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BIFURCATIONS OF GRADIENT VEODRFIEUDS 
by 

Gert VBGTER 
Introduction. 
In this paper we consider the connection between unfoldings of gradientvector-

fields and unfoldings of the corresponding potential functions. Our unfol­
dings will be within the world of all gradientvectorfields. 
First consider a corank one singularity f: (!Rn,0) — • TR of finite codimension, 
i.e. with a finite number of parameters in its universal unfolding {f^|y€3R^}. 
It has been proven in [11] that a universal unfolding of the singularity • 
X = grad^f is the family {grad^f^}, whatever Riemannian metric g one takes 
(provided one restricts to a sufficiently small neighbourhood of 0€lRn). 
This relation between unfoldings of (germs of) gradientvectorfields and the 
corresponding potential functions breaks down if the corank of the singularity 
is greater than one. In that case even the topological type of the gradient-
singularity may change if the metric varies over all Riemannian metrics 
(c.f. [ 4 ],[ 7 ]). 
In [ 2 ] John Guckenheimer considers (on a neighbourhood of 0 € JR ) the potential 

1 3 3 
function f(x,y) = — (x + y ) and the standard Riemannian metric g = dx ® dx + 
dy $ dy. A universal unfolding of f is the well-known three parameter family 

fu v w(x,y) = y (x + y ) + wxy + ux + vy. However, the three parameter family 
{grad f } is not a universal unfolding of grad f. 
* g u,v,w g 
The reason for this is the absence of gradientvectorf ields with saddle connec­
tions in the family {grad^f^ ̂  while on the other hand it is easy to perturb 
the singularity grad̂ f within the class of gradientvectorfields in such a way 
that one obtains a saddle connection in any arbitrarily small neighbourhood 

of 0 € 1R . 
According to Guckenheimer this example shows that it is not justified to assume 
- as Rene Thorn did [10] - that one can pass from the bifurcation of gradient 
dynamical systems to the unfoldings of their potential functions in studying 
catastrophes. This is obvious in some cases, since stable functions (Morse 
functions with distinct critical levels) may give rise to gradientvectorfields 
exhibiting saddle connections. However, in these cases global conditions (trans-
versality of stable and unstable manifolds) are not satisfied. 
Guckenheimer's example intends to show that local conditions, that guarantee stability 
of the unfolding of the germ of the potential function, may not be sufficient to 
guarantee stability of the corresponding unfolding of the gradientvectorfield. 
*\ k 

A family {f^|y£]R } is called an unfolding of f if fQ = f. In appendix A we 
give another definition. 
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G. VEGTER 

However, if one considers the Riemannian metric 
g = d x » d x + z d x f i d y + z d y ® d x + d y 8 dy, we shall prove (theorem II.1) z 
that (for |z I small but positive) the three parameterfamily {grad f t t } o g u, v, w 

(z fixed) is an almost universal unfolding of grad f. 

Moreover, the four parameter family {grad f } (with parameters u,v,w,z) : 
u,v,w 

an almost universal unfolding of grad^f. We conjecture that the unfolding is 
even universal in both cases. 
Crucial for our attack of the problem is the study of unfoldings of gradient-
vectorfields, possessing a so called generalized saddle connection. Using the 
method of blowing up we obtain a gradientfamily, which is simpler than the 
family {grad f }, due to the fact that its singularities have corank at g u,v,w 

most 1. 
As was remarked earlier the local unfoldingsof this type of singularity are 
well understood. But the family we obtain after blowing up possesses instabili­
ties of another kind, namely non-transversal intersections (i.e. coincidence, 
in dimension two) of (strong) stable and (strong) unstable manifolds.In order 
to deal with these bifurcations we first study this phenomenon in a slightly 
more general setting in section one. A main tool for the determination of a 
universal unfolding of saddle connections is the concept of strong contact 
equivalence. This extension of the theory of "normal" contact equivalence is 
developped in appendix A. 
In section II we state and prove the main theorem, partially based on the re­
sults of section I. We end this section with some questions. 
Part of the proof of the theorem of section II consists of checking the gene-
ricity of the blown-up family. This is the subject of appendix B. 
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BIFURCATIONS OF GRADIENT VECTORFIELDS 

I. Unfoldings of generalized saddle connections. 

As stated in the introduction we first consider vectorfields on a two dimen­

sional manifold, which have singularities of corank not greater than one. 

Definition 1.1: 

A singularity p of a vectorfield X is called quasi-hyperbolic of type (l,k) 
r c 

(k > 2) if there is a locally X-invariant, one dimensional C -manifold W 

(r > k) such that: 

(i) T W is the kernel of the linear part DX of X at p 
P P 

(ii) DX has no purely imaginary eigenvalues 
(iii) There is a local C -coordinate x on W such that 

x|w° = xkF(x) , with F(0) * 0. 
The existence of a centermanifold W° follows from conditions (i) and (ii), 
cf. [ 3]. Centermanifolds are not unique. We can arrange that r is arbitrarily 

high, taking W small enough. Since two C centermanifolds have contact of 

order r at p, the degree of degeneracy k, appearing in condition (iii), is well 
defined. If p is a quasi-hyperbolic singularity of X, there are X-invariant 
manifolds WSS and WUU, containing p, such that the real parts of the eigen­
values of DX I T WUU and DX I T WSS are positive and negative resp. These raani-

P1 P P1 P 

folds, the strong-unstable and strong-stable manifolds, are locally unique, 

cf. [ 3]. in our two dimensional case they are one dimensional. We shall refer 

to the components of WSS(p) ̂  {p} as the strong (un-)stable séparatrices of p. 

In this section we shall be concerned with a vectorfield X which has two 
o 

quasi-hyperbolic singularities p and q of type (l,k) and (1,£) resp., such 

that a strong unstable separatrix of p coincides with a strong stable separa-

trix of q. This separatrix y of Xq will be called a generalized saddle connec­ 

tion (see fig. 1.1) 

Z e 

p Y -ql-
Fig.I.1 

ii generalized 

saddle connection 
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G. VEGTER 
Remark. 
Our considerations also apply - with minor modifications - to the cases 
where at least one of the singularities p and q is a hyperbolic saddle. 
Both singularities have a one dimensional stable and unstable manifold, 
whose tangent spaces at the singularity are the eigenspaces of the linear 
parts corresponding to the negative and positive eigenvalue, respectively. 
A saddle connection between p and q ris an orbit of X, which is contained in 
the unstable / stable manifold of p and the stable / unstable manifold of q. 
This situation occurs in generic one parameter families of vector fields, 
as we shall see presently (cf. fig. I.2.i). 

The main result of this section deals with unfoldings of X^ in a neighbour­ 
hood of y, i.e. a family {x^|y€3R^}, such that X ^ _ ^ = Xq, and the mapping 
(y,x) •> X^ (x) is defined on a neighbourhood of {0} x y in IR̂ " x M. 
Since we want to relate properties like (uni-) versality of families of poten­
tial functions and of the corresponding gradient families we have to carry 
over these concepts to families of vectorfields (cf. [ l]). 
First recall that two families {x^|y£lRk} and {Y^|y€3Rk}, depending conti­
nuously on the parameter y, are called topologically equivalent if there is 
a family (H^} of homeomorphisms, also depending continuously on y, such that 

is a topological equivalence between X^ and Y . If we consider unfoldings 
of Xq along an orbit y, the domain of the family ^H^^ should also be restric­
ted to a neighbourhood of y. 
If h: (1R ,0) • (3R ,0) is a continuous mapping and {x |y£3R } is a family 
of vectorfields, then we define the induced family h*X to be the ̂ -parameter 
family with (h*X)^ = X^^. A*1 unfolding {x^} of Xq is called versal if any 
other unfolding of Xq is equivalent to an unfolding induced by (X }, and 
universal if it is a versal family with a minimal number of parameters. 
In the sequel we won't always succeed completely in proving universality 
for a given family. This lack of success will be camouflaged by introduction 
of the term almost universal; the adjective almost means that the topological 
equivalence between two families does only depend continuously on the para­
meter outside the origin of the parameter space. 

