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ONE-DIMENSIONAL ATTRACTORS OF 
A-DIFFEOMORPHISMS ON S2 AND 
DIFFEMORPHISMS WITH INFINITELY 

MANY SINKS * 

R.V. Plykin, D.A. Kamaev, A.Ju. Ziror 

The first part of the present paper gives an account of 
series of structurally stable diffeomorphisms on S having 
the spectral decomposition which consists of the connected 
one-dimensional attractor and four repulsive periodic points. 
Beginning with the example of such diffeomorphisms given 
in [lG we shall give a sequence of its modifications* 
With each diffeomorphism of that series we shall connect a 
geometric intersection matrix which enables us to calculate 
a topological entropy. Considering the sequence of values 
of entropy we shall prove that diffeomorphisms of given 
series are representatives of a countable set of class of 
topological conjugation which is not the result of any 
iteratonsof any finite series of diffeomorphisms (theorem 
of part 1) • 

In the second part of the paper the construction of one-
dimensional attractor on Sfc is used for investigation of 
the question about C -typicalness of diffeomorphisms with 

J* This paper i s a part of collective report on the activity 
of the seminar on topology and dynamical systems in Obninsk 
Branch of Moscow Engineering-Physics Insti tute in 1976. 
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infinitely many sources (sinks) on smooth compact manifold 
of dimension greater than two. The suggested theorem 

result 
includes a specification of the of S. Newhouse in dimension 
greater than two. 
1. Diffeomorphisms with One-Dimensional Attractors 

All the constructions will be carried out on the plane 
p 

R that will be turned afterwards into 2-sphere by adding a 
point at infinity* Let us fix some Cartesian co-ordinate 
system (x, y) and introduce the following designations* For 
any segment A of axis Ox A and A are its left and right end 
points accordingly. For an integer L &(0 is the sign ,,+fl if 
i is even and M-H if i is odd. Let L be a fixed smooth curve 
on the plane with the following properties: L is convex, 
symmetrically with respect to axis Oy, close enough to semi­
circle X* lf y>0 and i t has (-1, 0), (1,0) as the end 
points, moreover its tangents in these points are vertical. 
For any segment A of the axis Ox let L+(A) be the curve, 
obtained from L by similarity transformation centred at 
origin followed by displacement along axis Ox. Moreover, the 
end points of L+(A) are just the same as those of A. The 
curve L~(A) is obtained from L+(A) by reflection in an axis 
Ox. We say that curves L+(A) and L~(A) are based on segment 
A. For nonintersecting closed segments A, B on Ox (let /4^8 
for definiteness) we define n(A,B) (<>-+,-) 
the closed region bounded by segments A, B and curves 

f a , 6)f C(A, 5) let be nrCA,B) - H^A) 
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fig 1a 

fig 1b 
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fig 2a 

fig 2b 
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ONE "DIMENSIONAL ATTR ACTORS ON S2 

Now we are prepared to describe our construction. Let us 
lay on axis Ox nonintersecting segments 

^ , ^ , 4 ^ 1 , ^ x 4 , 4 , 4 , A \ , 
^,^,4^1,^4,4,4,A\,A2 42 ( D 
ordered by growth of their x-co-ordinates. In addition to 

my 
that segments 

A , Al0 A i , A 6 that are noninter­
secting and ordered by growth of x-co-ordinates too. Require 

<?= A^A\<A\0 < A\< At , 
A\<A\<A\<A\-A\, At«l 

Let regions PI £p (<• = 1,̂ ,3; i s p i Sc where S1 =» S, 
SQ = S7 = 5) be defined by 

7 7 * = / 7 ^ ^ " / J (Aip,Ai p+1) 

and / 7 / <v--/,z,3; , n' by 

/ 7 ; 
4-

p =1 
/7' d / 7 ' = 

3 
i =1 

T 

(see region /7 on the fig. 1a), Subsequently /7 will 
perform the function of image of region (see fig, 1b) 
under diffeomorphism f, that will be defined among others 
below. 

How we proceed to describe some construction that will be 
used to modify region /7 into regions /7 for any natural n, 

<±>h 
Then we shall define regions ' and diffeomorphisms fn : On -----> Mn for any n. The construction is inductive 
and looks "on the figure" as follows. Let us consider a part 
of /7 lying in the region Z.' bounded in bold outline on 
fig. 1a, The set Q1 = n ' / J L ' is drawn on fig, 2a and we 
shall transform i t into the region R1 showed on fig. 2bt so 
that /7' N e < = /7' n e < 

359 



R. V. PLYKIN-D. A. KAMAEV-A. Ju. ZIROV 

fa
 

3 
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ONE-DIMENSIONAL ATTR ACTORS ON S2 

Let / 7 2 = (fl'^Z1) UR1 (see fig. 3). A part Q2 of / 7 * 
lying in the region Z. bounded in bold outline on fig. 2b 
is exactly the same as Q on fig. 2a. Consequently we may 

p 
subject Q to the same transformation to produce region 

Hl= (n2-Ll)UR3 and so on. 
To be more formal let us consider closed regions Q̂ , Q̂ 9 

Qj, o£ defined below by the sequence 
*/\ K , *'C, c c / ; 

of nonintersecting segments on Qxt ordered by growth of 
x-co-ordinate. t rf(*i, *:), a!* п+м,щите,о (2) 

r n * c * W ) и n ' K M > (*>< Е*} 

The closed region Z bounded by curves &*r] , f /? , #7 
C(al /fj and segments №, &*r] , f / ? , # 7 
contains^ the set Q11 = U (see fig. 2a). Let us lay on 
m* £n 7 /I*"' 

z ^ ; * S J nonintersecting segments ¿7, , t * t * i f 

^ , *j * / */ so that ~ ^ r , *, - fr 
and let 

R1 n+1 = M (a2,bn+1) U Q2 U M (an+1, bn), 

Rn+2 = M+(an,bn+1 U Qn+1 U M+ (an, bn) 

Rn+3 = M+(an,bn+1 U Qn+1 U M+ (an, bn+1 

Rn+4 = M+(an,bn+1 U Qn+1 U M+ (an, bn+1 

(see fig. 2b), where Q are defined by (2) with n + 1 
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instead of n. For R 
n+1 

A 

i=1 

VI 

U R f we have on?** 
= R /1 ¿1 { Thus, given set Q1 = 

i = 1 

Q 

as in (2) an induction defines sets cfi

9 (n 2= 1) 
and R11 (n ^ 2), moreover, = R /1 ¿1 { (n > 2). 
Now let tlie sequence di? 4 2 j 42j 42j 42j Oj- is-f 4, y 4, be a part of 
(1) from to k\ inclusive. Then Q,' = Hzl y tf2' = fll3 U(li}t 

(?j - /7/z 0
r /7fS Q1^ =r /7S5 and boundary of 2 1 * is the 

union of L*CK, Al), l'CÀI t Al), fÂ'Àil [ A ' A ' V ] 

(a bond outline on fig, 1a) • We construct 
sets Qi, [n and rf1 (n > 2) and define 42j = (Mn,{n)V 

Al), l'CÀI t Al), fÂ'Àil [A'A' Al), l'CÀI t Al), fÂ'À 

by induction, then /7""= on?** (n^L") U R \ 

How let us define sets =on?** (n and diffeomorphisms 
f,n : Q Mn (n ^ 1 ) • Let Al), l'CÀI t Al), fÂ'Àil [A'A' 

Al), l'CÀI t Al), fÂ'Àil [A'A' Al), l'CÀI t Al), fÂ'Àil [A'A' 

and ^jbe a closed region bounded by a pair of x-segments 

and curves 1^, 1*. It is easy to see that 4>% u<P? 

