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On topological and measure entropies of semigroups
by

Krystyna Malgorzata Ziemian

The presentet paper contains a generalization of the
theory of topological and measure entropies to the case of an
action of an arbitrary subsemigroup of z'. Some ideas were
suggested to the author by M. Misiurewics,

1. Definitions of the topological and measure entropies.

v
Asubset A C E' will be called a cone in B ir

o
VxeAVe>0 txeA emda A N B(0,1) 1is of positive
Jordsn measure, where B(0,1) 1s the unit-ball in B,
o o~

The set /L  of the form A= A A zZF, where A
is a come in I!K, will be called a cone in ZN.

If G is a semigroup in ZN then G generates a
subgroup of Z isomorphic to 7% for some NN / N
as usually denotes the set of positive integers /. Thus without
loss of generality, we cam restrict ourselves to the study of
these semigroups in ZN which generate Zn. It is easy to

prove the following.

Proposition 1, A semigroup GC z‘ generates Zll ire
G contains a cone in z‘.

Commencing from now G is a fixed semigroup in ZN
containing a eone A in ZN.
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We introduce the following notationss
For T, = (r;',....r g). T, = ( r;,...,r g) € er
the relation r.< T, /r4< T,/ means that ri< ri/ri{ri/
1 2 1 2 1 27yv2
for 1 = 1,.0., N,
B2 Sxc &
. ™ ix € t x> 0}.
For genf-:- Jgdgixekf: x<9}.ig+s, where
8 € n’, will be called a rectangle in I!H.
zfdi { se 28 ¢ I)O}.
For we zf I'd" { x€ zf: x<{w}. I,+ s, where
s € 2¥, will be called a rectangle in 2z¥,

X is a non-empty, compact Hausdorff (probability) space.

T isan actionof G In X (it is not assumed that 29 . 1dx).
& denotes an open cover (a finite measurable partition) of X.
For every subset B of G we set (ﬂ-nd‘; s\e/B (!5)"13$~ .

H( & B) stands for the topological (measure) entropy of the
cover (partition) -99-3.
For nc XN weset AZY A A B(O,n), where B(O,n) 1is

the ball with center O and radius n,

Theorem 1, 1lim ==—————) n(s‘} ) exists and does not
n card A

depend on the choice of A C @G.

Lemma 1. Let & Dbe an arbitrary positive number, If
A is a cone in ZN and (n;) is a sequence of positive
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TOPOLOGICAL AND MEASURE ENTROPIES OF SEMIGROUPS

integers such that lg..n n; = +0 then there exist
(1) positive integers 11,..., lk,t,],..., b
(11) we z)
(iid) zi“.je Iy 3=%heeey b3y 124000, k

such that I = U (A"“4 + 39 5) VU eee U

L
te .
veeU ;1U1 (Ao, z,5) Y Iy’ where sll the sets in the
t ]
card I
above sum are pairwise disjoint amd 2 LS.

card I'

o nt
Proofs By assumption, A=A N 28, A'=An 3(0,::1):

o oV, oy
=/ N B(0,n;) N Z¥ for 1le W. Let A™ (-uj\_r\ B(0,n;) C &’

Fix £>0, If | | denotes the dordan measure on &Y
then
N"L
(1) 1lim °‘”‘d(A~ 2l 1,
v | A™ 1

by definition of Jordan measure.
et JC R Dbe a rectangle with vertices belonging to
o~
z¥  such that J\.4 C Je. Denote.

)
(2) PQ‘ AL

B

I, can be constructed inductively. The idea is the fol-

~N
lowing., We chose l.‘e N such that nl‘i I\ _/\,M4 can be cove=
red by palrwise disjoint translates of oy J by vectors with
integer coordinates so preclsely that if we denote the covered part

of nl;‘J by (nl1' J)c then
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I (B, * e |
(3) 1o S 1-g.
|n11' J N\ AU

o
n
Then, n. J ocontains both A " and the tramslates

of A™ . Now, if (nL‘ J)N denotes the sum of
and these translates then, in virtue of (2) and (3),
| (= J)~|>
(4) + (1= )1 =(3)e
lnl:. J' P P P

