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BIFURCATIONS OF GRADIENT VECTORFIELDS
by
Gert VEGTER

Introduction.

In this paper we consider the connection between unfoldings of gradientvector-
fields and unfoldings *) of the corresponding potential functions. Our unfol-
dings will be within the world of all gradientvectorfields.

First consider a corank one singularity f: (B!n,O) — IR of finite codimension,
i.e. with a finite number of parameters in its universal unfolding {fulu€]Rk}.
It has been proven in [11] that a universal unfolding of the singularity .
X = gradgf is the family {gradgfu}, whatever Riemannian metric g one takes
(provided one restricts to a sufficiently small neighbourhood of OE]Rn).

This relation between unfoldings of (germs of) gradientvectorfields and the
corresponding potential functions breaks down if the corank of the singularity
is greater than one. In that case even the topological type of the gradient-
singularity may change if the metric varies over all Riemannian metrics

(c.f. [41,[7D.

In [ 2] John Guckenheimer considers (on a neighbourhood of 0 € K(z) the potential
function f(x,y) = %—(x3 + y3) and the standard Riemannian metric g = dx ® dx +
dy # dy. A universal unfolding of f is the well-known three parameter family

1

fu v w(x,y) = 3-()(3 + y3) + wxy + ux + vy. However, the three parameter family
’ r

{gradgfu,v,w} is not a universal unfolding of gradgf.
The reason for this is the absence of gradientvectorfieldswith saddle connec-
tions in the family {gradgfu,v'w}, while on the other hand it is easy to perturb
the singularity gradgf within the class of gradientvectorfields in such a way
that one obtains a saddle connection in any arbitrarily small neighbourhood
of0€m2.
According to Guckenheimer this example shows that it is not justified to assume
- as René Thom did [10] - that one can pass from the bifurcation of gradient
dynamical systems to the unfoldings of their potential functions in studying
catastrophes. This is obvious in some cases, since stable functions (Morse
functions with distinct critical levels) may give rise to gradientvectorfields
exhibiting saddle connections. However, in these cases global conditions (trans-
versality of stable and unstable manifolds) are not satisfied.

Guckenheimer's example intends to show that local conditions, that guarantee stability

of the unfolding of the germ of the potential function, may not be sufficient to

guarantee stability of the corresponding unfolding of the gradientvectorfield.

*
) A family {fu|u€IR]<} is called an unfolding of f if fo = f. In appendix A we

give another definition.
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However, if one considers the Riemannian metric

9, = dx @ dx + z dx @ dy + z dy ® dx + dy ® dy, we shall prove (theorem II.1)

that (for |zo| small but positive) the three parameterfamily {gradg fu v w}
’ ’
%o
(zo fixed) is an almost universal unfolding of gradg £.
%o
Moreover, the four parameter family {gradg £ .y w} (with parameters u,v,w,z) is
’ ’

an almost universal unfolding of gradgf. We conjecture that the unfolding is
e;en universal in both cases.

Crucial for our attack of the problem is the study of unfoldings of gradient-
vectorfields, possessing a so called generalized saddle connection. Using the
method of blowing up we obtain a gradientfamily, which is simpler than the

w}, due to the fact that its singularities have corank at

family {grad_ £
¥ 19 gz u,v,

most 1.

As was remarked earlier the local unfoldingsof this type of singularity are
well understood. But the family we obtain after blowing up possesses instabili-
ties of another kind, namely non-transversal intersections (i.e. coincidence,
in dimension two) of (strong) stable and (strong) unstable manifolds.In order
to deal with these bifurcations we first study this phenomenon in a slightly
more general setting in section one. A main tool for the determination of a
universal unfolding of saddle connections is the concept of strong contact
equivalence. This extension of the theory of -‘"normal" contact equivalence is
developped in appendix A.

In section II we state and prove the main theorem, partially based on the re-
sults of section I. We end this section with some questions.

Part of the proof of the theorem of section II consists of checking the gene-

ricity of the blown-up family. This is the subject of appendix B.
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BIFURCATIONS OF GRADIENT VECTORFIELDS

I. Unfoldings of generalized saddle connections.

As stated in the introduction we first consider vectorfields on a two dimen-

sional manifold, which have singularities of corank not greater than one.

Definition I.1:

A singularity p of a vectorfield X is called quasi-hyperbolic of type (1,k)

(k 2.2) if there is a locally X-invariant, one dimensional Cr—manifold wc
(r > k) such that:

(i) T W is the kernel of the linear part DXp of X at p

(ii) Dgp has no purely imaginary eigenvalues

(iii) There is a local cF-coordinate x on W such that

x[W = XF(x) 2=, with F(O) # o.

The existence of a centermanifold wC follows from conditions (i) and (ii),

cf. [ 3]. Centermanifolds are not unique. We can arrange that r is arbitrarily
high, taking wc small enough. Since two ¢’ centermanifolds have contact of
order r at p, the degree of degeneracy k, appearing in condition (iii), is well
defined. If p is a quasi-hyperbolic singularity of X, there are X-invariant
manifolds W°° and wuu, containing p, such that the real parts of the eigen-
values of DXplpruu and DXp prss are positive and negative resp. These mani-
folds, the strong-unstable and strong-stable manifolds, are locally unique,

cf. [ 3]. In our two dimensional case they are one dimensional. We shall refer

to the components of wss(p) N {p} as the strong (un-)stable separatrices of p.

In this section we shall be concerned with a vectorfield Xo which has two
quasi-hyperbolic singularities p and q of type (1,k) and (1,%) resp., such
that a strong unstable separatrix of p coincides with a strong stable separa-

trix of g. This separatrix y of Xo will be called a generalized saddle connec-

tion (see fig. I.1)

Fig.I.1

<3

s generalized

saddle connection
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Remark.
Our considerations also apply - with minor modifications - to the cases
where at least one of the singularities p and q is a hyperbolic saddle.
Both singularities have a one dimensional stable and unstable manifold,
whose tangent spaces at the singularity are the eigenspaces of the linear
parts corresponding to the negative and positive eigenvalue, respectively.

A saddle connection between p and q it an orbit of X, which is contained in

the unstable / stable manifold of p and the stable / unstable manifold of q.
This situation occurs in generic one parameter families of vector fields,

as we shall see presently (cf. fig. I.2.i).

The main result of this section deals with unfoldings of Xo in a neighbour-

hood of vy, i.e. a family {Xu|p€ n{k}, such that X{ = Xo’ and the mapping

(u,x) - Xu(X) is defined on a neighbourhood of {O}UXOi in R™ x M.

Since we want to relate properties like (uni-) versality of families of poten-
tial functions and of the corresponding gradient families we have to carry
over these concepts to families of vectorfields (cf. [ 1]).

First recall that two families {xu|u€]Rk} and {Yu|u€1Rk}, depending conti-

nuously on the parameter u, are called topologically equivalent if there is

a family {Hu} of homeomorphisms, also depending continuously on u, such that
Hu is a topological equivalence between Xu and Yu. If we consider unfoldings
of X along an orbit y, the domain of the family {Hu} should also be restric-
ted to a neighbourhood of Y.

If h: (]Rv',O) —_— (IRk,O) is a continuous mapping and {xthEJRk} is a family

of vectorfields, then we define the induced family h*X to be the %-parameter

: ; h*x - . : . .
family with (h*xX) X (v)* A0 unfolding {Xu} of X is called versal if any
other unfolding of Xo is equivalent to an unfolding induced by {xu}, and
universal if it is a versal family with a minimal number of parameters.

