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WEIERSTRASS POINT S ON CURVE S 

Dan Lakso v 

Introduction. 

In the followin g articl e we give a définition of Weierstras s 

points of complète linea r System s on non-singular curve s 

which has three main features . Firstly, it is a natural défi -

nition i n the sensé that it interprets Weierstrass point s i n 

terms of rank conditions on maps between vector bundles o n 

the curve and brings out the often overlooked connectio n be-

tween Weierstrass point s and properties of associated curves . 

Secondly, the définition take s int o account the multiplicitie s 

of th e Weierstrass points . To associate multiplicities t o th e 

Weierstrass points we construct a global wronskian déterminan t 

associated t o the linear System . This construction i s the 

central part in the global stud y of Weierstrass point s an d 

leads to a formula fo r the total weight of the Weierstrass 

points and t o a generalization of the Brill-Segre formul a fo r 

(r + 1)-tuple points of the linear System . The existence of a 

formula fo r the total weight of the Weierstrass points i s 

rather surprising a s it is well known that there are curve s 

of arbitrary hig h genus with only one Weierstrass poin t (se e 

e.g. Example 3 , § 6 ). Thirdly, our treatment i s independen t 

of the characteristic an d shows how th e classical formula s 

carry over t o the case of non-classical ga p séquences. The 

most surprising par t of this article i s that there exists a 
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formula, mentioned above , for the total weight of th e Weier-

strass point s whereas ther e i s no natural generalization o f 

the classical formul a fo r the loca l weight (Remar k §  6 ). 

When th e characteristic o f th e ground fiel d i s zér o ou r 

définition give s th e traditional Weierstrass point s wit h 

their multiplicities. However, even i n this case our poin t 

of view tha t puts th e Weierstrass point s and th e associâte s 

curves o n an equal footing , contributes t o the understandin g 

of th e geometry o f the curve. We shal l not, however, exploi t 

this connection below. I n arbitrary characteristi c Weier -

strass points have been defined previousl y b y F.K. Schmid t [10 ] 

for the canonical linea r Syste m an d by K.R. Mount and O.E. Villa-

mayor [7 ] for arbitrary linea r System s and also fo r higher dimen -

sional varieties. Our définition specialize s t o give the sam e 

point se t and th e same gap séquences a s those given by Schmidt . 

He was however mainly intereste d i n the Weierstrass point s a s 

a point se t and i n spite of using a  wronskian déterminan t hi s 

treatment i s completely différen t fro m ours. On th e other hand , 

although th e Weierstrass point s a s we define the m differ fro m 

those of Mount and Villamayor eve n as point sets , our treatmen t 

is in spirit much close r t o their approach. They tr y t o inter -

pret the Weierstrass point s a s singularities o f mappings o f 

bundles an d i t was th e attempt to understand th e différence o f 

their point sets with thos e of Schmidt that was th e startin g 

point of th e work presente d below . 

Section by sectio n th e contents of this article i s as follows : 

§ 1 . We recal l th e main properties o f th e bundle of principa l 

parts and define th e wronskian bundles. 
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WEIERSTRASS POINTS ON CURVES 

§ 2. Weierstrass points are defined an d interprete d i n terms 
of th e rank of the wronskian bundles. 

§ 3. The wronskian of a linear Syste m i s constructed an d th e 
global enumerative formula s and th e Brill-Segre formul a fo r 

(r + 1)-tuple points of the linear System i s discussed. 

§ 4. We give relations between th e local invariants of th e 
linear System and express th e maps of principal parts locally . 

§ 5 . When the characteristic i s zéro or greater tha n th e 

degree of the linear System we sho w that we obtain the classi-

cal formula s fo r Weierstrass points. 

§ 6. We présent three examples tha t illustrate th e pathologie s 
discussed i n the article. 

I would lik e to thank S.L. Kleiman fo r a very carefu l readin g 

of the manuscript and fo r his valuable comments. 

§ 1. The bundle of principal parts. 

Let C be a non-singular curv e of genus g and D a positive 

divisor of degree d and (projective ) dimension r . 

Dénote by I  the idéal defining th e diagonal i n C x c and by 
C(m) the subscheme of C x c define d by I m+1 .  We hav e 

(Qj)®m = im/im+1 . 

(See e.g. [2] (17.12.4). I n [2] (16.3.1) thi s relation fo r 
m = 1 is used to define the Kahler differentials.) Dénot e by 
p and q the projections o f C x c onto th e first and secon d 
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factor. The exact séquenc e 

0 - im+1 - °CxC "* ° C ( m ) - ° 

tensored b y q *0(D) gives , after passing t o cohomology, a lon g 

exact séquenc e 

(1) 0 -> P*(lm+1 »  q *0(D)) - p„q *0(D) -> p*(q*0(D) |C (m) ) -> 

- R1p*dm+ 1 ®  q*0(D)) -> R1p*q*^(D) - 0 . 

Here we have zér o to the right because p |c(m) i s affine. 

The bundle Pm(D ) of m'th order principal part s of D is define d 

by 

Pm(D) =p *(q*0(D) |C(m) ) . 

Via p th e principal part s have a natural structur e a s ^-module s 

and P°(D) =  0(D). 

From th e exact séquenc e 

0C(m+1)°C(m+1) ~* °C(m+1) ° C ( m ) -» 0 

we obtain an exact séquenc e 

(2) 0 - (Qj)®m ® 0(D) - Pm(D ) - Pm" 1 (D) - 0 . 

We se e that Pm(D) i s a locally fre e Oç-module o f rank ( m + 1 ) . 

By fla t base change we have R^q*^ (D) = H2-(C, D) ® QQ (D) . Let 

vm :  H°(C, D)c -> Pm(D) 

be th e map defined b y th e séquence (1) and le t Bm(D) an d V ^ D ) 

be th e imag e and cokernel o f vm. Since Pm(D) i s locally fre e 

we have tha t Bm(D) i s also a locally fre e Oç-module. 
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From th e map Pm(D) -* Pm (D ) of séquenc e (2 ) we obtain a 

natural commutativ e diagram , 

(3) 

0 -> Bm(D ) - > Pm(D ) -  V^CD ) - * 0 

0 -* Bm"1 (D) - P*1"1 (D) - V"1"1 (D) - 0 

with surjectiv e vertica l maps. Moreover, we obtain fro m th e 

séquence (1 ) an exact séquenc e 

(4) 0  -> V^CD) - R1p+(lm+1 <z > q*0(D)) - > H1 (C, D)c -+ 0 . 

