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On topological and measure entropies of semigroups 

by 

Krystyna Malgorzata Ziemian 

The presentet paper contains a generalization of the 
theory of topological and measure entropies to the ease of an 
action of an arbitrary subsemigroup of Z*« Some Ideas were 
suggested to the author by M« Misiurewici. 

1. Definitions of the topological and neasure entropies• 

• subset A C R N will be called a cone In fi* If 
V x e A V t > 0 t*xeA and A n B(0f1) Is of positive 
Jordan measure, where B(091) Is the unit-ball In 

w CM 

The set A of the form A » A n 2r 9 where A 
is a cone In G*, will be called a cone In 7?. 

If G is a semigroup in Z N then G generates a 
subgroup of Z N isomorphlo to ?P for some N'e N / N 
as usually denotes the set of positive integers /• Thus without 
loss of generality, we can restrict ourselves to the study of 
these semigroups In Z N which generate 7p. It Is easy to 
prove the following* 

Proposition 1« • semigroup O C generates ?P iff 
G contains a cone in 

Commencing from now G is a fixed semigroup in 7? 

containing a sane A in z H . 
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K. M. ZIEMAN 

le introduce the following notationst 

Por r n m ( ri,•••fr *[)• r 2 » ( rl f •••fr |) £ B* 

the relation r^ <̂  r 2 / r^ < r 2 / means that r* < ^A^l^ 

for 1 s 1 9»*» 9 I * 

df 

«J • £ x é R 1 t x > o } . 

For çéfl£ • JçH ^ x € l x < ç ^ • Jç + s, where 

SE RN,will be oalled a rectangle in 

ZN+dfz{SEZ : Z>O} 

Por w € z j I j ^ £ x € Z* * x < w } . In + at where 

s € Z^f will be called a rectangle in Z*« 

X Is a non-emptyf compact Hausdorff (probability) space* 

T Is an action of G in X (it is not assumed that T° « id^) • 

<& denotes an open cover (a finite measurable partition) of X« 

For every subset B of G we set ABdfz geb V (Tg)-1 A (*8)~1<$- • 
g€ B 

H( <S$ B ) stands for the topological (measure) entropy of the 

cover (partition) 

Por n € IT Andf we set AndfA A Sr À Si B(0,n) f where B(09n) is 

the ball with center 0 and radius n« 

Theorem 1* lim 3 . H(£fy ) exists and does not 
7 1 card A A 

depend on the choice of ACQ. 

Lemma 1# Let o be an arbitrary positive number* If 

A is a cone in Z N and (n-,) is a sequence of positive 
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TOPOLOGICAL AND MEASURE ENTROPIES OF SEMIGROUPS 

integers such that lim1 list n^ = +00 then there exist 

(1) positive integers 1^,..., l f c,t 1 f... t t f c 

(ii) » 6 2? 

(iii) zi,jE Iw„, js1,..., t i t i=1,..., k 

such that I. » Ó ( № + * ) U . . . U 

...U U 
d-1 

Anlk + zk,j)U I'W' where all the sets in the 

above sun are pairwise disjoint and 
card X 
card Im>afyu 

Proof » By assumption, A « A z 5 , A"1 - An3(0,»^-

J n BtO.njM Z 1 1 for 16. V. Let î"1 â'AnBio.^ic B 5 . 

Fix £ > 0. If l ' I denotes the Jordan oeasure on 

then 

(1) lin 
I 

oard(AWtn a 1 ) 3 « 

by definition of Jordan ne asure* 

Let JC fi be a rectangle with vertices belonging to 

Z H such that A C J* Benote. 

(2) p S* I A " I 

i l l 
I w can be constructed inductively* The idea is the fol-

lowing* We chose Ljfc (HT such that n ^ J \ A A can be cove­

red by pairwise disjoint translates of n̂ - J by vectors with 

integer coordinates so precisely that if we denote the covered part 

of n-, - J by (s-, * J) _ then 
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(3) 
1 (% • J>c » 

nI1.J Anll1 
> 1 - £ . 