contains /7? 
Before constructing the diff eomorphisms fn : Qn > Mn 

let us define some partition / of <P~ consisting of line 
n A ^ 

segments. Let the line 1̂  be based on the segment and 
choose some point M̂  in interior of A" For any interior 
point h of 1̂  an intersection of a line passing through 
points and h with 0% If h is an end pjaint of some 1^ then let Y) = [o, l]. Thus 4> u<P? e u li 

is a partition of <P „ 
Now define 4>% u<P? so that 4 p u<P? Mi 
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ONE-DIMENSIONAL ATTRACTORS ON S2 

and for any ^ £ f ^ (Jf^) = for some 
fa £ r First define £h on 0 it The boundary of 

each III consists of the pair of line segments and pair 
of curves and We can choose designations of them 
so that U is connected and contains the point (0, 0). 
Let $1 be an orientation preserving diffeomorphism 
uniformly expanding each 1 ^ and mapping it onto m • with 
fixed point (0, 0). Define fh for interior points of 
Let f h map any ^ ; k & 0 4 contracting i t onto the 
connected component of j^^y / 7 / 7 contains AM 

Note that if we make our construction more accurately 
as in [10 J assigning the length to all segments and curves 
and defining contraction and expantion coefficients we can 
obtain that the product of those in (0, 0) is greater than 
1« Y/e shall need that in the second part of the paper* 

Any f may be extended using lemma 1 of part 2 to be 
p 

diff eomorphism of S% We can produce the extention so that 
will have exactly four repulsive periodic 

points with one in each connected component of S Z ^ 
and wonft have nonwandeiing points in S N r any more. 
All these repulsive points are fixed if n is odd. If n is 
even then two of these are fixed while two others form a 
periodic orbit. These points are in regions bounded by 

£^ j and respective segments of axis Ox. One can 
prove as in [10] the hyperbolicity of the invariant set 
A h - A / K C ^ ^ J using criterion of hyperbolicity by K 

Hirsch and C. Pugh $ 1, Robbins theorem implies structural 
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stability of fn» Qne-dimentional compact /L is common 
frontier of four domains thus being well known Wadafs 
continuum. 

Define nonnegative integer 3 * 3 -matrix /72= (fl'^Z)= Gn 
which will be called (following M # Shub and D. Sullivan [5) ) 
geometric intersection matrix of f in respect to partition 
/72= (fl'^Z1) UR of *ph Element gij of G_ is 
equal to the number of connected components of 
{.win?: that is 

/72= (fl'^Z1) UR1 (Mj N yi) 

since /72= (fl'^Z1) 11 This permits to find Gn« It is 
easy to see that 

G1 -/72= 

3 0 2 
4 3 2 
2 2 1 

(see fig. 1a) and 

Gn+1 = Gn + 
'0 0 0 
2 1 1 
,2 1 1 

(see fig* 2a and 2b) implies 

Gn = 
3 0 2 

2n * 2 n + 2 n + 1 
2n n + 1 n 

Matrix Gn has somewhat another geometric meaning if 
is considered as a solenoid that is to say as an inverse 
limit of branched manifold and its expanding map (see 
R. Williams [ 7 ] )• This construction in our case is obtained 
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ONE-DIMENSIONAL ATTR ACTORS ON S2 

as follows. Let us consider an equivalence relation on 
<P* which is generated by partition T of <P"~ and a 

factor space K • Q/n It is easy to see that K is homeo-
morphic to bunch of cicles K = . V S . and we 
enumerate s j so that TrC^)- S- where JT: <P ~* K 
is a projection* Since is invariant under f a map 
%~ ̂ ° fn P : :K K is well defined* R. Williams1 

axioms [7] are valid for % LH particular is local 
home omorphi*m in a neighbourhood of any point x 6 K except 
branch point xf • Thus we may introduce 3 * 3-matrix GQ 

setting gn ij = card (^C*)/) ^ ) for any point x i x1 of 
S ; . Evidently, gn is just the same matrix as introduced ** n 
above* 

Let X denote an inverse limit of spectrum 
K«^K^l<<-. . . and % A*—> X" i ts shift automor­

phism defined by 

ep)* [îrp, ft.gcp),..., f We claim that for homeomorphism St Ah —* X 
defined by 

Sep)* [îrp, ft.gcp),..., fr< I a>), • ; , peA* 
the diagram 

AH A, 

r r4 r 
13 

commutes. 
The fact that segments of invariant partition P contracts 
with coefficients which are less than 1 uniformly implies 
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injectivity of S. To prove that S is onto let us consider 
for any (oc, Xt . . . J & Jf* a family of segments 
a k = fn. p (xx+1) (k>0 containing in elements 
of r Since OSK+, £L C/K and the length of </* tends to 
zero as k ? cx> / 7 ak consists of unique point n&Jlh 

Evidently S(p) = to, o 
(xc-x;,... Commutativity of the diagram (2) 

is a consequence of the commutative diagram 
Pn fn Pn 

P 

K 
fn IR 

K 

Topological entropy of yn is equal to logarithm of the 
maximal eigenvalue of the matrix Gn ( s ee [ l2 ] ) . Since the 
spectral decomposition of SL (/H) consists of four 
periodical points and one at tractor A h and /*, (j[ is 
conjugate to yn 

h (fn) = log (n+2+ 
implies 

h (fn) = log (n+2+ (n+1) (n+3)} 
THEOREM, Diffeomorphisms of the series HITS/) are 
representatives of countable many topological conjugacy classes, 
these classes are not results by itarations of any finite 
series of diffeomorphisms. 
PROOF, The first assertion is a consequence of the fact that 
values of the entropy of f form infinitely sequence. 

For the second let us consider any diffeomorphisms Pir--t FK 
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ONE-DIMENSIONAL ATTR ACTORS ON S2 

on S. Let µi = eocp L [Fc) (i=i,....x). (i=i,...) J . 

If for any f there exist some such that f is conjugate 
to for some integer p, then Xh -f(-¿ were 

A* = h (fh)> It is easy to see that 
\* = <2n+ 4- 4» for s o m e & < oLh < d. Thus our 

supposition implies that for any integer number of the form 
2n + 4 there exists some integer p such that | 2n + 4 -j** \ < 1 
for some ytc£ belonged to some fixed finite set* This means 
that any element of the arithmetical progression 2n + 4 is 
approximated by elements of finite family of geometrical 
progressions which is impossible* 

2* On Diffeomorphisms with Infinitely Many Sources (Sinks) 

Let Diff 2(M) denote the space of Cr-diff eomorphisms of 
0°° manifold M without boundary Diff £ (M) (K < 2) denote 
the same set with the uniform C -topology. 
Definition 1 

Some property of the elements of the set Diff 2(M) is 
called Ck-typical for f e n t f f (M) if there is a residual 
subset C% of an open neighbourhood N(f) of f in Diff £ (M) 
with this property for each element of JB* 

Perhaps i t is worthwhile saying that the notion of the 
k k C -typical property is the generalization of the C -stability. 

Throughout this paper the notion of Ck-stability is used in 
its ordinary meaning* 

Our aim is to prove the following result* 
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THEOREM, Por any manifold M of dimension greater than two, 
the set of diffeomorphisms in Diff2(M) (r > 2), for which 
the property of having infinitely many sources is C -typical 
(k > 1), is C°-dense in Diffp(M). 

Our theorem will be proved as follows. Pirst, sufficient 
conditions for the appearance of infinitely many sources will 
be given. This result is due to S.E. Newhouse [ t ] . Infinitely 
many sources appearance is based on the fact that tangency 
points existence for stanble and unstable manifolds is C -
stable.for some basic set. Secondly, it will be shown that 
the diffeomorphisms with this property are dense in Diff£(M), 
dim M > 3. Before proving The theorem it is worth saying a 
few words about notations. 