By th e principle o f exchange we have fo r ail points x € C a n 

isomorphism R1p+(Im+ 1 ®  q*0(D))(x) =  H1(C, D - ( m + 1)x). 

Consequently we obtain fro m the séquence (4 ) a natural com -

mutative diagra m of vector space s 

(5) 

0 -» V^Cx ) - > H1 (C, D - ( m + 1)x) - H1(Cf D ) -* 0 

0 -> v111"*1 (x) -» H 1 (C, D - mx) - * H1 (C, D) -+ 0 . 

Here th e horizontal séquence s ar e exact because H (C , D)c i s 

f ree. 

Proposition 1  « There are integers 0 = bQ < b̂  < ... < br < d < b ^̂  = 00 

such tha t rank B^ (D) = ( m + 1) for b <  j < b . „ and m = 0, r . 
m =  m+ 1 

Proof. It follows fro m the Riemann-Roch theore m tha t 

h (C , D - ( m + 1 ) x ) =  g - d + m when m > d. Consequently, whe n 

m > d, we se e from the séquence (4 ) that (D ) is locally fre e 

1 m 

of rank g - d + m -  h (C , D) = m - r. Hence rank B (D ) = ( m + 1 ) 

- ( m - r) = r + 1 when m > d. The bundle 3°(D) i s of rank 1 . 

Indeed i t is a subbundle of P°(D) = 0(D) and i s nontrivia l 

because D i s positive. It follows tha t the rank of Bm(D) lie s 

between 1  and ( r + 1 ). Moreover we se e from diagram (3 ) that 
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(rank B m(D) -  rank B m (D ) ) < 1. Hence, in the chai n 

B°(D) c B 1(D) c  .. . c B d(D) o f Oç-modules, ther e are exactl y 

r jump s i n the ranks, each jum p increasing th e rank by 1 . The 

integers b^, b r ar e th e indices where th e jump s appear . 

Définition. For each m =  0, 1, ... , r we dénote th e bundl e 
b m 

V m(D) b y VT^D) an d call i t the m'th Weierstrass-module o f D . 

§ 2 . Weierstrass points . 

Proposition 2 . Fix an integer m ^ 0 and a point x € C. 

The followin g thre e assertions ar e équivalent ; 

1 1 

(i) Th e canonical surjectio n H (C , D - ( m + 1)x) -*• H (C , D - mx) 
of diagram (5 ) is an isomorphism . 

(ii) Th e canonical surjectio n V m(x) - » V111"1 (x) of diagram (5 ) 

is an isomorphism . 

(iii) The kernel (ft£)* m(x) of the map P m(x) -  P m~ 1 (x) of dia-

gram (3 ) is contained i n the image of v m ( x ) . 

Proof. The équivalence o f (i ) and (ii ) is immédiate by diagra m 

(5) and th e équivalence o f (ii ) and (iii ) follows afte r a n 

easy chas e i n the diagram obtained fro m diagram (3 ) at th e 

point x . 

Définition. An intege r ( m + 1) ^ 1 satisfying th e three équiv -

alent conditions o f Proposition 3  is called a  gap of D at x . 

Remark. When m > d it follows fro m th e Riemann-Roch theore m 

that h (C , D - ( m + 1)x) = g - d + m. Hence i f ( m + 1) is a 

gap, then 1 | ( m + 1) ^ ( d + 1). On th e other hand h (C,D) = g-d + r, 

so there are exactly d + 1 -  ( g - ( g - d + r ) ) =  r + 1 gaps 

226 



WEIERSTRASS POINTS ON CURVES 

of D at x that we dénote b y 

1 ^  g 1(x) <  g 2(x) <  .. . < g r + 1 ( x ) ^  ( d + 1) . 

Définition. I f g i+1(x) =  b 1 +1 fo r i  = 0 , 1 , . r w e cal l x 

an ordinary poin t of D. A point which i s not ordinary i s calle d 

a Weierstrass poin t of D . 

Proposition 3 . With th e above notation th e followin g assertion s 

hold, 

(i) W e have g i + ^ (x) > (b i +  1) for i = 0, 1 , . , r and 

for ail points x  of C . 

(ii) W e have g i + 1 ( x ) =  (b. ^ + 1) for i  = 0, 1, .  .., r fo r 
ail but a finite number of points x of C. I n other 

words, there are only a  finite number of Weierstras s 

points of D . 

(iii) A point x of C is a Weierstrass poin t of D if and only i f 

dim W m(x) >  b m -  m fo r some m  =  0 , . . . , r  . 

Proof. (i ) Assume tha t b g__^ < m <  bg . Then rank B
m(D) =  s 

and we have an inequality di m V ^ x) >m + 1 - s with equality fo r 

ail but a finite number of points x of C. Fix a point x € C 

and le t g (m) =  #{g^(x) |g^(x) < m +  1 } , that is g (m) i s th e 
number j  such that g* (x) , .  .., g  _. (x) <; ( m+ 1 ) but g^ +^ (x) > (m +1 ) . 
Then by th e définition of Weierstrass points , we have tha t 

dim (x ) = m + 1 - g(m). This equality togethe r with th e abov e 
inequality sho w that s > g(m) and i n particular tha t s>g(b - 1 ) . 
Hence, g g + 1 ( x ) >  b g . 

(ii) In the proof of part (i ) we observed tha t dim V m(x)=m + 1 -s 
for nearly ai l points x of C. I t follows, by th e définition o f 

Weierstrass points , that the only value of m i n the interva l 
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kg_>l <  m <  bg fo r which m +  1 is a gap i s m =  b g_-| . The ga p 

values ar e therefor e b Q +  1 , b̂  +  1, ..., b^ + 1 for nearl y 
ail points of C . 

(iii) I n the proof of part (i ) we observed tha t dim W m(x) 

= b +  1 - g(b )  . If dim W ^ x) >  b -  m, the n we obtain tha t m m m 
m ^ 9 ^m̂  a n < ^ consequentl y tha t 9m+^ (* ) >  t> m + 1 • That is, 
x i s a Weierstrass point . 

