the case X = K(TT,1) . In 
this case we have the equivalence 
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C*ftX<g>R ~ R[TT] 

in PA R and 

B(R[TT]) = B(R[TT],R[TT]) 

is the normalized bar construction of the non graded algebra R[TT] . 

From (21) we deduce the classical equations 

5*(R[Tr],r) = S*(K(TT, 1) ,gD 

H*(R[TT],r) = S*(K(TT,1) , r ^ ) 

Here T is a R[TT] - bimodule and the left side is the Hochschild (co-)  
homology of the algebra R[TT] . The right side is the (co-) homology of 
the group TT , compare chapter X r theorem 5.5 in [5]. 

For an algebra A in f?AR we have the one-sided bar construction 
(see [3], [4]): 

(23) BA(g>T H , H = H Q A , 

where H is an A - module by X: A » H A . From (21) we deduce 
o 

(24) Corollary; There is a natural equivalence 

B(C+QX®R)® H ~—> C*X<g>R 

in Ho Chain" where H- R[T\] - H^QX . 

Proof; For A = C+ffi(®R and C=£*X<g>R let 

l®e: A=H<g>H°P > H<g)R= H . 

Then we get 
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BA<g)TH * B(A)<g>A(l(g>e)*H 

~ (ac) <g>A(l(g)e)*H = c . 

The corollary shows that the chain algebra C^ftX&R determines up 
to weak equivalence the chain complex of the universal covering as 
mentioned in the introduction. 

We are now ready to state our results on the classification problem 
for 4 - dimensional polyhedra: 

(25) Theorem: Let X and Y be CW - complexes of dimension ^4 and let 

1/2 £ R cz Q . Then X and Y are equivalent in Ho^CW if and 

only if A-.CX) and A (Y) are equivalent in the pull back cate— 
R N 

gory a HoVAR . 

(26) Theorem: Let X and Y be CWcomplexes of dimension ^4 and 

assume that TT^Y-Z or that multiplication by 2 is an isomorphism 

on TigY . Then the complexes X and Y are homotopy equivalent 

in CW if and only if and A^(Y) are equivalent in a HoVA^ . 

(27) Remark on the proof of (2 5) and (26) : Let A=C #fiX®R and let B = Ĉ ftY 
<S> R . We show that for a map 

F = (tp,f): C*X<g)R > C+Y(g)R 

there is an obstruction 

°A B (° t F ) e £4(X,cp*(TT2Y(g)TT2Y) <8>R) 

with the following properties. We have: 
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o A f B(5p) = o 

iff there exists a map F: A > B in HoPAR such that for the 
equivalence t in (21) 

t(BF) = (OF)t 

in HoPFUL . Moreover, for T* in (8) we have 

T * ° X , Y ( F ) = ° A , B ( S F ) * 

This shows that (26) is a consequence of (7), since the assumptions 
in (26) imply that is injective. Similarly we prove (25). 

Next we show that the localized categories in diagram (20) can be 
replaced by homotopy categories. We have already introduced the notion of 
homotopy in ChcuLn in (2). We have an isomorphism of categories 

(28) uoChcun^ = Chculn^ / ^ . 

Similarly, we have 

(29) HoPFA/L = PFM /r* 
R R' 

where two maps (cp, a), (cp' , a') in PFMR are nomotopic if cp = cp' and 
if there is a cp- biequivariant map a of degree +1 with CXQ = O and 
da + ad = cf' - <f . 

We now consider HoRCW . We say that a space X is a twisted R -
space if X is a complex in CCt/ for which the universal covering is 
an R — space, that is TT X = n X = TT X(g>R , n^2 . Let CW be the full 

n n n R 
subcategory of CW consisting of twisted R- spaces. Then we have the 
canonical equivalence of categories : 
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(30) Ho CW ~ Ho CW = C W / ~ . R R R R 

The equivalence is induced by the inclusion CW R cz CW . 

Moreover, let VFA be the full subcategory of VA consisting of R R 
chain algebras A for which the underlying algebra is a free associative 
algebra the generators of which have augmentation O , we write A= (T(V), 
d) where V is the set of generators of A . We introduce the notion 
of homotopy in a s follows: Two maps f ,g: A > B are homo-
topic if there is a map a: A > B of degree 1 of the underlying 
graded modules with 

ad + da = g - f 
a(xy) - (ax)(gy) + (-1) 1 x 1 (fx)(ay) . 

Homotopy 'a*' is a natural equivalence relation on PFAR . 

(31) Theorem: We have the canonical equivalence of categories 

HoVA^ ~ HoV¥A - PFA /~ . 

The equivalence is induced by the inclusion PFAR cz PA R . This result 
seems to be known only in case R is a field, see [6]. It is in fact 
available if R is a principle ideal domain. 

By use of the equivalences in (28),(29),(30) and (31) we can replace 
all categories in diagram (20) by homotopy categories. This is important 
for computations, in particular the chain algebra C #fiX0R can be re
placed by a free chain algebra A= (T(V) ,d) with a small number of 
generators: 
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(32) Theorem: Let X be a CWcomplex in CW with cellular chain complexes 

C^X . (Here C^X - H^X71,^ 2) is the free abelian group generated 

by the n-cells of X .) For 

V n 

s 1C1X ®s 1C1X n = 0 

c2x es 2c2x n = 1 

s 2C 
n+1 

n^2 

there is a differential d on the tensor algebra T(V) such that 

the chain algebra A=(T(V)*d) is equivalent to C^QX in tioVk . 

This result shows that Theorems (25) and (26) can be used for explicit 
computations. 

Theorem (32) is known for the special case that X has trivial 1 -
1 —\~ skeleton X = * . Then we have C^X = O and V=s C^(X) , and the 

differential of the theorem is the one constructed by Adams and Hilton 
in [1]. The method of Adams and Hilton relies on the Moore comparison 
theorem for spectral sequences which is not available in the non simply 
connected case. Our proof of theorem (32) is totally different and uses 
a new technique. All details and many more facts related to the results 
above will be contained in my forthcoming book *On the homotopy classi
fication problem'. 
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