~
Now, we chose 126 N  such that n12 o« I N An"i can

be convered palrwise disjoint +translates of nl‘; J Dby vectors
with integer coordinates, so precisely that if we denote +the
covered part of n,- J by (nlé J)c then

2

| (nq- J)2|
(5) 21 ¢
| By I\ A"
2
on
Then, nlé J  contains both A * and the translates

o~ S
of A" ama A" ., Now, if (nla- J)‘«/v\ denotes the
N
sum of /L > and these translates them by (2), (4) and

(5) we have

« )~ | n,* J)e
(6) g T > P o+ =L)(1=p) ¢ R
| T J | | n 9 |
Continuing this procedure, after the k-th step we have
Jnlk which contains both (/v\_nL“ and the translates of

~ S Ny .
j\“" ’ A “ gecey N by vectors with integer coordinates,
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TOPOLOGICAL AND MEASURE ENTROPIES OF SEMIGROUPS

and 1f (n; - J)]nl denotes the sum of ﬁ"'t and these
k
translates then
[y DA | @, %l
(7) > Y B +(1-£)101=p)e

‘nlk.Jl }nlk-‘\. J'

~n
where (nlk . J)]i is the sum of /A “' and the transla-

tes of ;\'_u', ﬂ_n“,...,/T"‘*-t covering Jnl after
k=1
(k=1)=th step.
(n Y J)
Denote T dip y Tq = l L‘ Al, eee
o la; . J]
1

« N}
[(By -« 9]
«J
""1k |
By (7) 1> )P+ (1=-¢)(1=-p)r,4 for k€N,

It is easy to prove that the sequence (rk) satisfying the above
condition tends to f(€ ) while k +tends to infinity, where

lim f(€) = 1, This fact together with (1) ends +the proof,.
t=0

XXX} I'k =

Proof of Theorem 1t Suppose that A ,, ./l2 CG are

N at 1
cones in 2 Denote = lim inf H( )
' 21 ¥ e ogm i ),

daf
= 1lim sup
72 n card A AR

n(j(,, . Fix ¢y 0.

There exist a sequence (nl)l 1 of positive integers
such that -
1

(8) —_—
card A,"'

H(‘ﬂ!\:‘ ) g Ma+¢ for 1€ N,

If I' is a rectangle from Lemma 1 constructed for (nl)

and ¢ s then for sufficiently large n € N
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+
9 Al3=uU (I,+F v (AD)

i=1
where }’6 G, 1=1,...,t, the sets in the above sum are
card(/\g)'
pairwise disjoint and o
card A’z‘

By (8), (9) and Lemma 1 we have

- 1

card A2
2

n(,ﬂj\; ) g +€+2¢€ HA), 50 P, <Ny

Definition 1. (a) The topological (measure) entropy of a cover
(partition) A with respect to an action T of the semigroup
G 1is the number

n(r,fA) & 135 2 H .
Ml by AL O

(b) The topological (measure) entropy of an action T of the
semigroup G is the number h(T) ar s;p h(T, A ).

Example, Let H # ¥ ve a semigroup in ZN containing
O and a cone in ZN. Equip the set f0,1} with the diserete
topology and put X g'.f (0,1} q with the product topology. We
define sn sotion ™ of H as a shift on X : ('!h(x))s L.
for x€ X, h,g € Ho It 1s easy to prove that T cannot be
extended to an action of a semigroup H, H g H'C n,

This example shows that the above definition is a subs-
tantial generalisation of classical one.

It can be easily proved that the above defined notions of
entropy possess all the basic properties of entropy which can

be found e.g. in [ 1] emd [3].
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TOPOLOGICAL AND MEASURE ENTROPIES OF SEMIGROUPS

2. The relation between the entropy of a semigroup and the
entropy of 1ts subsemigroup.
For AC ZN, <€ A) will denote the additive graup genera-
ted by A.
Iet P bDe a subsemigroup of G. We know that for some
£ <r),
% K
Y induces a linear mapping P s R° - BN, Ilet

KeN there exists an isomorphism Y 4
ar o N

V= Y (J(‘I,..., ,‘)) Nn %2 , G contains a cone in Z!,

thus there exists h € G such that V+h C G,

We set RV A .ﬂ“ amda p% cara V.

h

Tp denotes an action of P on X defined by P3I3§+— 8,

Theorem 2 / cf [3] 241 /o If K=N then

B2, A7) = pen(z, & ).