Let us recall (see £ 1 ] ) that a compact f-invariant 
set A is a basic set for f if i t is hyperbolic, topolofically 
transitive, the periodic points of f are dense in A , and A 
has a local product structure. The basic set is non-trivial 
if i t contains more than one orbit. In this case i t must be 
infinite. Given a basic set Aj for f, there is a neighbourhood 
N of f in Diff £ (M) where each g e N has a unique basic set A% 
near A± and there is a homeomorphism h : Aj A^ such 
that gh » hf. Por x 6 A^ and g 6 If, we denote h(x) by x g . 

Let p be a hyperbolic periodic point of f with period 
Let u,u,,;;;;;u,,u,...,u-) ^ t e t he e iSenva l^e s of the 
derivative Dpf with 4 • • • * tj^sl< f< 1^1 ̂  • • • ^ l^tl 
and let be Ja^^/^j ^ A(f>j = / A c / 

Now we can formulate the propositions discussed above. 

368 



ONE-DIMENSIONAL ATTR ACTORS ON S2 

THEOREM A. (3 .E. Newhouse [ i ] ) Suppose Ajla a non-trivial 
basic set for f € Diff ^ (M) which contains a periodic point 
p f such that dim WS(fJ = dim M - 1 (dim WTp)=dim M -

Let N be a small neighbourhood of f as above such that each 
g e N has a unique basic set Aj near Aj Assume there is a 
neighbourhood ^ c N of f in Diff * (M) such that if g6N , 
then WU(VL )̂ and W5 L^-§) have a point of tangency and 

Cocp^-i j yt+tyj Acp) 
Then there is a residual subset B of N, such that each g e B 
has infinitely many sinks (sources). Using our notation the 
property of having infinitely many sinks (sources) is 
Ck-typical for fT 
THEOREM A' (3 .E. Newhouse [f J ) Let p be a hyperbolic periodic 
point of f dim W"' (ocp)) = I 9 yU-(p)-A (pj < i 

(dim Vl^Cocp^-i j yt+tyj Acp)>d J. Assume x is a point of 
tangency of Ws(oc/>)J and ^(ocp)) Then given any neighbourhood 
U of x in M and N of f in GLffk(M)f k ̂  1, there is a g £ N 
which has a sink in U. 
THEOREM B. Given any manifold M, dim M > 3 , the set of C r-
diffeomorphisms, r ^ 2, for which condition of theorem A 
holds with k> 1 is dense in Diff £ (M). 
Remarks» 
1. S.E. Hewhouse[l] has shown that on any manifold M, 
dim M > 2, there is a diffeomorphism for which conditions of 
theorem A are satisfied with k > 2. 
2. In [9] N.K. Gavrilov has adduced conditions when cliff eo-
morphism f has infinitely many sinks, f Q Diffr(Mc), r > 2. 
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Recall some definitions from general topology and 
differentiable dynamics. 
Let X, Y be metric spaces and X be compact. Let 2* denote 
the set of all closed subsets of X. 
*\*[kh I A„ € <2 n>6 /v'J is a sequence of closed 
subsets of X. 

Li (A.) = {pi V«- 3' pHeAh : p ~ &r,p« J 
(see [1] ) 
2. The map P : Y -» 2* is lower semi continuous, if for any 
point y € Y and for any sequence ffi £ YJ »6 A/J , 

Ffy <= Lc (Few) 

3« The Hausdorff metric on 2* is defined by the formula 
dist (A, B) = max {^f(«<BJ, }^S^A'^J 
where j> is metric on X (see 
4. Diffeomorphism f 6 Diffr(M) is a Kupka-Smale diffeomorphism 
(KS-diffeomorphism) if the following conditions are satisfied 

(1) All periodic points of f are hyperbolic. 
(2) Por any periodic point p Ws(p) and Wn(p) are 
immersed copies of Euclidean space. 
(3) Por any periodic points p, q of f Ws(p) and Wn(q) 
are transversal. 

(see \e\ ) 
Let KS(N) denote the set of Kupka-Smale diffeomorphisms in 
N d Diffp(M). 

The lower semi continuous map is continuous on a residual 
subset B of Y. The set KS(M) is residual subset of Diffr(M). 
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ONE-DIMENSIONAL ATTRACTORS ON S2 

LJtfMMA 1. Let ^ : V> oZ * "be lower semicontinuous map 
for any h € a/ , then the map <j : Y <Z * given by the for­
mula 

« c£ ( U 2. (*>) 
v he A/ 

i s semicontinuous. 
Proof» Hecall two elementary properties of l i ( see ($] ) 

Cocp^-i j yt+tyj Acp)>d J 

(2) U [UAMJc: L(U AM) 
where k € £ and Cr i s arbitrary. 

Let the seqmence StM & Y e £ a/ converge to x £ Y . 
Prom the properties 0 ) - ( 2 ) and the fact t h a t ^ i s lower semi-
con tiuous one obtains 

U j =r L [cf Ufr (*«)] - li (Uf. (*~J) => 

d (J(Lt<L(x*)) 3 (/2.0*) 

and hence 

Cocp^-i j yt+tyj Acp)>d J 
This completes the proof of lemma 1 # 

Let A be non-trivial basic set of J & %)t$ f/Vj t f> £ Aj 
be hyperbolic periodic point. Let i*/" be neighbourhood of f in 
Diffk(M) described above. For any p o i n ^ c V denotesthe homoc-
l in i c class of Pg ; that i s consists of a l l periodic points 
q of g such that Wu(o(q)) has a point of transversal intersect­
ion with W s(o(p)) and Wu(o(p)) has a point of transversal inter­
section with W s(o(q)). Than H contains the periodic points of 
Aa (see [lj ) . The formula H(g)=clHp defines the map H: KS(*0 
—» 21 . S(g) denotes the closure of the set of a l l sources for g 
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and thus i t defines the map S: KS(N ) 2 M . 

LEMMA 2 (see ) H and S are continuous on a residual sub­
set j ^ c M 
Proof. For any n l e t ' s define maps Hn , S n : KS(J\T) 2M 

by the formulas 
H L U ) = HP̂  O Hen.̂  1 % ) 

PN(G) = HP^ O Hen Pern (g) 
where Per n(g7 i s the set of fixed points of g n . g i s KS-diffeo-
morphism hence the set Per n (g) i s f i n i t e and thus the se ts Ifri(g) 
and ^ ( g ) have only f in i t e number of elements. V/e shall show 
that Hn and S n are lower semicontinuous . Than H and S are 
lower semicontinuous becous H(g)=cl(UHn(g)) and S(g)=cl(Us n (g)) 
There are residual subsetsJ^andJP)^ of KS(jf) on which S and H 
are continuous. Thus to prove the lemma we must se 

( i ) The map i s continuous on KS(iO. Let g ' e j ^ be a s u f f i ­
c ient ly close approximation of g. There i s the homeomorphism 
h: Ag~* A^1 such that h*g = gch and J>(x,li x)<£ for any x e ^ , 
where£-*o i f g'-^g. Thus dist(Hn(g),H n (g f ) )< £ because 
Hp g l=h(Hp g) and Per n (g ' )n A3»= h(Pern(g)0 Acj )• 
( i i ) The map S n i s lower semicontinuous. If g6 KS(<SV*) then 
S n ( g ) = | a i , . . . , a l c ^ i s hyperbolic set for g. Hence from the s t a ­
bility theorem for hyperbolic set one obtains that for any£>0 
there i s a neighbourhood^ of g in Diff^(M) such that g f £ 
implies the existence of S C Sn(g') with d i s t (3 ,S n (g ) ) < L , 
so S„(g) C LiSnCg 1). Lemma 2 i s proved. 
LEMMA 3 Let g £ JVJ, then given any periodical point pfc i t s 
neighbourhood U and arbitrary neighbourhood^of g in Diff£(M), 
there i s the diffeomorphism g'e J\l^ which coincides with g on 
some neighbourhood of and has sink ^ e \J 
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ONE-DIMENSIONAL ATTR ACTORS ON S2 

Proof. Let for xfe tv*â C<V,) , mlq:q have the tangency 

point x. 