Next we associate a pair of k-parameter families of real valued functions with 
any k-parameter unfolding {x^|y€3Rk} of XQ. 
These functions will be introduced in terms of a kind of normal form coordi­
nates for Xq in a neighbourhood of the singularities p and q. This pair of 
functions will determine the equivalence class of the unfolding x̂ ) completely. 
According to [ 8 ] there are local Cq coordinates (q arbitrarily high) y^..., 
ŷ ,x,y on a neighbourhood U of (0,p) in TR x M and u , , yr,x,y on a 
neighbourhood V of (0,q) in ]Rr x M such that: 
(i) X|U = Xl(yi V x) ± + X2(Pl vr, x) y ± , 
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(ii) 

where Xi is regular of order k*) ; at x = 0, µ1 ŷ  = . . .= µr = o and 

X (0,..., 0; 0) > 0. 

x|v = Y (ylf . . . f yr, x) 4 : + Y2 < V " " yr; x) y 

3x 3y 

where Y is regular of order ! at x = 0,y1 =. . .= ŷ  = 0 and 

Y2(0,..., 0; 0) < 0. 

Remark: 
In general we cannot take q = oo, cf. [6]. 

r <3 Let X be the vectorfield on 3R x M defined by X(y,m) = X^(m). As local C* 

centermanifolds for X in TRr x M we take: 

WC(0,p) = U fl {y=0} and WC(0,q) = V fl {y = 0}. 

Note that W 2. (0,p) : = W°(0,p) 0 {y ="¡1} is an invariant manifold for X-JJ , con­

taining all singularities of X— in Ûj- Let Ic=U be a smooth transversal 

section for X, such that y fl I / f . Taking I smaller if necessary, we may 

assume that there is a positive real number a such that 0: = D (L) is 

again a transversal section for X, contained in V. 

Note that U and V are foliated by the leaves {x = const., y = const.} and 

{x = const., y = const.} resp. These partial foliations are locally X-invari­

ant. Projection along their leaves yield locally defined diffeomorphisms 
c c i: W (0,p) • X and TT: 0 > W (0,q) . These mappings may be considered as 

r-parameter families of one dimensional diffeomorphisms. The diffeomorphism 
c c 

P: = TT o Dx ̂  o i: W (0,p) — • W (0,q) is defined on a neighbourhood of (0,p) 

in W°(0,p). Observe that P is of the form P(y,x) = (y,P (x)) and P(0,p) = (0,q). 
Q C ^ 

With the aid of P we introduce the c* mappings f,g: W (0,p) — • JH , defined by f(y1,..., yr,x) = X1(y1,...,yr,x) 

g(y y ,x) =Y (Pty-,..., y ,x)). 

The methods used in [ 8] allow us to assume that for any unfolding {x^} of XQ 

the coordinates x,y and x,y are such that 

and 

X1(0,x) = x .F(x) 

X2(0,x) = Fj(x) 

Y1(0,x) = x*.G(x) 

Y2(0,x) = G^x) 

F(0) * 0 

F1(0) > 0 

G(0) * 0 

Gx(0) < 0. 

*) 
I.e. X4 (0,...f0;0) 

3xx 
3X (0. 0;0) 

3k"1x1 

3X*"1 
(0,...,0;0) 0. 

Qkf 

3Xk 
(0,...,0;0) 

*0. 
Here ^denotes the time-a-map of X. 
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As a consequence, the r parameter unfoldings f(y,x) and g(y,x) are unfoldings 
of f(0,x) = x* F(x) and g(0,x), which is ,of the form x* G(x) with G(0) * 0. 
(f,g) will be called a reduced pair of the family {X^}. Conversely, using 
standard suspension arguments it is easy to associate with any pair of r-para-
meter unfolding (f (y,x) , g(y,x)) of (f(0,x), g(0,x)) an r-parameter unfolding 
{X } of X . 
V o 

Remark: 
Suppose p is a hyperbolic saddle o± Xq. In that case we may assume that there 
are local coordinates ŷ ,...,ŷ ,x,y and a positive function ifi on a neighbour­
hood U of (0,p) in 3R x M such that 

* . x |u = X1(y]> ,yr,x) 3x + X (y ,. ..,y ,x,y) J_ 
3y 

where X (£;x) = x«F(x) , F(0) < 0 
X2 (0;0,0) 0. 

3X2 
3y (0;0,0) > 0. 

Since we are classifying modulo topological equivalence we may and do assume 
* = 1. 
Consequently, the following theorem also holds in case k = 1 (i.e. p is a 
hyperbolic saddle) or £ = 1 (i.e. q is a hyperbolic saddle). 
Theorem 1.3. 
A universal unfolding of the vectorfield Xq along y is given by the (k+£-l)-
parameter family X = {x^|y€]Rk+^ with reduced pair (f(y,x), g(y,x)) given by 

k k-1 k- 2 f(y,x) = (x +yJx +y2x +...+yk_1.x + yk). F(x) 

g(y,x) = (x* +*WX*~2 +---+Vk+£-2-x + yk+£-l}- G(X) 

(Assume £ > k > 1) 
Corollary 1.4. 
The catastrophe set of a universal unfolding of X is locally C*-diffeomorphic *) 
to the following semi-algebraic subset K of IR (assume F(0)>0,G(0)>0 for 
k > 2,£ > 2): 
y € K iff there is an x € HR such that at least one of the following cases occurs: 

(i) Q« (V,x] 0 sdf 
3x (y,x) 0 (X^ has a quasi-hyperbolic singu­

larity St (x,0) € U) 
(ii) Q2(y,x) 0 30^ 

3x (y,x) fg (X^ has a quasi-hyperbolic singu­
larity at (P̂ (x),0) €V) 

*) 1 
Two subsets K1 and K2 are called C -diffeomorphic if there is an ambient 
C^diffeomorphism <p such that (p(Kx) = K2-
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(iii) Q1 (y,x) = 0 
3Q1 
3x (y,x) < 0 (Xy has a (generalized) saddle 

connection, going from (x,0) €u to 
Q2(y,x) 0 

3Q2 
3x (y,x) > 0 (P (x ,0) ev) 

Here Q(y,x) A k k-1 ± x + ŷ x yk-lx + uk (minus sign in case k=l) 

and Q2(y,x) = A £-2 
X + \+lX *W-2X + W - 1 (=x, if £=1) 

Remark: 
k+£-l 

A parameter value y £ ]R belongs to the catastropheset of the family 
'X µ= if the vectorfield X is not structurally stable. 

Before we give the proof of the theorem we shall consider some special cases; 
these will return in section II. 

Example I.5 
(i) k=l, Jt=l, so k+£-l = 1 

The universal unfolding contains 
one parameter.The catastrophe set 
is {0} e 3R. 
Q1 (y,x) = -x+y 
Q2(y,x) = x 
For y = 0 we have a saddle 
connection between two hyper­
bolic saddles.This case was 
also studied by Sotomayor in [5 ] 

x 

y 

0 y 

Fig. 1.2.i. 

(ii) k=l,£=2 
Q (y,x) = -x + y 

2 
Q (y,x) = x + y 
In this case (ŷ ,y2) belongs to the catastrophe set iff 

y2 = 0 or 
-x + y = 0 
2 
x +y2 = 0 , x > 0 

So K - { (yx,y2) £ JR I v2 * 0 or ŷ  + y2 =0, y1 > 0} 
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U2 

1 

saddle-
nodes 

¡0 

3 

2 
yl 

paddle-
\connections. 

1 

saddle 

2 

nodes 

saddle* 
sink 

3 

Fig. 1.2.(ii) 

(iii) k=£=2 

Now Q1 (y1 ,y2,|i3,x) 
2 
x + y x + y 
2 

Q (y1,y2,y3,x) = x + y3 
Bifurcations occur if: 

(i) y1 - 4y2 = 0 or 

(ii) y = 0 or 

(iii) 2 
rx + y x + y2 

0, 2x + ya < 0 
2x + y2 0, 2x > 0 

Having performed the following change of parameters: 

x + y2 

ü2 = p2 - ^ 

u3 = v3 

we obtain: 

K = { < v v v 
e b3|P3 0 or Vi = 0 or 

y2+Î5yvcbvbn,(Flvi1 + 0,¡¡3 cxx< 0 & 2V-M3 < 0] 
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The catastrophe set K 

ddsd 

^ saddtè 
gonn. 