Then, n^* J contains both 
Anl1 

and the translatas 

of Ani1 • How, if (nl1.J)~1 denotes the sua of 

and these translates then, in virtue of (2) and ( 3 ) , 

(4 ) 
1 (% • J>c » 
nI1.J Anll1 >B+(1-e)(1-b ).b. nkuopj 

How. «e chose lgf H such that n^12 • J Anl2 
can 

he convered pairwise disjoint translates of n^* J by vectors 
with integer coordinates, so precisely that if we denote the 
covered part of n, • J by (n, * J ) . then 

A 2 *2 c 

(5) 
l Uh/ J ) 2 I 

>B+(1-e). 
> 1 - i . 

Then, n T- «J contains both 
2 

Anl2 
and the translates 

of A 4 and 
ANl2 • Nowf if (n, • J ) ~ denotes the 

sum of A 1 and these translates then by (2), (4) and 

(5) «e have 

(6) 
I (% • J)~ I 

x 2 A >B+(1-e)(1-b). 
Anl1 J1 (% • J>c » 
nI1.J Anll1u 

I n l V J I 

Continuing this procedure, after the fc-th step we have 
which contains both A u and the translates of 

A 
Anlk1 

,........? 
Anlk-1 

by vectors with integer coordinates, 
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TOPOLOGICAL AND MEASURE ENTROPIES OF SEMIGROUPS 

and if (n, . J)~ denotes the sun of A ** and these 

translates then 

(7) 
1 (% • J>c » 
nI1.J Anll1 1 (% • J>c » 

nI1.J Anll1 

> ß + (1 - o d -fi)» 
1 (% • J>c » 
nI1.J Anll1 

Anlk11.....k1 

where ( n l # J )/T is the sua of A 
Anl1 

and the transla­

tes of ANr1....ANr1....ANr1.... covering 
xk-1 

after 

(Ic-D-th step. 

Denote 
df a 

t 
df 

r 1 » 

1 (% • J>c » 

nI1.J Anll1 =21869 

rfc 

dfr 
1 (% • J>c » 

nI1.J Anll1 

By (7) 1 > r k * /5 + (1 - e )(1 - fi ) ^ for kéSï* 

It is easy to prove that the sequence (r^) satisfying the above 

condition tends to f ( ë ) while k tends to infinity, where 

lim t(t) • 1 # This fact together with (1) ends the proof* 

Proof of Theorem 1i Suppose that A^t A 2 C G 

cones in Z N. Denote 9 1 lim inf 
1 

sard A2* 
1 

9o lim sup 
^ n 

1 

card A n  

2 

BAn12074 
. Fix £> 0. 

There exist a sequence (Hi) 
1 1=1 

of positive integers 

such that 

(8) 
1 

card 

(AA1ni)>n1+e for 1 « N. 

If Iff is a rectangle from Lemma 1 constructed for (n-̂ ) 

and I , then for sufficiently large n e H 
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(9) An2= 
t 

u 
i=1 

(i- + t 5 w (Al ) 

where I j'g G, is1,...,t, the sets in the above sum are 

pairwise disjoint and 
c a r d t A j y 

« a r d A I 

< 6 

.By (8), (9) and Lemma 1 we have 

card A n 

2 

H [JiA» ) $ ^ • 6 + 2 £ E{Jt)t so 7 2 £ ft. 

Definition 1. (a) The topological (measure) entropy of a cover 

(partition) Jt with respect to an action I of the semigroup 

<J is the number 

h(th)a) lia 1 

cardA n 

1 
cardAn 

(T>) The topological (measure) entropy of an action T of the 

semigroup (J is the number h(T) sup h(T9Jt ). 

Example* Let H 4 Z N be a semigroup in 7? containing 

0 and a cone in Equip the set ¿0,1} with the discrete 

topology and put I «^ {°tl} ^ with the product topology* We 

define an action T of H as a shift on X : (S^lx)) » x^g 

for x € X f h fg € H# It Is easy to prove that T cannot be 

extended to an action of a semigroup H,' H j£ H' C 

This example shows that the above definition is a subs­

tantial generalisation of classical one* 

It can he easily proved that the above defined notions of 

entropy possess all the basic properties of entropy which can 

he found e.g. in [ ij and [j] • 
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2« The relation between the entropy of a semigroup and the 
entropy of its subsemigroup. 
For A C Z^9 < A> will denote the additive group genera­

ted by A. 
Let P be a subsemlgroup of G« We know that for some 

K € N there exists an isomorphism f i Z — • < P > . 
f induces a linear mapping f : B K — B * . Let 

V » f y> ^ 1 , • • •, 1)' n z N • G contains a cone in Z*f 

thus there exists h 6 G such that V + h C G « 

We set Av # V Av+h and p ̂  card V. 
**h 

T p denotes an action of P on X defined by ?3$ *—* 

Theorem 2 / cf [ 3 ] 2.1 /• If K = N then Tp'Av)=p.h(T,H). 

