Asterisque

JACK MORAVA
The Weil group as automorphisms of the Lubin-Tate group

Astérisque, tome 63 (1979), p. 169-177
<http://www.numdam.org/item?id=AST_1979__63__169_0>

© Société mathématique de France, 1979, tous droits réservés.

L’acces aux archives de la collection « Astérisque » (http://smf4.emath.fr/
Publications/Asterisque/) implique I’accord avec les conditions générales d’uti-
lisation (http://www.numdam.org/conditions). Toute utilisation commerciale ou
impression systématique est constitutive d’une infraction pénale. Toute copie
ou impression de ce fichier doit contenir la présente mention de copyright.

NuMmbDAM

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/


http://www.numdam.org/item?id=AST_1979__63__169_0
http://smf4.emath.fr/Publications/Asterisque/
http://smf4.emath.fr/Publications/Asterisque/
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/

Société Mathématique de France
Astérisque 63 (1979) p. 169-178

THE WEIL GROUP AS AUTOMORPHISHUS

OF THE LUBIHN-TATE GROUP

Jack Morava

Introduction:
Let L be a finite extension of Qp, with maximal abelian exten-

sion L then the canonical monomorphism a of [8,%i 182371 maps the
e =2 L& j

ab”’
multiplicative group of L onto an open dense subgroup W(Lab/L) of

the Galois group of Lab over L. These modified Galois [or W-] zroups
can be defined more generally, and behave very much like Galois
groups [8, appendix I1I], but for some purposes they are more conven-

ient.

For example, there is a representation of W(Lab/L) on the Qp—

vector space L, defined by the obvious multiplication map L x L - L.

The trace of thilis representation defines a p-adic character of
W(Lab/L) and therefore [via the natural homomorphism from
w<§b/L)1X)w(Lab/L)} a p-adic character of W(QE/L). In this note we
construct an extension of this character to W(Qb/Qp) when L is nor-

mal over QP'
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Our construction uses a theorem of gafarevigz if d is the degree
of L over QP’ and D 1s a division algebra with center QP and
invariant d_l € Q 7= Hr(Qp), then L can be embedded as a commutative
subfield of D; let N(L) be the normaliser of the multiplicative

s . x . .
sroup L7 of L in D”. The canonical morphism a then extends [9,

appendix [[[] to a canonical isomorvhism w : (L) == W(L

ab Qp), and

e -1 .. .
the composition of w with the reduced trace from D Lo Q. defines

s g

a ch e of WL C : e of WG Q).
a character of W(L, QP) and therefore of '<QP’QD'

n §1 we identify N(L) with a -roup of "extended automorphisms”
of the Lubin-Tate vroup of I3 this action defines a cocycle |and
thus a representation) w of (L), whose trace is the character

described above.

The present work was motivated by the construction of a (topo-

logical) spectrum which admits N(L) as a croup of automorphisms,

. . s . . ~.th .
such that the rerresentation defiined on its n hiomotopy oroup is

th : ‘ ‘ .
the n tensor power of w [O]. lowever, the recsult of §l surests
) . - N N
the hope of a constructive proof of the lWeil-Safarevic theorem
[which micht shed some light on the intervretation of N(Lah/Q“) as a

sroup of automorphisms [9]1 and could therefore be of wider interest.

I wish to thank the US Academy of sScilences and the Steklov
Institute of lMathematics for their support of this research, and Yu.
I. lManin [resp. Ramesh Gangolli and Han Sah! for interesting convers-
ations durinz its early [resv. late! stages. [t 1s a pleasnre also
to thank the orsanisers of the Jjournees de geometrie algebrique for

some exciting days in Rennes.
§1, proof of the main result

1.1. A continuous homomorphism ¢ :A[[T!] = A[[T]] of commutative
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WEIL GROUP

formal vower series rings will be called an extended endomorphism, if

i) ¢(T) lies in the ideal generated by 7T, and
4]
ii) the imagse of the composition A > A[[T1] = A[[T!] lies in A.

Consequently ¢( 5 aiTl) = 3 ¢(ai)®(T)l
iz0 iz0
Note that the composition of two extended endomorphisms 1is

another, and that the tensor product ¢ ®A¢ maps A[[T®1,1®T]] to

itself by (¢ 8,6)( = ai.Tl®TJ) = 3 ¢(ai.)¢(T)l®A¢(T)J.
i,jz0 Y i,j20 M
[f F(X,Y) € A[[X,Y]] is a [one-varameter, commutativel formal

sroup law over A, then the extended endomorphism ¢ of A[[T1] will be

called an extended endomorphism of F provided that the diagram

bp
A[[T]] AT[T®1,197] ]
oy, 6,0

A[[T1] A[[T®1,197T1]

[defined by AF(T) = F(™1,1®97)! is commutative.

