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SOME UNCONVENTIONAL PROBLEMS 

IN NUMBER THEORY 
by 

Paul ERDÖS 

I have several papers wïth a sïmïlar t i t le whïch wï l l be publïshed soon -

at least one of them ïs a joint paper wîth R 0 R. Ha l l , The number of unsolved 

problems ïs so large that I can keep the overlap to a minimum. 

Fïrst of ail I state a very old conjecture of mine : the densîty of ïntegers η 
whïch have two divïsors d^ and d^ satîsfyîng d^ < d ^ < 2 d^ ïs 1 · 

ï proved long ago [ l ] that the densîty of thèse numbers exïsts but I have never 

been able to prove that ït ïs 1 . ! claïmed [2 ] that I proved that almost ail 

ïntegers η have two dïvïsors 

1 - η loglog n 
(1) d 1 < d 2 < d 1 (1 + ( - | ) ) 

and that (1) ïs best possible, namely ït faïls ïf 1 - Ή îs replaced by 1 + Ή · 
R.R. Hall and I confîrmed thîs later statement but unfortunately we cannot prove 

(1) · We are faîr ly sure that (1) îs true and perhaps ït ïs not hopeless to prove 

ït by methods of probabïlîstïc number theory whïch are at our disposai. 

Dénote by d (n) the number of ïntegers k for whïch n has a dîvïsor d 
k k+1 

satîsfyîng 2 < d < 2 · I conjecture that for almost ail n 

d + (n) / d (n) -> 0 

whïch of course implies that almost ail ïntegers have two divïsors satîsfyîng 

d 1 < d - < 2 d . . It would be of some ïnterest to get an asymptotïc formula for 

X + 
Σ d + (n) - F (X) . 

n = 1 
It ïs easy to prove that F (X) / X log X 1 . 

Another ïnterestïng and unconventïonal problem states as follows : 

let 1 = d. < d 0 < . . . < d , x = n be the set of dïvïsors of n . ι £ τ m; 
Put : 

τ (n) - 1 
Q (n) = Σ d / d . 

ï = 1 1 
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I conjecture that Q (n) -> <» i f we crïsregarcf a séquence of ïntegers n of 

densîty 0 . Thïs agaïn woulcr imply the conjecture on d < d < 2 d , but 

neeciless to say I cannot prove ït. 

It woulcr be of interest to cietermîne the normal orcrer of cr+(n) ancT Q (n) 

(or at least of log Q (n) and log d + (n) ). Also an asymptotîc formula for 

X 
Σ Q(n) 

η = 1 
woulcr be of interest. It ïs easy to prove that ±r Σ Q (n) ->« . 

X η = 1 

Let p^ < . . . < P\/( n) D e t n e consécutive prime factors of n . 
AHacTî ancT 1 provecr that (unpublïshecr) : 

V (ri) - 1 
f i n ) - Σ P / 

i = 1 , / P ï + 1 

has a distr ibut ion function ancT a bounciecr average. 

A well-known theorem of Hardy and Ramanujan states that the normal order 

of V (n) (the number of prime factors of n ) is (l + ο d ) ) loglog n . 
A spécial case of our well-known theorem with Kac f 3] states that 

V(n) - loglog n 
(loglog n ) 1 / 2 

has normal distr ibut ion, 
( n) ( n) 

More than 40 years ago I proved that if p̂  < . . . < P\/(n) a r e t h e 

consécutive prime factors of η , then for almost ail n the ν _th prime 
factor of n satïsfîes 

(2) loglog p^ n ' - (1 + ο d ) ) v 

More precisely : the every € > ο , η > 0 there is an e 0 = e 0 (e, η ) so that 
the densîty of ïntegers n for whïch for every ec < ν < V(n) 

(2') ν (1 - e ) < loglog p ( " ' < ( l + e)v 

ïs greater than 1 - η [4] . I do not prove (2) in [4] , I only îndïcate that ït ïs a 

spécial case of a resuit whïch can easily be deduced by methods of probabîl ist ic 

number theory» 