Conversely, i f x is a Weierstrass poin t of D, the n 9̂ * ] (x) > km + 1 
for som e m and consequently Çf(k m) <  m + 1 . Hence we obtain th e 
inequality 

dim W m(x) =  b +  1 - g ( b) >  bm -  m . 
m m  m 

Remark. Mount and Villamayor ([7 ] Définition 2. 7 p . 353) calle d 

à point x of C a Weierstrass poin t of th e divisor D if the singl e 

condition dim W r(x) >  b r -  r is fulfilled . I n section 5  (Exampl e 1) 
below we sho w tha t even i n the traditional case , that is when D 

is a canonical divisor , there may be points x  of C that ar e 

Weierstrass point s of D in the above sensé , but with dim W r(x) 

= b r -  r. After having compute d a  large number of examples w e 

are however amaze d o f how often th e condition dim W r(x) >br -  r 

is necessary fo r a point to be Weierstrass eve n when th e ga p 

séquence i s non-classical, that is when b^ = i do not hold 

for ail i . In the case that b ^ = i fo r i  = 1 , . . . r +  1 the 
condition dim W r(x) >  b^ - r is clearly necessar y fo r a poin t 

to be Weierstrass. We shal l sho w i n § 5 (Theore m 11 (i) ) tha t 
when char k = 0 or char k > d then the gap séquence i s alway s 

classical. 

The définition give n above of a Weierstrass poin t of a diviso r 

D on a curve C is équivalent t o the définition give n by 
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F.K. Schmid t [10 ] in the case when D is a member of the canoni-

cal linear System . Indee d i n [10 ] (p . 77) a point x of C i s 

defined t o be a Weierstrass point of C (o r of the canonica l 

system) i f there are at most a finite number of points tha t 

have th e same gap séquence as x and by Proposition 3  (ii ) this 

happens i f and only i f 9^+^ (x ) * b^ + 1 for som e i . 

It is remarkable tha t Schmidt only observed ([10 ] p. 78) tha t 

the first non-zéro intege r i n the séquence g^x)- bQ -1, g2(x) -t^-l/ •• 

gr+1  ̂~  br " 1 is Positive- Tn e fac t that they are ail non-

negative, which follow s naturally fro m our approach (Proposi -

tion 3 (i) ) was firs t proved by H.B. Matzat ([6 ] p. 17). 

§ 3 . The wronskian. 

Theorem 4 . Let c^ < cfc+^ < .. . < cg be integers satisfyin g 

c.̂  > i for i = t, t + 1, s  and le t Q1 for i=ct,ct+ 1, ..., cg 
be vector bundles on C with rank Q1 = i + 1. Moreover, let V 

be a vector spac e of dimension n + 1 and v(i) : - > Q1 be maps 

such that rank v(i) <  m +  1 when c <  i < c . A . Finally we le t 
= m  =  m+ 1 

q(i) : Q1 -* Q1 b e surjective maps such that q(i)v^ = v^_^ fo r 

i = ct + 1, c g and we dénote th e kernel of q(i) by Q1. 

Then there exists a unique map 

s+1 t+ 1 c  c  .  c 
w(ct, cg) : A  V c (  A Q  )  ® Q ®  .  . . ® Q 

satisfying th e following tw o properties; 

(i) Fo r ail points x of C we have tha t 

w(ct, .  .., cg) (x) = 0 «— • ran k v(cm) (x) < m + 1 

for some m = t, t + 1, s  . 
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(ii) Choos e a  basis e(0) , e(1), . .., e(cg) of Q s at a 
c 

point x of C i n such a way tha t q(i + 1)q(i + 2) .  . 

•• q(cg)e(i) générâte s n 1 a t x fo r i  =c t+2 m +1c1 c2• 
Moreover, choose a  basis f(0) , . .., f(n) of V an d 

dénote by d ( i , i s  j , j ) the vecto r 

e ( i Q , . . . i v ) =  e^i0) A  A  e^iv ^ of 
v+1 

A 
°C(m+1 

multi-

plied by th e déterminant of th e ( v + 1) x (v + 1)-matrix 
formed fro m the rows i Q +  1 , . . . , ±v + 1 and column s 

j +  1 of th e ( c +  1) x ( n+ 1)-matri x J o . . . . v s 

obtained b y expressing v( c )  in the above choice o f 
s 

bases ' . 

Then locall y a t x we hav e 

w (ct ,  cs)(f(jQ ) A A f(js) ) 

i <...<i.<c . o t = t 

d(iQ, ±t , ct+1, c g ; jQ, js) . 

Proof. The unicity o f th e map w(c^_, cg ) follow s fro m asser-

tion (ii ) so it suffices t o show the existence o f the map. When 
s+1 

s = t we choose w(c )  = A v( c ) . Then ail th e assertions o f 
s s 

the theorem ar e fulfilled . We shal l first , proceeding b y induc -

tion with respec t to s - t, simultaneously sho w th e existenc e 

of w(ct, cg ) and prove assertion (ii). 

Let fit 
ct+1 

= Q ® ... ® Q°S. Assume tha t we have defined a  map 
w(ct+1, c  ) 

s+1 
: A v c -

t+2 
A 

Qct+1 
°C(m+1) satisfying propert y 

(ii) of th e theorem. Then the image of w (c ,  c  ) is con-

tained i n the kerne l 
t+1 

A 
°C(m+1) Ct+1 

• Qt+ 1 of th e map 

t+2 
A q(ct+1) i» id : 

t+2 ct+ 1 
( A Q  t+1 ) • nt+ 1 -

t+2 c . 
( A Q  ) °C(m+1) 
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Indeed, since rank v(c f c + 1 -  1) < t + 1, the élément s 

t+2 
( A q (<W|) • id) W ( C T + 1 F , C g)(f(J o) A A f(jg) ) 

i o < - - - < i t + 1 < C t + 1 

d(i Q, i t + 1 , ct + 2 , ..., cs ; j 0 , j g) 

are zéro fo r ail choices of j  <  . . < j .  It follows tha t we 
o s 

can define w(c., c  )  canonically a s the composite o f th e 

map 
s+1 
A 

°C(m+1) °C(m+1) Q

c t + i - i °C(m+1) 
• nt+1 , induced b y 

w ( c f c + 1 , c s) , with th e map 

t+1 
q ( o t + 1 -  D q ( c t + 1 -  2) ... q(c . +  1 ) J ® id : 

t+1 c.,.,- 1 
: (  A Q  ) °C(m+1) t+1 c . 