If Aut¥(F) denotes the group of extended automorphisms of F
[under compositionl then it follows from i) and ii) that there is an

exact sequence

(n)

l———————rAutA(F)———————rAutZ(F)———————»Aut<rings)

with the terminal group consisting of the continuous ring-automoroph-
isms of Aj; the usual automorphisms of F over A [4,182] define the

group AutA(F).

1.2. We write o, for the valuation ring of L, and QL for the valu-

L
ation ring of the completion ﬁ of a maximal unramified extension
Lnr of Ly 1if Y denotes the residue field of 25 and ¥ is the union

C e . A
of the finite fields, then op = o ®W(1)W(I>'
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I n e o7 is a uniformising element, and g is tre cardinality

of ¥, then the series

. i
lo;gw(T) = 3 g A
iz0
defines a formal sroup law F”(X,Y) = lOﬂTl(lOTH(X> + lcm”/()) for
which the map o? 5 oaw (a]w(W) = log;l(a-loml(T)) € Autn (T ) iz a
—l i | O i !
bijection [1]. nky "the'" Lubin-Tate group of L, we mean the class

A . . SN
of formal oroup laws over o, iscworphic to 10 for come land opse
=1 il

i}

any) choice of w. [IT Hs fqoars two ~holeez of unifermicsing ele-
ment, then {4, lemma 21 there exicte an invertible series
1 A
T) € © 1711 such that
s5(1) Sp[TTT1 sueh the

. 1. . . . .
i) ¢O is an isomorphism of I with Fr ., and

"o 1
ii) if o is the automorphism of ﬁ def'ined by the Frobsnlus operation
x » x4 on the residue field, then
1 1 -1
y m . (1. T o
oo (1)) = e ([o 7wyl (1)),

We denote the formal oroup law over ,1 defined by reducing I

i

. . A A 1 = . . 1
modulo the maximal ideal m of o, wy I' 3 1lts neight eguals the

a

degree of L over QD [1, lemma 91.

1.3. Now the ring of endomorphisms of & group law of heizht d over

an algebraically closed field of characteristic p is the valuation

ring on of a division algebra D with center Qo and 1lnvariant
d_l € Q/7 = br(q ) [4, /T §7.421, and the normalised ordinal valu-

o
ation of an element of 9D

follows that the sequence of 1.1 can be continued to the right as

is 1ts heilght as a power series. It

A
fX » "'/7 T ————— ~~{/_7 E 7
1 Yoy » Au{i ) b;\l/Fp) 7 .1
to construct a lifting of the Frobenius endomorphism ob(x) = x' of I,
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let 8 € o5 be an endomorphicm of heisht 1 fso 6(T) =8 (1P) witr g,
2 . ,
an invertible series]; then § = ob“eo has the deslred property.

This shows moreover tLhat AutI(F#) is igomorphiz to the nrofinite

completion of the multiplicative sroup D™ of [ under the corresgrond-
ence which sends the endomorphism ¢ [whinh ~an bLe vwritten as

r

) . . . ~
o(T) = ¢O(T[ ) with ¢, invertinle and r 2 0] to bhe extended cuto-

morphism dSO 1) [t suffices to see that the conjuaration of o

0
scries a € Qﬁ by & in AutE/F ) avrees with ius conju-ation by § inl,
or that Pﬂdd‘a dal = a-P, where (7)) = 75 tris iz an clementary

exercise in the composition of power serlec.

1.4. Lt follows similarly that 1f L 1s a ncruwsl extension of 4 ,

then Autg (I" ) is a central topological extincicon of the %alcis
i" -
o)
- ] e s 7
rroup G(Lnr/Qf> by the multiplicative sroup o
) =

. 10 see trnat tne

I
L
final homomorphism of the sequence in 1.1 is onto, rnote trat if

Ty =T is a uniformising element and o € G(LPF/Q') then T o ()

. . i - vl oyl . .

is another and 2 a,T > o f(ai)(¢Q(L)) defines a (noncanonicell)
iz0 iz0 )

Lift of g to an extended automorphism. Since any automorphnism of a

formal group law over an integral domain of characteristic 0 is

determined by its leading coefficient, the zroup G<Lnr/Qu> acts on

X
the subgroup o

I via the canonical homomorphism to G(L/Qo).

1.5. Now an extended automorphism of gL[[T}' maps the ideal QL[[T]W

to 1tself, so an extended automorphism ¢ of Fw defines an extended

automorphism of F%,which we will denote by

. * N v
p : Autk <Fv> Auty(F_
o, '

Since the reduction of a usual automorphism of FW is a usual auto-

morphism of F”, we have a commutative diagram
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* . =l
1 > o > Autk (Fv) & U(Lnr/Qp) v 1
0
—L
LT
L X o AN ~ (T = b
1 o (™) _— u(l/F“) =H— % 1.

Now the final vertical arrow fits in an exact sequence

; ~ / (T == A
L(L,,pr> —_— u(L,,r/Qp> u(,l/lp> =0 — 1

I

which defines the inertia group of L over Qp, and the homomorphism

©n is injective since FW is of finite height. [t follows that po

1s injective, for I(L/QD) acts effectively on 9?