V2 

saddle 
nodes 

^3 

^saddle 
anodes 

2 

D 

5 

3 

4 

1 2 

3 4 

5 

Fig. I. 2.iii 
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Proof of theorem 1.3. 
Let U,V,X and 0 be associated with the family X like indicated in fig. 1.1. 
Suppose {x^lvElR*"} is a t-parameter unfolding of X̂  along y. For this family 
we choose neighbourhoods U of (0,p) and V of (0,q) in IRt x M and t-para­
meter unfoldingsf(v,x) and g(v,x) of f(0,x) and g(0,x) resp. in the way des­
cribed above. 
According to corollary A.6 of appendix A there are 
- a C1-mapping H1 : W° (0,p) — • W°(0,p) of the form H (v,x) = (h(v), H^(x)), 

1 c with Hv a C -diffeomorphism on a neighbourhood of x=0 in W (0,p) 
- two positive functions N^, N^: W° (0,p) • 3R , 
such that: 
f(V,x) =N1(v,x). f(H1(v,x)) (1.1) 
g(V,x) =N2(v,x). g(H (vfx)) 

Note that W° (0,p) is a centermanifold for X(v,x) : = (v,Xv̂ (x)), containing 
(0,p); moreover, in order to apply corollary A.6 the degree of differentia­
bility of ? and g should be sufficiently high. This can be arranged by taking 
W (0,p) small enough. 
Next we extend H1 to a C1 -diffeomorphism on a full neighbourhood of y in 
]Rt x M in such a way that the partial foliations of U and U are Ĥ -invariant 
(i.e. H1 maps leaves on to leaves) and such that Hv is the identity outside 
a small neighbourhood of U. Moreover we require that this extended diffeomor-
phism is again of the form 

H1(v,m) = (h(v), Hv(m)) , m€ M. 
Using this diffeomorphism we can arrange that the t-parameter family h*X, 
defined by (h*X) ̂  = X^^r is topologically equivalent to a t-parameter family 
{X̂ } , such that the reduced pair (¥,g) of {x^} is a v-parameter unfolding of 
the pair (f(0,x), g(0,x)) and satisfies: 
f(v,x) = ̂ (v,x). f(v,x) (1.2) 
g(v,x) = N2(v,x). g(v,x). 

Here N̂  and N2 are positive functions on W°(0,p). Moreover, the invariant 
partial foliation is invariant for both X and X. Note that multiplication of 
a vectorfield with a positive function does not affect its orbits: only their 
parametrization might be changed. Since we are classifying modulo topological 
equivalence it will be clear from (1.2) that we may even assume: f(v,x) = 
f(v,x). To this end we extend N to a positive function on a full neighbourhood 

t 
of y in TR x M, which is constant along the leaves of the invariant partial 
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foliation of U and assumes the value 1 on a neighbourhood of V. 
In this way we achieve that the partial foliation of U is still invariant for 

1/• x, while the functions g of X is not affected. 
wi 
The rest of the proof deals with the construction of a positive function cp  
and a conjugacy Hv between X^ and cp̂ .X̂ , both defined on a neighbourhood of 
Y in IRt x M. 

sdd 

E v. l 

sd 
sdsd 

9 t 
1 

ir(vi,wi) 

B E B E 

We define Hv to be the identity on the section Ev (fig. 1.3). Then for any 
positive, continuous function cp, defined on a full neighbourhood of y in 
]Rt x M, we can extend H to a conjugacy between X and cp .X on the saturated 

V V v V set of I . However, we have to impose additional conditions on cp in order v v 
to extend H^ continuously to a full neighbourhood of y. Note that we may take 
cp E 1 on U , since the "x - and X - invariant foliations of U coincide and v v v v v 
f̂ (x) = f̂  (x). So we can extend H^ to W ̂  (0,p) continuously. 

The second condition we impose on cp̂  is that it should satisfy: 
D - (I ) c 0 (1.3) cp .X , a v v v v' 

Then the conjugacy H^ maps 0̂  onto "0̂ . 
Finally we have to check which additional conditions cp should satisfy in order 
to extend it to W (0,q) continuously. Suppose we have chosen cp. Let 
r 1 00 t 

i' i i~l 136 a se3uence in ̂  x M such that (cf. fig. 1.3) 
- lim (v.,w.) = (v ,w ) € W° (0,q) 

1 1 O O V 1 -> «> O 
- the backward orbit of w. passes "0 before it leaves V . I V . v. l l 

So there is a T. > 0 and a z. € "0 such that i i v . I 
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D - m (z.) = w. and D - (z.) e V for 0 < t < T.. cp X,Ti i i cp X,t 1 vi — — 1 

Set x. = D (z.) , then x. € Z , in view of (1.3) i cp X,-a i I v.̂  
Since H is (partially) defined by I>- o H = H o D> — , V x » t v v c p x . t V . v v' 1 
we have H(v.,z.) = (v.,D~ (x.)) 1 1 I x , a I v. ' I 
and H(v. ,w ) = (v.,D~ ._ (H (z ))) 

1 1 1 A J. . V . 1 V.' 1 1 
1 

We shall determine cp such that lim H (w.) exists and such that cp is con-
i oo i 1 

stant along the leaves of the X-invariant foliation of V; so this foliation 
is also invariant for cp X. 
So suppose 

cp x|V = cp(v,x). Y (v,x) -3 + Y (v,x,y) — . 
1 3x A 3y 

We also have 
X|V = Y (v,x) + Y (V,x,y) . 

1 9x 3y 
Let TT: V • W° (0,q) and TT : V — W ° (0,q) be the projections along leaves 
of the invariant foliations. 

TT (v. ,w.) 
Then: T i * n L . . ^ < v ^ - v v » x + y2x + y2 

1 1 
and also ~ 

TT (H(v. ,w.)) 
T. = / 1 1 ....(i2). 

Tlf(H(vI,WI)) Yj(V ,5) 

Assume lim T. = «», otherwise the convergence of {H (W.)} is obvious. So the 
i oo 1 i 1 

sequence iz^} tends to a point Zq on the stable separatrix of a (possibly dege­
nerate) saddle TT(V ,Z ), so Y« (TT(V ,Z )) = 0. Take x : = D//N — (v ,z ), then 

O O l O O O CP A,-0 O O lim x. = x . 1 o 
The mappings P1: I • W ° (0,q) and : I — • W° (0,q) are defined by 
P„ = TT o D — and P. = TT o D~ , so: 1 cp x,a 1 x,a 

Y< (v ,P. (v ,x )) =0 and (v ,p (v ,x )) = 0. l o l o o l o l o o 
(Note that we sometimes also use the symbol P̂  for the mapping (v,x) — • (v,P^(v,x)). 

This will be done without mentioning it). Note that the lower boundaries in 
Ij and I2 satisfy: 

TT(vi,zi) =P1(vi,xi) and TT(H(vi,wi)) =P1(vi,x±). 
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Now take n € I in such a way that n is on the same side of I as {x.}, o v o V I o o 
while P„ and P4 are both defined on [x ,n ] e I .In the integral (1.1) we 1 1 o o V 

o 
perform the change of coordinates (v^^) = P^v^n) and in I^-Av^,^) = 
P^V^n). This yields: 

T. i 
no 
n=x. l 

3pi 
AN (v±,n) 

(Po P1 (V.,n) . Yx o Px (V.,n) 
dn + 

TT(vi,wi) 

x + y2x + y2 
d£ 

cp(vi,̂ ). Y1(vi,^) 

no 

n=x. 

8P1 
3n 

x + y2 
Yx o P1(Vi,n) 

dn + 

n(H(vi,wi)) 

x + y2x + y2 
wx 

x + y2wx (1.4) 

Recall that we have the relation (1.2): 
Y o P (v,x) = N2(v,x). Yx o Px(v,x) 

So if we define cp on V in such a way that 

cp o P (v,x) 
3P1 
3x (v,x) . 