In the sequel we won't always succeed completely in proving universality

for a given family. This lack of success will be camouflaged by introduction

of the term almost universal; the adjective almost means that the topological
equivalence between two families does only depend continuously on the para-

meter outside the origin of the parameter space.

Next we associate a pair of k-parameter families of real valued functions with
any k-parameter unfolding {Xu|u€ nzk} of XO.

These functions will be introduced in terms of a kind of normal form coordi-
nates for Xo in a neighbourhood of the singularities p and q. This pair of

functions will determine the equivalence class of the unfolding {Xu} completely.

According to [8 ] there are local c? coordinates (g arbitrarily high) Wireeey
M sX,y on a neighbourhood U of (0,p) in R x M and Hyreees ur,§,§ on a
neighbourhood V of (0,q) in RY x M such that:

i = . x) . 2
(1) X|U = Xi(ulr--~l Ur: X) % + xz(ull---rur: X) Y ayl
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BIFURCATIONS OF GRADIENT VECTORFIELDS

*
where X1 is regular of order k )

X2(0,..., 0; 0) > 0.

at x = 0, Wy See.= o= 0 and

’

2
Y

g - 2 DT
(ii) x|v = Y e we %) = ¥y (Myreees MG x) y

Q

where Y1 is reqular of order 2% at x = O,p1 =...= ur = 0 and

Y2(O,..., 0; 0) < 0.

Remark:
In general we cannot take q = o, cf. [6].

Let X be the vectorfield on n{r x M defined by X(u,m) = Xu(m). As local Cq

centermanifolds for X in RT x M we take:
c c —
W (0,p) =UN {y=0} and W (0,q) = Vv N {y = 0}.

Note that W % (O,p): = wc(O,p) n {u =ﬂ} is an invariant manifold for xﬁ , con-

taining all singularities of xﬁ in UH Let XcU be a smooth transversal

section for X, such that y N I # ¢ . Taking I smaller if necessary, we may
assume that there is a positive real number ¢ such that 0: = DX 0(Z) is
again a transversal section for X, contained in V.**) '
Note that U and V are foliated by the leaves {x = const., u = const.} and

{x = const., u = const.} resp. These partial foliations are locally X-invari-
ant. Projection along their leaves yield locally defined diffeomorphisms

i: WC(O,p) — % and W: O —> wc(O,q). These mappings may be considered as
r-parameter families of one dimensional diffeomorphisms. The diffeomorphism

P: =TmWo Dx,c o i: WC(O,p) — wC(O,q) is defined on a neighbourhood of (0,p)

in wc(O,p). Observe that P is of the form P(u,x) = (u,Pu(x)) and P(0,p) = (0,q).
With the aid of P we introduce the CZ mappings f,g: wc(O,p) —* IR, defined by

f(ul,---, ur,x) = Xl(ul,---,ur,X)
g(ul,---. ur,x) =Y (PHgreees HaX))

The methods used in [ 8] allow us to assume that for any unfolding {Xu} of X

the coordinates x,y and X,y are such that

xk.F(x) , F(0) #0

X (0,x) =
X,(0,%) = Fy(x) - F0) >0
and Yl(O,;) =%XLGx , G(0) #0
Y2(0,x) =G, (x) ’ G1(0) < 0.
*) X, ak'lx1 3kx1
I.e. X, (0,...,0;0) = — (0,...,0;0) =...= ———— (0,...,0;0) = 0; ——(0,...,0;0)
1 X k-1 k
X X
*%) #0.

Here Dx odenotes the time-0 -map of X.
’
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As a consequence, the r parameter unfoldings f(u,x) and g(u,x) are unfoldings
of £(0,x) = x}.( F(x) and g(0,x), which is of the form xj.z' G(x) with G(0) #* O.
(f,g) will be called a reduced pair of the family {Xu}. Conversely, using
standard suspension arguments it is easy to associate with any pair of r-para-
meter unfolding (£(u,x), g(u,x)) of (£(0,x), g(0,x)) an r-parameter unfolding
{Xu} of X .

Remark:
Suppose p is a hyperbolic saddle of Xo' In that case we may assume that there

are local coordinates u ,...,ur,x,y and a positive function § on a neighbour-

1
hood U of (0,p) in IR x M such that

- 9 3
p.x|u = Xl(“l"“'”r"‘) = T Xz(ui,---,ur,x,y) 3y

where X, (0;x) = x.F(x) , F(0) <0
sz
XZ(Q;O,O) =0, Iy (0;0,0) > O.
Since we are classifying modulo topological equivalence we may and do assume
P = 1.
Consequently, the following theorem also holds in case k = 1 (i.e. p is a

hyperbolic saddle) or & = 1 (i.e. g is a hyperbolic saddle).
Theorem I.3.

A universal unfolding of the vectorfield xo along y is given by the (k+&-1)-

k+2-1

parameter family X = {xuluEm } with reduced pair (f(u,x), g(u,x)) given by

k k-1 k-2
Elux) = (x7+u,x XD Tt X b ) Fx)

L

glu,x) = (x +uk+1.xﬂ'-2 ). G(x)

+.. .+uk+£_2.x + pk‘HL—l

(Assume £ > k > 1)

Corollary I.4.

The catastrophe set of a universal unfolding of Xo is locally Cl-diffeomorphic *)
to the following semi-algebraic subset K of ]Rk'HL-1 (assume F(0)>0,G(0)>0 for
k>2,8 >2):

u € K iff there is an x € IR such that at least one of the following cases occurs:

9Q

(1) Ql(u,x) =0, s-x—l (u,x) =0 (Xu has a quasi-hyperbolic singu-
50 larity at (x,0) €U)

(ii) Q2(u,x) =0, a—xz— (u,x) =0 (Xll has a quasi-hyperbolic singu-

larity at (Pu (x),0) €V)

* 1
) Two subsets K1 and K2 are called C -diffeomorphic if there is an ambient

c!-diffeomorphism @ such that @ (K,) = K,.
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8Q1

(iii) Ql (MIX) =0 ’ &— (lJ:X) 5_ 0
3Q2

Q, (Wix) =0, 5= (u,x) >0

Here Q, (u,x) = % <5+ ulxk-l

2 -2
and Qz(u,x) X + uk+1x +...

Remark:

A parameter value p € nik+l—1

{Xu} if the vectorfield Xu

ol ¥ g

(Xu has a (generalized) saddle
connection, going from (x,0) €EU to

(Pu(x ,0) EV)

+o..t LPES + My (minus sign in case k=1)

(=x, if 2=1)

belongs to the catastropheset of the family

is not structurally stable.

Before we give the proof of the theorem we shall consider some special cases;

these will return in section II.

Example I.5
(1) k=1,2=1, so k+&-1 =1

The universal unfolding contains

one parameter.The catastrophe set

is {0} € RR.

2] (W,x) = -x+u

Q, (Wex) = x

For 4 = 0 we have a saddle
connection between two hyper-

bolic saddles.This case was

also studied by Sotomayor in [5 ]

Fig. I.2.i.