( i ) It wi l l be shown that thereis arbitrarily small pertruba-

tion 8̂  of g outside some neighbourhood of A ĵ such that for 

any neighbourhood U, of point x there i s x, - the point of 

tangency W (pf 9gl ) and Y/ (p^.gj), where p ; and p^ are periodic 

points of gj and Pj tP^£ Acj • suff ic ient ly small } p ^0 

and any point q 6 Â J there i s stable manifold of s ize ( ?J ) 

(see \ } \ \ )• Global stable and unstable manifolds are defined 

by the formulas ws tv*â C<V,) , xfe tv*â C<V,) , 

xfe tv*â C<V,) , xfe tv*â C<V,) , 

We need some notations. Let \A/^C^)and ( ^ ) denote 

o . ^ J " ^ ^ W 3 K ( t V ^ a n d ^ U f C^^c^)) respectively. I t 

i s easy to see that W^ + 1 C<\̂  O C fy) > Z - « , s . There are 

integers A S j f l u ? l such that 

x f e t v * â C<V,) , xews-1 (g1); 

xfe tv*â C<V,) , wnt-1 (g2) 

Now we assert that i t i s possible to choos suff ic ient ly small 

disk V which i s the neighbourhood of the point x in M, ]/ C (J, 

and xe tv*â C(g) , xfe tv*â C<V,) (g1) 

xfe tv*â C (g,) , xfe tv*â C<V,) ,(g2) 

where ^) and2) are smoothly embedded disks. Let us choos perio-
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dical points Pj )\>

x^r /\g close enough to points q / and q ^ for 
submanifolds \A/̂  (P,)and WtCZ ( X ) t o b e suff ic ient ly close to 
manifolds (ej^and VV^ ( ^ respectively. Then 

C W ^ ) n V f ft^cz W^(^)f\ ( p1) w 
D1n = U n Wnw (P2) C W nw (P2) - Wn-1 

are smoothly embedded disks in M, Which are suff ic ient ly close 
to disks £) 3 and/0^ respectively. Point x i s the point of tangen­
cy of S)^ and $ 5 hence there i s suff ic ient ly C^-close to iden­
t i t y map diffeomorphism 00 \ M* M such that a^^Jand S)/^ have 
a point of tangency x, 6V and k°)|^ N y = i d » From the definition 
of V one can obtain that to ( 2>,s ) c vV 5 (f l ) a , )and c l/\A(p^ fa) 
where ^ - 00* ^ . Thus x, is the tangency point of VV^P^^and 
Wn (P2, g1). 

( i i ) Let's show that there i s arbitrary small perturbation g ^ 
of gj in Diff*(M) outside some neighbourhood of such 
that manifolds Vt/SCP>̂ and W^Cf > 3̂ ) have a point of tangency x ^ in 
an arbitrari ly small neighbourhood of point x, where p e A ^ i s 
periodical point* 

For simplicity l e t ' s consider the case when p̂  ,p^, p are 
fixed points. There i s the disk £>t c W CP) arbitrari ly clo­
se to Wo ( Wp i s a local stable manifold) because p i s homo-
c l in ica ly related to p̂  . By the same argument there i s disk 

W^CP) arbitrari ly close to • Let's choose disk V 
which i s a neighbourhood of point x ; in M such that 

V O U gn1 (D1) = and V q;lq;: ft^cz W^(^)f\ V 
Let disks 2) C W ^ ) n V and ft^cz W^(^)f\ V be def i ­
ned as in ( i ) . Then there are disks 2)̂  c D15 and D2x x D1 C- ^/ 

such that for some integers M$ J mn>0 disks 2>j -gws (D52) 

374 



ONE-DIMENSIONAL ATTR ACTORS ON S2 

and 7)^ — ^ ^ ( ^ z T ) a r e arbitrary close to $ and & , but 
^ L®x) (\\J f o r 0 < U ^ - l a n d %\{$Z)(\\J ^ i> 

for o £ vwi^-i. # Thus one can obtain the perturbation g ^ 
as in ( i ) . 

( i i i ) How we change g^ to g^ for W (Pg,g3 } to have a tangency 
point x 3 with W S (P^ /<U^ near x^. Pinall i move to g' to 
introduce a sink y near x^ using theorem A'. Since the sink y ma 
may be got arbitrarily close to a certain disk in WS(P}%*) of 
fixed diameter ( depending only on the position of x 3 ) , i t s 
orbit under g f w i l l get close to p. The proof of lemma 3 i s 
completed. 

Proof of theorem A. Let g e 35 where ^ 5 C c ^°i i s a residual 
subset of JVf] on which maps H,S: Diff*(M) -> 2M are continu­
ous. F ix some topological metrb on M« Let P n be a f in i te ty^ 
net of compact H(g), consisting of periodic points of g,where 
£ ^ > C converges to zero. (%) denotes the ball of radius £ 

with i t s center in g. By the lemma 3 f given any n there i s 
a diff eomorphism g ̂  £ N/̂ ft) such that for every frf^ CP) )P*ftt 
there i s sink qeB^P), q € 5 ( 9 H ) -Then clu^t ( 6 P*c) ^ £ * * 
Prom the continuaty of H, 3 at the point g, P^ -~> H ) w^ec 
and 

0<U^-land %\{$Z)(\\J ^ i> 0<U^-land %\{$Z)(\\J ^ i> 

+ olive C K f ^ » ^ ^ ^ J 

one obtains H(g)=S(g), the set H(g)=clHp^ being in f in i te , so 
this completes the proof of theorem A. 

How we can give the proof of theorem B. We'll consider the 
case when inf in i te number of sources appear. We now proceed to 
state and prove technical lemmas which wi l l be needed for the 
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the proof of theorem B. 
LEMMA 4» Let 3) be a disk with smooth boundary in the plane R 

2 2 

f:D-*>intD and A:R —*>R - orientation preserving diffeomorphi-

isms f A has a single nonwandering point a, which i s a sink 

aé-intf(D). Then there are disks D f >D Aand diffeomorphism 

F:R2->R2 such that 

D2 > D > D1 > f (D) 
C W ^ ) n V and ft^cz W^(^)f\ V 

and ft^cz W^(F) 

( here U C Y means closU C intV) 
Proof * (i) Let's finde disks £)j and £) with smooth boundaries 
2?a> © 3>£>, 5> f ( a n d extention f of f on the whole plane 
such that ? ! fc2"—> $ , |o - ^ and 
_ T L ( f ) - J L ( £ ) • Consider the diffeomorphisms h' R^Utt-S) 

which is equal to the identical on S)/ and set It is 

obvious that any point x from ^ / 0 | is wandering becouse 
= {» VuC0c)€ ^ ( 5 0 ) 0 5 ) , and c U ^ ) , • 

