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ELEMENTARY PROOFS OF ANALYTIC HYPOELLIPTICITY

FOR [} AND THE 3 - NEUMANN PROBLEM

by D.S. TARTAKOFF (University of Illinois at Chicago Circle)

I. L2 METHODS IN PROOFS OF ANALYTICITY. A SIMPLE NON-ELLIPTIC CASE

The real analyticity of solutions to (linear) elliptic partial differential
equations with analytic coefficients is well known. The operator is given by

P = Z aa(x)Du

|a|§m

where the aa(x) are real analytic (possibly matrix-valued) functions of

n _o 04 Qn
x€Q CR, D = D1 "'Dn , Dj = —iB/axj , and the ellipticity is:

- o
p, (x,8) = Z aa(x)é; #0, E#0 .
of=m
Theorem 1. Let P be a linear, elliptic partial differential with real analytic

- ; . n . :
coefficients in an open set Q in R . Let Pu=f in Q with u€ fézﬂ(n)
and f real analytic’in . Then u is also analytic in § .

There are several well known proofs; the most useful today are 1) via the
construction of an analytic pseudo-differential parametrix for P , i.e., an
analytic pseudo-differential operator ("AYDO") Q of degree -m such that
QP =1 - R on €'(R) where R maps €'(Q) into CZ“)) , the real analytic
functions on  and Q preserves local real analyticity (cf., e.g., [1]) and

2) L2 methods based on G%rding's inequality: for all Q'< Q , aC :
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D. S. TARTAKOFF

(1.1) ”va gc(||1>v||0 + |Ivl|0) v E c:(n') ,

the ” Ils being L2 Sobolev norms of order s in R

Both of these proofs may be microlocalized, so that not only the analyticity
but also the analytic wave front set of u may be reconstructed from that of f .
In particular, one says that (xo,Eo) ¢ WFa(g) for a distribution g provided
there exists a constant Cg and a neighborhood U of X and an open cone [

such that for all N there exists IN in €'(Rn) equal to g in U with
N gl. -N
< 1+
loy@® 1 ccqa+5h 7 eer

Theorem 1' (H6rmander, Sato). Under the hypotheses of Theorem 1, if
(xo,Eo) ¢ WFa(f) then (xO,EO) ¢ WFa(u) .
One can construct the Iy in the above definition explicitly:

comp, o

5 , there

Proposition 1.1. Given open sets U1<:C:U2 with 4 = dist(Ul,U

00
exists a constant K such that: for any N , there exists ¢N(x) in CO(U )

2
identically one on U1 such that

lafylal

(1.2) % (x)| < ka H 1%y if lal <2n .
N

(The construction of these functions goes back to Ehrenpreis. They are "analytic

up to level N" in that when |a| = N , the growth is (CN)N 5_(C‘)NN! ).

Proposition 1.2. One may take the Iy in the above definition of WFa(g) to be
gy (x) = ¢y(x)g
To get a flavor of the proofs below, we prove Theorem 1 using the localizing
o0
functions ¢N above, but assuming for simplicity that u is known to be in C (Q)
already, since we are interested mostly in the passage from Cco to real

analyticity. Also for simplicitly we take m = 2
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ANALYTIC HYPOELLIPTICITY

o0
Proof of Theorem 1 when u € C .

We fix N and will show that sup"D u” C!a|+1NN , the supremum over

L(U)

o
all O with Ial < N , whence also pointwise for KcZCZUO, sup|D u(x)|
K

N

S.CKIa|+1NN S.CKN+1N! Using (1.1), for some £ with |[B] =
B o-B o-B a-B
B - oo ull , < c(Ileo g Bull , + o2 ull )
L2(U) N L2 L2 N L2
(1.3)
- oL- o-B o-8
<c(llog®Bell , + lte,o 0™ Bull , + llo te,0®B1ull , + o™ Pull )
L L L L
Now EP,¢NJ =ZIa (x) D, (¢N)D +Ia (x)D ° (D, ¢N
= ?(coef.)¢&Dj + ?(coef.)¢ﬁDj + E(coef.)¢§
and e, 0% By = 3 [coef.,D“'B]DiD. - ) (“'B)(Dycoef.)DQ'B"YDiD_
R et j
1<yl

so that, writing now % for any D(s with |§]| =

(1) )N-1 (3) ;N-]
L Nlogo" el 5 sc (1 euwleoer] lla 0" Ml

i<2 1<j<4 U1 L

N-2
N-2 (k) N-k -2
* L (M:2) suplcoes. ©| o al_p + oy fan)

Uy

(1.4)

where "coef." denote any of the coefficients of P .

The above estimate may be rewritten

N— N-2
D lloy Vo), < e flo 0% 2]

i<2 L
(1.5)
+ +1 + —i=g-
+ C sup(2C)J k k ioeff 2: ||¢ (3+1) N i-3-k H 2
i<j+k=N i2 L
i,j<L2
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where we have used the bounds sup|coeff(k)| 5}Kk+1 k! and (N-z)k! < Nk for
U coeff k =

i

< N . We have also replaced the sum from 3j+k =1 to N of CJ+kF(j,k) by

k <
v j+k v
C sup(2C) F(j,k) , the supremum over j+k between 1 and N , with C
independent of N .