( A  Q  fc) °C(m+1) 

Then the followin g equalitie s hold : 

w(c t, c g)(f(j Q) A ... A f(j s)) 

t+1 
= (  A q ( c t + 1 -  1) ® ®  q(c t +  1) ® id ) 

i Q<...<i t<c t + 1 

d(i Q, i fc, ct + 1 , ct + 2 , c s ; j Q , j s) 

i <...<i.<c. 
o t = t 

°C(m+1) d(i Q, ... r i , ct + 1 , ... , cg ; j , j g) , 

the firs t equality bein g a  conséquence o f th e equalitie s 

d(i ,  i t + 1 , c t + 2 , c g ?  j ,  j fi) = 0  for ail 

indices j  <  .. . < j tha t we observed above . 
o s 

It remains t o prove th e first assertion of the theorem. Assum e 

that rank v(c )(x ) < m + 1 for some m = t, s . Then 

d(i , i ,  c c  ;  j ,  j  ) = 0  whenever 

i <  .  . . < i <  c . 
o m  =  m 

Hence w ( c

m * c g) is zéro by part (ii ) 

of the theorem. However, if the mapping w ( c m , c g) i s zéro. 
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then certainly th e mapping w(ct, .  .., c )  is zéro, being th e 

composite o f th e former with other mappings. 

Conversely, assum e tha t w(ct, .  .., c )  is zér o at x € C. We 

shall prove tha t rank v(°m)(x) <  m +  1 for some m = t, .  .., s 

by inductio n with respec t to s - t. Assume tha t the assertio n 

(i) holds fo r s - t + 1 . Then i f w(ç^+>| , . . . , cg) (x) = 0 we 

have tha t rank v(c )  (x) = 0 for some m = t + 1, .  .., s and we 

have finished . Hence we may assum e tha t w(ct+(j , . .., c )  (x) 

is non-zéro an d consequently tha t rank v(cm)(x) =  m + 1 for 

m = t + 1 , . .., s. The problem i s to show tha t rank v(ct) (x) <t + 1. 

Note tha t we have tha t rank v(i) (x) = m + 1 for c <  i < c  ,  „ 
m =  m+ 1 

and ail m = t + 1 , . . . , s. Write K1 = ker (q(i +1 )q(i + 2) ... q(cg) (x) ) 
cm cm+ 1 

and M = im v(cg) (x) . Then dim M = s + 1 and M  n K =  M  fl K 
cm+1~1 

= .. . = M  n K fo r m = t + 1 , . . . , s. Moreover we have tha t 
cm 

dim ( M 0 K )  = s - m fo r m = t  + 1, ... , s and tha t 

ct 
dim ( M n K )  > s -  t. We can consequently choos e a  basis 

cs 

e(0), e(cs ) of Q a t x and a basis f(0) , f(n ) of V 

as i n part (ii ) of th e theorem and satisfyin g th e additiona l 

requirements tha t e(c )  € ( M n K )  \ ( M fl K )  for m =  t + 1, . . 

. . , s and tha t v(cg) (f ( n - i)) = e (c ± ) for i = 0, s - t - 1 . 

With thi s choice of basis we have tha t 

d ( i , i  ;  j ,  j  ,  n -  s - t + 1, ...,n ) =  0 

whenever i Q <  .. . < ig and j Q < .. . < J t < n - s - t +1 unles s 

it+1 =  ct+1' ••• ' s  . s  and tha t 

d(iQ, it , ct+1 ' c s '  J0f J-t ' n - s -t + 1, .  . . n) 

is the déterminant forme d fro m the rows i  .  . . . , î _ and column s 
o t 

J0, ••• / j . of the matrix v(c.)(x) . Moreover, we have tha t th e 
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last s - t columns of v(ct+>| " 1) (x) are zéro . Consequently 

the above déterminants giv e ail the ( t + 1) x (t + 1)-minors o f 

v(ct+1 -  1)(x) . Thès e are however ail zéro , because b y 

assumption w(ct, cg)(x ) = 0 such that the déterminant s 

d(iQ, it , cfc+1, c g ; j Q , jg ) 

are zér o for ail indice s j Q < .. . < jg by part (ii ) of th e 

theorem. We conclude tha t v(ct+>| ~ 1 ) / and consequently v(c^ ) , 

is of rank strictl y les s than t +1 a t x. 

Corollary 5 . With th e notation of the previous section s ther e 

exists a canonical ma p 

r+1 
w :  A H  (C , D) °C(m+1) 

®(bQ+..+br) 
® 0(D)r+ 1 

such tha t w(x) =  0 if and only i f dim Wm(x) >  bm - m fo r som e 

m = 0, r, tha t 1s, i f and only i f x is a Weierstrass poin t 

of D . 

Fix a point x of C and a uniformizing paramete r t  at x. Choos e 

cr i a basis of P (D ) whose éléments maps t o the generators (dt ) 

of (Qç)® 1 for i  = 0,..., c r and fi x any basis fo r H°(C, D ). 

Then the déterminant of the ( r + 1) x (r + 1)-matrix take n fro m 
b c 

rows bQ +  1  , b 1 + 1 , b r + 1 of the mapping v r: H°(C,D)C-*P r(D) 

expressed i n the above bases, vanishes t o the same order as w, 

at x. 

Proof. The corollary i s a direct translation of Theorem 4  in 

the case when t  = 0, c^ = b^ for i = 0, r  and when 

v(i) = v1 :H°(C, D)c P1(D ) fo r i = 0, br . Proposition 1 

states that the mappings v(i ) and th e integers ci then satisf y 

the conditions o f th e theorem . 
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The assertions o f th e corollary ar e then seen t o be exactl y 

the same as those of the theorem once we observe tha t 

dim v C m(x) <  m + 1 if and only i f dim W* 1 (x) >  b m +  1 - ( m + 1 ) . 

Définition. The canonical ma p w  of the line bundl e 

1 ® (b Q+. . .+br) 
® 0(D) r + 1 described i n Corollary 5  is called th e 

wronskian o f th e divisor D. The order t o which w vanishes a t 

a point x is called th e weight of x with respec t t o D and th e 

sum of th e weights of ail points of C i s called th e total weigh t 

of th e Weierstrass point s of D . 

Theorem 6 . The total weight of th e Weierstrass point s of D i s 

(2g - 2 ) 
r 
X 

i=o 
b. +  ( r + 1 )d . 

Proof. By définition th e total weight of th e Weierstrass point s 

of D is the weighted su m of th e zeroe s of th e sectio n w. I t 

follows fro m Proposition 3  (ii ) and th e description o f th e 

zeroes of w i n Corollary 5  that w i s not identically zéro . 