Proof t I. h(T p f JlY) > p • h ( T f Jl ) . 

By assumption y> (P) generates Z 9 thus there 
is a cone A p in 2? f ^ ( A p ) C P. 

Fix *>(>• We set ip l f h(T, ), <J>p h(T p f,tf V). 

For some n Q € S we have 

( 1 0 > c l r ^ / ^ ^ ) ' < ? P
 + £ f O T 

Let I be a rectangle in Z N from Lemma 1, constructed for the 
sequence (A ) n - r v and £ » For some k € G # y> (Iw)+V+k c G f 

because G contains a cone in Z .For sufficiently large n we 
can find s € N f Arc G f js1f «..,s such that 

a * 
( m An * U (<f { I w } + v + h + k + V u <A*1)', 

d=i 
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where the sets appearing in this sum are pairwise disjoint and 

card -A n /card -An 

Prom (12) , (13) and Lemma 1 we get 
1 

sard A n 

B(AnAn) 4 —I--
card A n 

s 
( Iz • ^io ( A ) , 

( Iz • ^io ( A ) , 1 
card((f(rj+ V) 

((f(rj+ V) but 

card ( c f C O + V) - p cardi w and in virtue of (12) and 

Lemma 1 , and 1 
card I w 

vei2 ay(Iv)+k< Np+e+e . H ( AV).(Iv)+k< Np+e+e . H ( AV). 

Hence 1 
card 

(cfCO + V) - p ii. p.h > h (T ,JJV) 

which implies ^ • 

ii. p.h O > h ( T , J J V ) 

Fix 0 . There exists n 6 ST such that 

(12) __1 
card A n 

A(An) <n+E for n > n o ' 

Let I be a rectangle in Z from Lemma 1, constructed 
for r A T 

e-+=fe 
and & • There exists té fi , 

ii. p.h > h (T ii. p.h > h (ii. p.h > h 

t=e31 + v fdd + v » 
t 
U + v », 1 9 1f••#,!, , 1 9 1f••!, 

the sets appearing in this sum are pairwise disjoint and 

c a r d ( ^ H V ) 
card(cf(i, ) + V 

, ••#,!, 

For n € W sufficiently large we can find 1 ̂  H f 

A N 

, 1 9 1f••#,!, such that 

( u ) A 1 > 
i 
U 
UÀ 

( I z • ^ i o ( A ) , 
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all the set8 in the above sum are pairwise disjoint and 
n. 

card C A p ) 

card Â > 
< e 

By (14) , (15) and (16) we have 1 
card^CA*) 

H()Va(Anp)> 

>E H ( Av)+ 1 
car3" a"^"~ 

H(AQ50 v V+h+q(y)> 1 

+ J 
card A n 

î t 
H(a 

Iw+z.j+h 
/1 + H(& (q(Izo+)+'+h+q(y) 

£ P-»7 + £ ( p - H ( $ W + H ( $ V ) ) which gives the inequa­

lity r£ ^ p • £ • 

Corollary 1 ( cf [ 3 j 2 . 3 ) t If K » N then 

h(Tj a p . h ( T ) . 

Theorem 3 ( of £ 3 ! 2 , 5 ) .If K < N and h ( T ) > 0 

then h(T ) « + 00 . 

Proofs Recall that <^ P> ̂  Z K

 f C0 t ZK~^> < ? > 

is an isomorphism , K <C N • V/e extend C£ to an isomorphism 

of Z^ into . In the sequel this extention is denoted 

also by CO . Let p x denotes the index of subsemigroup 

C£ ( z N > ) in zP and F* « C£ (Z N) n G • By The­

orem 1, h^T * p*' h ( t) • The extension can be cho­

sen in such a way that p* is arbitrarily large. Thus it suf­

fices to prove that h ( T p 0 ^ h C • 

Cf"^?^ contains a cone Tip in Z K

0 ~ 1 P* ) 

contains a cone A^ in Z^ . Fix fc, 0 . There exists 

n Q t R such that for n ̂  n Q 
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15) 1/card An H (Aq(Anp) < h (Tp, A) + e . 