[t will simplify matters to pull our commutative diagram back

along the dense embedding 2 » ﬁ

the effect 1s to replace
X)/\

(0™ witn D°, (L

nr/Qp) with the open dense suboroup W<Lnr/Qp>’ and
Autx (Fv) with an open dense subgoroup which we will denote AutO;

[s)

=L

the original diagram can be recovered by profinite completion.

1.6. It remains to identify the image of p. We observe first that
because F} has coefficients in X, the extended automorphism

o([m]. ) = cg = o commutes with elements of po(9§ in D*. It follows

T L)

_X) and o senerate a (normal) subgroup of Auto isomorphic to

0

that po( I
LX, and that the image of p is therefore contained in the normaliser
b'e

(L) of X in D “ut now the Weyl srour of L¥X in D* is G(L,Qp) if L

is normal [8, appendix T11§7]so we have a commutative diagram

1
ATU‘J > W(Lnr,”Qp) > 1
: |
1 - 1% - L) - G(L/Qp) > 1
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with exact rows and columns. If x € N(L) then Lhere is some y in
aut® such that z = y_lx lies in T, so x = yz lies in aut?,

This completes the proof of

1.7. proposition: The moromorphism p maps an open dense subgroup of

Autk (Fv) onto the normaliser N(L) 9£_LX EQ_DX.

2L
§2. some corollaries
2.1. If & € N(L), then we write p¥(8)(T) = w(5)T + hisher order
terms for the action of the extended automorphism 51(&) on the
formal parameter T; here w(d) is a unit of gi . The composition

N(L)— w(Lab/Q )—————vfw(Lnr/Qp) defines an action of N(L) on g

p
which we will denote by Jjuxtaposition. With this notation, we have

w(s 5 ) = 6l(w(6o)>-w(6l> H

071
in other words, w is a crossed antihomomorphism from N(L) to gﬁ.
Note that if & € gf, then w(s) = 5t [7, L[LI§AL]T.

An extended automorphism of Fv defines an extended automorphism

of Fw ®7Q, and it follows that

=1 L el e (YY) .
P (8)(7) = loggy y(w(s)-log (T)) 3
consequently the crossed antihomomorphism w specifies the action of

N(L) on QL[[T]].

2.2. The l-cocycle 5 » w(3L) of N(L) with values in the right N(L)

module <9£)op [

tinuous cochain cohomology group isomorphic to Hi(W(Lab/Qp);gz).

defined by x°Ps = (Eix)Op] defines a class in a con-

The Hochschild-Serre spectral sequence of the topological extension
E : WL
1 —————¢J<Lab/Lnr>——-——+xv(Lab/Qp)—————wIv<an/Qp>——-—+1

yields an exact sequence
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1 Axy 0 ST S S S
e = (WL, /Q )507) = B (D Q) st (o s0p) = GlL/Q ) -
d
o)

. ; X X ; o
invariants of Homc(gL,gL)——v i

(L, /a))507) = uPta(r/a,)d)

)
fe
o4 nr =

of terms of low degree. The existence of the cocyle w implies

d, = 0; since dg(x) = -x U [IN] [23, theorem 4] it follows that Lhe
inclusion oX = 6F induces the zero map from (L /o Vi07) to
S ce ¢ oae o Wy /g 32 ) e

2 Ax . . 3 I, S ey b Lone e
HC<W(Lnr/Qp)’2L>' A direct proof of this micht suggest a construc-

tion for w.

2.3. The isomorphism G(Lab/Qp) with Autk (F”) defined in §1.7

8]
—L
respects an implicit precalgcbraic oroup structure, which may be wade

explicilt by observing that G(Lab/Qp) is ilecmorphic 6o the semidirect
product I(Lab/Qp)'G(IVFp), in which T(Lab/Qp) ig the inertia zroup
of Lab over Qp' In particular, [(Lab/Qp) admits a continuous action
of G(IVFP), and may therefore be regarded as a proctale groupschere
over Fp [2,LI85]. On the other hand Qg 1s reprecsented by a group of
power series with coefficicnts in I, and has an obvious structure

as proetale groupscheme defined [a priori] over X, in which the g n-
erator of G(Z/¥) acts on 9% by 7-conjuration in D*. The maximal
compact subgroup NO(L) of N(L) inherits this structure.

However, if the uniformising element 7 of oy, is chosen to satis-
fy an Eisenstein equation with coefficilents in Qp, then FF has
coefficients in Fp, and 8(x) = xP defines an endomorphism of F%
which maps to an £ oot of 7 in Aut*(F%), where q = pf. It
follows that NO(L) is in fact a proetale groupscheme defined over
Fp, and is isomorphic as such to I(Lab/Qp). Consequently the group

of Fp—valued points of [(Lab/Qp) can be identified with the auto-

morphisms of F7T defined over 2p’ which leads to the
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corollary: I(Lab/Qp)(Fp) = %g
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