3?i 
3x (v,x). N2(v,x) }' -1 

then cp is a positive function, and from (1.4) we obtain: 

TT(H(V.,W.)) 
I I 

e-p.(V.,N ) 
wx 

V V . , 5 ) 

n(v ,w±) 

«BPI(VI'V 
wx 

CP(V±,̂ ). Y1(V±,^) 

Since both integrands are regular on the integration interval, it is easy to 
see that with this choice of cp we have achieved that {H^ (W^) } converges. 

1 Q.E.D. 

2 3 2 3 

II. Deformations of the gradient singularity x -gj + y 

Statement of the result. 
In this section we shall prove the results, announced in the introduction. We 
first recall some well known facts concerning Riemannian metrics, gradients, etc 
If g is a Riemannian metric on a manifold M, then any diffeomorphism cp: M—• M 
associates with g a metric cp*g defined by: 

(cp*g)x (v,w): = ĝ (x) (dcp^v), dcpx (w) (x G M;v,w € T̂ M) . 

51 



G. VEGTER 

We also obtain the metric cp+g: = (cp 1)*g. 
For any real valued function f on M we define the function <P*(f) to be f.cp 
Recall that the gradientvectorfield X, corresponding to a potential function 
f and a Riemannian metric g on M, is uniquely determined by the relation: 

g(X,Y) = df(Y), for all C°° vectorf ields Y on M (II. 0) 
This relation yields the transformation rule 

cp* (grad f) = grad tp+f. (II. 1) g n̂ g 
From now on we shall only be dealing with gradient vectorfields defined on 
a small neighbourhood of 0 € 3R . Let x,y be local coordinates on such a 
neighbourhood, then the metric g is completely determined by its four compo­
nents gn(x,y), g12(x,y) = g21(x,y) and g22(x,y). Let G(x,y) = (gl:i(x,y)) be 
the inverse of the matrix (g..(x,y)). For' any potential function f, defined 
on a neihgbourhood of 0 6 OR2, we obtain from (II.0) the following relation 
for the components X^t X2 of the vectorfield grad^f: 

Xx(x,y) 
*7 (xyy)J 

G(x,y) 
'3£l 
3x 
3f 
5 3 

The definition of unfolding should be slightly adapted to make it suita­
ble for the category of gradient vector fields. A k-parameter unfolding 
of a gradient vector field Xq = grad̂ f is a smooth family 
X ={erad f |u€]RK}, where {g } and {f } are smooth k-parameter families V g V V Vi 
of metrics and potential functions respectively, such that gQ = g and fQ = f. 

In the remaining part of this paper we consider pairs (g,f) which - in sui­
table coordinates - have the following form: 

(*) 

f(x,y) = \ (x3+y3) 

g(x,y) has components g£j(x,y) such that 
gl1(0,0)=a, g22(0,0)=a3, g12(0,0) = g21 (0,0) = a2Q, 
where 
a>0, 3 and Zq are real numbers sufficiently close to 1 and 0 
respectively, and of course such that 3~z^>0. 
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The vector field grad f, with quadratic part 

Q(x,y) a[(x + z y ) 3 dx (z x2 + 3y2) 3 9y 

has a degenerate singularity at (x,y) =(0,0), with two hyperbolic and twô  
parabolic sectors. The quadratic part Q has three invariant lines. If 
ZQ * 0 these have equation y=mx, where m satisfies 

pft z (m) 3,ZQ lim 
x +0 

1 
2 
x 

Det[Q(x,mx), ds 
sds = 0, 

i,e-: Pft z 3,z (m) = a(z m -$m +m-z ) = 0. o o 

If Zq=0, this quadratic part has three invariant lines: 
x = 0, y = 0 and y = ~ x. 

Note that the existence of three invariant lines is guaranteed by the fact 
that 3w 1 and z w0. 

o 
In fact our results hold for any pair (3,z ) such that pft has three 

real zeroes or such that z =0. 

It is well known that the 3-parameter family 

f (x,y) = -r- (x +y ) +wxy + ux + vy is a universal unfolding of f, cf. 
U,V,jW o 
[10]. The next result indicates the relation between this universal unfol­
ding of the potential function f and the gradient vector field grad^f. 
Theorem II,1, 
a. If z *0 the three parameter gradient family X =grad f is an o J u,v,w & g u,v,w 
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almost universal unfolding of the vector field grad f. 
b. If z =0 the four parameter family X =grad f is an almost o J u,v,w,z ° g u,v,w 

unfolding of gradgf, where gz is the one parameter family of metrics 
11 _ 11 22 _ 22 12 21 12 given by gz r g , gz = g , gz = gz = g + z. 

Remark: 
In view of the Tarski - Seidenberg theorem (cf. [9]) the set of pairs 
(g,f), admitting local coordinates in which they have the form (*) with 
ẑ  * 0 (ZQ =0 resp.), is a closed semi-algebraic set of codimension 3 (4 
resp.) in the set of all pairs (g,f)(also cf. [10]). 
Sometimes the codimension of an object is defined as the number of parame­
ters contained in a universal unfolding (within a suitable category). In 
our context these concepts of codimension coincide for this example, con­
trary to the claim of Guckenheimer (cf. [2]). 

In the proof of theorem 11,1, we show that for z *0 the family X is 
o J u,v,w 

almost topologically equivalent to the quadratic 3-parameter family Q = grad f where g is the constant metric g =g(0,0). u,v,w & gz u,v,w, BZQ BZQ BV 9 
o 

Hence : Q (x,y) 
'1 z > o 

/ 2 > fx + wy + u 
2 

\y + wx + v 

If z =0 we can prove similarly that X is almost equivalent to o J u.v.w.z 

Q (x,y) xu,v,w,z *J 
I z> 
iz 3 

x̂ + wy + u\ 
2 

\y + wx + VI 

Before proceeding with the proof of these results we investigate for which 
values of the parameters bifurcation occurs in the afore mentioned qua­
dratic families. 

The catastrophe set of the family Q (x,y) 
u,v,w, z 

1 z 

z 3 

2 
/x + wy + u 
2 
y + wx + V 

We first observe that = (u,v,w,z) is a bifurcation value for the family 
{Q } if at least one of the following situations occurs: 
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(i) Xu has at least one degenerate singularity. 
(ii) X^ exhibits a (generalized) saddle connection (cf. section I). 
Note that the first case occurs iff u is in the catastrophe set of the po-

1 3 3 
tential function f = (x +y ) + wxy + ux + vy, i.e. iff: 

2 
x + wy + u = 0 2 
y + wx + v = 0 4xy - w2 =0 

This catastrophe set is well-known, cf. [10]. (see figure II. 1.). 

v 
0 

u 

2 

4 

0 

u 

4 

w ^ 0 w = 0 

Fig. II.1. The catastrophe set of the family fu v w 

In order to determine the parameter values u for which X has a saddle con­
nection, the following result will be useful. 

Lemma II.2.: 
3 3 2 If X = Xj "3̂  + X2 "ay *"s a ̂ ^ratic gradient vectorfield on 1R with saddles 

Sj and S2 and a saddle connection y between s1 and S^9 then y is a straight 
line (with respect to the coordinates x ,y) . 
For a proof of this result we refer to [13]. 
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As a consequence we have to determine for which values of a,b,u,v,w and z 
the quadratic form (in x,y): 

qa,b,u,v,w,z(x,y) = aQl(U'V'W'Z'X'Y) + bQ2(u,v,w,z,x,y) 
contains a factor cp(x,y) = ax + by + c, for some real number c. 
A straightforward calculation yields: 

q(x,y) 2 2 Ax + By Bwx + Awy Au + Bv 

x + y2xc 2 B(y Aw. 
2BJ 

xc 
A, B 

with A = a + zb B = za + 3b 

R_ n A,B Au + Bv 1 
4 

2 
w 

.B2 

A 
A2, 
B 

(II.2) 

So the zero set of q consists of two lines with equation 

y Aw 
2B il B (x Bw 

2A 
if and only if Rft B = 0 and AB < 0. 
If condition (II. 3) holds, we can find a real number c such that cp(x,y) = 
ax + by + c is a factor of q iff. 