Hence J L C ? ) C &\ and JLl?) = because f l a ^ ^ l * ) , -

Using the properties of A one can finde disk JD^^X) such that 
$)(£ A (£. . It is a consequence of the facts that a 
is a sink for A and thus A is topologically conjugate to 
linear map whith eigenvalues less than 1 • and more than -1 • 
Thus there is disk Df such that A ( & ) C u v t 8 # p r o m the 
relation WS(&jA) ~ one can obtain some n? 0 with the 
property A ~ * ( - 0 ' ) ^ 2 ) , and we set S D ^ A^"*' . *-et 
be a disk # Z §> £L A ̂  and K;K a r e the rings S^lwf^ 

and Affiih^ifoJ • ^° P r o v e * n e lenima i t remains to 
extend diff eomorphism K - R^^K ^ K which is 
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given by the formula F -
Ax, x C R2 - D2 

f(x) , x e P2 

to the dif f eomorphism P of the whole plane so that F ( K) - K 
then P satisfy to the conditions of the lemma, because FO<)~K 
K 0 K — <p and hence all points of R ^2)^ are wandering; 

thus T̂L (F ) - SL( {) - SL(t) 

(ii) In order to define P we shall consider the standart ring 
on R2 

T = FO<)~K| R0 <P<R, 0<y<2P} 

where(f,^) are polar coordinates. Let S\ r yj j J>= ft.]^ 

FO<)~K= (p,y) \P= R} 

and map some neighbourhoods U(K)and U ( Id) onto the neighbour­
hood U (T) of T using diffeomorphisms h. 9 h 2 so that 
h1 (K) = h2 (k) = T 
h1 (K) = h2 (k) = T (d A (D2) = S1 
h1 (dD2) = h2 (d f (D2)) = S2 

Suppose we shall finde diffeomorphism g : U(T) < U (T) such 
that 2 - A 0 Ii"!' on { (p,*) | f * A ] and 

g = h2.f.h1 on { (p, y)| p< R0} that 

F ( x ) = 

Ax, x c R2-D2 

h2.g.h1(x), x c K 

f(x), x E D2 
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wi l l be a extention of P that we need. In order to find dif feo-

morphism g i t i s suff icient to finde such diffeomorphisms w 

and w' that w 
f(p,y)|p>R} 

- A W f(p,y)|p>R} 
= i d,; 

W' |{(P,y)|P> r'} = id, w { f(p,y)|p>R } = f 

for some r and r f , Ro < ^ < X < R and let 

S C * , * ) = { 
w (p,y), 

w' (p,y) , 
j 3 > *l' 

j3 > *l' 

The definit ion of w' i s the same as that of w and we shal l 

give one for w only. 

( i i i ) Let K,« A- (f,y) = y (p,y) = 

= (Y , (y, ï > , N't Cf ,¥>) 

where ^ ( S,^ = S , that i s Y, ( Rj if) =R . ^ i s orientation 

preserving hence dy 
<7>d v 

(R,f)>«3 and there i s -*po such that 

det D (p,y)>,R0 <p< R.Let L - max 
x T 

dy 

dp 
30| 

^ L *x e r 
dy 
dp 

x = (p,y) 

and o * £ < flA^fLM JM • Take r from the. 
(+r0 

2 
JRI SO close 

to H that there is £ >o, for which 

dy 1 

2 y 

(p,y) < e and 
d y2 

dy 
y,y > S 

when t£f ± R_ 

The f i r s t condition i s sa t i s f i ed , because 
dp 
dy 

p,y) = 0 

and the second - because 
dy2 

dy 
( ß . f ^ o At las t 

dy, 

d^p 

dy2 
dy 

= n + 
ny1 
dy 

•afa. 
py 

> n - dy 1 

d p 

ri) fa . 
d p 2 

^ 1 ~ £ L 

> 1/2 
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hence D Vi 
d P 

n 

2 M 
when 1 <P < R . Choose constants 

Ó > o and f > i so that c? S. 
d P1 

dp 
(R, y) < p . Let 

a- tL °< (¥) £ X 1> y. 
d p 

'R, y) 
then ^- tL °< (¥) £ X . Let us 

define a smooth function /3 (p,y) such that 

Y, (J», yJ = Y ; y ; + slslsls lyds fsl ̂ - R.)+P(f,y)(f-K} = 

Y, (J», yJ = Y; y; + B (p, y) (p- R)2 

Let's divide segment (r,R7 by points 
r = r4, < rt4c < r3, < r30 <r 21 < z10 = R 
on segments tw, A3 -t, A, t. *, so that 

r 40 - r 41< r-1 

r 
(R-r) . For any i= 1,2,3 we shall define the 

nondecrease C - function ^i(f) with the following properties 

1° x1 (p) = 0 , p < ri, ;xi (p) = 1, p > r10 ; 

2° 
d,n/ dp n x i (p) =0 for p E ti 

3° 0 £ 
d xi 

p P 
< 1 + d 

ric - rii 
= 

*ki 

R - r 

where K*̂  - ( l+Jf) 
r- r 
*2. • - ? • 

, a >0 . 

Let's define the increasing C0^ function |<fa>Jsuch that fr.(f)~J> 

for / <̂  and ̂ .(j>) =Tj> ir R. ( l-tr) for J" >t^0 

The existence of such a function follows from relations 

r (r40) = r r40 + r (1-r >rr + (-1) (r-(r)+ 
+ R (1- r) = r = r (r41) 

Let's define following maps 

y' (p,y) = (R = r d (p) (p-R) + d(p) B (P,p) (P-R)2, y2(P,y)) 

y' (p,y) = (R = r d (p) (p-R) + d(p) B (P,p) (P-R)2, y2(P,y)) 
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Lfj if) -Y1**1 = (R+r (P-R), Y+x3 (P) (y2 (P,y) - y) 

y 7 (P, y) = (r(P), y) 

It is easy to see that V' — y outside the circle of radius R 
VV=id in the circle of radius r and H/L Lfj if) -Y1**1 (p, f) 

when f & &i • Thus the lemma will be proved if we find that 
for i=1,2,3,4 ^ is a diff eomorphism on | (f, V) | t * f < £ ~*j 
when R-r is sufficiently small. 
(iy) is a diff eomorphism because the function | t (f) is mono­
tonous. If R-r is sufficiently small then the degree of H/L 

(i=1,2,3) is equal to that of V which#is 1. Thus to prove 
the lemma it remains to prove that ^ j " ^ . yj" ~£ ̂  when *l < f £ 
and R-r is sufficiently small. Indeed, 
dy1/dp = r a (y) + x1(P) B (p, y) (P-R)2 + x 1 (P) dB/dP (p-R)2 + 

+ 2 d1(p) B (p,y) (P-R) >x + 0 (P-R), 

|d1 (P) B (P,y) (P-R)2 | < k1 |P(P, y)|| P-R| = 0 (P-R) 

then d y2 

d y 
= r d (y) (^-R + x1 (P) 

dB 

Dy 

(P-R)2 = O (P-R) 

Thus oUyt 
D (yi, y2) 

D (p,y) 

dT1 

d P 

d y2 

d y . i f ! 
<7> 

. Y2- i > 

<2 dy2/dy + 0 (p-R)> d + 0 (P-R) 
(1) 

Further 
dy1 

«T) f 
= r[ 1+x2 (P) (a(y) -1)] + 

t f A J f ) (oU I J (J» - R.) £ r [ | + A i ( f 3 ^ f y j - i )J -
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= v(i-*x(f)) +v\xi?)*<-t) z r - r ^ i f ) - * a y j n -

=2 +r (1 - x(p) - 2 (1- d2 (p)) = 

= 2 + (r - 2)(1-x (P)) > 2 ; d y 2 

d y 
= -p k 2 (p) x .p-R) = 

- 0 ( j > ~ M 
hence 

det D (y2,, y2 

D(-e- y) 

d y1/dp d y1/dp 
4- 0(P~&)*9lP+Ol*-R) 

(2) 

Pinally, from 
dy13 

d y = 0 one obtaines 

d i e t 
D (y3, y3;) 
D (p, p) 

d y13 

dp 

D y 2 

<T> if - T ( I - >3 (JO + 
+ d3 (p dy2/dy p (1-)3 (p) + x 3 (p) d) >0 

(3) 

Prom (1), (2), (3) i t follows that ^ t \ f are diffeomorphisms 
when fi-r i s small enough. The lemma i s proved. 
MEVIA 5. (given any C°- neighbourhood U of any diff eomor­
phism f Diff r(M) for a set 21 of n different positive values 
distinguished from 1, there i s a diffeomorphism f4 £ U having 
periodical point p in whose neighbourhood f, i s smoothly conju-
to the linear map with a real spectrum and the set of absolute 
values of elements from this spectrum i s 2 . 