74 



PROBLEMS IN NUMBER THEORY 

(2) seems to me to be interestïng ancT has many applications, thus at the end of 

this paper I gîve a direct and simple proof of (2) · A sïmilar proof of (2) is 

outlined in a forthcoming paper of S . Wagstaff and myself. This paper also deals 

with an unconventîonal probiem. Let B n be the n-th Bernouli i number and 

n ^ J_ 
b n p - l | n p 

ïts fractïonal part. Let n be the smallest ïnteger with this fractïonai part , Then 

the densîty d of ïntegers m wîth fractïonal part 3 n / b

n exïsts and Σ d n = «> η n n 

where the dash ïndïcates that the summation is only extended over the n whïch 

have fractïonal part a n / b and a re minimal (our paper wîll soon appear in 
n 

I l l inois J . of Math, ) . 

Dénote by d y (p) the densîty of the ïntegers n whose v - th prime factor 

ïs n . d w (p) can easïly be calculated by the exclusion - inclusion princïple 
(n) 

(essentîally the sieve of Eratosthenes). By (2), for almost ail ïntegers, p^ 

is about expexp ν β On the other hand, it is easy to see that the largest value 
of cf^(p) îs assumed for much smaller values of ρ , in fact for 

e v ( l - e , < p < e v ( l + e ) 

by more careful computation it would easily be possible to obtaïn better 

estimâtes, The simple explanatïon for this apparent Paradox ïs that there a re 
ν 

very much more values of p at e e than at e . I t is not impossible that 
d v (p) is unîmodular, i . e. ït f i rs t încreases with p then assumes ïts maximum 

and then decreases. I in fact doubt that d v (p) behaves so regular ly but have not 

dïsproved it. The same probiem s ar ise if d y (n) dénotes the densîty of the 

ïntegers m whose v _ t h dîvïsor ïs n . Here we obtaïn that ïf D, < D are 
1 2 

the consécutive dïvïsors of n then for alI but ε Χ ïntegers n < X for 

ν > v ô (e , n) e x p ( v l / , 0 9 2 " e ) < O v < e x p ( v l / , ° 9 2 + e ) 

On the other hand, for f ïxed ν , d v (n) îs maximal for 

exp((l - e) log ν loglog ν ) < O v < exp ( d + e) log ν loglog ν ). 

It can be shown that d y (n) ïs not unîmodular. 
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I now state some fur ther results on the prime factors of ïntegers whïch can 

be obtaïnecî by the methocîs of probabïiïstîc number theory or aïso by more 

elementary but longer computatïonse Some of thèse results have been statecT ïn 

[ 5 ] . 
For almost ail ïntegers n : 

Σ 1 -L = (γ+ ο (1)) logloglog n 

where the crash ïncricates that the summatïon is extenciecr over the ν satîsfyîng 
loglog p ^ > ν . 

Sïmi lar ly , for almost ail n : 

Σ 77 - 4 - + ο (1)) Ι ο 9 1 ο 9 ' ° 9 " . 
ρ Μ <ηΗ) V 2 

On the other hancJ, it is not harcr to show that ït ïs not true that fo r almost 

ail n : 

Σ* 1 = (y+ ο (1)) loglog n 

On the other hancf, if v . + ^ > (ï + c) v. f then for almost ail n : 

(3) Σ ι 4 + o ( i ) ) Σ 1 
, . (n) v . < loglog n loglog p' v

 7 > v. t y 

ï 

ït easïly follows from the methocrs of [3] that 

loglog p [ n ) - v 

v / 
has normal distr ibut ion, ancr that if 1 / v

2 ^ 0 0 > then 

loglog p^ n ) - v loglog p^ n ) - v 2   

1 _ and 2 

v / 2 ^ 

are asymptotïcalIy î ncrepencfent. (3) fol lows from this without too much crïffïculty. 