If one iterates this estimate until at most two derivatives are free to fall
on u , noting that every gain in such derivatives has shown up as a factor of CKN

or a derivative of ¢N and multiplication by C , in the end we have a right hand

side of the form:

n . . P "N . e s
(1.6) c  sup (2CK)J+ka||¢I\(IJ)DN 237k ] , +C sup (2CK)3+ka”¢I§3+1)D2 |
§+k<N-2 L §+k<N L
i2 i<2

2

Finally invoking the bounds in Proposition 1 for the derivatives of ¢N , together

with similar bounds for derivatives of £ , we have

Do llof oM )l , < @ (1e L 0%l , )

i<2 L al<1 L7 (u,)

uniformly in N , and hence the analyticity (in Uo)

2
Remarks on the L approach.

A more conventional form of this proof (see, e.g., Hdérmander, [10]) does not
retain the same function ¢N throughout but introduces a new cutoff function for
each iteration of (1.5). Thus each such function need only receive a few
derivatives and N such are "nested", each one identically equal to one near the
support of the previous one, the distance between the region where each is equal to
one and the complement of its support being proportional to 1/N , so that in a
uniform manner first derivatives of these functions may be taken proportional to
N , second derivatives proportional to N2 (and so on up to any given number

(independent of N)). Later on we shall have occasion to nest logzN such
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ANALYTIC HYPOELLIPTICITY

localizing functions ¢N with distances d, between the set where ¢N =1 and
J J 3
the complement of its support proportional to j—2 and Nj proportional to N/ZJ.

If the derivatives grow as in Proposition 1 with these constants and if ¢N

receives all N/2j derivatives, the total contribution to the iterated estzmates
will be CNN! times a product, from j =1 to log2N , of (j4)N/23 , which is
bounded:
(1.7) ﬁ v

. 14 37 sc]

Non-Elliptic Problems.

For non-elliptic operators P , the proof of Theorem 1 will not apply, since
G8rding's inequality fails. One can still achieve C®-regularity and even some

Gevrey class regularity by means of "subelliptic" estimates of the form (for m = 2)

(1.8) Ivll2 < el v |+ IIvll?) €50
L L

such as were used by J.J. Kohn for the 9-Neumann problem and the complex boundary

Laplacian, [:]  on, for example, strongly pseudo-convex domains. Here it is

b
possible, as we shall discuss further below, to write the operator [::]b as a

determined system

(1.9) P=73 aij(x,y,t)xixj + I a, (x,y,t)x, + ao(x,y,t)

where the a are smooth (analytic) square matrices and

i(3)
X, = . - Y. t i =1,...,
5 3/8xJ yJB/a j n
(1.10)
xn+j = 3/8yj j=1,...,n

The substitute for G8rding's inequality here is
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D. §. TARTAKOFF

vl s Ll < edievll + vl

for v € C: . Here T = 3/t . The following is in [16], [17]:

Theorem 2. Let the operator P have the form (1.9) and assume for simplicity that

the coefficients (x,y,t) are constant. Let the a priori estimate (1.11) be

a, .
i(3)
satisfied. If u € D'(Rn) with Pu = £ real analytic in U , then u is real

analytic in U .

Remarks. The theorem is true with no change when the coefficients are variable.
See Lecture 2 for this case. The theorem is true for higher order operators with
corresponding a priori estimates. The obvious microlocal versions of the theorem
are true, together with microlocal real analytic regularity theorems for certain
boundary value problems for elliptic operators, such as the 9-Neumann problem. We

shall come back to some of these later. For the moment we wish to set forth the

method of proof in as transparent a form as possible.

The Constant Coefficient Proof on the Heisenberg Group.

q

We denote by X any Xi coe Xi , noting that the Xj do not commute.

1 q

Using a result by Nelson, in order to establish bounds

%l ,  <clelig . all o

o

it suffices to show that there is a C' such that for all a,b:

+b+
| x®1°u]| ) < ¥ iy
L (U')
o
for some Ué:DD Uo . Now (1.11) treats X derivatives roughly as in the elliptic
case, but not the T derivatives. For in estimating high T derivatives, the
naive approach would bound, say, “X2¢TruH0 by ”P¢TruH0 , and the commutator of

20



ANALYTIC HYPOELLIPTICITY

P with ¢Tr will contain ¢'XTr and q)"Tr , which can be resubjected to (1.11)
only by writing a T in terms of two X's (by commutation); but the loss is too
great; two derivatives on ¢ for each T derivative gained will never lead to
analyticity. In place of ¢Tr , then, we seek another exptession, equal to ™ on
the set U° yet compactly supported which commutes well with the Xj

For r =1 we have

n n
1
I}"“ Z(xqu))xj B X(xj¢)xn+j' kal‘ [(T )¢'xk:|
j=1 j=1
n n
= - Z( X  .0)x. + Z(x X.0X . .
+ +
j=1xkn3 I 4= k37 "n+j
While ¢ does receive two derivatives, no T remains, and the "corrected" ¢T is
equal to T in Uo since all other terms have derivatives on ¢ .
To generalize this case, it is convenient to denote by X' the vector
X

(Xl,...,xn) and by X" the vector (X )

n+l’"° 2n

Then if we define
(T2, = ¢T% - L(X"$)X'T + I(X'$)X"T + Z L (xn®py x @
¢ b i3 lo]=2 !

B

_ )RR 1 i By gn
z (ij <1>)xkxj + Z (X'"¢)x ’

. l8=2 &

we have

' 2 l | 2 I 1
T) X, |= d SXU IS - "
(T7) | 0 an (T%) xJ (T) XJ

3 2
modulo terms of the form (X ¢)X~ . This suggests the following definition, where

we use multi-index notation:

|a
(1.12) (Tr)¢ = Z _(::L_)'B'_ (X'ax"8¢)x‘8x"°‘ Tr-|a+s|
la+B|<x *°F°
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Proposition 1.3. With (T"), defined as above,

¢
r v
ET)¢Jj]

modulo Cr terms of the form (Xr+1¢)Xr/r!