Consequently th e total weight i s the degree (2 g - 2) 
r 
Z 

i=o 
b ± +  ( r + 1)d 

of the lin e bundl e 
1 ® 

(*U> 
(b + . . . +b ) x o r ® 0 ( D ) r + 1 . 

Remark. The formul a of Theorem 6  is an immédiate conséquenc e 

of th e existence of th e wronskian an d may therefor e appea r t o 

be merely a  matter of définition. It s content i s however wel l 

illustrated b y th e class of hyperelliptic curve s of Example 3 , 

(§ 6) below. This class contains curve s of arbitrarily hig h 

genus with classica l ga p séquence an d with only one Weierstras s 

point. The formul a the n give th e multiplicity o f thi s point. 

The wronskian déterminant , considered a s a section of a lin e 

bundle, was constructe d i n characteristic zér o by G. Galbura [1 ] 
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(proof of Teorema p. 351) by patching locall y define d déter -

minants an d he observed ( § 4 p. 355) that the patching argu -

ment could be performed with suitabl e modifications ove r a 

field of positive characteristics . I n the characteristic zér o 

case we shal l prove late r (Theore m 1 1 (iv) ) that the wronskia n 

is simply th e déterminant of th e mapping v s o that in this 

case th e existence an d th e properties of the wronskian do no t 

require an y particular construction . However, it was Galbura' s 

observation abou t wronskians i n positive characteristi c tha t 

was th e point of departure of the construction o f Theorem 4 . 

Galbura use d th e wronskian t o interpret a classical resui t of 

Brill and C. Segre (se e [  11 ] § 11 n. 44 p. 89) about ( r + 1 )-

tuple points of the linear System H°(C, D ), in terms of sec-

tions of line bundles. We shal l sho w how thès e results ca n be 

treated i n arbitrary characteristic . 

A point x of C is called a n ( m +1)-tuple poin t of th e linea r 

System H°(C, D) i f there i s a member of the linear Syste m tha t 

vanishes t o the order a t least ( m + 1 ) a t x. I t follows fro m 

the définition of principal part s that if we le t R dénote th e 

local ring of C at x and M it s maximal idéal , then ^(D ) (x) ^R/M0*^ 

and tha t if a section s  G H°(C, D) i s represented a t x by a 

function f  € R, the n v m(x)(s) i s the class of f  in R/M^+^ .  In 

particular s  has an (m +1)-tuple zér o at x if and only i f th e 

class of f  is zéro . We see that the space of sections of multi-

plicity a t least m +1 i s r + 1 -  j dimensional i f and only i f 

dim (i m vm(x)) <  j. In particular, ther e is an ( r + 1 - m)-dimen-

sional spac e of sections of multiplicity a t least b^ + 1 if 

and only i f dim W ^ x) >  b^ +1 -  m. We shal l i n analogy wit h 
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the classical cas e call a point x a strictly ( r + 1 )-tuple 

point of th e linear Syste m i f the spac e of divisors tha t 

vanish t o order a t least b +  1 is of dimension a t leas t 
m 

(r + 1  - m) fo r some m = 0, -.- / r. When b^ = i for i = 0,..., r 

we have tha t a point x is strictly ( r + 1)-tuple i f and only i f 

there i s a section of th e linea r Syste m tha t vanishes t o orde r 

at least r + 1 at x. Indeed , i n this case i f there i s a n 

(r + 1 - j)-dimensional spac e of section s tha t vanish, at a 

point x, to order at least j  + 1 for som e j , then there i s 

at least an ( r - j)-dimensional spac e of section s tha t vanis h 

to order a t least j  + 2 at x. We shal l prove i n § 5 (Theore m 11 

(i)) that the equalities b^ = i for i = 0, r  hold whe n 

char k = 0  or char k > d. Hence i n thèse cases our définitio n 

of strictl y (r+1)-tupl e point s coïncide s with th e traditiona l 

one of ( r + 1)-tuple points. 

By th e above discussion i t is clear tha t a strictly ( r + 1 ) -

tuple point i s nothing but a Weierstrass poin t and we ca n giv e 

thèse points th e weight given by the order of vanishing o f th e 

wronskian section . Theorem 6  can then be reformulated i n th e 

following way : 

Theorem 7  (Brill-Segre) . With th e above définitions, th e 

number of strictl y ( r + 1)-tuple points of th e linear Syste m 

H°(C, D) (counte d with multiplicity) i s given by th e expressio n 

(2g - 2) 
r 
Z 
i=o 

bj_ + ( r + 1)d . 

Severi ([12] ) expressed th e number of ( r + 1)-tuple points i n 

terms of a functional équatio n i n a canonical diviso r K  and a 

hyperplane sectio n H. I n arbitrary characteristi c w e obtai n 

r 
b.K +  ( r + 1 ) H . 
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This équation i s immédiate fro m the for m of the line bundl e 

that has w a s a section . 

§ 4. Local computations . 

Fix a point x of C and a local parameter of C at x. Let R be 

the local ring of C at x and le t I be the kernel of the multi-

plication map R ® R -* R. Then we have tha t Pm(D) x R  ® R/Im+̂  

and tha t under th e identification (Q^)® m = j1*/!1*1"1"1 the generato r 

(dt)m maps t o ( t • 1 - 1 • t)m. The R-module structur e on Pm(D) x 
corresponding t o the projection p makes Pm(D)x int o a lef t 

R-module an d as such i t is free with basis 1, dt, (dt)m . 

Dénote by dm : R -» R ® R/Im+^ th e map induee d by th e other pro-
R 

jection q, tha t is dmf i s the class of th e élément 1  ® f. For 
R 

each élément f  € R we dénote by d1f the coefficient of (dt) 1 

in the expression o f dm f i n the above basis. We conside r 

Pm(D)x a s an R-module vi a th e first factor and write simpl y f 

instead of f  ® 1  . We the n have dm t = t + dt and sinc e 
,m .h _ ,  , . N h we obtain th e formul a 

(6) -,m h °C(m+1) h 
Z 

i=o 
°C(m+1)°C(m+1) 

In particular we have that aV1 = (^)th_i. 

Lemma 8 . Let f € R and suppos e tha t f = at (mod th+1 ) with 

a i n the ground field . The n dif . a(^)th"i (mod th-i+1). 