(ii) k=1,82=2
Q (myx) = -)2( + oy
Q, (rx) = x" + u,
In this case (pl,uz) belongs to the catastrophe set iff
-X + W= 0
Uy = 0 or { x2 + o, = 0, x 20

2 2
so K={(u,my) € R | uy=0 or uj+u,=0 w20}
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k=4=2
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+

A

Fig. I.2.(ii)

2
Now Ql(ulluzru3,x) =x + WX + oy,

( ) = x4
Q ulluer31x =X u3

Bifurcations occur if:
. 2 _
(1) My 4112 =0 or
(ii) u =0 or
3
s 2
(iii) X+ Uy X + by = o,
{xz + u3 =0,

2x + uy
2x

v RA

Having performed the following change

{ 31 =" )
u2 = u2 - 1‘“1
= my

we obtain:

k= L0y, 3

- 31— -
W) € ®Bli, =0 or ¥

46

of parameters:

0 or

C M2
P
saddle= '
nodes uy
2
3
addle-
connections.
|l 4
i saddlel 7 e
saddle 1}"‘ 1A N
sink ] N

- - - 2 - - -
Doy + (ol +V-u)" =0, 3 <0 &u + 2=y <01}
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The catastrophe set K

J
.

1

.
R

T
I
7

Fig. I.2.iii
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Proof of theorem I.3.

Let U,V,X and O be associated with the family X like indicated in fig. I.1.
Suppose {‘)\(‘vlvG IRt} is a t-parameter unfolding of Xo along y. For this family
we choose neighbourhoods T of (0,p) and V of (0,q) in ]Rt X M and t-para-
meter unfoldings?(v,x) and g(v,x) of £(0,x) and g(0,x) resp. in the way des-
cribed above.

According to corollary A.6 of appendix A there are

- a Cl-mapping H: WS (0,p) — wc(O,p) of the form H1 (v,x) = (h(v), Hv(x)),

1
with H\) a Cl-diffeomorphism on a neighbourhood of x=0 in we (0,p)

- two positive functions Ffl' '52: we (0,p) —m R,

such that:

~

N, (v,x). f(Hl(v,x)) (I.1)

'E(v,x) 1

Fv,x) = Fiz(v,x). g(H, (v,x))

Note that ;J'C (0,p) is a centermanifold for ')?(v,x): = (v,?(‘v (x)), containing
(0,p); moreover, in order to apply corollary A.6 the degree of differentia-
bility of ¥ and '?;' should be sufficiently high. This can be arranged by taking
Wc (0,p) small enough.

Next we extend H1 to a Cl—diffeomorphism on a full neighbourhood of y in
'.|Rt Xx M in such a way that the partial foliations of T and U are Hl-invariant
(i.e. H1 maps leaves on to leaves) and such that Hv is the identity outside
a small neighbourhood of U. Moreover we require that this extended diffeomor-
phism is again of the form

Hl(v,m) = (h(v), H\)(m)) , m € M.
Using this diffeomorphism we can arrange that the t-parameter family h*X,
defined by (h*X)v = )ﬁm(v) , is topologically equivalent to a t-parameter family
{7('\’} , such that the reduced pair (£,g) of {X\)} is a v-parameter unfolding of

the pair (£(0,x), g(0,x)) and satisfies:

'E(\),x)

ﬁl(v.X). F(v,x) (1.2)
J(v,x) = ’I\_Iz(v,x). gv,x).

Here ﬁl and 'ﬁz are positive functions on wc (0,p) . Moreover, the invariant
partial foliation is invariant for both X and X. Note that multiplication of

a vectorfield with a positive function does not affect its orbits: only their
parametrization might be changed. Since we are classifying modulo topological
equivalence it will be clear from (I.2) that we may even assume: ?(\),x) =
E(v,x). To this end we extend ﬁl to a positive function on a full neighbourhood
of y in IRt x M, which is constant along the leaves of the invariant partial
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BIFURCATIONS OF GRADIENT VECTORFIELDS

foliation of U and assumes the value 1 on a neighbourhood of v.
In this way we achieve that the partial foliation of T is still invariant for

. X, while the functions g of X is not affected.

Ny

The rest of the proof deals with the construction of a positive function @

and a conjugacy H\) between ?(‘v and tpv.-iv, both defined on a neighbourhood of

YinIRtxM.

\/ & TV, ,wW,
vy

< « Fig.I.3

We define Hv to be the identity on the section Zv (fig. I.3). Then for any
positive, continuous function ¢, defined on a full neighbourhood of Yy in
IRt X M, we can extend H\’ to a conjugacy between ')\(lv and ‘p\)'iv on the saturated
set of Zv. However, we have to impose additional conditions on (Dv in order
to extend Hv continuously to a full neighbourhood of Y. Note that we may take
kpv = 1 on ?le, since the 7('\)- and ';(’v_ invariant foliations of '5\) coincide and
-fv (x) = ’E\) (x). So we can extend H\) to ;Vls (0,p) continuously.
The second condition we impose on (p\) is that it should satisfy:

D

X, 0
(p\) \)l

() CE)'\) (1.3)

Then the conjugacy H\) maps 3\) onto 6\).

Finally we have to check which additional conditions w\) should satisfy in order
to extend it to Wi (0,q) continuously. Suppose we have chosen (. Let
{(vi, i)} °i°=1 be a sequence in IRt x M such that (cf. fig. I.3)

-ilimco (v ow) = (v ,w) € ﬁso (0,9

- the backward orbit of w, passes _év. before it leaves V\)‘ .

i i
So there is a T, > 0 and a z, € 5\). such that
i
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— = - v <t<T,.
qo X,Ti(zi) w, and qp X,t(zi) € V\)i for 0 <t < Ti
t = _ i i .
Se xi Dw X,—o(zi)' then x, € Zvi, in view of (I.3)
Since Hv is (partially) defined by D; t o Hv = Hv o Dw-? ¢!
v, vy
we have H(vi,zi) = (vi,DQ; .o (Xi))
i
and H(vi,wi) = (vi,D§ T (Hv.(zi)))
\)il 1

We shall determine ¢ such that 1lim H (wi) exists and such that ¢ is con-
i>o i

stant along the leaves of the X-invariant foliation of V; so this foliation
is also invariant for ¢ X.

So suppose

© X|V = 9(v,x). Yl(\”;)

We also have

o1k

¥, 0,5 2T wED 2

Let m: V — W< (0,q) and ¥ : V —* W° (0,q) be the projections along leaves

of the invariant foliations.

m(v,,w,)
1 1 dE
Then: T, = ceen
e (T e A P B
i’
and also ?(H(Vi'wi))
Ti = dg ....(12).

ﬂ(H(vi,wi)) Yl(vi,E)

Assume lim Ti = o, otherwise the convergence of {Hv (wi)} is obvious. So the
i->o i

sequence {zi} tends to a point z, on the stable separatrix of a (possibly dege-

nerate) saddle n(vo,zo), so Yl(n(vo,zo)) = 0. Take X = Dw-il_c(vo,zo), then

lim x, = x_.
i o

The mappings PI: L — w(:(O,q) and ;1: r — W(:(O,q) are defined by
P1 =MmMo qp'i,c and P1 mo D;,c , SO:

Yl(vo,Pl(vo,xo)) = 0 and Yl(vo,Pl(vo,xo)) = 0.

(Note that we sometimes also use the symbol P, for the mapping (v,x) — (v,Pl(v,x)).