11
o

and [(Tr)(b,x;:' = - (Tr-i)Tq)X;

The proof is an easy calculation together with a shift of index.
Now we are ready to use (1.11) to prove analyticity. As indicated above,
estimate N derivatives of u in Uo , we shall nest logzN open sets Uj

choose functions ¢N , denoted ¢j for short, equal to one on Uj and in

b
o .
Co(Uj+1) with
(1.13) In%.| < xaZh lelylol o la| < 2n, = q.
j j j =Y
where d, = dist (Uj,R2n+1\Uj+1) = a/3° ana Ny = N/2) . For a>2 and

a+b §_Nj , we have the estimates

b 2, b a-2
(1.14) || x31u]| < Ix“r™y, x> ,
L2 w,) ¢ L2
Ll Rl < Py, 7R,
i<2 ¢y ®y L
(1.15)
i b-1 -i b i b+l . bta-i-1
+ Z ||x* (T )T¢'xa “ul| ,*C lexl(x 940X a2 , /b
i<2 j L i<1 L

b
(this expresses the result of trying to move two X's to the left of (T) )

95

2, b b a-2 b a-2
X (T P(T X + T X
%%, llp ™) ullL2 Il ¢ >¢j uIIL2

a-2
Xl ,<c
. 2 ¢

J

3
(1.16)
<c

”Ucoef-)l}<2,(Tb) xa"z:lull + 1™, 2
¢j L2 ¢j L2

(assuming that Pu = 0 , as we may locally in the analytic case; the estimates

92
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ANALYTIC HYPOELLIPTICITY

merely get a bit more complicated looking if we keep f at each stage). Now

[xz,(Tb>¢.xa'2]= [xz,(wb)q, ]xa“z vy E&x‘”}
] 3 b

b-1 a-1 b-1 a b a-2
= X(T )T¢ X + (T )T¢ X~ + Cca (T )¢ X T

J J 3

b+1) %2~ 1+b bx o (¢(b+1) a-2+b

+C (¢( /bt + C /b!

where underlining a coefficient indicates the number of terms of the form which

follows. Thus we obtain:

L

Lty )l , e ) Ikt @Rl
i 5 L i< 3
(1.17)

rea Ll 7 ml] , eod Lt @R, /b
i<2 j L2 L

b' .
Upon iteration, the terms still containing (T )Tb—b'¢ look like
J

e . s
cc®®" Y car ¥t x7 2Kk b' <b for some k < (a-2)/2 . If
T

i<2 bRy ”Lz'

we subject such a term with thrie X's to (1.11) we may wind up with a term only
containing one X . No matter; (1.11) also bounds terms with one X , though not
quite so well, and this will occur only once in the lifetime of any given term.
From this point on two X's will survive. The end result of these iterations will
be to halve the total order, and one additional derivative will harmlessly be
absorbed at this stage. We shall return to this point below.

When the fundamental estimate applied to an expression such as that in the

previous paragraph yields a term containing only X's , i.e., a term such as the

last in (1.15), it will be

cc® P’ (car® Z "xtp, BHD)) xamZkislpt gk ull , 7 Y
i<2 J L

for some b' <b and k £ (a-2)/2 . Thus we have at last
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|| x27Pul| ) <@ supremum
(Uj) b'<b,k<(a-2)/2
(1.18)
Y2 |l (¢(b+1) a-Zk-i-14b' k) L/
L

i<2

Of course we also may use (1.11) to yield, as in the proof of Theorem 1 but with

Pu=20,
i 'k 2 -2 k
2 lxted Ty PR Yo) xR Ry
i<2 i<2 <2 L
(1.19)
ve ) carlxte® T2y
i<2 L
(iterating)
ica+1 sup (a') ”Xl (2) a i k+k ” ,
2k '+4<a’ L
§=2 or 3
i<2

(i.e., keep applying (1.11) until all but 2 or 3 X's either give T's or land on

Y ). Together with (1.17), this is

a+b+1

leaTbu“ ) <ct ”X (¢(b+1+9,) a—l k k' “

2/(b')!
L

N
where the supremum is taken over all k,k',%,b', i and a with i< 2, b' < b,

n
2k £ a-2, a=2o0r 3, and 2k' + & < a-2k +Db' - 1 . Simplifying,

HXaTbu” ) ica+b+1su a ”Xl (b+1+2,)) a i k k! Ll”

2/(b')s
L (Uj) L

N
the supremum now over a = 2 or 3, 2k + & < atb' -1, b' < b .
Notice: the number of remaining derivatives is less than (a+b)/2 + 3 .

In view of the estimate (recall qj > a+b, q,+

=q./2
41 qJ/)
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—p' ' q. 49, q. _
j2(b+£+1)kb+2+1q];+b+2+1 b (ql; /oy <cd g 3 qu qj]:1 under the above
N
constraints on a,k,%2, and b' , we have finally
b ap
[x*r7u]| Ix*ral|
L°(u,) q. 4q, L (Uj+1)
(1.20) supremum ; <c J 3 I supremum 0 ¥
a+b§qj qj' a+bgqj+1+4 qj+1 :

Iterating this result at most logzN times yields analyticity in view of (1.7),

since the additional 4 derivatives on the right are harmless:

((..(((N+4)/2)+4)/2.../2+44)/2.../2+4) < 8

logzN times

II. NON-HYPOELLIPTIC OPERATORS; VARIABLE COEFFICIENTS

§1. Introduction.

The methods and results of the first lecture extend with no significant change
to higher order systems satisfying analogous estimates. Using this, the author and
L.P. Rothschild are currently studying questions of analytic regularity of
solutions to operators which have only "relative" fundamental solutions and whose
kernels and cokernels are infinite dimensional.