(II.3) 

a 
b + A" 

B (II.4) 
Setting £ = ||- , it is clear from (II. 2) and (II. 4) that £ should be a zero 

b 3 2 
of P (£): = z£ + + £ + z .... 
This polynomial has three real zeroes ^ ^d 3̂ if |z| is small and po­
sitive. Application of the implicit function theorem yields: 

[II.5) 

^(3,2) 2 3 -z - 3z + 0(z ) 
S2(3,z) - | + i+0(z) 
£3(3,z) ^O(z) 

as z 0. (II.6) 

Furthermore it is obvious that in order to have a saddle connection for Q , 
u,v,w, z 

(u,v,w) should lie in the closure of the shaded region of figure II.1. 
If (u,v,w) is in this region, then the point (x,y) is a (generalized) saddle 
of Q iff: 1 1 . v.w. z 2 

x + wy + u = 0 2 
y + wx + v = 0 2 
4xy - w < 0 2 

Note that, modulo some positive factor, 4xy - w is the Jacobian determinant of 
the linear part of Q at the singularity (x,y). It is clear from figure U , V , w, z 
II.3 that in case we have two saddles, the slope of the line joining them is 
negative. 
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saddle. 

\ 2 x +wy+u=0 

2 
—̂+wx+v=0 

2 
- Axy-w =0 

saddle 

w < 0 

2 
ĵ _+WX+V=Q 

x + y2 2 
, _4xx-.w =0 

x + y2 

2 I 
v +wu+n=n 

W > 0 

Fig.II.3 

With this observation in mind we conclude that for z > 0 no saddle connec­

tions occurr, while for z < 0 they actually do. In the latter case the values 

of ̂  , corresponding to £̂  and ê̂ ' yield a saddle connection since condition 

(II.3) is satisfied for |z| small enough. This fact will be clear from (II.6) 

and the equality 
A 
B 

C + z 
z£ + 3 

(II.7) 

So for z < 0 and |z| small enough, the catastrophe set also contains two 

halflines, namely those parts of the lines with equations: 

V , B . A.u + B.v 
1 
4 

2 
w 

A.3 +B.3 
1 1 A.B. 

0 (1=1,2) 

that ly in the shaded regions of figure II.1. 

For the slopes of these lines with respect to the horizontal and vertical 

directions we obtain resp. using (II.6) and (II.7) 

sd 

Bi 

«i+ z 

x + y2 
2 1 
z + O (zJ) 

B2 

A2 

z£2 + 3 

h + z 

2 
z 
B2 

0 (z3) 

as z H 

v 

u 

Fig.II.4 The catastrophe set 

of the family Q 
u,v,w,z 

u 

ŵ 0,z<0 w=0,z<0 
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A parametrization for the curve in the plane {w=w } , w * 0 , of figure II.4 
o o 

is easily seen to be 
t 1 

'4 
2 t 2 w (- - ~ t ] o t 1 2 . 1 — W ( 7T 4 o 2 2t)l 

Using this parametrization one easily checks that the lines {R = 0 } , 
A . »B . 1 1 

corresponding to this value of w, are indeed tangent to this curve. Note that 
at the point of tangency the situation is locally like that of figure 1.2.(ii). 

We return to this fact later on. 

Proof of theorem II.a. 
Let {Ŷ |v € JR^} be an unfolding of XQ = 9radg fQ, within the class of gradient-

Z° 1 3 3 vectorfields,i.e. Y = grad f , with g = g en f (x,y) = —(x +y ). v * g v o ^z o J 3 yv o 
Step 1. First we shall be concerned with the case where {fv|v € 3R } is a versal 
unfolding of f . From the theory of C°°-singularities of functions it is known 

° £ 3 
that there is a submersion h: (3R , 0 ) — • (3R , 0 ) such that f is right-equi­
valent to F . . , the equivalence depending smoothly on the parameter v. 

n(v) 1 3 3 
Here FMx,y) = — {x +y ) + v̂ xy + ̂ x + u2y. 
We may assume that h is of the form h(v^,...,v^) = (v^v^v^). 
In view of (II.1) we may assume that 

Ŷ (x,y) 
x + y2 
x + y2 

G(v,x,y). 
. 2 
x + v̂ y + 
2 
y + v̂ x + v2 

(II.8) 

where: 
GY ( 0 ; 0 , 0 ) 

1 z 
n 

x + y2 
GQ(x,y) , ZQ * 0 

We shall proof that the family (II.8) is almost topologically equivalent to 
the family 

Q*(x,y)' 

Q,2(x,y) 
Gn(x,y) 

f 2 
x + v3y + v1 

I 2 
+ v3x + v2 

(II.9) 

It is easy to check that the 0-jet of Gy is unique, although the coordinates 
(x,y) are not unique in general. 

This will establish the proof for this case. To this end we shall use a version 
of the method of "blowing up" ("rescaling"), introduced by Takens [11]. 
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2 £-3 2 Si 2 Let $: S x [0,<») x 3R x 3R > 3R x TR be the mapping defined by 
_ _ 2 2— 
(v1,v2,v3) , X,v4,... ,v£,x,y) = (X v^A v2,Xv3,v4,... ,v£,Xx, Ay) where 

- - - _2 _2 -2 2 
V1'V2'V3' Wlth vl + v2 + V3 ~ ' are coordinates on s • 
Considering the families (II.8) and (II.9) as vectorfields on 1R ̂x 3R2, we 
obtain vectorfields Q and Y on S x [0,<») x 3R x IR , such that *# (Q) = Q 
and $+(Y) = Y. 
Setting Q = A Q and Y = A *Y yields the Jl-parameter families 

Q(v ,v v X V 4 ' " " V X , Y ) GQ (Ax, Ay) 
• 2 _ _ ' x + v̂ y + v1 
2 - . -y + v3x + v2 

(11.10) 

and: 
Y(v ,v ,v , A,v , rV.,x,y 2 2 Gy(A vx,A v2,Av3,v4 ,v£,x,y) 

2 — —' x + v3y + v1 
ky2+ v3x + vj 

(II.1 

In appendix B we prove that the two parameter family  2 2 
Q| S x {A=0}x{v4=...=v^=0} = YJS x {A=0}x{v4=...=v^=0} is generic. 
In fact the proof implies that this family is transversal to some stratified 
submanifold I of the set of all gradientvectorfields, defined on a neighbour-

2 
hood of 0 in 3R . (For similar- constructions of codimension 1 submanifolds we 
refer to [5]). The inverse image of this subset I is the catastrophe set 

2 
C(Zq) of the family 1$| S x {A=0}x{v4=—=v^=0}. In view of the preceding para­
graph we obtain the following picture for C(Zq) after stereographic projection 
from the point (v^^= ^ N/2,"v3 = 0) . 

saddle 
connections 

>(zo> 

Fig.II.5 The catastrophe set C(zQ) in case zQ < 0 
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Using the fact that the germs of the £-parameter families Q and 
2 

Y at any point of S are versal, one can prove the existence of a homeo-
2 2 

morphism h: S x [0,S)x U — • S x [0,6') x U (6,6' are small positive num-
£-3 

bers, U,U' are neighbourhoods of 0 in JR ), mapping the catastrophe set 

of the family Y onto C(ZQ) X [0,6') X U'. Since Ĝ (x,y) contains no para­

meters, the latter is the catastrophe set of the family Q. Note that in 
case z > 0 no saddle connections can occurr, so we can take for h the o 
identity mapping. Using h, we can finish the construction of an equivalence 

— — 2 between Q and Y , defined on a neighbourhood of 0 € JR , in a straightforward 
way. We fix the topological equivalence imposing the conditions that it should: 

(1) map the level curves of the potential function f— onto those of ^.(v)' 

(2) map the singularities of Y— onto the corresponding singularities of 

Qh(v)* 
(3) map (strong) séparatrices of Y— onto corresponding (strong) séparatrices 

Qh(v)* 

Note that these conditions do not determine the topological equivalence comple­

tely. Observe that the three conditions above can be satisfied, since Y— and 

^h(v) ̂ ave t̂ie same topological type and the objects occurring in (1) to ( 3 ) 

vary continuously with v. 