1
This will be done without mentioning it). Note that the lower boundaries in

I1 and 12 satisfy:

ﬂ(vi,zi) = Pl(vi,xi) and ﬂ(H(vi,wi)) = Pl(vi,xi).
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BIFURCATIONS OF GRADIENT VECTORFIELDS

Now take S € Zv in such a way that ng is on the same side of Zv as {xi},
o o
while P1 and Sl are both defined on [xo,no] c Zv . In the integral (I.1l) we
5 .
perform the change of coordinates (vi,E) = Pl(vi,n) and in I?:(vi,i)

'13'1 (v,,m). This yields:

P
S — (v,,n) v ewy)
To= n___1 an + J dt
i i ©o Py (viym. ¥, 0 Py(vy,m) £, (v,,n) tp(vi,t,)- ¥, (v,,8)
i i'"o
P ~
ng Y (v,,n) “(H(Vilwi)) at
= J — N —=—dn+ [ - . (1.4)
n=x, Yy ° P (v;.m) E=P (v;in ) Y, (v ,E)
Recall that we have the relation (I.2):
Y1 o Pl(v,x) = Nz(v,x). Y1 o Pl(v,x)
So if we define @ on V in such a way that
ap, aFl 3 9
@®o P (vx) = Er(wm-{ET(WM-%me '

then @ is a positive function, and from (I.4) we obtain:

?(H(v.,w.)) m(v,,w,)
1 1 dg _ 1 1 dE
w(vi.E). Yl(vi,E)

E=P (virin ) Y, (v, ,E) g=p, (v,,n))

Since both integrands are regular on the integration interval, it is easy to

see that with this choice of @ we have achieved that {Hv (wi)} converges.

. Q.E.D.

. . . 2 3 2 9
II. Deformations of the gradient singularity X — +t vy 5;

9x

Statement of the result.

In this section we shall prove the results, announced in the introduction. We
first recall some well known facts concerning Riemannian metrics, gradients, etc.
If g is a Riemannian metric on a manifold M, then any diffeomorphism @: M—> M

associates with g a metric @*g defined by:

(to"‘g)x (v,w): = I (x) (X0, (V) , A0, (W) (x € M;v,w € TM).
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We also obtain the metric @,g: = ((D-l)*g.
For any real valued function f on M we define the function @, (f) to be f.tp-l.
Recall that the gradientvectorfield X, corresponding to a potential function
f and a Riemannian metric g on M, is uniquely determined by the relation:

g(X,Y) = df(y), for all c® vectorfields YonM ..... (I1.0)
This relation yields the transformation rule

Py (gradgf) = grad

©, f. (11.1)
Q9 *

From now on we shall only be dealing with gradient vectorfields defined on
a small neighbourhood of 0 € ]R2. Let X,y be local coordinates on such a
neighbourhood, then the metric g is completely determined by its four compo-
nents g“(x,y) B glz(x,y) = 921(x,y) and gzz(x,y). Let G(x,y) = (gij(x,y)) be
the inverse of the matrix (gij (x,y)). For any potential function f, defined
on a neihgbourhood of 0 € ]R2, we obtain from (II.O0) the following relation

for the components Xl’ x2 of the vectorfield gradgf:

of

xl (X,Y) 9x
= G(x,y).

X2 (x,y) E

3y.

The definition of unfolding should be slightly adapted to make it suita-
ble for the category of gradient vector fields. A k-parameter unfolding
of a gradient vector field Xo =gradgf is a smooth family

X ={gradg f |u€]Rk}, where {gu} and {fu} are smooth k-parameter families
H u

u
of metrics and potential functions respectively, such that 8, =8 and £°=f.

In the remaining part of this paper we consider pairs (g,f) which - in sui-

table coordinates - have the following form:
f(x,y) = % (x3+y3)
g(x,y) has components 83 (x,y) such that

(%) g,1(0,0) =a, g,,(0,0) =aB, g,,(0,0) =g,,(0,0) =az

where

0’

a>0, B and z, are real numbers sufficiently close to 1 and 0

2
respectively, and of course such that 6-z°>0.
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The vector field gradgf, with quadratic part

_ 2 2, 3 2 2, 3
Qx,y) =al(x"+2 y7) = + (z x" +8y") 5y ]
has a degenerate singularity at (x,y) =(0,0), with two hyperbolic and two,
parabolic sectors. The quadratic part Q has three invariant lines. If

z, z (0 these have equation y =mx, where m satisfies

(m) = lim -—12- Det[Q(x,mx), ( :1 )l1=0,

P
B,zo x+0 x

i.e.: Pg., (m) =a(zom3-8m2+m'zo) =0.
’“o

1f zo=0, this quadratic part has three invariant lines:

x=0, y=0 and y = %x.

Note that the existence of three invariant lines is guaranteed by the fact
that B~ 1 and zomo.
In fact our results hold for any pair (B,zo) such that Pg has three
’
o

real zeroes or such that z, =0.

It is well known that the 3-parameter family

3

f (x,y) = -% (x +y3) +wxy +ux +vy is a universal unfolding of f, cf.

u,v,w
[10]. The next result indicates the relation between this universal unfol-

ding of the potential function f and the gradient vector field gradgf.

Theorem II.1.

a. If zoxO the three parameter gradient family Xu’v’w=grad fu,v,w is an

g

53



G. VEGTER

almost universal unfolding of the vector field gradgf.
b. If z =0 the four parameter family X =grad f is an almost
o u,v,w,z g u,v,w
unfolding of gradgf, where g, is the one parameter family of metrics

. 1M_ 11 22_ 22 12_ 21_ 12
given by g =g ', g, =8 , 8, =8, +z

z Eg

Remark:

In view of the Tarski - Seidenberg theorem (cf. [9]) the set of pairs
(g,f), admitting local coordinates in which they have the form (x) with
zo:tO (zo==0 resp.), is a closed semi-algebraic set of codimension 3 (4
resp.) in the set of all pairs (g,f)(also cf. [10]).

Sometimes the codimension of an object is defined as the number of parame-
ters contained in a universal unfolding (within a suitable category). In
our context these concepts of codimension coincide for this example, con-

trary to the claim of Guckenheimer (cf. [2]).

In the proof of theorem II.1. we show that for z, z0 the family Xu VoW is
k4l ’
almost topologically equivalent to the quadratic 3-parameter family

= grad f
Qu,v,w ™ 8rady

v 5, v, @ where g, 1is the constant metric g, = g(0,0).

z ’ o o
o

1 zg x2 + Wy +u
Hence : Qu’v,w(x,y) = 2

zo B

If z =0 we can prove similarly that X is almost equivalent to

u,v,w,z
1 2z x2 +wy +u

Q (x,y) = .

u,v,w,z z B y2 + WX + v

Before proceeding with the proof of these results we investigate for which
values of the parameters bifurcation occurs in the afore mentioned qua-

dratic families.

1 2z x2 +wy +u
The catastrophe set of the family Qu,v,w,z(x’y) = 2
—_— z B y +wx +v
We first observe that = (u,v,w,z) is a bifurcation value for the family

{Qu} if at least one of the following situations occurs:
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(i) Xu has at least one degenerate singularity.

(ii) Xu exhibits a (generalized) saddle connection (cf. section I).

Note that the first case occurs iff p is in the catastrophe set of the po-

1 3

tential function fu = 3-(x -fy3) + wxy + ux + vy, i.e. iff:

x2 + wy +u

2
yo o+ wx + v

4xy - W =

This catastrophe set is well-known, c.f. [10]. (see figure II.1.).

<

y 0
, u

w#0O w=20

Fig. II.1. The catastrophe set of the family f
u,v,w

In order to determine the parameter values y for which X has a saddle con-

nection, the following result will be useful.

Lemma II.2.:
9 ]
1 3 " %5y

S1 and 52 and a saddle connection y between S1 and SZ’ then y is a straight

1f X=X is a quadratic gradient vectorfield on ]R2 with saddles

line (with respect to the coordinates x,y).