Proof 3 I. h(Tp, Ay pen(m,A).

By assumption ¢ '1(P) generates ZN, thus there
is a cone Ap in ZN, V(AP)CP.

Pix €20, Veset & nm A), 9, ¥ ne, AN,

For some n,é N we have
1
10) ———tee— H "
(10) T np (ﬂ'ﬂA,)) (7P + € for n3n,

Let Iw be a rectangle in ZN from Lemma 1, constructed for the
oo
sequence (A")mn. and € . For some k € G, (I )+V+k CG,

because G contains a cone in ZN.For sufficiently large n we
can find B8 € N, Aj‘ G’,j:",ooo’s such that

8
1M A= U:‘ (@I +V+h+k+ryu( Y,
j=

463



K. M. ZIEMAN

where the sets appearing in this sum are pairwise disjoint and
/
card(/A2)
8z <t e
card AR

From (12) , (13) and Lemma 1 we get
s

s ) € e 2, e even i)
Y%
+ e B(OR) ¢ £ BH(W + d(‘e(TVJ X H(&W(Iw)&)
card (@(I,)+ V) = p cardl,, and in virtue of (12) and
S . V).
femta 1, and card I., (&C((I Y+ k)QVZP*-e*E H(QQ‘\

1 4 1.1 V-
Homce ——-clog= H(KW)ST 03 +€° H(0) + 5+ gHAD)

which implies  p-ip ¢
. ph (7 , %) 2 6 (1 , V) .

Pix €> 0 . There existe n € N such that

1
12 —— T \ % <+ ¢ for n>n_ .
( ) card An ( An) 'Z 7 0
Let IW be a rectangle in ZN from Lemma 1, constructed
oo
for (_/\_m)n_'1 and £ . There exists te ® ,
“to
2,5 % € 20, 1= 1,...,t, such that

t !
() @ Cu) + V=Y (Tyr w) v(el) V),
1=
the sets appearing in this sum are pairwise disjoint and

!
_ggrd (’e(IZo)+V) < g
card(ce( I,,)+V
Por ne W sufficiently large we can find 1¢ N ,
n
25' € AP ’ is= 1.-00'1, such that

- Lle ( Izo«» AQU(.A%Y,

(14) A';,
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all the sets in the above sum are pairwise disjoint and
n
card ( Ap)

i

card Anp
v
Ve mmmmcemee

By (14) , (15) and (16) we have vy H(\ﬁ'(((ﬂv;’)) <

v 1 S A
€ & Hwef ): EE;W: Z H(&CG(IZ)+V4h+‘g(m,'))‘<g'”(&)

L 1= ° 1

—_—t

' card N;, 12_4(32/1 H(&Iwnsﬂ *cew\;)\ v H(&(V(IZOHV)LM((OB)

< p- 7 o+ g( p.x(&) tp+ H(Cﬂrv)) which gives the inequa-

ity r(?ép-rz .

Corollary 1 (cf [3] 2.3) 4 If Ka=N then
h(?,) = pu(T) -

Theorem 3 (cr [3__] 2,5) «If K< N and h(T)>0
then h(Tp) = 4 @

Proofs Recall that >~ &, s K>S P>

is an isomorphism , K< N . We extend @ to an isomorphism
of ZN into ZN . In the sequel this extention i1s denoted
also by ce « Let p = denotes the index of subsemigroup
@(2") in 2  ama P ¢ ¢ (") O G . By The-
orem 1, h(T )= p* h(T). The extension ¢ can be cho-
sen in such a way that p' is arbitrarily large. Thus it suf-

fices to prove that h (T?.) < n(ry).

q."(( P) contains a cone ‘AP in 2K, (9-1 (P‘)
contains a cone ./\* in ZN . PFix 19 > O . There exists

n, € N such that for n 7 ng
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1
(15) ;m;— H((ﬁ‘(e(Ar;)) < h (Tp, d}) + £ .