We won't go into more details, since the rest of the construction is fairly 

standard. 

Blowing down again by means of $ yields a topological equivalence between the 

families (Y J V € (m^^O) } and {Qh(v) |v € (JR ^ 0 ) }. Here h: = $ o h o $ ~1 

outside v=0, and h(0)=0. Hence {Y } and {nn , are almost equivalent. 
v ĥ(v) ^ 

From the preceding result we immediately obtain that {X } and {Q } r & J u,v,w xu,v,w 
are almost topologically equivalent if Zq*0. Hence ^x^(v)^ an<* ̂ Yv̂  are 

almost equivalent, which proves the result for this case. 

Step 2. If {f |v€!R^} is not versal, we extend it to a versal family 

{f laÉIEr} (k< £+3). Set Y 
a1 — (vi V V * - M V 

= grad 
S vt vi v 

~ k 3 
According to step 1 there is a continuous mapping h: (TR ,0) (]R ,0) such 
that Y is topologically equivalent to x~, N .the equivalence depending con-

Ma) 
k £ k tinuously on a if a C I v 0. Restriction to ]R cz ]R yields the desired result, 

Q.E.D. 

Remarks. 

1. We conjecture that the topological equivalence H^ between Y^ and x^(v) 
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(v€lR ^ 0) can be extended continuously to a topological equivalence 
I for v in a full neighbourhood of 0 € TR . This is not clear from the pre-

ceeding construction. Moreover, one can show that in some cases the ob-
2 2 vious choice H = id: (m ,0)-*(]R ,0) doesn't work, o 

2. The proof of theorem II.b is completely analogous to that of II.a. 
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Appendix i\. btrong contacL eguivdiKiit't; 
In part I we used a result concerning a pair (f ,g) of functions ( 3R,0) -> ( IR,0) 
and their k-parameter deformations F,G : ( TR x 1R,0) ( 3R,0) . 
With these deformations we associate the following sets: 

N£(F) = {(u,x) € 3Rkx ]R | f|{u}xJR is £-regular2) at x } 
In the same way we associate N£(G) with G. 

When dealing with bifurcation problems the following question arises (cf.section I): 
How do N^(F) and (G) change simultaneously if we consider another pair of 
deformations of (f,g) ? 

A slight extension of the concept contact equivalence yields a method for 
treating these problems. We shall put these questions in a slightly more general 
framework, dealing with m-tuples of mappings. 
The definitions and results bear a strong resemblance to those appearing in 
the theory of 'normal' contact equivalence. The concepts appear in a 
q 
C -setting ( q < °° )t since we shall apply them to the study of families 
of vectorfields, restricted to centermanifolds. For more motivation and 
other applications we refer to [11]. 

For i = l,...,m f : ( 3Rn,0) -> (3Rk(l),0) will be Cq-germs in 0 € I**, 
and Fi,Gi : ( ]Rk x ]Rn,0) (Bk^,0J will be k-parameter Cq deformations 
of f.. We shall consider the m-tuples F := (F , ,F ) and G := (G,,...,G ) 

i k n K — l m — l m as mappings OR x m ,0) ( ]R ,0) , where K:= k(l) + ... + k(m). 

Definition Al 
(i) Two m-tuples F_ and G of k-parameter Cq deformations of f_ = (f̂ ,...,f ) 

are called strongly-KS-equivalent (s<q) if there is a k-parameter 
CS-unfolding I : ( JRkx ]Rn,0) ( ]Rkx B.n,0) of the identity mapping on ]Rn 
and a CS-germ A : ( ]Rkx ]Rn,0) •> Gl . M . . . (K; ~R) such that: 

(K (l),...,k (m)) 
F(u,x) = A(u,x).G(u,x) (matrix multiplication). Here Gil., ... . . %. (K; ]R) is the group consisting of all real (k(l) ,. . . ,k(m)) * * 
KxK matrices of the form 

1) In this appendix we shall distinguish between unfoldings and deformations. 
A deformation of f: ]RN 3Rm is a family {f | y € ]RK} such that fo = f. 

^ „ k ^n ^k m The corresponding unfolding is the fiber preserving mapping F: ]R x ]R ]R x]R 
defined by F(y,x) = (y,f (x)) . 

2) i.e. F (x) 
u 

d F 
u Qh(v)* (x) = 0 

d F 
u Qh( 

v)* 
(x) * 0 . 
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M = 
Ml 

M2 

m 
, where M± € G£(k(i) , TR) 

(ii)Let F : ( 3R x ]R ,0) •> ( BK(I) ,0) and G^ ( B XJR ,()) ( B(KI) ,0) 
be two Cq deformations of a Cq germ f. : ( Bn,0) (Bk(l),0) (i=l,...,m) 
A C -morphism from the m-tuple G to the m-tuple F is a triple 
(h,I,A) , where : 

- h: ( BA,0) -* ( Bk,0) is a CS germ 
- I: ( B̂ x Bn,0) -> ( B̂ x Bn,0) is an £-parameter CS-unfolding 
of the identity mapping on BN. 

- A: ( B*x ]Rn,0) -+ GZn . ( K; B ) is a CS germ 
(k(l) ,.. . ,k(m)) * 

satisfying A(0,x) = Id 
such that h*F and G are strongly-KS-equivalent via the pair (A,I) 
in the sense of A.l.(i). The m-tuple h*F is the £-parameter 
deformation of £ defined by h*F(v,x) = F(h(v),x). 
If k=& and h is a germ of a diffeomorphism, then (h,I,A) is 
called a CS-isomorphism. 

(iii)Let F±: ( Bkx ]Rn,0) •> ( Bk(l),0) be a Cq-deformation of the germ 
f : ( Bn,0) -> ( BKU) ,0) for i = l,...,m. 
The m-tuple F = (F̂  ,... ,F^) is called strongly- (K.S,t) -versal if with 
Any m-tuple G = (G,,. . . ,G ) of C^deformations of f = (f„,...,f ) 
we can associate a C -morphism (h,I,A) from G to F. 
F is called strongly-(KS, t)-universal if moreover the number of 
parameters is minimal with respect to the property of being versal. 

(iv)Let f. : ( Bn,0) + (Bk(l),0) (i=l,...,m) be Cq germs. 
Set K := k(1) + . . . + k (m) . 
The /CS-tangentspace to the m-tuple f_ = (f. ,. . . ,f ) is the following 

s K l m submodule of (E ) : 
n 

s j-S r 
Tf " En { 

wxcx 

3xi 

3f 
m 9X1 

'9f/ 
3x 
n 

8f 
m 
xn 

Qh(v)* .Es{e, 
n 1 ek(l) 

+fm<(m)-En{ek(l) +k(m-1)+1 'ek(l)+...+k(m)* 
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Here e . : Rn •> 3RK ( j = 1,. . . ,K ) is the germ in 0 € J*N of the 
3 th K 

constant mapping, which has the j basisvector of JR. as its image. 

A germ q> £( E*)K belongs to f*n* (j} . E % k (1) + fc ( +J .+kssdf(j) 1 

iff there is a CS germ A : ]Rn End(K; H) such that tp(x) = A(x).£(x), 
t K where f (x) = (f (x) ,. .. ,f (x)) € J* and A(x) is a real KXK matrix — 1 m 

of the form 

A(x) 

0 0 0 

0 A. (x) 0 

E 0 0 

-k(j) 

(v)A k-parameter m-tuple F = (F. , — ,F ) as in A.l.(iii) is called 
— 1 m strongly-(K ,t)-transversal if t<q-l and 

<cn 
wx 
cxc * { - ( l ) ' - - " - ( k ) 

where F 
dfd 

3F1 

3u. u=0 

3F 
m 3u. u=0 

,t€ {£q-lK 
n 

(j=l,...,m) 

,(vi)Let f̂  € (E^+SK and suppose there are positive integers s and p 

such that s < p < q and such that 

(EP)K/ 
n / s n/pPxK is a finite dimensional vectorspace over TR. / (KM 

Then the dimension of this vectorspace is called the strong-(K ,p)-

codimension of.f 

Example A2 (cf. section I) 

Let f(x) = xk.F(x) and g(x) = x£.G(x) (£>k>l), where F and G are 

Cq functions such that F(0) * 0 , G(0) # 0. Set s:=max(k,Jl) and suppose 

q-s > 1. Then for s+1 > p > q we have, with k,£ > 2 : 

!Ep: 
n 

sd Ep-s-l{ 
n 

sd 
sd 

c 

•5 

df 
dx 

dx 

sd 
Y 
0, 

/ k-2 

0 
0 0 

x / 

/ k-1-

0 
:AD 

The right hand side of this inclusion is a direct sum of real vectorspaces. 