In particular, we consider homogeneous, left-invariant differential operators
on the Heisenberg group i

L = aX, ... X
|T]=m * "1 1

which are "elliptic in the generating directions", i.e., for which
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Z a (3/3x), is elliptic in r%"

[1]=m
*
(and the a, are constants). Thus here the Xj are (may be taken) as in the

first lecture, i.e., X' = (Xl""’xn)' X" = ) with

(Xn+1""'x2n

(2.1) Xi = 8/8xi - yiB/Bt, X; = 3/3yi, and T = 3/dt
Then Geller ([9]) proves the existence of a "regular homogeneous distribution" X
(plus log terms if deg L > 2n+2) and a principal value distribution P with

IK =8 - P . Here f - f*¥P is the L2 projection onto the orthogonal complement
of L acting on Schwartz functions. P is analytic except at 0 , and

Lu=f € ' for some u in ' if and only if f£*P is real analytic near

the point under consideration. When L is [:]b on functions, i.e.,

L=1L =-%3 (2.2, + 2,2,) + inT, 2, = X' + ix"
n 2 33 i3 ] J ]

in the conventional notation, then P is the Cauchy-Szego kernel. In this case,
the above results were obtained by Greiner-Kohn-Stein ([7]1). When P = 0 , the
methods of the first lecture show that u is real analytic whereever Lu is.
When P # 0 , we have studied the analyticity properties of K (and P) by
using an idea of Beals and Greiner together with the estimates of the first
lecture. Namely, for small, non-zero complex A, LA =L+ A Tm/2 is again

homogeneous and has no cokernel, i.e., the corresponding PA is zero, and hence

the corresponding KA preserves local analyticity. Then, writing

The left invariant vector fields on the Heisenberg group are usually given as
Xa = B/BXj + 2yj8/8t, X; = B/Byj - 2xj3/3t ; since the group law is of no interest

to us, a simple coordinate change brings them into the above form. The

coefficients of L remain constant, of course.
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where Fe is a small contour containing 0 , we have

The estimates of the first lecture, (uniform in A!) then show that Qo (and Bo)
preserve (micro-)local real analyticity. We hope to study variable coefficient

operators of this form soon.

§2. [:]b and the 9-Neumann problem.

The (real analytic) boundary, I, of an open set Q in ¢n inherits a

natural splitting of its complexified tangent space:
¢Tr =T @ T @ F where T' = T"

and sections of T' are the restrictions to [ of holomorphic vector fields
(from ¢n) that are tangent to ' . F has complex dimension 1 and is spanned by

.. L be

J3/9v , where VvV is the (unit) interior normal to [ . Letting L o1

17
certain local real analytic sections of T' , and defining []b in terms of the

Lj , the operator

=957 *
Ly = 8,9,% + 3,%9,

may be viewed as a determined system mapping smooth (p,q)b forms to smooth

(p,q)b forms, and, in a local frame, has the form

_ (=) (=) (=)
P".Z.aijr“i Ly+Lla L +a,
1,] 1

with real analytic matrix coefficients. When the Levi form, cij
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(2.2) [Lj, Lk] = T mod (Ll""’Ln—l)

Cjk

satisfies Kohn's eigenvalue condition Y(q) , we have the a priori estimate

(=) (=)
Y 1D el <cdpvll Lo+ NIVl
& iyl 2 1.2 L2

for v of compact support. Writing X,,...,X for the real and imaginary

1 2n-2

parts of the Li , this estimate is (1.11).

§3. Proof of analytic hypoellipticity.

Now the operator has variable coefficients and the vector fields {Xj} are
not those given by (1.10). But a simple consequence (due to A. Dynin) of the
Darboux theorem then asserts that when det(cjk) #0 , (i.e., the Levi form is non-
degenerate) then we may change coordinates analytically and obtain the form (1.10)
without changing the linear span of the Xj . And clearly we still have the

"maximal" estimate:

2n-2
(2.3) D il <cdizvll, + vl o ve e

i, j=1
The proof of analytic hypoellipticity here is the same as before except that
the coefficients are variable. Thus in estimating, for
-2

: " a
a>2>2 i,||Xl(Tb) °x® lu][ we encounter, in [P,(Tb) ™x%7°1 , obvious terms

= ¢ L2 0
. b 2 c.a-2 .
such as those in (1.17) where (T ),[Lcoef.X",TX ] enters, which are handled as

¢

before, and terms of this form

[g(x,y,t),(Tb)¢]Tch

where g is one of the coefficients of P . This has been treated in [1], but we
have a simpler version of this essential Lemma which we give here:

o  2n+1 o
Lemma 2.1. Let g(x,y,t) € C (R ) . Then for any ¢,v € Co and any s > 0 ,
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Ci+j I(Di+j+kg) I

s
L™, ,9lv]| < c,.
¢ 0<i+23+k<s -IkS
[FRNY e v=v'-y"
(2.4) . Ssupremum |yu VIV o g °
lu [<iy o +] vt | <3=] ]
s-i-2j-k V'
o (T ) o ailmr X" v| .
D1+J+|\) |¢ l
Here C = (s-i-j)!/i!j!k! (s-i-j-k)! All X's act on everything and D stands

jiks
for a gi', z = xl,yg,t , 0or T or an X . The underlined coefficient indicates

{44
that for each 1i,j there are ¢ terms of the form which follow.

Admitting the Lemma, which we shall prove in "easy" stages, note that

k
s

< -2
ijks — i!jtk!

i+j+k

)| will be bounded by <,

i+3+
173 kg ; derivatives

c i the (itjtkn) "o
k
still able to hit ¢ or g are reduced by k , hence the s . The rest of the

decrease in s merely turns up as free X's or passes to ¢ .