Proof, ( i ) M i s compact hence there i s a nonwandering point 
of f. Then there i s arbitrarily small approximation f, of f 
such that fj has periodical point p. We may assume for simpli­
c i ty that fi has a fixed point p. 
( i i ) We shall show that there i s arbitrarily c ' -c lose to f 
diff eomorphism f | with the derivative (Df, )p :R n-* Rn having 
a simple spectrum. In some coordinate neighbourhood of p f, 
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has the following form f,(x)=Ax + where if £ ¥ ( 0 ) -

^ 0 an&(p¥)0 - 0 , A i s a real Jordan form of operator 

(Df) p . Let A=diag(A,.. . .A 5 ,B, , . . . B^), where Am i s Jordan ce l l 

corresponding to the real eigenvalue multiple n m m=1,. . .s , 

Bj i s a ce l l corresponding to complex eigenvalue <?j t 0 cj multi­

ple mj, j = 1 , . . . t . Let £>o be suff ic ient ly small and real values 

t^K ^-i7^K=iJn ) and o j e (<j - I j t / - ' ; ) from the interval 

(0, 6 ) be such that a l l values | *m 1- \ } | + ̂ 'e + c T J I 

are different. Let E^diagC ^ , . } Pj=diag( ^ \ } S"jv ^ 

^ * % * > ~ § » V ^ a n d S = d i a g ( E i t . . . E s , P 1 , . . . P t ) . Let |t ( t ) } t 6 H 

be monotonous C r-function with properties 

(a) ft(tV=l when t < ^ 
r (t) = 0 when "t > L 

(b) -r' (t)| < 3/t 

Let f^C%) ~ { ^ W / x ( l *» )E0L , then spec (Df*}= 

when J3t 1*6 / |i^- £ r*>I ^ I fc*. and f1(x)-f2(x)II £ II |x I ^ |I=0  

when J3t 1*6 / | i ^ - £ r*>I ^ I fc*. I < II £ II |x I ^ || £ || t 
wher)\x,\<l , one can obtain that | %{ M i s suff ic ient ly 

small i f £ small enough. Consider 

d fim d f2m 
0) ^ T> X0* 

l l / f l« i ; t^ ; )+/ i^)£:U3e when /^C|S£ 

o when / I > f 

hence when £ i s small enough det (<2){L )^^0 , thus fz i s dif-

feomorphism suff ic ient ly C* -close to fA Choosing values t'^k and 

by the some spetial way one can obtain apply Sternberg's 

l inearization therem and thus we may assume that f2(x)=Ax where 

A has a simple spectrum. 
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( i i i ) Let's show that there i s arbitrarily C - small pertruba-
tion f of f such that((Z)^4)p has a real spectrum. 

Consider the invariant subspace L corresponding to the complex 
eighnvalue <T+LV of matrix A, then 

js B(x) = A/L = (2x + Tx2, -Tx, +2 x2) 

In polar coordinates the map B has the form B (P, if)=(ap, y-y),^ 
where oC- \js^+1x

 ) ^ Y " 7" • L e t fc^0 an<* A (-fc) be a nonde-

creasing smooth function, which i s equal to 0 when t < ~ a n d 

1 when t>l. Let B, . i f ) — (o<-j> ^ - A (p) y ) , i t i s easy 
to see that B, i s diffeomorphisra because det D (Bic, B12 

D (p, p) 
=* a 

When j>< 23 w e h a v e 2)| ( i ^ ^ ) = (^F) tfj 0 I* in previous coor­
dinates BjX =ô  x. Extend Bj on the whole subspace so that 
outside some neighbourhood of the disk 2)| (i^^) = (^F 
i s equal to f• We shall do the same procedure with other inva­
riant subspaces corresponding to the complex values. Then using 
the procedure of ( i i ) one can obtain diffeomorphism f̂  which 
i s smoothly equivalent to the linear map with a simple real 
spectrum in some neighbourhood of p. 
( iy) Let L be an one-dimentional invariant subspace correspon­
ding to eigenvalue A of the operator A with the simple real 
spectrum. For any real Jn̂  with sgn|x=sgnA and any£>0 there i s 
$ e (0) and s t r i c t l y monotonous smooth function V (t.) y t £ R. 
such that >)Ct)-^± when | t | < ^ and V/-fcl - 1 when| i l>£ . 
Then using arbitrary small C - perturbationYone can obtain 
that ^ I r. ^ in some neighbourhood of p, but other eigen-
values of C^^p are the same. Lemma i s proved. 
LEMMA 6. Let fj :E^E^( i -1 , 2 ) be C1 -diffeomorphisms of Banach 
spaces Ê  such that 
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(a) f | i s Lipschits and for some >t, > O 
f1 (E1(r1) cint E1 (r1) 

(b) 0 6 % i s a fixed point for fc. 
Let L ( f £ ' ) denotes the Lipschitz constant of f ^ / j ^ (^where 
^ x > ^ . Then for any £ > o there i s <^>0with the following 

property. If LCii then there i s a neighbourhood U of 
diff eomorphism f,*fz

 : F,* Ez <5 in Diff /y^*£J 

such that for any P£U there i s C m a p i^.'ftfo)->Fz 

with Lipschitz constant l e s s than t and graph % i s invariant 
under P. 
Proof, ( i ) Por definitness we shall suppose that F, *F^ \1BB 

the norm / (xtjf)l = ni*# (/*/ /u/J . Let 

ni*# (/*/ /u/J f (x)-2(x-y), xE, y.E2 

F (x,y) = (f1 (x) + d1 (x,y), f2 (y)+ d2 (x,y) 

where <£. •* Et *Ex Ei 1=1,2 are C- maps and 

A = max {//d1// //d2//} < / 

Consider the space of continuous maps from in Fifajvrlth 

Lipschitz constant l ess than 1. We shall denote this space by 
H and l e t % have uniform topology. % i s a complete metric 

space. We define the graph transform ^ : % % by 

rF(fj - jfV* Fr O, /) - K > Ot <f)l 
Let's prove that i s well defined map %~* % when A i s 
Q[ -small. Pirst we must show that ^(YJ la defined for any 
point of Fffa) • This i s obvious because 

rF(fj = f2 [y.f1.(1,y) - d2.(1,p)] 
and f, maps the ball ^ftjinto int t,faj thus for any x fffaj 
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F1 (x,px) c E1(2s) 
. Let's evaluate the Lipschitz cons­

tant of Ç(<?) 

f- DS1d2](1,h2(x))||< L(f2-1)(//h1(S2) Ds1F1.(1,h,(x)-

f- DS1d2](1,h2(x))||< L(f2-1)(//h1(S2) Ds1F1.(1,h,(x)-

f- DS1d2](1,h2(x))||< L(f2-1)(//h1(S2) Ds1F1 

hence / (FC (*?))< I when S i s suff ic ient ly C*-smali. Thus Ç 
i s well defined map of % into i t s e l f . 