The projection TT from Qh(v)* ontothe second component is given by 

df IP 
sd 

-- <P(0) (1 
Ko 

Vk-2)(0). 
k-2 

r 
n 

^(0) 0 
1 *u-2)(0) sd 

£-2 
x 

Qh(v)*v 
Qh(v)*Qh a-ü;fdgd(0) 

r k-1 x 

0 
(A2) 
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Here a = 
k.F(O) 
£.G(0: 

and <p(j) (0) denotes 
djcp 

dx3 
(0) 

Note that the first component of the right hand side of (Al) is just the 

KP~S-1-tangentspace T^"3-1 to the pair f_ = (f,g) 6 (^)2- As a consequence 

the strong {K?~S~^,p)-codimension of this pair is k+1-1 for s+l<p<q . 

Remark A3 

For k=£=l the second comDonent of the riant hand side of (Al) is just 
(Flvi 
(Flvi For k=l,í,=2 it is ^ { ( ¿ l M J ^ ,In tnese cases TT is given by 

TT 
<P [cp(0) - a.iMO)] ' 1 

,0, 
and 

TT 
<P 
xc 

[cp(0) - a*i|;(0)] 
1 
0 

iMO) 
0 
1 resp. 

The proofs of (Al) and (A2) are straightforward; just use the Taylor -

expansions of tp and up to and including terms of order k and £ 

resp., cf. [11] 

As a consequence we obtain: 

Corollary A4 

A strongly-(K^ S *,q)-transversal deformation of the pair (f,g) in 

example A2 is given by the following (k+1-1)-parameter deformation: 

(Flvi V i - i ' x ) ^ ( ( V P l x k " l t P 2 n + " ' + V l X +Mk UTix)) 

^Glvi V i - r x ) / ~ v(x + "k+ix " +---+yk+?.-2x ^k+t-i'^^1' 
(A3) 

So KS-transversal!ty is rather easy to check. One of the deep results of the 

Thom-Mather theory of unfoldings asserts that transversality implies 

versality. A similar result holds within the framework of strong contact 

equivalence. However, we have to be careful because of the finite degree 

of differentiability of the germs we consider : losses of differentiability 

are unavoidable. 

Suppose a: 7L U {»} 7L U {<»} is a non decreasing, surjective, finite-

to-one function such that a(p) > 0 for p ^P^* Typical examples of such 

functions are a(q) = q-s+1 (cf. example A2) and functions like 

a(q) = miníí^^y] , q-1 } , where [z] is the greatest integer,smaller than 

z. (cf. [11 ] ). 

With any such a and any triple (h,n,K) of positive integers we associate 

a non decreasing,finite-to-one, surjective function d : = d. . : 
(a,h,n,K) 

Let c := c, , . := mini p€ Z I d, . . (p) > 0 }. 
(a,h,n,K) ^ ' (a,h,n,K) ^ 

For a precise definition of d and c we refer to [ll] • 
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Theorem A5 
Let F : ( ]Rrx Kn,0) (Hk^,0) (j=l,...,m) be an r-parameter 
Cq deformation of a Cq germ f : ( Bn,0) •> ( HK(̂ } ,0) . Let F denote 
the m-tuple (F ,...,F . 

m s s (i) If F is strongly-(K ,p)-versal, then F is strongly-(K ,p)-
transversal ( s<p<q ). 

(ii) Suppose q > c(a,h,n,K) and the strong(ka(,p)-codimension of f 
is at most h for p^<p<q. 
If F is strongly-(Flvi,p)-transversal for PjlP^q, then F is 
strongly ( K d ^ ,p) -versal for c<p<q. 

Corollary A6 
The deformation (A3) of the pair (f,g) is strongly (K^^ ,p)-versal. 
Note that in this case a'p) = p-s+1, n=l , K=2 and h=k+l-l. 
The results of [n]yield for this case: d(p) = [̂ P"̂ ] - 1 

c = 2k + 21 + 3. 

Checking genericity 
From the expression (A2) we obtain a useful criterion for deciding 
whether a given deformation is strongly-K-versal or not.An r-parameter 
deformation (F,G) ôf the pair (f,g) in example A2 is strongly-K-transversal 
iff {TT( ̂1 J , . . ,TT( ̂ r J } is a set of generators for the second component in the 

\5/ ^G ' 1 r 
right hand side of (Al). 
In Appendix B this criterion is used in the case k=l,£=2. So there we 
have to check whether (cf. remark A3): 

3F 
3y--(0) a. 32G 3y 3xv (0) 

3G 
3yx (0) 

3F 
9y2 (0 a. 32G '3^3x (0) 7\a 

3y2 -(0) 

* 0 (A4) 
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Appendix B. Genericity of the family x[s x {A=0}x{v4=...=v^=0} 
We shall not prove the genericity of this 2 parameter family at every point 
of the two-sphere. In fact it suffices to check the genericity at the points 
of the catastrophe-set, corresponding to the occurrence of saddle-connections. 
Genericity at the other points of this set follows from the theory of un­
foldings of functions. 
We only carry out the calculations for the point S(z^) = (v̂  *^>2'~^3^ of fig-11-^ 
corresponding to the occurrence of a saddle-node with a generalized saddle 
connection (fig. B.l). We consider the case: V3 < 0. 

S2(v.v2 

sd 

sd 

/Source 

(Flvi 

Fig. B.l 

Since at S(Zq) the projection from the two-sphere onto the plane {v3= v } is 
a local diffeomorphism, it is sufficient to prove that the two parameter 
family {x — | (v^vj in a neighbourhood of ("v. ,"v9) } is generic at (v1#v9) 

1'̂ 2'̂ 3 12 1 2 ±2 
The parameter "v̂  will be omitted from now on. 
We have to prove that the determinant for this family, corresponding to that, 
appearing in (A4) of appendix A, is nonzero. However, the families F and G of 
(A4) are related to 'normal-form'-coordinates in a neighbourhood of Ŝ  and S2« 
So we first introduce these local coordinates. In general it seems rather 
hopeless to check in a specific case whether the determinant (A4) is nonzero. 
However, by way of exception, Fortune is on our side this time: we have a 
rather detailed description of the catastrophe set in a neighbourhood of S(ZQ); 
moreover we are dealing with quadratic vectorfields, which have comfortable 
properties (cf. lemma II.1) 
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So let £,n be local coordinates in aneighbourhood of S^v^v^. We may and 

do assume that S^tv^v^ corresponds to (£=0, n=0). Let cp(,v2/£,n) = 

(vl'v2/CPl (vi'v2'£'n)' t*)2(Vl'V2'̂ 'n) } be the corresPonding change of coor­
dinates; then we have: X (cp^, v2,0,0) ) = 0 (Bl) 

a«Pw<P2) *v 
Moreover: m^r- lç-n-o - [vt v2] 8(x r (B2) 

where V. and Vn are the eigenvectors of ^ / :— I , X _ , X. 
1 2 * 3(x,y) '(x,y)= Sx(vx,v2)' 

corresponding to the eigenvalues ĵ(vi'v2) > 0 and 2̂̂ V1'V2̂  K °* 

Let Y = (cp * ) * X , then the family F corresponds to the second component of 

Y. Note that: 

xwccl'v2 
J 
V V 2 

(S,n). X 
V V 2 

(cp(v1,v2,̂ ,N) ) 

with J 
V V 2 

(Flv 
„ -1 

= dcp 
V1'V2 

(CP(V1,V2,C,N) ) 

(B3) 

Let £,n be normal-form coordinates in a neighbourhood of S9, cp the corres-

ponding change of coordinates and Y = (cp )+ of X. Then our family G of 

appendix A corresponds to G = Y2 o P, where P: WS(S^) • WS(S2) was introduced 

in section I. 