Proof. First consider functions g independent of t . Then
P (—1)b a_,b b, ,a -a-b
ET ) ,g]: Z Y (x'%x"°pyx'x"?, g TP
¢ |atb|<p L7°°°

b
-1
(2.5) =y Z(a”)o! (:.)(EJ .

|atb|<p 1<|a'+b'|<|a+b|

a'<a
b'<b
' - ! “H! v -h! -a' -
o (x12'xr372" bbb ¢)x,b b' wa-a' p |a+b|
Thinking of a-a' = a" and b-b' = b" as new indices depending on a',b' ,

1
associating X"b directly with ¢ and, thanks to the special form of the

9 ] 3 9 a'
LGt AR, —_— — " = | " - 1
Xk 3% yk 3¢ ! so that [}x + X at,X 0 , the extra X to the left
k k
have their §§|S and g%”s pass directly to ¢ and the coefficients Yy remain
) 1
with g . 1In all, then x'2 gives rise to 2Ia I terms each of the form
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(a'+b'") N

g a'-a' a" b"[ 9 al_’a\jl b!
L) S o e (F )2 e

. levv x"all T(P_|a|+b||)_|a||+buy
a" o

N
for some a' < a' . That is, for g independent of t ,

l:(T) } Z - 1)b' ,\,Z: (rg:)(_y)a'-lg' (va'x'.aé) o

1<|a +b' |_p a'<a' a'tp't

‘Tp_(a%'))(i)a"g' (2] e
ot ox

1S

When g depends on t , we must also consider the effect of

[Tp—|a+b|,g] = 2: (p—li+b|)g(k)Tp—|a+bl-k . The difficulty here is that
1<k<p-|atb]|

-|a+
the coefficient (p li bl) should not involve |a+b[ explicitly or else it

distorts the sum

-1)° a.b a (p-k) - |a+b]|

(2.6) z b (X' xX"7¢) X' x"

with different weights for each |a+b| . To resolve this we use an elementary

expansion for the binomial coefficient:

P 2 () et (+2)
<k
E£|a+8|

Together with a change of indices this shows, after a tedious calculation, that

2.7 m_(A+A',B4B') = Y Bt emdn L @am)
i+2j+k<s 1 J
- (s-i-j)! L 8S” ’L
where CleS = 113kt (s-ijK) T ° Here ﬂs(éfg) g;g A'B .
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If we let A = O(X_,X,) = <X" ¢ X!> - <x' « X"> (X is the vector field X which
- v' %o v [0] v [} v

"sees" only Vv and its derivatives, not ¢ , similarly with X,k ), then it is easy

¢

to see that

T (0(X_,X),T) = (%) v

s v v [
provided X' always is taken to act to the left of X" . Now we have

(Ts) gv = m_(A+A',B+B')gv

[} s

with A = O(XV,X¢), A' = o(xg,x¢), B = Tv, B' = Tg so that (2.7) expresses our

commutator, if we take 1 < i+2j+k < s in the sum, except that

A‘l(—A)Jn (A,B) will contain the order restriction (X' to the left of

s-i-2j-k
X"). That is, (-A)J will contain some X;'s just to the right of ¢ and at

will contain some "extra", X$ 's as the left-most derivatives of ¢ .

Written out in our previous notation, (2.7) looks like

(TS)¢gv= Z 13ks Z Z( )( ).

1<i+2j+k<s i'<i 3'<3

" i’ i-i! ] VX" -3
o (X".X' —X'.X") X" x . .
( g ¢) ( g % ¢) (- ¢) g

b
-1 -i=29-k- +)
. Z: ;'bz (X,bx"a¢)xlax"st i-2j-k |a b|

|a+b|<s-i-23-k

but rember that all X$ act to the left of all X" , all X; to the left of X;

¢
(and likewise for xé,x;). The X$ just sit against ¢ , and the X; just sit
against v . As above, the extra x& (within dot products) are written out:
9 39
X! = 2=) - yl==
o = (%) - o),
¢ ¢

the derivatives passed onto ¢ , the powers of y left to the (extreme) left.
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Extra X; (also within dot product) are written as (X; + X&) - x& and the X$
treated as above.
Finally, expanding the dot products:

(A-B)2= Z (i’)’n(A.Bj)Aj= Z (Q)AXBA

Ix[=2

1
where (i) = X_TX_%;__X_T , we have the statement of the Lemma. (Though this may
A A

seem complicated and combinatorial, the proof in [17] is more so).
To complete the proof of the theorem we have only to observe that the
iterations of (1.17) of the first lecture proceed very much as in that case. We

have seen how the terms in the Lemma contribute; losing at least i+j+k free

i+5+
derivatives we allow Ctg? k since g belongs to the (finite) set of (analytic)
coefficients of P ; |y| <1 in supp ¢ so powers of y to the left of all

derivatives are harmless; in the Lemma, of course, new X' derivatives appear to
Sl
the left of (T )¢, - but these may be commuted to the right quite harmlessly.

The actual proof, as in [17], defines a formal norm for finite expressions of

the form

c=zc |l .|| , with o ., =x*1°() . ™%
A'TA,00 2 ' Dh¢,

where A = (a,c,b,d,e,h) , namely

ol = zlc, [&En A1/,
where |A| = a+c+b+d+e . Also, we set “A|‘=|A|+c-+d,i.e. doubly weighting pure
T derivatives. One then shows that applying (2.3) to an expression X2GA ® of
the form above leads to G = I CA',¢”GA',¢lI whose H Il& norm is bounded by C
times [|x%c, olly butall &' in G have [a'| < [a] +2 ana [a']| < [Ia]l + 2
(provided K 1is well chosen and we assume |Dag| 5_€Ial|a|! in the (small)
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support of ¢ with € small, as we may by dilation). Calling GA' ® simple if

b=0 and a+c £ 1 , we may iterate the above for GA, not (yet) simple. One

10

apparent hitch is that if b #0 and a +c¢c =3, two X's may commute to give a

T ([P,x] will contain coef.XT in general):

3' L]
= Y = XG"
Gp,p = X G'pr, g X600 4 S

So far |A| has dropped by 1, ”A|| remained the same. How to treat one X? A

temporary excursion into forbidden territory is the solution:

)

2 1 2 2 2
lxrey, 1%, < 5 (Ix%2sy, (112, + liney, I
A',9 L2 2 A',$ L2 A',d L2

and since contains a T = EX&,X;] , in both terms on the right we have two

TG!
A',0
X's , |A| is back up, ”A|| possibly up by 1. But on the next iteration,

2
“X T, ¢|| , — terms with at least two X's, and to get into this situation
’

again with 3 X's [coef, (Tb) ] must generate an X ; it does so (cf. (2.4)) in

¢
the form
" _yt_yn 24 '
y VYV e (P72 selvr], =
D ¢
|v| =3, i.e. |A| is now reduced below its original level, ”A[l no greater.
The ” ||; norm thus rose briefly but is back down (after two iterations).