we shall show that this map i s a contraction when % i s suf­

f i c i ent ly C (-small. Let f f £ % then 

HFFCF)~RFCNIL * STF*F..O,'e)-Ml<e)-KF,-Ü,*)+$SO,*)ll± 
f- DS1d2](1,h2(x))||< L(f2-1)(//h1(S2) 

4 J F- TU + II F. F> (I, V-F-F,•(/, / <F. F-A F) - F.FRO, 4 
f- DS1d2](1,h2(x))||< L(f2-1)(//h1(S2) 

È È[/+JÀ*I(/J]//F-RI/ 

and one can obtain that /.f/^J</ as 8 i s C ;-small. Thus there i s 

the unique fixed point fp of by the contracting map theorem. 

fi~ s a t i s f i e s the equation 

f- DS1d2](1,h2(x))||< L(f2-1) 

hence 
f- DS1d2](1,h2(x))||< 

which implies the invariance of gr fF under F : 

FMF*) =(Y,YFY) for any xeÇfaJ where y= £ fr, % *J 

( i i ) Next we investigate the di f ferent iabi l i ty of ^ . Assume 

i s the space of continuous bounded maps h: /f^J—*L(E>,EA) 

such that llhk-ìhì for any x G E,(*T) where L ( S l f i 2 2 ) i s the 
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space of continuous linear maps acting from to 12 z . The map 

rF*: it-* # > H x y 
i s well defined by the formula 

r*(T,k)t*)-Cçmn, qcfjlfatyt - \K] (/>/,*) 

where fc«f»,*0 , ïx'Kfa), f f r i j - UT,) LF 

//5»;/ i s s m a l 1 enough. Let 5̂  •' Et *EZ —> ^ be projection. 

We shall show that Wz ^ • J : */ -* ¿7 i s a contrac­

t ion. For any IH 6 IF we have 

||P2.PF (y,h,)(x)- P2.FF (y, h2)(x) // < 

r*(T,k)t* f2-1 || [h,(S2) DJ1 F1 - DS1 d2] (1,h,x)- [h2(S2)Ds1 

f- DS1d2](1,h2(x))||< L(f2-1)(//h1(S2) Ds1F1.(1,h,(x)-

f- DS1d2](1,h2(x))||< L(f2-1)(//h1(S2) Ds1F1. 

f- DS1d2](1,h2(x))||< L(f2-1)(//h1(S2) Ds1F1.(1,h,(x)-

f- DS1d2](1,h2(x))||< L(f2-1)(//h1(S2) Ds1F1.(1,h,(x)-

f- DS1d2](1,h2(x))||< L(f2-1)(//h1(S2) 

f- DS1d2](1,h2(x))||< L(f2-1)(//h1( 

f- DS1d2](1,h2( 

Thus Vp i s a contruction on the second coordinate provided § 

i s small. Therefore, by the fiber contruction theorem fty J there 

i s an unique attractive fixed point Cfp f ^f) °* Fp • F o r 

smooth map <F } (<F € % * V and 

( r ; ) ( w ) - far, %rPm) = (Ffy, q 
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i t follows from the definition of / 1 . Indeed 
h 

p0 F(c,Dy)(x) = D (f2) { Dc y Dc f1 - D2 d2 } (1,Dx e) = 

D F(c,Dy)(x) = D (f2) { Dc y Dc f1 - D2 d2 } (1,Dx e) 

50 F(c,Dy)(x) converges to FFC as n o& . Thus ^ i s 
the limit of the sequence Pp((f)9 and >V i s the limit of the 

sequence of their derivatives D[pF(a)] , hence 2) £ = 4^ 
(see [61 ). 
( i i i ) To prove the lemma i t remains to show that ^ i s C-close 

to 0 when A= tn<\y 'tJlfJi.& small. For any x € F,fa) we have 
|- (x)| = |pf (cf) (x)| = |f; (yf F1 (x, cF x) - d2 (x, cFx)) -

|f (x)| = |pf (cf) (x)| = |f; (yf F1 (x, cF x) - d2 (x, cFx)) -

c L(£") (fF(F, (*,%*)) + A) , 

so that 

c L(£") (fF(F, (*,%*)) + A) , 
and y ce E1 (x) 

w If to J 
A 

/- Kl-') 
Puther, for any x € Et (*,) 

II IK r*(%tz>/FJ<*)II ^ 

* II\ '!\ fF / / /^ ll+lh II]* 
f njiii}no,^fF)ii * 
c L(£") (fF(F, (*,%*)) + A) , 

y e t,(2) 

thus »»* //Jdx 1'FII Z A L (f2) 
I- [A+L (f,) ] L (2-1) x e E1(z1) 
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as 

Kf."I < 
1 

A + L (f1) 

And this completes the proof of the lemma. 

Proof of theorem B. 

(i) Let M be a smooth manifold, dimM>3, f: M M be a Cr-dif-
feomorphism , r^.2. Using the lemma 5 one obtains that for any 
C -neighbourhood of f there is diffeomorphism f in this neig­
hbourhood such that 
1) f' has periodic point p of period^, 
2) in local coordinates of some neighbourhood of p f1 has the 

form (?)9 (хм) - (Ал Ay) ,x€ R\ у é К*'* 

where A, : A: fi"'^*"-2 are linear maps and 
II A1II < 1 while JHI.I > 1 is sufficiently large. 

A point of R we shall denote in two ways; first (x,y) where 
x € R* y € Rn and the second (x,, x 2, y7 where x ; , x2€Rl In 
other words, we shall use two decompositions of R* is direct sum 

II A1II II A1II R0 R0 Rn-1 

Further for simplicity we shall suppose that the point p is a 
fixed point (P =1). 

There is an arbitrarily small C - perturbation f f l of ff 

which has a form jf^faflj sffs sfd Ay) in a neighbourhood o 
the point p which is smaller than one described in 2). Diffeo 
morphism g: where «0 is two-dimentional disk, has th 
following properties: 
1) g has the basic set c. isd /0 , A is a sink; 
2) g is absolutely structurally stable; 
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3) 0 € A i s "the fixed point of g and in some two-dimentional 

disk 0€ S <=> tt-t & g has the form fj(jc,X2) - {f*Jtfj XXZ) 

where 0<jU<ft A > j j > [ % 

Examples of diffeomorphisms whth such properties are given 

in 110] and in at the beginning of the present paper. 

Further we shall denote / " b y / . Thus A i s the basic set of 

diffeomorphism f (we don't make distinction between the sets 

A C 8* and A*{o) eg", 0€ %n'Z ) and the segment J of the 

l ine {U,Xlty)\ X, ~0 j y^O J lying in the disk 8 i s in A 

If X)" 1 i s suff ic ient ly small nfighbourhood of 0€dn'x then the 

set J * 1 i s local unstable manifold of point 0. £very seg­

ment pf of the l ine {(^ f j JC2jy) \<*2 * zf, y^O } lying in B 

i s local stable manifolds of the point Z^^foto) * £ . Thus 

the disk B i s fibered by the family of the segments £ t of 

stable manifolds of points from A • 

( i i ) Now we shall apply the construction due to C^Simon. 
n 

We shall describe i t in R keeping in mind that i t takes place 
in a small coordinate neighbourhood of the point p€ M. 
Let U be a suff ic iantly small neighbourhood otA in D such that 

${c/J c: <nt U ; W; - two-dimentional subdisk of B lying 
in the set ffaJ\U • Consider (n-1 )-dimentional subdisk 
of the disk 3>*m'={bJL2syJ\{OXj€B. #€A"~2}, 
and l e t A~*(jTy Wz )f)Ky W2 - 0 for any k *09 where 

Xy ; R ® ft" 2 —* Rn'1 i s a natural projection. 
Let Vj be a smoothly imbedded in (n-1 )-dimentional disk 

which i s transwersal to and l e t the intersection of that 
disk with tfbe a smoothly imbedded in & circle 5[ S1C Ini „ 
V£ denotes (n-1 )-dimentional disk for which V2 0 Vf

 s 0 and 
V2 0 Vf

 s 0 . Let K be smoothly imbedded in A n-dimentional 
disk 
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V1UV2 c int K and Vff)K-W1 jV2flK^W2 . 