In a neighbourhood of S(z^) in the plane {v̂  = "v̂ } the catastrophe set locally 

looks like the set of fig. B2: 

Y2 

sd 

S(z0) 

tV2s 

ds 

Here Y1 is a straight halfline, tangent 

to Y0 AT S (Z ) • 2 o 

Recall from section II that a parametri-

zation for Y2 was given by (t >_ 1): 

Vj(t) 1 
d 

- 2 
V3 

. 2 2̂  (t + -> 

v (t) 
1 
4 
- 2 
V3 

,1 
t2 

2t) 

:B4) 

Fig. B.2 

Assume that S(z ) corresponds to (v1(t ), v9(t )). Along y0 we have a saddle 

node S . In terms of the parameter t the (x,y)-coordinates of S9 are easily seen 

to be: x (t) 2 
sd 

y2(t) 
V3 
2t 

(B5) 

*) 

3(cp1,cp2) 

3(£,n) 

3cpx 

sd 

acpx 

an 

acp2 

sd 

3cp2 

3n 
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The coordinates of the hyperbolic saddle S1 can be solved in terms of t from 
the equations: 

2 _ 
x + v3y + v1(t) = 0 
y2 + v3x + v2(t) = 0 

(B6) 

Eliminating x from (B6) yields a polynomial equation of degree 4 for y, 
possessing a double root y2(t). Using this fact we compute straightforwardly 
the coordinates of S1: 

x^t) = v3 2 t + 
1 

ft 

y- (t) = V <- 2t Vt) 
(B7) 

We now proceed with the computation of the expressions, entering in (A4). 
First observe that we may as well use v1 as a local coordinate on the curve 
Y2 in a neighbourhood of v1(t ), since ClV, 

dt 't=t 
o 
* 0. 

So suppose that y^ is given by v2 = ^(v1); let r\{\)^) be the n-coordinate Qf 
S2(v^,V(Vj)). From (B5) we obtain that rf depends smoothly on V1 in a neigh-

s c 
bourhood of v. (t ). Since P(v„,v0, . ) : W, x (S«) — • W, . (S_) is a 

1 o 1 2 'vi,v2 l'V2 
local diffeomorphism, there is a smooth function n(v̂ ) such that 

P ^ J t v ^ n ^ ) ) = n(v1) (B8] 
Note that: n(vi) = 0, n(v1) = 0. 
Since Y2 corresponds to the occurrence of saddle nodes, we obtain from (B8) 
and the fact that Gfv^v ,n) = Y2 (vx ,v2,P (Vj ,v2, n) ) : 

G(v1# Hf(v1) , n(v1)) = 0 

3G 
3n (v1# Y(vt), nCVj)) 0 

(B9: 

Differentiation of (B9) with respect to yields: 
3G 
3vi 

d¥ 
dVl 

3G 
3v2 |(v ,̂ (v ),n(v )) 

= 0 

q32G 
(Fl 

sds 
xcw 

32G 
3n3v 

dn 
dv. 

32G 
3r̂  (v ,¥(v ),n(v ); 

= o 

' (BIO) 
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From (Bl) we obtain: 3F 
3v1 (Flvi( 

wxwlvi 

3F 
3v2 (v ,v2,o: o (BID 

Finally, the constant a appearing in (A4) is easily seen to be: 

a 
3F 
L9n 

xc 

2 
U N 

-1 

(v1,v2,o) 
(B12) 

Combination of (BIO), (Bll) and (Bl2) yields: 

3F 

xcw 
a. 

xcxc 

3v 3n 
3G 
3vi 

3F 
|3v2 

• a. 
3̂ G 
dV2dTl 

3G 
8v2 

3F 

3n 
'3G N 
3n2i 

-1 

(v1,v2,o) 

DN 

xwc 
32c 

3n2 
0 

* 3G 

^2 
(v1,v2,o) 

3F 

3n 

3G 
3v2 

DN 
DV. (v^v^o) 

Since N = 0 corresponds to the hyperbolic saddle S< for X— — _ 
* J£r 1 vi'v2' we alreadY 

know 9F I ^ 0. 
3n ' (v./v^o) 

So we only have to prove: 3G 
3v2 1 Cv1,v2,o) 

* 0 and AH 
3vx 

I- * 0. 
1 v 

I. 3G 
3V2 (v ,v ,o) 

* 0. 

Proof: Since Y = (CP )+ X, we have for Y an expression (B3) similar to 

(B3). Observe that 
3Y2 

3V2 
3G 
3v2 

at (v1,v2,o) since 
3Y2 

3n 
(V1,V2,RI=0) 

= 0. 

Differentiating (B3) and using X (CPTV̂ , , £=0, *N=0) ) = 0 we obtain at 

(V1=V1,V2=V2,C=0,N=0) : 

w<x 

3vi 
3ïil 
3V2 

Hi 
wxx 

3 V 
3v2 

wx 
f3(Xl,x2) 

>3(V1,V2) 

3(x1,x2) 
3(x,y) 

3^,^) 

3(vlfv2) 
(B13) 

70 



BIFURCATIONS OF GRADIENT VECTORFIELDS 

Observe that J 3(x1,x2) 
3(x,y) I(V1'V2'S2) 

\ 0 
(Flvi 

J , where X is the negative 

eigenvalue of the linear part of X.- — . at S«. Hence the second term between 
(vl'v2) 

accolades in (Bl3) does not add to the second row of the matrix in the left 
hand side. Moreover, J = [v V^] 1 , where and V2 are in the direction of 
the strong stable separatrix and the centermanifold of S0(v1fv0) resp. 
Suppose V x 

xc 
xc 

then we obtain from (Bl3): 

3?2 
^ 1 

* 
3?2 
3V_ (v1,v2,0,0) 

c. 
V2 "V1 

1 z 

z sd 

where c is a nonzero constant. 

Hence 
3?2 
3V2 (v1#v2,o) c. (— $v + zvJ 0 for |z| small, since 

V_2 

vl 
= 0(z) is 

the slope of the saddle connection occurring at (vj,v2). 

II. qs 
qss 

s 
sq 

* 0. 

Proof: Along y2 we have the following situation (fig. B3) 

V = V 
1 1 

l 2 -

s2 

S21 qs 

ss 
qs 

qsqs s 
q 

sq 

Fig.B.3 
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In figure (B3) the point n = n(vl) corresponds to the intersection of I and 

the strong stable separatrix of S2; the point n = 0 corresponds to the inter­

section of X and the unstable separatrix of S^. This is obvious in view of 

(B8). Note that we may use n as a coordinate on the transversal section I. 

Geometrically the condition(Flvi(v^) f means that the séparatrices of Ŝ  

and S2 should cross at nonzero velocity at v̂ =vj« 

In general this condition is not easy to check. However, here we succeed in 

the following way. 

First observe that the straight line joining S1 and S2 has slope — -g£ . This 

is an easy consequence of (B5) and (B7) In the sequel we consider n as a 

function of the parameter t. We shall prove:(Flvi ̂ lt ¥• 0« 
o 

Next observe that for t ̂  t the vectorfield is transversal to the straight-

line Ŝ S2- If not we should have a saddle connection in view of the proof of 

lemma II.1. Hence the intersection n=p(t) of this straight line and I! lies 

between n = 0 and n = n(t). 

Since n and p depend smoothly on t we have: (n~P)|t_t > 0. Hence it 
r\ o 

suffices to prove -~ (t ) * 0, since it is obvious that -~ (t ) > 0. 
at o dt o — 

First we compute the slope m(t) of the expanding eigenvector of Ŝ . The con­

dition || (tQ) ̂  0 is equivalent to |£ (tQ) * ^ ( - ^ ) lt==t . Since (B7) 

provides all the ingredients for checking this condition, a straightforward, 

though tedious, computation shows that the latter condition is satisfied 

indeed. We omit further details. 
Q.E.D. 
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