For a proof of this result we refer to [13].
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As a consequence we have to determine for which values of a,b,u,v,w and z
the quadratic form (in x,y):

qa,b,u,v,w,z(x'y) = an(u,v,w,z,x,y) + sz(u,v,w,z,x,y)

contains a factor @Y(x,y) = ax + by + c, for some real number c.

A straightforward calculation yields:
2 2 :

q(x,y) = Ax° + By” + Bwx + Awy + Au + Bv )
=A(x+g—Z)2+B(y+%;—2+RA'B , eee. (1I1.2)
with A=a+2zb, B=2z2a+ fb
RA’B=Au+BV-:11-w2 (%?-+:—2) J

So the zero set of q consists of two lines with equation

Aw A Bw
yrop=tVg. )

if and only if R = 0 and AB < O. (II.3)

A,B
If condition (II.3) holds, we can find a real number c such that @(x,y) =

ax + by + ¢ is a factor of q iff.

a - A
= = - = .4
b~ "V 3 (11.4)
Setting & = % , it is clear from (II.2) and (II.4) that £ should be a zero
3 2
of Pz B(E): =25 + BE + E + z eee. (II.5)
’

This polynomial has three real zeroes 51, £2 and 53 if |z| is small and po-

sitive. Application of the implicit function theorem yields:

-z - Bzz +0 (z3)

£,(B,2) =
E (B,z) = - -B‘+l+0(z) as z —> 0O (II.6)
2 z B - :
1
53(8,2) = - §+0(z)

Furthermore it is obvious that in order to have a saddle connection for Qu —
’ ’ ’
(u,v,w) should lie in the closure of the shaded region of figure II.1.
If (u,v,w) is in this region, then the point (x,y) is a (generalized) saddle
. 2
: + =

of Qu,v,w,z iff x2 +wy +u=20

y +wx +v=0

4xy - w2 <0

Note that, modulo some positive factor, 4xy - w2 is the Jacobian determinant of
the linear part of Qu Vow.z at the singularity .(x,y). It is clear from figure

’ ’ ’
II.3 that in case we have two saddles, the slope of the line joining them is

negative.
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N
(2]
8
i
O] O
5
’

addle

x2+wy+u=0

Fig.II.3
With this observation in mind we conclude that for z > 0 no saddle connec-

2
N.. o =4Xy-w =0

tions occurr, while for z < 0 they actually do. In the latter case the values

of 2

5’ corresponding to El and 52, yield a saddle connection since condition

(II.3) is satisfied for |z| small enough. This fact will be clear from (II.6)
and the equality

A_

3=

E+2z

zE+ B

So for z < 0 and |z| small enough, the catastrophe set also contains two

halflines, namely those parts of the lines with equations:

Ai,B

i

= A,u + B,v -
1 1

2
v (

3 3

A, + B,

1

iy _
W )= 0 (i=1,2)
ii

that ly in the shaded regions of figure II.1.

For the slopes of these lines with respect to the horizontal and vertical

directions we obtain resp. using (II.6) and (II.7)

<

=z +O(z3)
2 as z 4+ 0
5 +0 (z)
Fig.II.4 The catastrophe set W

of the family Qu'v’w’Z

(II.7)

w#0, z<0

w=0,2z<0
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A parametrization for the curve in the plane {w=wo} A 0, of figure II.4

is easily seen to be

1 2 2 2 1 2 1
t — (Zwo(-z—t),zwo(—t—z—m:))-
Using this parametrization one easily checks that the lines {R = 0},

A,,B,
i"i
corresponding to this value of w, are indeed tangent to this curve. Note that
at the point of tangency the situation is locally like that of figure I.2. (ii).

We return to this fact later on.

Proof of theorem II.a.

Let {lev € nzz} be an unfolding of X = gradg £, within the class of gradient-

z
o

1,3 3
i i.e. = i = = = + .
vectorfields,i.e Yv gradgva, with 9 gzo en fo(x,y) 3(x ¥ )

L
Step 1. First we shall be concerned with the case where {fv|v € R} is a versal
unfolding of fo. From the theory of dm—singularities of functions it is known
that there is a submersion h: (niz,O) —_ (313,0) such that fv is right-equi-

valent to F the equivalence depending smoothly on the parameter v.

h(v)' 3
Here Fu(x,y) = wa +y ) + U3XY + uyx + VS
We may assume that h is of the form h(vl,...,vz) = (vl,vz,v3).
In view of (II.1) we may assume that
2
Yi(x,y) x + v3y + vy
2 = G, (v,x,y). 2 (1I1I.8)
Yo (x,y) ¥ y + vx + v
v 3 2
where:
1 zg
G, (0;0,0) = = GQ(x,y) 2 %0
z° B

We shall proof that the family (II.8) is almost topologically equivalent to

the family
1 2
Q (x,y) X 4+ v,y + v
v 3 1
5 = GQ(x,y) P (I1.9)
Qv (x,y) vy o+ v, X t v,

It is easy to check that the O-jet of GY is unique, although the coordinates

(x,y) are not unique in general.

This will establish the proof for this case. To this end we shall use a version

of the method of "blowing up" ("rescaling"), introduced by Takens [11].
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2-3x IR2 — ]Rg'x IR2 be the mapping defined by
- - = - 22— -
¢((v1,v2,v3),)\,v4,...,v£,x,y) = (X vl,l Voo v3,v4,...,v£,)\x,ly) where

Let &: S2x [0,0) x R

- - — -2 2 =2 2
V,,V,,V,, with v, + v, + v, = 1, are coordinates on S .
177273 1 2 3 9

3
Considering the families (II.8) and (II.9) as vectorfields on R x IR , we
~ ~ - 2 ~
obtain vectorfields Q and Y on Szx [0,0) x IR’Q 3x R, such that ¢,(Q) = Q

Y.

and ¢, )

Setting 6 )\_16 and ¥ = A_l'; yields the f-parameter families

2 —

o X + v3y + vl
Q(vl,vz,\)y)\ v4,...,vl,x,y) = GQ()‘x,).y) 2+ S eee.  (II.10)
¥ 'y 2
and: ) ) x4+ 3 y +V
X,y) = GY(A vl,l v2'“3"’4""’v2’x’y) 2 _ _ (II.1

y + \)3x + v

?(31,32,—\73,&\)4,...,\)2,
In appendix B we prove that the two parameter family

q| s%x (A=0} x {v,=- --=v,=0} = 'ﬂszx {x=0}x {v4=...=v2=0} is generic.

In fact the proof implies that this family is transversal to some stratified
submanifold £ of the set of all gradientvectorfields, defined on a neighbour-
hood of 0 in IR2. (For similar' constructions of codimension 1 submanifolds we
refer to [ 5]). The inverse image of this subset I is the catastrophe set

C(z,) of the family q| Szx {x=0} x {v4=...=\)k=0}. In view of the preceding para-
graph we obtain the following picture for C(zo) after stereographic projection

. - S _ 1 -
from the point (vl—vz- 5 \/2,\)3 =0) .

saddle

connections

Fig.II.5 The catastrophe set C(z{)ﬁ in case Z, <0
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Using the fact that the germs of the f#-parameter families Q and

Y at any point of 52 are versal, one can prove the existence of a homeo-
morphism h: S2 x [0,8)x U — 32 x [0,8') x U (§,8' are small positive num-
bers, U,U' are neighbourhoods of 0 in IRl-B) , mapping the catastrophe set

of the family Y onto C(zo) x [0,8') x U'. since GQ(x,y) contains no para-
meters, the latter is the catastrophe set of the family Q. Note that in

case zo > 0 no saddle connections can occurr, so we can take for T the
identity mapping. Using h, we can finish the construction of an equivalence
between Q@ and Y, defined on a neighbourhood of 0 € IR2, in a straightforward
way. We fix the topological equivalence imposing the conditions that it should:

(1) map the level curves of the potential function f; onto those of fF(;) .