Let I w be a rectangle from Lemma 1 , constructed for

(A“?)W and § . For ne¢ N sufficiently large
ﬂ‘no

We ocan cover

n
L 4

so precisely, that by a standard estimation we obtain the de=~

by pairwise disjoint translates of I.,,

sired inequality.

Corollary 2. /of [3] 2.6./. If K< N, h(2,)<+%,
then h (T)=0.

Note that everything that was proved in part 2 4is also
valid for measure entropy (proofs without modifications) .

3. Theorem of Dinaburg - Goodwyn - Goodman.
We introduce the following notations 3
?'ZZ(X) - the space of all Borel, normalised measures on X
with weak * - topologye.

X%( X,?) - the subspace of all T-invariant measures
in % (X) .

W - the set of all neighbourhoods of the diagonal in X x X

directed by the inclusion. A
af. —q =0y
Let Se w. Sc'jn‘(l%)ﬂg)d‘ for arbitrary
36(,.

ccCa.

A finite subset e of X is called a/ (0.3) ~ sepa=~
rated , 1f forall x,y € e , x#y we have (X,y)¢ SC ;
b/ (c,&\ - spanning , if for all x € X there exists

y € e such that (x,y)¢€ <§c .
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Let c(c , &) i-i min { card e: e is ( C, (Y) ~gpan-
ning} » 8(C, §) = max{card e : e is (C,é\) - gepara-
ted?} « We define

_ de. . "
‘YT (A,c‘:)= lim sup -j-{ﬁ log T(./L,J) ’

n card

df. 1 n
T (/A §)= 1lim sup ==tee-ce log s( /L 8) .
T( / n card A® ( !
By an argument analogous to the one applied in )'_3_] the
following definition makes sense,

Definition 3. hp(A) = s Bp (A, 8) = n FT(A‘8> =
= sélsp _B'T(/\.IS> = egp ?T(jllé\.

Theorem 4. For all A C & ny(A) =n(r).

The proof of this theorem is a translation of the proof [ 3]
4.8 to the language of the form structure W on X .

The following lemma will be used in the proof of Dinaburg-

Goodwyn=Goodman theorem.

Lemma 2. Agsume that P € 1'2‘?(1.'!) and JQ’ is
a u = measurable finite partition of X . Let Py € Z{

for ie N and linm Py = + 00 « Chose 8y € G such

that I1> + giC G for i€ N . Then
h r, R 1lin ==edeee H
/‘( ' 8) - 7" card I /*(J&I*‘é‘)
Pj_ P «

" —_
£: I 11 R ¥n .
Proof mi sup card Ip. /A(&Ipfﬁi /;.( l( C@)

i

There exists a sequence of positive integers (nL) such

1 d +
that povrarcH nﬁ(&AnL) < h/(( T,u’t}) € .
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Por i sufficiently large we cover Ipi + 84 by pairwise

disjoint translates of a rectangle IW from Lemma 1 , con=-
n
structed for (A'‘) and € .
A standard estimation yealds the desired inequality.
+gi) ’
If i1ie I then for sufficiently large n ¢ @ we can
find k€ O, ejl 1a 1,...,k , such that
n
A = L) (I + 2 ) o A" ) , Where the sets appearing

II. h/«('.r.oér\ € lim inf ——-le—o /1(0‘"

1 card I

card (/" )
in this sum are pairwise disjoint and =eme==—m==-e- ¢ . Since
card
for 1= 1yeee,k , H, (R ) =1, (K ) =
M Tp, t 2 AR TR
-8, ( - ) , the following inequality holds 3
card A" /A(\ﬁ’ﬂn) e ( ) card Py M ( OQVT +3
inequality implies II .
Theorem 5. /Dinaburg-Goodwyn=Goodman/.
h('.l.‘\: sup h ('.E)
pemxty /N
Proofs I . sup h, (7)< n (’1‘) /Goodwyn/ .
He KT A
The proof is analogous to the proof of Theorem 4.1 in [4__(
II. h(T) < sup n (r) fez [5] /.
pentxm S
FMx S0 and S¢W. Let forall né€ W

e be a set (j\,rt &) - geparated of maximal cardinality.
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For some sequence (nk) of positive integers there exists