Let I be a rectangle from Lemma 1 9 constructed for 

(Anp) 8 a = np and £ « For n € Iff sufficiently large 

we can cover An+ by pairwise disjoint translates of 1 ^ 

so precisely, that by a standard estimation we obtain the de­

sired inequality. 

Corollary 2. /of £ 3 J 2 . 6 . / . If K < N f h ( T p )< + *>, 

then h ( T) » 0 • 

Note that everything that was proved in part 2 is also 

valid for measure entropy ^ proofs without modifications ) • 

3« Theorem of Dinaburg - Goodwyn - Goodman* 

We introduce the following notations 1 

m(X) - the space of all Borel, normalised measures on X 
with weak * - topology* 

- the subspace of all T-invariant measures 

in 7Ti (z) 

W - the set of all neighbourhoods of the diagonal in X * X 

directed by the inclusion. 

Let Se w. î , ? n (T* x T â ) 

e r o . 3 

for arbitrary 

A finite subset e of X is called a/ (̂ C,o ) - sepa­

rated , if for all x.y € e f x ̂  y we have C x»y) 4 &q » 

b/ (Cf<0 - spanning f if for all x 6 X there exists 

y £ e such that ^x.y) € & 
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Let c ( c ,cT) i ' min £ card e : e is ( C f cT) -span­

ning ̂  , s (C f <T) * max £card e : e is ( c , ^ ) - separa­

ted ̂  • We define 

7 (A , £ ) — lim sup 
T 1 n 

1 
cardA n 

logr(A n

;cT) , 

& (A = um sup 
I 1 Ti 

_ J 

cardA n 

log e (A* <f) . 

By an argument analogous to the one applied in L 3 J the 

following definition makes sense. 

Definition 3. ^(A) » lim BT(Af$) » lim r T(A^) * 

a SUP S m C A ^ ) a SUP 7 (A 6) . 

s ' s r 1 

Theorem 4. For all A C G hç (A) « h(ï) . 

The proof of this theorem is a translation of the proof ̂ 3 ^ 

4*3 to the language of the form structure W on X • 

The following lemma will be used in the proof of Dinaburg-

Goodwyn-Goodman theorem* 

Lemma 2 # Assume that i\ G !7^(x,t) and is 

a jx - measurable finite partition of X • Let p^ € Z^ 

for i € IN and lim p^ • + oo • Chose g i € G such 

that I + g. C G for i £ N • Then 

V h » Ä - li* - J L - h. 
card I r 

(AIp+gc 

Proof : I lim sup 
i 

I 
card 1^ 

pi 

a(A Ip i +gi )> h µ (T , A ). 

There exists a sequence of positive integers ( T»L) such 

that 1 
card A"1-

u ( A A n1= )£ h^ ( T . v i ) + e . 
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For i sufficiently large we cover I + ĝ  by pairwise 

pi 1 

disjoint translates of a rectangle I from Lemma 1 9 con­

structed for CA L ) and • 

A standard estimation yealds the desired inequality* 

II. h M ( T 9 Ck i £ lim inf 
/ i 

1 

card I 
Pi 

If i é H then for sufficiently large n é W we can 

find kfN,y , E, A 1 » 1,...,k , such that 
An = U L=1 ( Ipi+ y l) U ( An) ' 

9 where the sets appearing 

in this sum are pairwise disjoint and 
card ( A n ) ! 

card 
<f £, . Since 

for 1 » 1,•.. 9k 9 

µ ( A I p, + y l µ - h ( Ul- (A I^pi +g ) » 

Hu (A I^p + gi ) 
9 the following inequality holds : 

1/ card Hµ ( A1 A n) < E H µ ( A) + i 

card I„ 
Pi 

µ ( a I pi + gi ) . This 

inequality implies II • 

Theorem 5» /Dinaburg-Goodwyn-Goodman/. 

h ( t ) » sup 1 9 1f 

Proofi I • sup h ̂  ( T ) ̂  h (T/ /Goodwyn/. 