Proof. Write f  = ath + bth+1 with b € R. Sinc e dR is linea r 
it follows fro m the formul a (6 ) that it is sufficient t o prov e 

°C(m+1) d1 (bth+1) .h+1-i = t c for some élément c € R. However, since 

dR (bth+1) = d > d R t h + 1 we have tha t dNbt1^1) i 
= Z 

1=0 
(d^b) ( d ^ 1) 

and by formul a (6 ) djth+l s o / J3 j.h+1 -ix (mod t ) for j  = 0, 1, i . 
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The equality o f th e leirana is therefore a  conséquence o f 

formula (6). 

Lemma 9 . Let X q , x 1 ,  x r b e variables. Let M be th e 

(r + 1) x (r +1)-matrix with entr y 
x i in the i'th ro w an d 

j 1th coluran . Then we have tha t 

r 
n 

i=o 

(i!)(det M) °C(m+1) 
o<j <i<r 

n (x. -  X ) . 

Proof. (Se e e.g. [8] , § 327 p . 324.) The déterminant o f th e 

(r+1) x (r +1)-matrix o f th e lemm a i s clearly a n alternatin g 

function i n the variables X q , . .., xr« Henc e th e déterminan t 

is divisible b y th e polynomial ïï  (x . - x . ). The two poly -
o<j<i<r 1 3 

nomials ar e homogenous o f th e sam e degree. Hence th e expressio n 

of th e lemma follow s by equating th e coefficients o f a par-
ticular monomial, e.g . r r- 1 

x o
 x1 ... x ,  in the tw o polynomials. 

Choose a  basis V Q , . ..,VR of H (C , D ). At a point x of C thi s 

basis détermines function s f  ,  ..., f i n the local ring R  of 
o' '  r  ^ 

C a t x. We ca n clearly choos e th e basis i n such a  way tha t th e 

order of vanishing o f th e functions f . a t x for m a séquenc e 
order f  <  .. . < order f  .  The integer s h. = order f . will b e x o x r ^  i  x i 

called th e Hermite invariant s of D at x. (Tha t they ar e loca l 

invariants i s easily verified an d moreover follow s fro m Theore m 

10 below. ) 

With respec t t o the latte r choice of basis of H°(C, D) and th e 

basis 1 , (dt) , (dt) m of P m(D) th e map 

m 
T x : H°(C, D) 

® R °C(m+1) 

is expressed b y th e ( m + 1 ) x (r + 1)-matrix with coordinat e d if . 
3 

in row i  and column j . Writing onl y th e lowes t order term s i n 

t i t follows fro m Lemma 7  that this matrix take s th e form , 

238 



WEIERSTRASS POINTS ON CURVES 

(7) 

h h 
ar(Qr)t r + + . . . , a1 (Q )t +  ... , . • • , 

h h 
ar(Qr)t r + ... 

h h 
ar(Qr)t r + "I" ... , N V1 

a1 (1 ) t +  ... , 

h h  -1 
f r\4- r -l-

• •  •  , a^ v^;"C -r.. . 

°C(m+1) 6 h -m 10 °C(m+1) 
°C(m+1) h--m 

t °C(m+1) 
h 

ar(mr) 
h -m 
t + . . . 

where th e a. »s 
i 

are non-zéro élément s of k and f. ,  a. t 
hi 

(mod t 
h±+1 

) fo r i  = 0, ... , r . 

Remark. The above loca l computations ar e well known. Slightl y 

less detailed account s ca n be found i n articles by A. Kat o 

([4] Lemma (2.3 ) and proof of Theorem (2.4) ) and R. Piene ([9 ] 

(§ 2 and §  6)). Piene claims tha t (7) , with a  suitable chang e 

of basis, can be brough t int o a normal for m whose entries i n 

hi 

the ( i + 1)'st row and column i s ( i ) for i = 0, 1, m  an d 

and ail the other entries are zér o and sh e uses this (proo f of 

Theorem (3.2 ) p. 481) t o show tha t the lowest order of th e 

déterminants o f the ( m + 1 ) x (m + 1)-submatrices o f (7 ) is 

m 

i=o 
(h^i) 

when the characteristic o f the ground fiel d i s zér o or doe s 

not divide th e ( i ) for i = 0, m . I t is however no t alway s 

possible t o obtain suc h normal form s when h^ * i for some i . 

In such cases Theorem 1 0 (i ) below, which i s an immédiat e 

conséquence of Lemma 9 , shows tha t the lowest order of th e 
m 

déterminants i s indeed Z  (h . - i) under appropriate restric -
i=o 1 

tions on the characteristic o f th e ground field . 
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Theorem 10 . With th e above notation th e followin g fou r asser -

tions hold : 

(i) 
* r 
ïï 

vi=o 

i l det x 

r 
TT 

i=o 
a. i n 

o<j<i<r 
(h.- hj)th , - , . h+1 « (mod t ) 

where h = 
r 
z 
i=o 

(h -  i) . 

(ii) di m (i m vm(x) ) = i for h i-1< m  <  h 1 an d i  = 0, hi r  + 1. 

(iii) ke r (Pm(x ) - Pm 1(x) ) c i m vm(x) 

if and only i f m = h1  fo r som e i  = 0, .. . ,  r. 

(iv) g±+1(x ) =  h± + 1 fo r i  = 0, ,  r . 

Proof. From expression (7 ) we se e that modulo th+1  i t is onl y 

the lowes t order term s of th e coordinates tha t contribute t o 

the déterminant of v r

x Assertio n (i ) consequently follow s 

from Lemma 9 . 

At th e point t  = 0 the expression (7 ) shows tha t if h i-1 < m  < h 1 

then th e columns i  + 1, i + 2, .  .., r +1 o f th e matrix re -
in *M 

presenting v  (x ) are zéro . Since ( n ) = 1 in ail characteristic s 

the (h j + 1, j + 1)-entry i s nonzero an d th e expression (7 ) 

shows tha t the firs t h_. entries of column ( j + 1) i s zéro, it 

follows tha t the firs t i  columns ar e linearly independent . I n 

other words, assertion (ii ) of th e theore m holds. 

More precisely, th e above argumen t show s tha t im vm(x) i s gên-

era ted by élément s (dt ) 
°C(m+1) m 

Z 
J=ho+1 

b .(dt)j , .. . . 

hi-1 
( d t ) 1 1 + 

j=h.1+1 

m 
b. A .(dt) 3 
i-1, 3 with b. .  £ k. We se e th e 

élément (dt) m which générâte s th e kernel of th e map Pm(x) -P™"1 (x) 

is in im vm(x) i f and only i f m = h i-1. Henc e assertion (iii ) 

holds. 
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Finally, assertion (iii ) of Proposition 2  states tha t th e 

integer ( m + 1 ) is a gap if and only i f ker(P m(x) P 10""1 (x) ) cz vm(x) . 