Thus the iterations may continue until each GA is simple (at most one X

9
and b =0 ). At this point the total order has dropped by half and the rest of

the argument is just as in the constant coefficient case (cf. (1.20)).
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III. THE ANALYTIC PSEUDODIFFERENTIAL CASE

In this lecture we want to show how these L2 methods are able to appreciably
simplify recent proofs of Métivier covering hypoelliptic pseudo-differential
operators.

We consider a pseudo-differential operator (or system) with symbol
p(x,8) ~p (x,8) +p  (x,E) + ...

where pm_j(x,i) is homogeneous of degree m-j in & . The characteristic
-1
variety I = P (0) is assumed to be a submanifold on which P vanishes to

exactly order k and pm—j vanishes to order k-2j . As in [4] and [13], we

assume that P is subelliptic with loss of g— derivatives.

Theorem (Métivier [11]). If P is an analytic pseudo-differential operator as
above and if, in addition, I is symplectic then P is analytic hypoelliptic.
The condition that I be symplectic, used in [17], is the same as the non-
degeneracy on the Levi form in [16] and was actually introduced in [15] two years
earlier to "break the Gevrey class 2 barrier"; unfortunately only quasi-analytic

and N G° hypoellipticity was achieved in [15]. Also it was clear from [9] that
s>1

some additional assumption on I was necessary for better than G2 regularity,
see also [2].

Métivier's proof, like Tréves' for the case k = 2 ([18]), constructs a micro-
local pseudo-differential parametrix of type (%,‘%) , and the estimates required
are very delicate. After a microlocalization, which seems unavoidable here even
for partial differential operators, he uses an analytic canonical transformation to

bring I near (xo,go) € I into a standard form
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and an associated elliptic Fourier integral operator with analytic real phase and

classical analytic amplitude. The problem is reduced to one concerning

P = Z C_(x,D)A
| ]=m S A |

The CI are analytic pseudo-differential operators of order 0 in Rn, 2V + 1< n

i = < 3j< =
and the Ai are given by Aj B/axj , 1<3<v, and Av+j xj 8/3xn,

1< j<vVv . The addition of variables brings P into the form (with the Xj of

lecture I, t = X and yj = xv+j)

(after taking a power of P and multiplying by an elliptic factor so that
m =k > V). From [4] and [5], we know that the hypotheses on P are preserved
under these operations, and that what we must show is that (0;0,...,0,1) ¢ WFa(u).

The condition that P be microlocally hypoelliptic with loss of k/2 derivatives

k

is that: the kernel in LSZQOE ]
(Xolgo)

(p) is {0} for each (xo,Eo) € I ; where

k Z 1 a.B B

o (P) (y,D ) = 3%9°p . (x_,E)y'D
(XOIEO) y 2j+|a|+IB|=k0t!B! x £ m-j o' “o y

(cf [41, [13]), and this condition is equivalent to the "maximal hypoellipticity"

of

z: c_(x ,& )X

P
(XO'EO) lI!=k I o "o I

(see Beals [3], Helffer-Nourrigat [8]) that is, HCw : Vv € cZ(w) , W fixed,

3.1 L lxpvll , < (lle ol 5+ vl )
[T]=x T 127 @\ (%80 1,2 12
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We claim that a similar estimate holds for P , provided the functions v are
consider have suitably restricted conic support.

Since u belongs to €' , it belongs to some Hs(Rn) . We shall assume that
s = 0 for simplicity and in fact later, also for simplicity, that u € C:
(actually the c” regularity is well understood ([4]1,[L13]1)). The functions v we
shall insert into our estimates will be of the form v = ¢(x)W(D)Dau where ¢ and
Y have small (small conic) support, Y(£) being homogeneous of degree zero

outside a large sphere. Thus v has small x-support and the difference

(p(x £y X cI(x,Eo)xI)v
(] (]

has L2 norm bounded by € times the left hand side of (3.1). To replace

n
CI(X,EO) by CI(X,D) , we introduce Y¥(£) = 1 near supp Y(£) and obtain

(P(XIEO) =73 cI(x,EO)XI) :
va
vl < cliz ¢ yoten®all + ...
n o v O
(3.2) < C“ZCI(x,EO)‘PXId)‘l’D uHL2 + z||cI(x,£o)[xI¢,wwD uHL2 + ...

s I
_<_CHZCI(x,D)\1‘><I<1>‘1f1>0‘u||L2 + eZHxIvHL2 + c||v||L2 + Z||R1‘PUHL2 + ...

"
where R{ = EXI¢,W]Da (since, modulo terms of order -1, c(x,Eo) differs from

" "
c(x,D) on functions ¥ w in norm by ¢€]|¥wl|| , 1if the cone supporting I' is
L

narrow enough). Here the ...'s refer to the last term in (3.1), which will
N
reappear below. Commuting ¥ back past XIDa¢ only adds to the RI , term; thus
I
G alxgll , <cdipvll, + vl + Sl
L L L I
To control RI (which has zero symbol) we present a lemma next which will be
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used again below.