(2) map the singularities of YV onto the corresponding singularities of
S _
(3) map (strong) separatrices of Y-G onto corresponding (strong) separatrices
°f U
Note that these conditions do not determine the topological equivalence comple-
tely. Observe that the three conditions above can be satisfied, since ?V and
_H(V) have the same topological type and the objects occurring in (1) to (3)
vary continuously with v.
We won't go into more details, since the rest of the construction is fairly
standard.
Blowing down again by means of ¢ yields a topological equivalence between the
families {Yv|v € (]RQ\O)} and {Qh(\)) [v e (]R’L\O)}. Here h: = 6o Tio &

outside v=0, and h(0)=0. Hence {Y\)} and {Qh(v)} are almost equivalent.

From the preceding result we immediately obtain that {X } and {Q }
W u,v,w

are almost topologically equivalent if z =0. Hence {Xh(\))} and {Y\)} are

almost equivalent, which proves the result for this case.

Step 2. If {fv|v€ IR’L} is not versal, we extend it to a versal family

(£ _lo€ R} (k< a+3). Set Y = grad, £ .

Vyaeneay APEREETAOH

(VI""’VJL’\)2+1""’\)k) .

According to step 1 there is a continuous mapping h: (]Rk,O) ->(]R3,0) such

that Y 1is topologically equivalent to X'l\_; the equivalence depending con-

(6)°

k k

tinuously on o if 6 € R* N 0. Restriction to rR* cRr yields the desired result,

Q.E.D.

Remarks.

1. We conjecture that the topological equivalence Hv between Y\) and Xh(v)
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(vE IRR'\ 0) can be extended continuously to a topological equivalence
for v in a full neighbourhood of 0 € ]Rp“ . This is not clear from the pre-
ceeding construction. Moreover, one can show that in some cases the ob-

vious choice H = id: (]R2 ,0) > (]R2 ,0) doesn't work.

2, The proof of theorem II.b is completely analogous to that of II.a.
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Appendix A. Strong contact equivalence

In part I we used a result concerning a pair (f,g) of functions ( R,0) +> ( R,0)
and their k-parameter deformationsl)F,G : (]Rk x R,0) > ( R,0).
With these deformations we associate the following sets:

k 2)

N (F) = {(u,x) € RxR | Fl{u}x R is %-regular”’ at x }

In the same way wa associate NJL (G) with G.

When dealing with bifurcation problems the following question arises (cf.section I):
How do NJL (F) and NQ (G) change simultaneously if we consider another pair of

deformations of (f,g) ?

A slight extension of the concept contact equivalence yields a method for
treating these problems. We shall put these questions in a slightly more general
framework, dealing with m-tuples of mappings.

The definitions and results bear a strong resemblance to those appearing in

the theory of 'normal' contact equivalence. The concepts appear in a

Cq—setting (q < © ), since we shall apply them to the study of families

of vectorfields, restricted to centermanifolds. For more motivation and

other applications we refer to [11].

For i=1,...,m fi : (]Rn 0) - (Rk(l),O) will be Cq—germs in O €]Rn,
and Fi,Gi s (]Rk X ]R ,0) > (]Rk(l) 0) will be k-parameter Cq deformations
of fi' We shall consider the m-tuples F := (Fl""’Fm) and G := (Gl""'Gm)

as mappings (le x]Rn,O) > (RK,O), where K:= k(1) + ... + k(m).

Definition Al
(i) Two m-tuples F and G of k-parameter c? geformations of £ = (fl""’fm)

are called strongly- Ks—equivalent (s<q) if there is a k—parameter

Cs—unfolding I: (]R x R" ,0) »> (R x R* ,0) of the J.dentlty mapping on r"

S
- : X H :

and a C -germ A (R R ,0) > GL k(1),...,k(m) (K; R) such that

F(u,x) = A(u,x).G(u,x) (matrix multiplication).

Here G2 (K; R) is the group consisting of all real

(k(1),...,k(m))
KxK matrices of the form

1) In this appendix we shall distinguish between unfoldings and deformations.

A deformation of f£: R® »R° is a family {f I € :R } such that fg = f£.

k k
The corresponding unfolding is the fiber preserv1ng mapping F: R X B> Rx R®

defined by F(u,x) = (u,fu(x))-
dz_lFu leu
2) i.e. Fu(x)=...=———-(x)=0, T (x) # 0 .

agt? at
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M

M= Mz. [ , where Mi € GR(k(i), R)

Mm j
(ii)Let F: (R 8,0 > (BT ,0) ana G,: (rY%R,0) » (B,
ve two CI deformations of a €3 germ fi : (Rn,O) > (]Rk(l),

0)
0) (i=1,...,m)
A Cs-morphism from the m-tuple G to the m-tuple F 1is a triple
(h,1,8) , where
- h: (RR’,O) > (]Rk,O) is a Cs germ
-1 (R ®%0) » (R*x®",0) is an g#-parameter C°-unfolding
of the identity mapping on RP.

- A: (]R’Lx Rn,O) - (K; R) is a Cs germ

k1), e k@)
satisfying A(0,x) = Id

such that h*F and G are strongly—Ks-equivalent via the pair (A,I)

in the sense of A.1.(i). The m-tuple h*F is the f-parameter

deformation of £ defined by h*F(v,x) = F(h(v),x).

If k=2 and h 1is a germ of a diffeomorphism, then (h,I,A) is

s . .
called a C -isomorphism.

X (i
(iii)Let Fi: (ka ]Rn,O) > (R (1),0) be a Cq—deformation of the germ

£, (840 » (W 0) for i=1,....n.

The m-tuple F = (Fl""'Fm) is called strongly—(Ks,t)-versal if with

Any m-tuple G = (G .,Gm) of Ct—deformations of £ = (fl""’fm)

17
we can associate a C°-morphism (h,I,A) from G to F.

F is called strongly;(Ks,t)—universal if moreover the number of

parameters is minimal with respect to the property of being versal.

(iv)Let £, : (r%,0 » (R 0)  (i=1,...,m be 9 germs.
Set K := k(1) + ... + k(m).

The Ks-tangent:space to the m-tuple f = (fl""’fm) is the following

submodule of (l:'i)K :

af, [af1
9x Ix
s s .1 B %,S s
T£=En {{ : 1oy : i}+f1nk(1)'En{e1""'ek(l)}+ see
laf of |
o B
8x1 aan

*S S
+fmnk(m)'En{ek(1)+...+k(m-1)+1”"'ek(1)+...+k(m)}
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Here ej : R° 4-RK (j=1,...,K) is the germ in 0 € r" of the

constant mapping, which has the jth basisvector of RK as its image.