For fur ther results of this type see [ 5 ] . Here we just make two more 
(η) v 

remarks. (2) croes not mean that p v is real ly close to e e . In fact, the 
following results hold. 
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Let α (v) tena" to 0 monotonîcally as v tends to inf inity. Dénote by h (n) 
(n) 

the number of v - s for which the v - t h prime factor p v of n satïsfies : 
fnî 

v - a, (v) < loglog p v < ν + α M 
00 

Then, i f Σ α (ν ) / l /2 <°° , for every k the densîty β ΐ < of ïntegers n 

for which h (n) = k exista and Σ β. = 1 (or roughly speakïng h (n) 
α k = 1 K Α 

is almost always bounded and h (n) has a cTïstrïbutïon functîon). 
oo α 

If Σ α ( ν ) / l /2 = 0 0 , then h (n)-» » for almost ail n . 
v = 1 / v α 

In partîcular, for almost ail η , 

Σ 1 1 / v 1 / 2 = (1 + O ( I ) ) c logloglog n 

where the summatïon is extended over the v for whïch v < loglog p ^ < v + 1 . 

On the other hancf, it is not true that for almost ail n 

(4) Σ* 1 - (1 + o (1 ) ) (loglog n ) l / 2 

1 / 2 

The order of magnitude of the left sïde of (4) ïs (loglog n) 1 and with 

more trouble the distr ibut ion functîon could be calculated. 

Let Ρ 1 < Ρ 0 < · · · be an inf inité séquence of prîmes, it is qui te easy to 
prove that 

Σ 1/P. = » 

îs the necessary and suffîcïent condition that almost ail ïntegers n should have 

a prime factor p. . ït seems very dïffïcult to obtaïn a necessary and suffîcïent 

condition that ïf a^ < · . · ïs a séquence of ïntegers then almost ail ïntegers n 

should be a multiple of one of the a's . I just want to î l lustrate the dïffîculty 

by a simple example : let η. + > ( 1 + c) n. . Consîder the ïntegers m whïch 
have a dîvïsor d satîsfyîng n < d < n ( ΐ + η ) . 

œ κ κ 
If Σ T\ < œ then ït ïs easy to see that the densîty of thèse ïntegers 

h - 1 K 

exïsts and ïs less than 1 . 
00 

If Σ Ήι^^ 0 0 ït seems diffîcult to get a gênerai resuit, e. g. ïf Ή = "rr 
h = 1 K K K 

the densîty in question exïsts and is less than 1 . 
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It seems certain that there is an α , Ο < α < 1 so that i f β < α ancf 
the ciensity of the m havîng a cfïvisor ci , n^ < cf< n^ 0 + 1/k^ ) 

ïs 1 ancT ïf β > α ït ïs less than 1 . 

Dénote by ε (n, m) the ciensity of ïntegers havîng a crivïsor ci satîsfyîng 

n < cT < m ancf by e 1 (n, m) the ciensity of ïntegers havîng precïsely one cfïvisor 

ci , n < ci < m . Besïcovïtch provecf lïm ïnf e (η, 2n) = 0 ancf I provecf that îf 

log m/log n ^ 1 , then lïm e (n, m) = 0 [6] . 

It ïs easy to see that thïs resuit ïs best possible, ï. e. 

lïm e (n, m) = 0 ïmplïes log m/log η ^ 1 . 
Further , I can prove that : 

e' (n, m) < c / ( l o g n ) a 

for a certain 0 < α < 1 . Perhaps ε 1 (n, m) is unimocfular for m > n + 1 , 
but I know nothïng about this. I cfon't know where e1 (n, m) assumes i ts maximum. 

I am sure that : 

ε 1 (n, m) / e (n, m) -> ο 

for m = 2 n . I f m - n ïs small, then clearly ε' (n, m) / e (n, m)_> \ 
ancf I cfon't know where the transit ion occurs. 