Lemma 3.1. Let ¢(x) € C: and Y(§) € Cw satisfy the estimates:

0] SK(LOLHIN(LG" la| < 2N

(3.4) _l8
|D§‘I’(E)I gx\LB|“(1 + JQ.) |8| < 2w

Ny

Then for k + s < min(N,,N

¢ ‘1}) IM

[6,¥(D)] = > (Diq))((n‘g

¥) (D)) /a! + Ry
o|<M

where the L2 norm of DkRMDS in a compact set K is bounded by

s_M+1_ M+k+n+1 M+k+n+l s s
+ N, !
CC Ky Kq) N¢ (N¢ \y)/M

Proof. The symbol of R, rM(x,g) , is (211)-n JrM(x,n,g)dn where (cf. [1])

M

1
Dz‘{’(£+tn) (1-t) IYl_ldt/y!

ry(xm,8) = 2: ilY'cix'nnyé(”) J
0

|y |=m+1

For x €K and 2|n| < |&] , (3.4) implies
1
|EISIDEW(E+tn)! SN$K\LY|+ CS

and

|&+Y|+n+1 ]3+y|+n+1 n+1
¢ Y L

r\' -
Y o | < cx /(1+|n

so that for 2|n| < |&]

n n
s+1Kla+Y|+n+1KWY|+1NSN|G+YI+n+1/(1+|ﬂ|)n+1

N
S, 0
€] |Der(x,n,£)| <c Ny
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when |&| < 2|n| ,

n N
+ +a 7 +a |+ +a |+
IDgW(E + ] < K¢YI Y oana g5 | 5,C5K$Y o SN$Y of+s
Crudely estimating the L2 norm in K of DkRMDS by a constant CK times
sup ]Der(x,E)|€ts] , these estimates prove the Lemma.
|o|<n+1+k

x€eK, E

The localizing functions ¢N(x) we use will be as in lecture I:

o -1 o]
(3.5) |p ¢N.(x)| < (Cd Ny

< la] < 2w,
5 3

with dj = d/j2 , Nj = N/2:'—1 . For the functions WN (£) we have
J

Proposition 3.1. Given two cones, Fl(:C:Fz with the infimum on the sphere of
|E—n| for y € Fl' &£ ¢ le = e there exist WN(E) € C:(FZ) and identically one

in T, N {|g| > 2n} with
a -1, |al+ (N lo|
D™ ©) ] < (ke™) (TET) + o] < 2N

K is independent of N and the WN are zero for |£| <N .
Such functions are constructed in [1]. The restriction that the WN are zero

AN
for [E[ < N is minimal since for |E| < N, |a| <N, IDuv(E)I2 §AN2N|V(£)|2 , and

thus
ON N
(3.6) v ||, <cnt vl ,
L7 (5] <) L
To prove the theorem, we show that (xo,go) ¢ WFa(u), x° =0,
go = (0,...,0,1) . That is, by Proposition 1.2 of lecture I, that for some cone

r-=«(,...,0,1) ,
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N N

2 (N+n°) /2
lca+]g]%) WN(€)¢N(x)u(E)”L2 CN

where ng depends only on n . In the support of WN ’ IEI 5_C|§n| so it

suffices to show that

HTN¢N(X)‘!‘N(D)uII , < MY
L

(using the lemma above to interchange ¢N and WN ) and since [xa,x;] =T and k

is even, we shall estimate

k, N N N
(3.7) || 5T 9 ()Y (D) Il yLCN

L

N
As we saw in the previous lectures, merely localizing T in this fashion

will not do. The suitable analogue of (TP) here is

¢
lal
(TP) Z L ada, adb" (9¥) o vaxuaTP_la"'b(
oY ] alb! X X
a+b|;p
(i,,i,,...,1 )
where ad 12 lal (g) stands for
Cx! ,Cx! ,C...CX! ,911...]
1R Yol
etc. We have, as one may verifies at once,
[xj,<1~9)¢(xmn)1 =0 and
(3.8)
" = -1 "
L )y v = g0 0¥ 0117

modulo Cp terms of the form

109



D. S. TARTAKOFF

ad§+1(¢W) ° Xp/p!

Sketch of the Proof.

This series of lectures is not the place to write out all details of the
proof; they will appear in a forthcoming article. But aside from handling the
localizing functions, via the above Lemma 3.1, along the same lines as in the case
of function coefficients, the main difficulty arises in connecting the pseudo-

differential coefficient with (TS) We outline below the result of this

oY -

commutation.

We next open sets U ccCU cCcc...ccU ccU and choose the separations
o 1 log2N

SOTP") = a/27 as pefore, (d_ =4 and let Ny = n/237t, 0500 =1

dj = dlSt(Uj,Uj+1

o
near Ui' € Co(Uj+1) with

|o|

lafy!
3

(¢} -1
| £ C(kd, 2N,
|D¢J|_<J> la] < 2x,

We also nest cones To cc l"1 cc...ccT ccl' with separations

log2N

= 4 _ comp _
ey = dist(T, N {|g|=1}, L9 n{jg| = 1h

with ey = e/27, e, = e, and wj(g) =1 on Fj n{|g| z_Nj} , zero outside
00
> i >
Fj+1 n {|£| —'Nj+1} , C , and homogeneous of degree zero in § for |£| __Nj
and with

N, o]
Q, -1 |al+1 ( 3j )

DVY.(E)]| £ C(Re,")

| 3 ol < 3 €
for |a] < 2Ny (= N/27) .

The first step is to replace (3.7) by an expression whose main T-dependence is

. N . . .
in the form of (T )¢W . Taking the WN , ¢N in (3.7) to be ¢0,W° , and assuming

f =0 for simplicity and u € CZ , we write
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kaN¢°(x)wo(D)u = kaN¢owou = ¢OW°Xk(TN)w u+ Ru

191
where
K, N K N N
R, = [XTV,0 ¥ 1 + ¢ ¥ X (T-(T )w1¢1)
k+N L} ' k k' L}
3 (g,) (i,) adf ady (o ¥ )X T T Ry
K+ =1
with

_ k, N _ N
Ry = ¢ ¥ X (T - (T) )

o1y

(which has symbol = 0).

Thus
k+N 1 Ll 1 1 k' N'
(3.9) <y Y ou = (g,)(t,) ad§ ad (q>o\1'0)xk'k (N Jow (* B3
°© K'+N'=0 11
with

k', N' _(N)(k k' N k-k'( N-N'_  N-N' )
Ry = (N') (k') ady adp (0¥ )X (T (T )¢1W1

whose symbols are all zero.