Finally find diffeomorphism h ; & —* R with the following 

properties: 

1) h i s identical out of K, 

2) ti(V2)* V, and h(W2W2)nA2 = 0* 

It i s easy tosee that / \ i s a basic set for h*f becouse 

h*f = f in some neighbourhood of A . 

S Wu (o,h.f), indeed i f (x.yteS, then 

K-W1 jV2flK^W2 hence À * (Ut w^ith (/- O. 

Consider ft-/) Vvy. # .yy -f'fu.v)* 

= (h.f)-k+1 (0,xu;, A-1v) = K-W1 jV2flK^W2 

The la s t relation can be eas i ly obtained by induction nsing 

that h°f = f out of K, K (\ X)*' ' * W2 t A V € X» W2 . 

(0 K'U, A"V )*W fOj)t h e n C e (k*f) 'Kfay)-* ° when k -**, . 

I t i m p l i e s that (x t y) £ Y<?A«#thus J c W(Oh«f) . 

By the same arguments ^ f) c ^ ^ , W(Oh«f t 

2 t ~(ot,OJ CJf. This follows from the fact that X € Wf 

implies ffrJeU, 2tnW,*0 and hence {A'fJM -ffrj-

At the same time ù* i s f-invariant neighbourhood, hence 

(h.f)k(x)=fk (x) for jc€ Wi . And we obtain that from 

xc ws (Zt,f) n w1 follows JC6 U^Vz, . S i s 

smoothly imbedded c irc le in ¡1 f , hence i t has tangency with some 

segment^ ^ , but «> c Sc W (o,h.f)
 and V> w (Zt.h.f) 

hence manifolds WfOj.f) and WS(A,k»f) have a point of 

tangency. 

( i i i ) It i s necessary to prove that the property of tangency i s 

C -stable for k * 1. We shall show that for any diffeomorphism^ 

from the suff ic ient ly small C1-neighbourhood the property of 

390 



ONE-DIMENSIONAL ATTRACTORS ON S2 

tangency of stable and unstable manifolds for basic 3et takes 

place. Thus the theorem wi l l be proved. 

Let diff eomorphism c*7 be defined by the formula 

w (x,y) = (gx+ d,(x,y), Ay+ d2 (x,y)) 

where X € ¿0*, U € Z> and & :^n^Jo2 8 : ^ ^ 2 

are smooth and suff ic ient ly C-small. It was menti­

oned above that g maps A) into int A was linear map with 

the norm large enough, hence by the lemma 6 for f A 

( sett ing £ s - , £ 7 - 1 and so on) one can find a smooth 

map —* & n 1 which i s sufficienty 6^-close to the 

identity and such that i t s graph * ft19 ' {faf^JI X€*® I 
i s invariant under U% 

Let £ ; D2 x Rn-2 -> D2 x Rn-2 be new coordinates given 

by the formula/ 

fav/ - - fx, y - y>/*J) . 
One can obtain &fa,*rj - £ ° • fa*) * 

::: fju+ tJ7 ft/, If ~ fjJ(tI)/ A zr -+ A~ y;lv).,. ~ (u, i/ -+ r,o/I.I)J 

- pfyc + 8, fa v+ <pM)). 

It i s obvious that *©* i s invariant under io? , because £(*>*J 
then 

<*fyo)«rofu)+ 8r fa <p«L O) -ft}-8, fiyJJvo) 
There i s a homeomorphism n : D2 -> D2 Which i s suff ic ient ly 

close to the identity and such that ff+ ($f (Ij^J - g 

because g i s absolutely structurally stable and Qfltfjla C-small. 

The point r^(o) i s a fixed point for ^ ,g. X-n (n) i s one-dimen-

tional sink for g , Li ** ^f^) i s invariant under neighbour­

hood of A. 
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The set Aw = (A, O) = {(x,yx)} xe A c D2 
is the basic set for (& and - £ ( I C O ) is its invariant 
neighbourhood in A/ under 

The set IX/; * 2) f) K is smoothly embedded in H disk 
which is sufficiently close to VV; when S1 andare C1 -small 
enough. Thus we can consder that 
W2' cr. int (u>~1 {U«r)\ (uw)_uw). 

because ^ is small. W; and are close to \A/1 and W respec­
tively and we obtain that 

W2' cr. int (u>~1{U«r)\ 
It is easy to see that each segment of the stable manifold 
\A/%(Av, *>) of the family fibering the disk W, is 

also a segment of the stable manifold ' (A^^, k*i&) > 

A h-w = Aw 

Consider the map w-Tt where 

T(x,y) = (uxx Xx2, Ay) 

for fa, y J € S " R. "'Z we have 

(1*- Tfay/ - ft, fry), % Uy)Jt 

hence Lipschitz constant (1*- Tfay/ - ft, fry), % U is small because 6\ £ 

are C-cmail. There is function af ^^fa^y),(o,x2,y) € Dn-1 

such that 
(1*- Tfay/ - ft, fry), % Uy)Jt xy e d = w (Dn). 

It follows from the stable manifold theorem for a point ( see 
LH№). 
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Pw = (r(o), y. M(0)) E Dn i s a fixed 

point for 2c> , gr ^ is the local uns table manifold  
We0c (Pw, w) 

We can treat that function^ is sufficiently C -small,because 
i t smoothly depends onfc2" in 6*-topology and**> i s C'-close to T. 
In such a case choosing <J C*-close to f we can obtain that the 
set V/t~ <fr <\> f) K i s smoothly embedded in R " (n-17 -
disk which i s c ' -close to W2 • As in ( i i ) we can obtain that 
the disk kfW^ls smoothly embedded in VJU (p^ , h 0ifJ. 

Thus, if 0> i s 0-close to f then 
^ f 

1) disks and l/V, are close to each other in G -topology and 
are smoothly embedded, 
2) smoothly embedded in R disks to^and are C-close to 
each other t hence (n-1 )-disks L(W2) Bnd^/l^/2J

 a r e close too, 
3) disk£ Wj i s transversal to LfW2)&nA their intersection i s 
the circle S smoothly embedded in R* 

Therfore if the diffeomorphism (J i s close to f in Diff (M) 
then 
1) disks W, and //W/Jare transversal, 
2) their intersection i s smoothly embedded in M circle 5 ; 

which is C f-close to S # 

From the preceding remarks i t i s clear that 5 ; C W^Q^A'tj) 

the disk W1 being fibered by the smooth familyof segments of 
stable manifolds ofpoints of A i . . . alike the ( i i ) one can find 
that WS fAji.0tA'ij) has a point of tangency with W U{A^fi*(tf 

Finally, notice that values ^Yp^-^jand X ( P ^ ^ ) are approximat-
elyequal to^and min (A, /Ml/ ) respectively and H At i s large 
enough, hence ^ (j^^^^FP^ (^)ytQXi^L ^ e theorem B has been proved. 
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