Some tïme ago the followïng question occurecf to me : let k be gîven n > n c (k). 

Is there an absolute constant α so that for every n < m < n there ïs a t , 

0 < t < (log n ) a so that m + t has a cfïvisor in (n, 2n) ? 

More gênerai ly : ïf n + 1 = a 1 < a < . . . ï s the séquence of ïntegers whïch 
1 2 

have a cfïvisor ci , n < cf < 2n . Détermine or estimate max (a. + . - a. ) · 
a.< n k 

Now we prove (2) ancf (2') . Dénote by V (n) the number of 

prime factors of n and by v - p ( n )
 t n e number of prime factors of n exceedîng 

T . The well known înequalïty of Tura'n [7] ïmplïes 
X 2 

(5) Σ (V (n) - loglog T) < C X loglog Τ , 
n = 1 

where C ïs an absolute constant. From (5) we ïmmedïately obtaïn by the 

Tchebïcheff înequalïty that the number of ïntegers n < X satîsfyîng 

1/2 

(6) | V T (n) - loglog T\ < Ζ (loglog T ) 1 ' 

ïs less than C Χ / Ζ 
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Put T. = (exp exp ï 4 ) · From (6) we obtaïn that the number of ïntegers 

η < X for whïch some ï > ï 
ο 

(7) | V y (n) - loglog T. | > (loglog T . ) 3 / 4 

ï 

ïs less than 

(8) CX Σ < e X 

for every e > 0 ïf Ï q > î (ε) . To complète our proof observe that V-j-(n) 

ïs nondecreasïng ïn T . Thus, îf T. < T < T. + and n satisfïes (7) , 

we have 

(9) | V y (n) - loglog T | < (loglog T . ) 3 / 4 + loglog T. + ] 

loglog T. < 10 (loglog T ) 3 / 4 . 

Thus, from (7), (8) and (9) ït follows that (2) and (2') are satîsfïed for almos 

ail n and our proof ïs complète. 

Fïnal ly I state an old probiem of mïne whïch ïs probably very dïffîcult and 

whïch seems to be unattackable by the methods of probabïlïstïc number theory : 

dénote by P (n) the greatest prime factor of n . Is it true that the densîty ο 
ïntegers n satîsfyîng Ρ (η + 1)> P (n) ïs ? Is it true that the densîty of 

ïntegers for whïch 

(10) Ρ (η + 1) > Ρ (η) n a 

exïsts for every α ? Pomerance and I proved (our paper wïl l soon appear ïn 

Aequatïones Mathematïca) that ïf ε^ -» 0 then the upper densîty of the ïntegers 

satîsfyîng P (n + 1) ε 
n n < < n n 

P (n) 
tends to 0 as n tends to oo . 

To end thïs note,I state a few unrelated unconventïonal problems. Dénote 

by Φ (X) the number of ïntegers n < X for which Φ (m) = n ïs solvable 

(Φ (n) îs Euler 's cp functîon). The sharpest current bounds for Φ (X) are due 
to R.R. Hall and myself [ β ] . 
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We prove (for every € > 0 and X > Χ (ε) ) 
ο 

(11) — — exp ((logloglog Χ ) 2 ) < φ ( X ) < - J i _ e x p (C- ( log log Χ ) 1 / 2 ) . 
log X log X 

It seems to us that the upper bound in (11) is d o s e r to the truth, in fact we 
belîeve that for every ε > 0 and X > X (S) 

ο 

Φ (Χ) > y ^ x " e x p ( C 2 (loglog X ) 1 / 2 ) . 

It is not certa in that there îs a genuine asymptotîc formula for Φ (X) but 
perhaps Φ (C Χ ) / Φ (X) - C holds for every C > 0 . 

