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§. PAPADIMA

/
POINCARE DUALITY ALGETRAS AND THE RATIONAL CLASSIFICATION
OF DIFFERENTIARLE MANIFOLDS

Stefan PAPADIMA

. / .
1. Poincare duality algebras. Let H be a connected P.d.a. For such an algebra, we

shall focus our atteriion on two natural invariants, namely: n=c-dim H (the formal
dimension) and CH:H‘L/H"'.H+ (the graded vector space of indecomposable generators).

In order to state the result, we fix n and C and introduce a few notations: let A=
A~ A (C) be the free commuiative graded algebra on C, let G(C) he the group of

automorpiisms of A, and denote by Hrcg(C,n)cHom(An,Q)\{O]‘ , the regular functionals L,

defined by -the pioperty:
{beAplL(a.b)zo, Ve e.A“‘PQC(A*.A*)P, Vpgn

Let us note that the natural action of G(C)xGL{) on Hom (A",Q) restricts to the
regular funciionals.

Given Lé¢ Hreg(C,n), we can construct an ideal ILCA by:

€=§bGAP!:'(aXb)=O’v aeAn_P)I for pén, and

()

IE.—.AP, for pyn.

W= then assoc:ate to L the graded algebra H; ty:
(i) H =A©)1

Theorem 1. Th& isomorpiiism classes ¢ P.d.a.'s H, having n and C as invariants, are

in bijection with the orbit space

Hreg(c,n)/G(C)xG L)
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by the corruspondence described irr (i) and (ii).

Sketch of proof: Fixing C and n means dealing with algebras of the form H=A/J,
where the ideal J satisfiess JCA*.A* and IP=AP  for gy n. The algebras H and H' are
isomorphic precisely when the cor.esponding idcals are conjugate by an element of G(C). It
finally turns out that the Poincarg dumlity requirement for A/J is strong enougii to
deterrine T by the formulae (i), wherc L mod GL{4) is given by: ker L=J". The details may
be found in[ 6].

As an illustraticn, let us consider one of the simplest cases, namely when the

group G(C) reduces tc a liiiear group, i.e. homogenously generated algebras H (that is H is

generated as an algebra by some homogenous component Hd - see also [5] for a geometric
interpretation of this cendition).

The invariants n and C reduce to: m (the number of generators), d (the degree of
the generators) and c (the length of the product of H). We define the regular forms qe
Hires(m) to be those degree c homogenous polyromials (exteriorforms), azcording to the
parity of 4, in m variables, with the property that the elements ?ﬂ gosey '_Bj are lineaily

Xy 2 Xy,
independent.
Given such a forim q, we write it as: g= Z q’L : x& and we define a linear

functionz! LqE Hom(A™,Q) by; lxl=c

ot .
(iii) Lq(x d=(x !/c!)q__4 , for || =c

Corollary: The isomorphism classification of homogenously generated P.d.a's
having d,m and ¢ as invariants coincides with the linear ciassification of regular forms (ré}).

In particular this shows that, even in this simple case, we are still left with a very

difficult (classical) classiiication problem.

2. The rational homotooy tvpes of closed manifolds

Sullivan's results from [9] suggest the following approach to the rational

Ces s . oo . /
classification problem for closed manifolds: fif<t classify the Poincare duality algebras,
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ther determine those which come from manifolds and then try to describe the Q-types
within such a cohomology algebra. As far as the second step is concerned, one has the
following "differentiability test":

Theorem ([9], [l]). Let H be a simple connected P.d.a. of formal dimension n. The
necessary and sufficient condition for H in order to be the cohomology algebra of a closed
man.:iold is: either n#0 (mod ) or r=4k and there exist an orientation (O eHom(Hak,Q)\{oE
and a Pontrjagin class p:Zpi # & H* such that:

(D1) the quadratic form H2k &HZk—-—'-» H[‘k —(i:» Q is a sum of squares.
(D2) the numbers {C\- (pI)! I a partition of k} are the Pontrjagin numbers of a closed
manifold.
(D3) the Hirzebruch formula: Cu(l-k(p)):signature of the quadratic form H2K bs) HZk——-> Q.
In order to avoid the complications arising in general at the third step of the

claositication, we have restricted our attention to the case of intrinsicaliv formal algebras,

i.e. thoce which contain exactly one Q-homotopy type (see [3]).