S, K %,,5
A germ ® € ( fn) belongs to fjnk(j) E3fe }

n Tk (4. k(G- 417" k(1) +. .4k (3)
iff there is a C° germ A : R" > End(K; R) such that ©(x) = A(x).£(x),
where f(x) = (fl(x),.,,,fm(x))t € RF and A(x) is a real KxK matrix

of the form

A(x) = 0 .A.(x) . O
o 0 o0
“«—k(j)—

(v)A k-parameter m-tuple F = (F ..,Fm) as in A.1.(iii) 1is called

1'°
Str0“91Y-(Ks,t)-transversal if tZg-1 and

t. K ] . -
(E)) <:'1'£ + R{g(l),...,g(k)} '
JF JF
hd 1 m t -1 K .
where F . = (Wji\po SRR o )T e (E (3=1,...,m)

.(vi)Let £ € (Eg+1)K and suppose there are positive integers s and p

such that s < p < g and such that

P . . .
( n)//Ts n(Ep)K is a finite dimensional vectorspace over R.

Then the dimension of this vectorspace is called the strong—(Ks,g)—

codimension of f
Example A2 (cf. section I)
Let f(x) = **.F(x) and g(x) = x*.G(x) (£2k>1), where F and G are

c? functions such that F(0) # 0 , G(0O) # 0. Set s:=max(k,%) and suppose

g-s > 1. Then for s+l > p > g we have, with k,% > 2 :

af
k-2 k-1
p, 2 p-s-1 £ 0 dx 1 X 0 0 X
@ e (YOG » 2 (5 e
dx

The right hand side of this inclusion is a direct sum of real vectorspaces.

2
The projection m from (Eﬁ) ontothe second component is given by

k-2
1 k-2
n( ) 9(0). (0> Py ’(o),(xo )+ ‘“0)‘((1)) NG e ( 2_2) .

k-1
k-1 -
* o) - arp™®? (0] - ("O ) (a2)
/
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J
Here o = ———— and w(j)(O) denotes EJQ (0) .
dx
Note that the first component of the right hand side of (Al) is just the
Kp-s-l—tangentspace Tg-s—l to the pair f = (f,g) € (Eﬁ)z. As a consequence
(kP-s~1

the strong ,p):bodimension of this pair is k+1-1 for s+1§p§q .

Remark A3

For k=#=1 the second component of the right hand side of (Al) is just
1

n{o

}. For k=1,8=2 it is R{(é) (?)} .In these cases TN 1is given by
’
)
w
(¢

)

The proofs of (Al) and (A2) are straightforward; just use the Taylor -

[0(0) - a.yp(O)] - (é) and
\

. 1 0
[w(0) - asyp(0)] - (0> + w(o>.<1) resp.

expansions of @ and Y up to and including terms of order k and &

resp., cf. [11]
As a consequence we obtain:

Corollary A4
A strongly—(Kq_s—l,q)-transversal deformation of the pair (f,g) in
example A2 is given by the following (k+l-1)-parameter deformation:

k k-1 k-2
(F(ul""'uk+l-1'X)\ (x +u1x +u2x +...+uk_1x +uk

= 2 -2

).F(x)\
\G(ul,...,uk+1_1,x)/ \ (x7+ u X +...4H0

).G(x) ) a3

k+9.-2% M

k+2-1
So Ks—transversality is rather easy to check. One of the deep results of the
Thom-Mather theory of unfoldings asserts that transversality implies
versality. A similar result holds within the framework of strong contact
equivalence. However, we have to be careful because of the finite degree

of differentiability of the germs we consider : losses of differentiability

are unavoidable.

Suppose a: Z U {®} > Z U {®} is a non decreasing, surjective, finite-
to-one function such that a(p) > 0 for p ;pl. Typical examples of such
functions are a(q) = g-s+1 (cf. example A2) and functions like

alg) = min{[%i%i , -1 ¥ , where [z] is the greatest integer,smaller than
z. (cf. [11]).

With any such o and any triple (h,n,K) of positive integers we associate

: Z>Z.

a non decreasing,finite-to-one, surjective function 4 := d
(a,h,n,K)
Let ¢ :=c¢ :=min{ p€Z | 4

>
(a,h,n,K) (a,h,n,K) B 7 0 -
For a precise definition of d and c we refer to [11] -
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Theorem A5
Let F, : ( Rrx<Rn,0) > ( Rk(J),O) (j=1,...,m) be an r-parameter
Cq deformation of a Cq germ fj s ( RP,O) > ( F#‘J),O). Let F denote

the m-tuple (Fl,...,Fm).
(1) If F is strongly- (K%,p) -versal, then F is strongly—(Ks,p)—
transversal ( sgpiq ).
(ii) Suppose g > c(a,h,n,K) and the strong (Ka(p),p)—codimension of £
is at most h for plépéq.
If F is strongly—(Ka(p),p)—transversal for plépéq, then F is

d(p)

strongly (K ,p)-versal for c2piq.

Corollary A6

The deformation (A3) of the pair (f,g) is strongly (Kd(p)

,p)-versal.
Note that in this case a!p) = p-s+1, n=1 , K=2 and h=k+l-1.
The results of [11]yield for this case: d(p) = [Egi%T] -1

c = 2k + 28 + 3.

Checking genericity

From the expression (A2) we obtain a useful criterion for deciding
whether a given deformation is strongly-K-versal or not.An r-parameter
deformat%on (F,G).of the pair (f,g) in example A2 is strongly-K-transversal
iff {mw ﬁl ,..,n\ﬁr } is a set of generators for the second component in the

G G

1 r

right hand side of (Al).
In Appendix B this criterion is used in the case k=1,2=2. So there we

have to check whether (cf. remark A3):

oF 9 G 3G
W(O) - u.a—ul—é‘;(O) a—u‘;(O)
# 0 (n4)
2
oF 3 G 3G
—(0) - a..—/—(0) —(0)
Buz %Vzax 3u2
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1.2
Appendix B. Genericity of the family X|s"x {A=0} x {v,=...=v =0}

We shall not prove the genericity of this 2 parameter family at every point
of the two-sphere. In fact it suffices to check the genericity at the points
of the catastrophe-set, corresponding to the occurrence of saddle-connections.
Genericity at the other points of this set follows from the theory of un-

foldings of functions.

We only carry out the calculations for the point S(zo)=(31,32,33) of fig.II.5

corresponding to the occurrence of a saddle-node with a generalized saddle

connection (fig. B.1). We consider the case:;3 < 0.

Since at S(zo) the projection from the two-sphere onto the plane {v3= 33} is
a local diffeomorphism, it is sufficient to prove that the two parameter

family {X

|(v1,v2) in a neighbourhood of (31,32)} is generic at (31,3 ).

("1"’2"'3) 2

The parameter v, will be omitted from now on.

3
We have to prove that-the determinant for this family, corresponding to that,
appearing in (A4) of appendix A, is nonzero. However, the families F and G of
(A4) are related to 'normal-form'-coordinates in a neighbourhood of S1 and SZ.
So we first introduce these local coordinates. In general it seems rather
hopeless to check in a specific case whether the determinant (A4) is nonzero.
However, by way of exception, Fortune is on our side this time: we have a
rather detailed description of the catastrophe set in a neighbourhood of S(zo);
moreover we are dealing with quadratic vectorfields, which have comfortable

properties (cf. lemma II.1)
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So let £,n be local coordinates in aneighbourhood of Sl(vl,vz). We may and
do assume that Sl(vl,vz) corresponds to (§=0, n=0). Let w(vl,vz,g,n) =
(V1,v2,¢1 (vllvz,E,n), Wz(vl,vzyi,n)) be the corresponding change of coor-

dinates; then we have: X (w(vl,vz,0,0)) = 0 (B1)
30, ,9,) %)
Moreover: e le=n=0 = [V1 V2] (B2)

3(X1,X2)

where V, and V, are the eigenvectors of —37;757— (x,y)= sl(v1’V2)'

1 2

corresponding to the eigenvalues Al(vl,vz) > 0 and Az(vl,vz) < 0.
Let Y = (w_l)* X , then the family F corresponds to the second component of
Y. Note that:

Y v (E,n) = J\) ) (&,n). X\’ ) ((p(\)lr\)zlgrn))
2 172 1772 (B3)

. -1
with J (E,n) = do,, (w(vl,vz,i,n))
1

MTAS) Vo

Let E,n be normal-form coordinates in a neighbourhood of S G the corres-

2'
ponding change of coordinates and Y = (Grl)* of X. Then our family G of

~

appendix A corresponds to G = Y2 o P, where P: ws(sl)——» ws(Sz) was introduced

in section I.