Dénote (X) the number of distinct întegers η of the form 
cp (kX + t ) , 1 < t < X . For "small" k ail the Φ κ (X) probably have a 

sîmîlar asymptotîc behavîour, but of course ! can prove nothïng. ! have no idea 

how many new întegers appear amongst the φ (k X + t) , 1 < t < X , In other 
words : estîmate the number of întegers n < X for whïch the smallest solution 

of Φ (m) = η satisfïes k X < m < ( k + l ) X . I can at the moment say nothïng 

înterestîng about thîs problem. 

Dénote by m^ the largest înteger for whïch Φ mχ) X and by m 
the largest înteger for whïch CD (m^) ̂  X and for whïch there is no u < m ' ^ 

wïth Φ (u) = CD ( m f ) · In other words m 1 is the largest înteger for whïch 

Φ (m'^) X and whïch gïves a new number of the form Φ (m) · I hope that 
m ' ^ / m ^ -» 1 but I do not see how to prove thîs. Perhaps m ' x = η ι χ holds 
for infini tel y many X · 

Let u / n ^ < · · · < u / n ^ e tne set of 'nte9ers Of th'ey exîst) for whïch 

CD (u.) = n, 1 < ï < t # An old (and probably hopeless) conjecture of Carmïchael 

states that t > 1 ïmplïes t > 1 . It would be perhaps înterestîng to 

învestïgate 

max u[n)/u\n) . 
n < X 1 

(n) 
One final question about the Φ - functîon : let ρ be the smallest prime 

== 1 (mod n) · By a classîcal resuit of Lînnîk [ 9 ] p ^ < η 1 + C · Let u 
J n 

be the smallest înteger wïth Φ (u ) = 0 (mod n) · If η = ρ - 1 we of course 
(η) n (n) have u = ρ and ït îs easy to show that for infinitely many n u < ρ · η n 

u / 00 stets for almost ail n · The proofs are not dîff îcult . η n / % 
I am sure that ρ /u^-> co holds for almost ail n · 
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Let < q 2 < · · · be a séquence of primes for which q. + 1 = 1 (mod q.) , 

it easîly follows from the theorem of Linnîk [ 9 ] that there ïs an infinité 

séquence of such primes satîsfyîng for every ï q. < (exp exp C î) for some 

absolute constant C · In fact, there îs l î t t le doubt that such a séquence exïsts 

wïth q. < exp (ï (log ï ) 1 + e ) . I am faïr ly certain that for every such séquence 

lïm q. = oo but I have never been able to prove th is . 
i = 00 

Dénote by h (n) the largest ïnteger £ for whïch there ïs a séquence of 
(n) 

prime divïsors p; of n for which 

p | n j 1 = 1 (mod p | n ) ) , 1 < î < e - 1 = h (n) - 1 . 

It îs easy to see that h (n) tends to infinity for almost ail n . Dénote by L (n) 

the smallest ïnteger v for whïch the v - tïmes îterated logarithm of n is less 

than e · It seems that the normal order of h (n) îs about L (n) but I have 

not carr îed out ail the détai ls. Dénote by H (n) the largest ïnteger u for 

which there ïs a séquence of dïvïsors d. of η , 1 < ï < u - 1 for whïch 

d. + 1

 Ξ 1 (mod d.) . 

I am not sure ïf H (n) /h (n) -> oo holds for almost ail η , I am sure that 
H (n) is not much larger than L (n) · The estimation of H (n) îs related to the 

followïng question : dénote by A (d, a) the densîty of ïntegers n which have 

a dïvïsor D = 1 (mod d) , 1 < D < exp d a . For α < 1 , A (d, a) •* 0 ïs 

t r i v i a l . I can prove A (d, 1) -* 0 as d -> oo . This last resuit ïs not qui te 

t r iv ia l sînce 

Σ' ± = 1 + o ( l ) 

where the dash ïndîcates that 1 < D < exp d , D = 1 (mod d) . 

I believe that there is an α , î < α < oo so that for β < α lïm A (d, β) = 0 
d = oo 

and for β > α lïm A (d, β ) = 1 . 
d = oo 
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