1 9 1f 1 9 1f 

The proof is analogous to the proof of Theorem 4.1 in £4^] 

I I . h(ï) ^ sup h i * ( T ) / ° f [ 5 J / • 
1 9 1f 

Fix 5 > 0 and é W . Let for all n é IN 

e_ be a set n (AU) - separated of maximal cardinality. 
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For some sequence C nk' °* Positive integers there exists 

lim 1 log card e_ » h_ ( A , <£ ) . 
V card A k n k X 

We construct a measure Jjl £ tti C^,T ) in the way 

indicated in T ¿1 t C ( { y^)« —1 for y e e . 
card e n 

1- - S 

card A» t A n 

fL /definition of T ™ is given 

in £ 5 J /• In virtue of the theorem of Alaoglu there exists a 

cluster point jut€ Zl\ (x) of the sequence O^ri^ ' • A b i n £ 5 J 

one proves that >u € 2K(x,t) . 

Let 0Q" be a finite Borei partition of X such that 

ixa C ò for a £ . Then for a £ O&^n a x a C n 

A A 
thus V" a € c a r d Ce

n ̂
 a ) ^ 1 » 8 0 

Htf • • 2. ^nH y^) log 5- n([y})- log card e n . 

Let Ip + g^ J be a sequence from Lemma 2# 

We can assume that gi € z" for i £ N . 

Fix m G » and t , O <¿ £ <£ 
21ogcard 

. There 

exists 1Q€ IN such that for 1 > 1 Q p x - g m - p m € Z^ 

and 

/^16) 
card I 

-, ì-fslf SL—- • • • ^ > 
card I , r 

Pi 

1 - I • 

If 1 ^ 1 f 1C IT , then for n sufficiently 

large we can find t é¡N f 9 u € A 1 i« 1 , . « . f t , such 

that A 0 U (Jp + ^ i) VJ ( 7 l n) ̂  ; the sets appearing 
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in this sum are pairvise disjoint and 
card ( jC ) 
card An 

it. 

How, let Q £ I .We define 

s M « 
J J J J * J * N 

r r pl - «k " « 1 [ p l - « m - q 7 \ 
U : t J I —rs J r 

Observe that I p - (J ( I p + g m + q + i-. p m) \j ( i ^ ) ' , 

where the sets appearing in this sum are pairvise disjoint and 
i card (I ) £ card I - card I _ _ ^ £ • card I 

/by 00 / • S o » finally we can represent A as a sum of 
pairvise disjoint sets as follows Ip + gm + q + i-. pm) \j (i^) 

Ip + gm + q + i-. pm) \j (i^) • Thus , for all q £ I 

Ip + ^) H ( oQO£oard(A n) • log card ^ •» 

• 2 card i' log carded 2 2 H ( / V ^ ^ ' H ^ 1 ' 

Adding the inequalities v17 q) 9 q € I p f by sides we 
obtain 

08) card I • log card e Q ^ cardlp * log card C§r ' 

« £card(An) + t card I p ) + 

C card I p « log card JsQ^card (7 1 ) + t' card I p j + 
Ip + gm + q + i-. pm) \j (i^)« £card 

Dividing the inequality ( 18 ) by card I p * card and 
applying the inequalities 
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h [T) C h (t) H µ ( A I l'm + g m h [T) C 

and 

t • card l_  
K 

card 7l n 

< *' c a r d ^ t / ^ ^ £ 

card A n 

, we obtain 

[19) 1 
card fl.n 

Log card e Q ^ 2 • £_ log card <jQ- + 

+ — 1 « ( o k . y 
C a r d IPm ^ T P ~ + 9" 

Inequality (19) is true for all n £ S sufficiently large 

and can be chosen in such a way that the boundaries of the 

elements of c5^ have measure ^ zero, hence taking the limit 

with respect to n/or with respect to a subsequence ( n ^ if 

necessary / we get h^,(7l 9 S) C 2* <c log card 

+ c a r d ïf*. 
V 

h [T) C o r -
card I e 

rm 

h (t) 

for all & € W and m 6 U . Passing to the limit with cT 

and m , owing to the arbitraryness of t we obtain final­

ly h [T) C h (t) . 

Corollary 3* If denotes on action of G oxythe 

set of nonwandering points jQ, defined by *qC x ) « t s (x) 

for x £ £2 9 then h (^Ïq) - h(ï^) 
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