Consequently assertio n (iv ) follows fro m assertion (iii) . 

§ 5 . Characteristic (k ) = p with p = 0 or p > d . 

Theorem 1 1 . Le t p = char (k ) and assume tha t p = 0 or p > d . 

Then th e following assertion s hold ; 

(i) W e have b i =  i for i = 0, r . 

(ii) Fo r a gênerai point x of C we have g^(x) =  i 

for i = 1 , .  . . , r + 1  . 

(iii) A point x of C i s a Weierstrass poin t of D i f and only i f 

dim W r(x) >  0  . 

(iv) Th e wronskian déterminan t i s the composite of the canonica l 
r+1 r+ 1 r+ 1 

map A v  :  A H  ( C , D ) C - > A P  (D ) with th e canonica l 
r+1 R 1  ® i 

isomorphism A p  (D ) ~ ®  (Qn) ®  0(D) obtaine d fro m 
i=o u 

the séquences (2 ) of §  1. 

(v) (C . Segre [ 1 1 ] § 11 n. 43 p. 8 6, see also C. Galbura [1] 

Teorema 2  p. 3 5 2 ) . Th e weight of a point x of C i s 
r 
L 
i=o 

( g i + 1 (x) - i - D . 

(vi) Th e total weight of D is (( g - 1)r + d)(r +  1 ) . 

Proof. (i) . We observed i n the définition of gaps i n § 2 that 

for ail points x of C we have 9 i(x) ^ ( d + 1  ) for i = 1, r  + 1. 

Consequently i t follows fro m Theorem 1 0 (iv) that h^ < d fo r 

i = 0, r . Moreover, it follows fro m the Riemann-Roc h 

theorem tha t r < d. Hence we se e from the formula of Theorem 1 0 (i) 
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TC r 

that det v x i s not identically zéro . It follows tha t v i s 

generically surjectiv e an d consequently tha t rank B (D ) = r . 
(ii). This assertion follow s fro m (i ) and Proposition 3  (ii). 

(iii). I t follows fro m (i ) and Proposition 3  (iii ) tha t a 

point x of C i s Weierstrass i f and only i f dim W Itl(x) >  0 for 
some m =  0, .  .., r. The latte r assertio n i s however équivalen t 

to the assertion tha t dim W r(x) >  0 because of th e surjection s 

W m(D) - > W1 1 1" 1 (D) of diagram (3 ) of §  1 . 

(iv). This assertio n i s an easy conséquenc e o f property (ii ) 

of Theorem 4 . 

(v). The order of vanishing o f the wronskian w at x is by (iv ) 

equal t o the order of vanishing o f det v r a t x. I t follow s 

from Theorem 10 (i ) and (iv ) that this order i s equal t o 
r 
Z 

i=o 
(h ± -  i) = 

r 
Z 

i=o 
(g i + 1(x) -  i - D . 

(vi) . This assertion follow s fro m Proposition 6  and assertio n 

(i) above. 

Remark. Curves having propert y (i ) of Theorem 11 are sai d t o 
have a classical ga p séquence . Several classe s of suc h curve s 

are known (se e e.g. [6 ] and [10]) . For curves with a  non-classi-
cal gap séquence th e properties (i ) - (vi ) ail fail . However, 

as we have see n in the previous sections , the propertie s 

(i) - (iv ) and (vi ) ail generalize naturall y t o this case. 

The most unfortunate featur e of th e non-classical cas e i s tha t 

property (v) , which i s very importan t fo r the computation o f 

multiplicities o f Weierstrass points , do not generalize t o 
r 

state tha t the loca l multiplicity i s Z  (9j_+i (x) ~  kj_ - 1 ) 
i=o 

(see example 2  of §  6 below). Thi s makes i t the more surprisin g 

that the global formul a (propert y (vi) ) globalizes (Theore m 6 ). 
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§ 6  . Examples. 

1. Th e followin g exampl e was discussed by K. Komiya ([5 ] § 4 

3 3  3 
p. 390 ) who showe d tha t th e curves x +  y +  z +  X = 0 with 
2 

X *  X are the only curve s of genus 4  in characteristic 2  with 

non-classical ga p séquences. We shal l prove tha t the y giv e 

examples of curves having a  Weierstrass poin t x (o r more 
2 

precisely havin g a  point x such tha t dim W (x ) > b2 -  2) with 
r 3 

the property tha t dim W (x ) = dim W (x ) = b^ - 3. That is x i s 

not a Weierstrass poin t i n the sensé of Mount and Villamayor. 
Assume tha t char k = 2. Let C c f b e th e complète intersectio n 

of th e two hypersurf aces X

Q

X 3 =  x-| x 2 a n d 
3 ^ 3  _,_ 3 ^ , 3 

X l +  x 2 +  x 3 +  Xx o 

where X  *  X. Then C is non-singular o f degree 6  and genus 4 

and consequently i s canonically embedde d ([3 ] Chapter 4 , § 5 

Example 5.2.2) . We choose D to be a canonical divisor . 

2 3  2 Map the curve C into 3P b y th e projection of HP t o HP wit h 

center at the point (0 ; 0; 0; 1 ). We obtain a plane model o f 

C with équation 3 3 ^ 3 3 ^ 3 3 ^ , 6 
x . x 0 + x x * + x x 0 + X x ^ . 1 z  o l o 2  o 

The plane model is 

non-singular i n the affine pièce X Q 4= 0. At th e point (1 ; a; c) 

3 3  3  3 
of the plane model xy + x + y + X w e can choose x - a = t 

4 i  5 
as local parameter. Write y - c = X  c. t (mo d t ) and sub -

i=1 1 

stitute th e expressions fo r x and y into the équation of th e 

plane model. Comparing coefficient s o f th e powers of t we 

obtain when b * 0 the followin g équation s (c 3 +  1)a 2 

3 2  ' 
+ 1) c 

C 2 
a(c 3 +  1 ) À 

c 5 ( a 3 +  1 ) 2 
c 3 

2 3 
= A (C + D 

" c 8(1 + a 3 ) 3 

and 

C 4 

2 " 5 

" c 8 ( a 3

 +  1 ) 4 

(X + a 3 c 3 +  a6c 6) . 