These remainders are estimated via Lemma 3.1. Here we pursue the main
argument.
k' .N'
In the first terms on the right in (3.9), we recognize that adx adT (¢OWO)

'
is a bounded operator in L2 . It consists of at most 2k terms of the form

(xk--k"-zzTN-+2¢ ) . (adk"(w ) k")
o y o

" n
for some £,k" with 2% + k" <k . Now adz (‘i’o)Tk is bounded in L2 by
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construction of Wo by cC(K e_l)k Nﬁ while

LI P L ] - 1T_n "
ka k 22TN +£¢o| < c(xa 1No)k K"+N'-%

1 1
so that the L2 norm of adk adg (¢0W0) is no greater than

- - 1] 1]
P @+ e )

k-k' N-N'
| % T

( ) u|| we use (3.3), with errors Rlu as
o, ¥y 1

To estimate

indicated there which have symbol zero, and must bound the commutator

[P, (TN_N')q) ‘P‘]u = l:c (x,D), (T N ¢ ‘y‘:lxku
1 [1l=x 1
+ X ,(T ' ]u .
|1|~k [ ¢1“’1

2
The CI being bounded, the L norm of the second term on the right is bounded by

(3.10)

a constant times

i N-N'-1 k-i
Y kb LT [
Gt i<k adp(¢,¥,) 12
Z CN— HX o ad N -N'+1 (q) ° Xk—i—1+N—N'uH 2/(N—N') !
1§k 1 L

just as in the earlier lectures, in view of (3.8). 1In fact, the further fate of

the terms in (3.11) is just as before, with ¢(2) replaced here by ad£(¢ W )
Ial
i s _ (-1)| . = y1Pyndps- | a+b]
Writing (T )¢W = NTY! Aab(¢W) ° By with Bp = XX

|a+b|5§

we write

(3.12) c., (%), |= el c.a. s +a_|c.,B
: 1’ ¢¥ | L—alb! I'"ab| ab ab| "1’'"ab

Now the analysis of the second term is simple. For [Xj,CIJ is the pseudo-

differential operator given completely by the symbol O(CI) , which we

Ho(x.)
]
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shall write HX CI abusively. The analysis of the second lecture applies
completely, and gives us a sum of the form

lal . s was . -
- " — gyt b —it4g=5"

1<8<s  |a+b|<s
i+2§+k=4

11%4,3'55,3"<5-5"

i_su i . o .
° ((-HX,)1 . H)l(,, H,]I{.+J c) e x'PxndpS™ "D o yud / (s-2) 1

)C in

which have a good form except form except for the presence of (HX,),(HX" T

"
the middle. One might think that H;, on the left was a problem; but HX'
3

] 3
consists of three terms: ) XV+' T ! and & sz- . The first and third of
xj 3 oox, n V45

)
, as does i The "coefficients" of these
n

a an
’ . + remain where they are or are even commuted with x'J
3x_ " *V+3
n

: a b
these commute with HX' ’ HX"

and brought out

of the norm, just as in the second lecture. It remains to treat the problem of
My
commuting cr (or its derivatives) with operators such as Aab(¢w)

Here we need a special form of Leibnitz formula in terms of operators, not

just symbols.

Proposition 3.2. Let G and H be classical pseudo-differential operators and

let G(G) = 0 (36DY0(G)) (full symbols) Let {G} =G - op(o_(G)+ + 0 _(G))
M - PV : s P9 T %
where 0(G) ~ OO(G) + Ol(G) + ... . Then
N
(3.12) [G,H] = Bl o w® g By ey R
|B 21 (B) (B) M
for any M , where
v 3 [B]+1 (8) (8)
+
R e [T P
(3.13)
_ on (B) o (B) )
(H g)°G H gy °C M—|B|) /B!
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A e
In practice, H =C (or some H-H)C_ ) and G = H "(¢W) for some ¢,Y .
I XTI X
That is,
QY %Y
b - +1
(3.14) Hy Hy, (9¥) ec = -1y Bl 2 2 ) <3)/3.
X''X B
I8]=1
M
My
+ Z (-1 I8l c, o (H:,HX..((P‘P))(B) B!
[8]=0 (8)
N
modulo the remainder RM which consists entirely of terms of order -M . The
operators CI (x,D) and C(B) are treated like CI , while we rewrite
(B)
Q%Y v
a b (B) a b ) 3 .

(H %! x"(d)“l’)) and (H X"(¢W)) 8) somewhat. Since ij and BE do not in
general commute with HX' and HX" , we cannot simply write X,,(((jb‘i’) B) and
. b , UV 3 9

X X,,((c})‘i’) ; but we may write % and —g— as linear combinations of vector

]

. n \ . s . . . .
fields Yk on T*R with coefficients which are linear functions of the variables

My
xj , such that L[y ,H_,] =LY ,H ,] = 0 , pass these vector fields out ¢¥ , and,

kX! k"xn
j J
as before, leave the powers of x to the left.

Using the Proposition, and the discussion before and after it, we can write

s £ £ v V' s' v i
o A
CI,(T )¢W] as a sum of terms of the form CI X o (T )¢'W' ° X plus RM
v 2 ' s! "
with CI bounded in L~ and some gain in X (T )¢'W'X as in Lemma 2.1 in

lecture II.

All remainders encountered lead directly (i.e., without further iterations) to
bounds of the form CNNN . We shall not work out the bounds in more detail here as
they will appear in a forthcoming paper.

With these ingredients one may follow the iterations presented in the second

lecture.

Concluding note. We do not claim that the above proof is "simple". But it is
essentially elementary and accessible and, we feel, demonstrates the power of

purely L2 methods plus purely classical results on pseudo-differential operators.
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