1
lim T log card e = A 8
3 card A 3 € Dy hT( ’ )

We construct a measure M € I (I,T) in the way

indicated in [5] 3 6‘n ( { yz_])-

for y €e
de, n)

/U. n™ -------- 2 1‘“‘35- /definition of T™* 4is given
card A"

in ): 5] /+ In virtue of the theorem of Alaoglu there exisis a
cluster point /ue 221(1\ of the sequence (/*n o« As in [ S‘J
one proves that M € Tz, ‘1‘)

Let d:)’ be a finite Borel partition of X such that
axan for aeJ}. Then for aed@An axaccS\A-n

thus M ac &/\_“ card(en/\ s)§1 » B8O y

6(09/ )" 2 s (sly?}) log ({yj)-logcarde .

yeen
(I + gi) be a sequence from Lemma 2,
Py
We can assume that g; € Zf for 1€ N .
Fix m¢ N and € , 0< EC---(’:----- . There
2logcard
N
exists 1 € N such that for 12 1, Py -8y =Py € 2,
and
card I
P1~8,~P
(16) 1% n > 1= & .
card Ipl

If 13 lo sy 1l€C N s then for n sufficiently
n
large we can find t¢€ N , 2, € A ’ i m 1,000yt » B8uch

t

n |

that /\ = (J (Ipl + )i) ¥ (j\n) ; the sets appearing
1=/
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n.d
card (A )

in this sum are pairvise disjoint and
card A"

Now, let & € Ip « We define
m

ol - gl - o ¥ _N_ N
s(q\ = ([ ----g#- 2 s oee ,[ Bl'--ﬁ--—-g- ).

Pp
)
Observe that Ip = U (I +g +q+ P )\) (I ),
where the sets appearing in %15 sum are pairvise disjoint and
!

card I < card I - card I < + card I

(1) € b= goue o € E b,
/by (16) / . So, finally we can represent _{\. as a sum of
pairvise disjoint sets as follows /" (U(I ot N +&yt

54 Tel ()

+q+ -r»pm}U(I'+9\»u(/\).1'hus,forall qGIp
(17q) H_ (QQ’ j<oard(/\.) log card Jg' +
+ z card I log carddb’-a— 2 Z H ((T’A”T” fm)\ﬂ—\

i=A 1=4 7€T JU 9.,.
stq
Adding the inequalities (17 q) s Q€I
obtain

m

P s by sides we

(18)  card I, - log card o, < ocardI, * log card N

(card(ﬂ ) + t card I ) +

53,3, T )<

l A a’eI TGIs(q\ I?N+ %M
£ card I « log card Jg(card j\ )+ t+ card Ip ‘) +

+ H 78) =1 > .
E/\" Gn( (#5) 7 oz v g
Dividing the inequality (18) by card I, ¢ card A" and

applying the inequalities
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1 g -1 < ( ()q,
S - H_ T < =
card A" 36 A" ( ( ) Pm 9"} M IPm+9m)
t - card I
P t- card I, -
and - < o & < € » We obtain
card A" card A"

(19) S V— log card e, < 2 <€ log card Ko+
card /"

(b ).
P /‘Ln Il’m+ Im

+ - etun set e s anen ¢

card I

Inequality (19) is true for all n € N sufficiently large
and OQ' can be chosen in such a way that the boundaries of tha
elements of 0Q~ have measure /& zero, hence taking the limit
with respect to n/or with respect to a subsequence (nk) if

necessary / we get hT(./l ,3) £ 2-¢€ log card ¥ +

—ee Oh (& 4 mmedoeeen - &
+cardI[, ( * G’ " +ca:rdIm /*(Im+

forall S € W and mé § . Passing to the limit with O
and m , owing to the arbitraryness of G , we obtain final-

Iy n (1) < h/u(m) .

Corollary 3. If T .Q, denotes on action of G onthe
set of nonwandering points () defined by T_%_(x) = 78 (x)
for x ¢ {2 , then h(‘ra) - h(T) .
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