3 3  3  3 
At a point (1 ; a; c; ac) with ac +  a +  c +  X = 0 and c * 0 
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3 

e Q =  1, e 1 =  a + t, e 2 =  c + 
co 

z 
i=1 

c^t3" and c3 =  et + 
co 

z 
i=1 

. i+1 c . t 

or after a  change of basi s 

2 3  2  3 f o =  1  , f^ =  t, ±2 =  c^t +  c^t +  .. . an d f ^ = c^t +  c 2t +  .  . . . 

From th e above formula s we obtain th e two équation s 2 _ 
C 2 ~  C 1 C 3 

and c 3 c 2 -  cAc^ = (c 3 +  1) a 
13, 3  .  . .5 c ( a +  1 ) 

,,3 3 3 , , ^ 3 3 ^ 6  6 x x (X -  a c (X +  a c  +  a c )  ) . 

3 3  3 

Using th e relation ( c +  1)a =  c +  À it is easily checke d 

that th e latter équation i s non-zero fo r most choices of c . 

Consequently th e Hermite invariant s a t a gênerai point of C 

are 0 , 1 , 2 and 4 . Again i t follows fro m Theorem 1 0 (iv ) an d 

Proposition 3  (ii ) that b Q =  0, b^ = 1 , b 2 =  2 and b^ = 4 . 

The point (1 ? 0 ; d) with d 3 +  X = 0 is on C. At this poin t 
= c ^ = =  0 and c^ = 

d 3 +  1 

* 2 
* 0  and th e Hermite invariant s 

are 0 , 1 , 3 and 4 . Consequently (1 j 0; d) i s a Weierstras s 

point of th e canonical diviso r d . 

4 

On the other hand th e matrix expressin g v  a t the point (1 ; 0; c) 

is 

1 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

c 3 
0 

0 

0 

0 

0 

C 3 

We se e tha t rank v 4(1; 0; c) = 4 s o that dimW 3(1; 0; c)=5-4=b3~3. 

2. Th e purpose of th e following exampl e i s to sho w that th e 

weight of a Weierstrass poin t x is not necessarily equa l t o 
r 
Z 
i=o 

g i + 1 ( x ) -  b. - 1 . 
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Assume tha t char k = 3  and le t C be th e elliptic plan e curv e 

3 2 

given by th e équation y = x +  xy .  Then 

(x) = (0 ; 0; 1) +  (G ; 1? 0 ) - (i ; 1; 0 ) - (-i ; 1 ; 0) and 

(y) = 3(0; 0; 1) -  (0 ; 1; 0 ) - (i ; 1; 0 ) - (-i ; 1? 0 ). 

We le t D be th e hyperplane sectio n (0 ; 1 ; 0) + (i; 1 ; 0) + (-i; 1 , 0 ) . 

Then deg D = 3, dim H°(C, D) = 3 and H°(C, D) i s spanned b y 

1, x  and y. At a point (a ; c) of the curve we choose a loca l 
2 

parameter t  = x - a and we le t y = c  + c^t +  c 2t .. . . 
Substitution of x and y int o the équations of the curve allow s 

2 -1 

us to détermine c^ , c 2 , •• • •  We obtain =  c (1 - 2ac) , 
-1 2 

c 2 =  Cj (ac 1 + 2c) (1 - 2ac) an d c 3 = (1 + 2ac1c 2 + +  2cc2) (1 - 2ac) . 
Hence b Q =  0, b^ = 1 an d b 2 =  2, and at the point (0 ; 0) we 

have h Q =  0, h^ =  1 and h 2 =  3 . 

At (0 , 0) we have tha t 
r 
X 

i=o 
g ± + 1 ( 0 , 0 ) - b± -  1 = 1 . However th e 

wronskian matrix i s of th e for m 

1 

0 

0 

3 7  11 
a + t t  +  t +  2t ' ' + 

1 t 6

 +  t
1 ° + . . . 

0 2t 9 +  ... 

Consequently th e multiplicity of the wronskian is 9. It i s 

easily checked tha t the point (0 ? 0) is the only Weierstrass 

point in the affine pièce z  = 1 and considering th e équatio n 

2 3 

z =  x +  x of th e curve i n the affine pièce y = 1 one see s 

that there are no Weierstrass point s i n the latter affin e 

space. Hence th e curve has onle Weierstrass poin t an d 

this point has multiplicity 9. 245
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3. I t is well known (se e e.g. F.K. Schmid t [10] ) tha t th e 

hyperelliptic curve s furnis h examples of curves of arbitrar y 

high genus and with classica l gênera i ga p séquences, but 

with only one Weierstrass point . We shal l give a treatmen t 

of a class of suc h curves suite d t o our purposes. 

Assume tha t char k = 2 . Let m be an odd intege r an d le t C be 

the hyperelliptic curv e of genus m ^  ^ having y 2 +  y = x m 

as a plane model. The map (x , y) -> x of th e plane model ont o 

1 1 
K induce s a  map C -+ HP whic h i s unramif ied of degree 2 

1 

over K an d has a single ramification poin t P œ ove r th e 

point at infinity. At ail points (a , b) of w e can tak e 

(x + a) as a local parameter. We fin d tha t (x ) = (0,0) + (0,1) - 2?̂  

and (y ) = m(0, 0) - m Pœ . Hence i f t is a local parameter a t 

P œ the n at this point x = ut" 2 an d y = vt m wit h u and v units. 

The functio n y + b i s a local parameter a t ail points (a , b) 

of A excep t at (0 , 0) and (1 , 0) where i t has multiplicity m . 

We obtain tha t (dy ) = (m-1)(0 , 1) + (m-1)(0 , 0) - ( m + 1)Po o 

and tha t K = ( x dy ) = m - 3. Moreover, we se e tha t 
m-3 

1, x, x 2 , x  2 i s a basis fo r H°(C, K) . Since th e func -
i 

tion x + a = tisâlocal paramete r a t ail points (a , b) of M. 
m-3 

2 2 and th e function s 1 , ( a + t) , ( a + t) ,  ( a + t) ar e 

linearly independen t fo r ail a € k we have tha t b^ = h^ = i 

for i  = 0, 1, r . Hence P œ i s the only Weierstrass poin t 

and by Proposition 6  it has weight ( g + 1)g(g -  1) 

= -g- (m3 -  3m 2 -  m + 3) . 
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