In a neighbourhood of S(zo) in the plane {v3 = ;3} the catastrophe set locally

looks like the set of fig. B2:

Here Yl is a straight halfline, tangent

2
to Yy at s(zo).
Recall from section II that a parametri-
vy zation for Y, was given by (t > 1):
1 -2 2 2
Y2 Stzg) Vi) = - 795 @ D
(B4)
1 -2 1
Y ; = - = =t
1 Fig. B.2 v, (t) 2 V3 (t2 + 2t)

Assume that S(zo) corresponds to (vl(to), v2(t°)). Along Y, we have a saddle

node S.. In terms of the parameter t the (x,y)-coordinates of S, are easily seen

2 . 2
to be: x,(t) = 533t
£ (B5)
V3
yz(t) = 5%
” B
3
3(0,.6,) oo
A&,
13 on
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The coordinates of the hyperbolic saddle s1 can be solved in terms of t from

the equations:

1
o

x> + V3y + v (t) =
(B6)

]
o

y2 + 33x + v, (1)

Eliminating x from (B6) yields a polynomial equation of degree 4 for y,
possessing a double root y2(t). Using this fact we compute straightforwardly

the coordinates of SI:

— 1 1
Xl(t) = vy (-5t+7€)
1 (B7)
Y () =V (- 5+ Vt)

We now proceed with the computation of the expressions, entering in (A4).

First observe that we may as well use v, as a local coordinate on the curve

YZ in a neighbourhood of vl(to), since d\)1

dt t=t # 0.
o

So suppose that Yy is given by v,

= W(vl); let ;(vl) be the :—coordinate of

Sz(vl,W(vl)). From (B5) we obtain that Ty depends smoothly on vy in a neigh-
. s [¢] .
bourhood of vl(to). Since P("1"’2' L) o w(v1’\’2) (51) — w(\’l'\’z) (52) is a

local diffeomorphism, there is a smooth function n(vl) such that

P("1"“"1)'“("1” = “("1) (B8)
Note that: ;(31) =0, n(Ul) = 0.

Since Y2 corresponds to the occurrence of saddle nodes, we obtain from (B8)

and the fact that G(vl,vz,n) = Yz(vl,vz,P(vlyvz,n)):

Gy, Y(v)), "("1” =0

(B9)
3G
an ("1' ‘l‘(vl), "("1)) =0

Differentiation of (B9) with respect to v, yields:

1
9G ay 9G =0

__—+ —_—— —
v dv, ° 93
1 1 V2 (v ¥ V) nv)))

(B10)
%6 av % , an 2%

—_— — —_—
. - _‘2'
avlan dv1 anavz d\)1 an

(vl,‘l'(vl) ,n(vl))
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JF o9F

From (Bl) we obtain: — | - = = =
3v1 (vl,vz,o) sz

(31,32,0) =

Finally, the constant o appearing in (A4) is easily seen to be:

o = la_F (.__BZG) -1]
. 5 o
an an (“1'V2'°)

Combination of (B10), (B11) and (B12) yields:

2
3 _ e 3G _an 36
v " 9v,dn v ay -’ 2
1 1 1 _ 3F (BG)l on
=~ -\ 3] -
BF_ _ e (e _ an N
8v2 avzan 8v2 (vl,v2,0)

- [B_F 3 dn )
an T v, ~ dv - -
n 2 17 (vysvy,0)
Since n = 0 corresponds to the hyperbolic saddle S1 for X—
1

know JF i o # 0.
an (\’1,\)2,0)
B 3G an
So we only have to prove: 5;; (61{32,0) + 0 and 5;—-L; + 0.

I. 093G o
sz (vl,vz,o)

# 0.

Proof: Since ? =

(B11)

(B12)

v ,;2, we already

~ =1 ~ ~
(0] )% X, we have for Y an expression (B3) similar to

Y, _ Y
(B3). Observe that __2 _ 3G at (vy1vy00), since 2 _ _ o~ = 0.

sz av2 ga (vl,vz,n=0)

Differentiating (B3) and using x($(31,32,220, T=0)) = 0 we obtain at

(v1=v1,v2=v2,g=0,n=0):

3Y1 aYl .

3v1 8v2 B(Xl,Xz) 3(X1,X2) 3(¢1:¢2)

~ o~ |7 S FY T M Yeryen Av,,v.) (B13)

dY, Y 1"72 - 1772

2 2
Bvl 3v2
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o AR oo\ . ~
Observe that J . ———— | — — = . J , where X is the negative
3(x,y) (Vyrvy08,) 0 0
eigenvalue of the linear part of X(—G ) at 82. Hence the second term between
1’72

accolades in (B13) does not add to the second row of the matrix in the left

hand side. Moreover, '5 = ['\7:l "72]_1 , where ?1‘1 and "72 are in the direction of

the strong stable separatrix and the centermanifold of s, (_\;1 ,_\72) resp.

Suppose ?;1 =(v1), then we obtain from (B13):
v

2
* * * * 1
~ ~ 4
¥, oY, - e
vy v, (v,:9,,0,0) Vo TV ® 8

where c¢ is a nonzero constant.

v, _ vy
Hence R—z- (vl,vz,o) =c. (— Bv1 + zvz) # 0 for Izl small, since q = 0(z) is
the slope of the saddle connection occurring at (31 ,32) .

II. dn

Proof: Along Yy we have the following situation (fig. B3)
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In figure (B3) the point r|=n(v1) corresponds to the intersection of I and

the strong stable separatrix of S the point n=0 corresponds to the inter-

o
section of X and the unstable separatrix of Sl' This is obvious in view of
(B8) . Note that we may use n as a coordinate on the transversal section X.
dn
dav

1

and 82 should cross at nonzero velocity at vlisl.

In general this condition is not easy to check. However, here we succeed in

Geometrically the condition (31) # means that the separatrices of S1

the following way.

1
First observe that the straight line joining 51 and 52 has slope — V& This
is an easy consequence of (B5) and (B7) In the sequel we consider n as a

function of the parameter t. We shall prove: g% ‘t # 0.

o
Next observe that for t # tO the vectorfield is transversal to the straight-
line SISZ' If not we should have a saddle connection in view of the proof of
lemma II.1. Hence the intersection n=p(t) of this straight line and I lies

between n=0 and n=n(t).

Since n and p depend smoothly on t we have: é% (n —p)lt=t > 0. Hence it
dp ° d

suffices to prove — (t ) # 0, since it is obvious that e (t ) > 0.
dt o dt o -

First we compute the slope m(t) of the expanding eigenvector of S,. The con-

dp dm 4 1 !
dition it (to) # 0 is equivalent to T (to) + Ty (— v@)|t:=to. Since (B7)

provides all the ingredients for checking this condition, a straightforward,
though tedious, computation shows that the latter condition is satisfied

indeed. We omit further details.
Q.E.D.
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