Proposition. If H is an homogernously generated P.d.a. 4-connected and if c$d+4,
then H is intrinsically formal ([8]).

1f H is a (k-1)-connected P.d.a of formal dimension é 4k-2, then H is intrinsically
formal ([&] )

It comes out that 1-connected homogencusly generated P.d.a.'s, with c\( 3,
respectively the simply connected arbitrary P.d.a.'s of formal dimension n (\ 6, are
intrinsically formal. It is worth mentioning that there are related examples of closed

manifolds whose cohomology alpebras are not intrinsically formal: for c=4 and d=2
P2ctc xplenx pPe (§) and for ne7 (sBsPiis%s) (7D

The rational classification of homologically 1-connected closed manifolds M (i.e.
H‘l(M;Q)=O) with homogenously generated cohamology and céJ is given by the theorem

below.
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Theorem 2. I) c=4: M has the Q-type of a sphere Sd.

1) c=2: if d=2k+1, M has the Q=type of a2 connected sum of p copies of

S2k+'l 2k+4;

xS

If d=2k, M has the Q-type of a complex of the form:

(5 v VS \de de) b’ ,2d

'n&

[f]L T Zd I‘S Iv.. VS 9 is given by:

,» where

[fj [Sde] Z [S ,Sd] -the invariants are: the dimersion n=4k, the rank m
(m:m+4 m_) and the sxg)'maiure 0‘ (a°= m+—m_) subject to a single restriction: & is a multiple
of a certain number G‘k , depending enly on k.

) c=3: for fixed d and m, the classification coincides with the linear

3

d reg(m), if d is odd we must have: m=3 or m) 4, see

classification of the regular forms in H
[¢]-

The proof is given in[?] essentially by using tiie conditions (DJ)-(D3) of Sullivan,
which are nonvacuos only in the case c=2, d=2k. In this case, (D1) gives the normal form
and (D2), (D3) reduce to the divisibility condition for the signature {cornpare with [l O]). The

numbers b’k are computabie; for example, using results from [?} it can be shiown that:

2k~
Zki

2

€k=(22k'1 -1) numerator (Bk/k). , for k odd,

.ak

where By stands for the k-th Bernoulli number and 2% denotes the greatest power of 2
which divides (2K)! (see [7]).
A similar classification for homologically 1-connected n-rnanifolds (for n¢6) may

also be found in[7].

References

4
1. J.Barge: Structures differentiables sur les types d'homotopie rationnelle

/. .
simplement connexes, Ann.Sc.Ec.Norm.Sup., 4€ serie, t.9(1976), 469-501.

271



2.

3.

§. PAPADIMA

J.Barge; J.Lannes; F.Latour; P.Vogel: /\—sph;res, Ann.Sc.Ec.Norm.Sup., u€
série, t.7{1974), 463-506.

S.Halperin; J.Stasheff: Obstructions to homotopy equivalerices, Adv.in Math. 32
(1979), 233-279.

T.J.Miller: On the formality of (k-1)-connected compact manifolds of diriension
£ t:-2, LI, of Math. 23(1979), 253-258.

S.Papadima: The cellular structure of formal horotopy types, to appear J.Pure
Appl. Algebra.

S.Papadima: Classification of Poincaré duality algebras over the rationals, to
appear.

S.Papadirna: Classification of the Q-types of closed manifolds in some intrinsic
formal cases, to appear.

S.Pziadima: Cell decornposition:s and d.g.a. models, to appear.

D.Sullivan: Infinitceimal computations in tepology, Publ.Math.IHES, 47(1977), 269-

331.
C.T.C. Wall: Classification of (n-1)-connected 2n-manifolds, Ann.Math.75(1962),

163-189.

272



