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ON GENERIC BIFURCATIONS OF SECOND ORDER ORDINARY

DIFFERENTIAL EQUATIONS NEAR CLOSED ORBITS

M. Medved

We shall present some results concerning the generic bifurcations
near closed orbits of the second order ordinary differential equations
(ODE) on manifolds. Generic bifurcations near critical points of the
second order ODE are studied in [5]. The main results obtained in [5]
and given here are similar to the results of Sotomayor [7] for 1-
parameter families of vector fields (see also [3],[4]) and to the re-

sults of Brunovsky [1], [2] for diffeomorphisms.

Definition
A vector field n on the tangent bundle T(X) of a Cr+1 mani-
fcld X 1is called a second order ODE on X if Drt.n = 1T(X) , Where

Dt denotes the differential of the natural projection «t:T(X) + X
and 1T(X) is the identical mapping of T(X) onto T(X). A ct
parametrized vector field & : A x T(X) ~» TZ(X) = T(T(X)) (A 1is a
c’ manifold) is called a parametrized second order ODE on X if
the mapping £, (ga(x) = g(a,x) for xeT(X)) 1is a second order ODE
for each a ¢ A . We denote the set of such parametrized equations by
HY (A,X).

The condition Dr.g_ = 1 for each a ¢ A implies that in
a T(X)
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local charts (U,a), (V,8) the local representative &' of

£ ¢ H'(A,X) has the following form
g' (U,X’V) > (X’V3V9£GB(U’X)V)) ’

where u e a(U)e=R' , (x,v) ¢ 8(V) x R® , £ . : «(U) x 8(V) x R™s R™

af
is a ¢’ map (We suppose X,A compact and dim X = n , dim = A=1),
what corresponds to the 1-parameter family of second order equations

% = € (n,x,%).

We suppose that the set Hr(A,X) is endowed with the Whitney c’
topology.

Let ¢ ¢ Hr(A,X), a, e A, vy be a closed orbit of ¢ passing

0 a, ag
through Xy € T(X) and let )Y T(X) be an (2n-1)-dimensional
transverse section to Ya at x;, . Denote by
H=H[5,a0,x0,y , V. x(V (]Z)] : Vox(von Z) > Z the parametrized Poin-
ag’ 1 2 1 2
caré mapping, where V1 s V2 are neighbourhoods of a and x; res-
pectively. Let H_: V,n y -~ ] be defined via Ha(x) = H(a,x) for
. k

x e V,MN]. Define 2, (H) = {(a,x) ¢ V1x(V2(12) | Ho(x) = x
j .
Ha(x) * x for 0 < j < k}.

Definition
We say that X € VZF]Z is a quasi-hyperbolic fixed point of

Ha if for some center-manifold WS , Ha /WE s cf conjugate to
0
one of the following c’ diffeomorphisms

2 2
(A) YZ = Y1 + az)’-l + o(lY‘]l ) ’ az # 0

2 3 3
(B) YZ = -Y1 + "-2}’1 + Y]y1 + O(IY]I ) ’ 'Y—] + ) #0

2 3
u1 + 0(|U1| ),

is complex , A, AZ, As, A4 # 1, Re % #0

(€) u, = Au, + B|u1|

Uy

The corresponding closed orbit of Ea passing X, is called
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quasi-hyperbolic.

Denote by P1(E) (Pz(g),Ps(g)) the set of (a,x) € V1x(V2r1X)
such that x 1is a quasi-hyperbolic fixed point of H&- of the type
(A)  ((B),(C)).

Theorem.
There is a residual set Hf(A,X)c: Hr(A,X) such that for

£ e H?(A,X) the following is true

(1) For all a ¢ A the second order ODE £y has only hyperbolic
and quasihyperbolic closed orbits

(2) 1If Ya is a quasi-hyperbolic closed orbit of Ea , then there

0 0
is a neighbourhood U of Ya such that for each a e U £, has
0
no quasi-hyperbolic closed orbit in a sufficiently small neigh-
bourhood of ¢
30
(3) If is a closed orbit of & passing through x, , then
a a, 0

there is a chart (V1xV2 , h1xh2) on A x T(X) at (ao,xo) ,

h1(ao) =0, hZ(XO) = 0 such that

(a) Z1=Z1(H) is an 1-dimensional C' submanifold of
v, x y (H=H[£’aO’XO’YaO’V1X(v2r]z)])
(b) If (ao,xo) € P1(£) , then (h1xh2)(Z1(H)) =

{(u,)’1,---,)’2n_1) l = ¢0()’1) s Y

i 50

i=1,2,...,2n-1, Y, € J} , where J is an open interval,

0cJ, ¢, ¢ c’, i=1,2,...,2n-1, 45(0) =0,

2
d¢0(0)/dy1 =90, d ¢0(0)/dy$ #0 and for u > 0
ga(a=h;1(u)) has exactly two closed orbits y, , vy, ina
neighbourhood of Yq o which are hyperbolic. The index of
0

Y4 is equal to the index of Y, and that of 0 is equal
0
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to the index of T, minus 1. Moreover V1x(V2{12)\\Z1(H)
0
contains no invariant set

() If (ap,xy) e P,(£), then 72 = Z,(H) is an 1-dimensional

r-1 . . -
submanifold of V1XX , ZZ\ZZ = Pz(g) and

C
V1x(V2ﬂ}:)\(Z1 LJZZ) contains no invariant set. This means
that if yu = h1(a) > Hg = h1(ao), and T is a prime period

of YaO , then for any u close to there is one closed

Yo

orbit of Ea the period of which tends to ™ as  wrug

and there is another closed orbit of Ea for u <close to

Ho o the period of which tends to ZTO as  w>ug,

(a) 1If (ao,xo) € P3(E)’ then Ha has the composed fccus fixed
0
point, which give rise to a two-dimensional invariant torus.

Sketch of the proof.

Denote by H;(A,TX) the set of all parametrized vector field on
T(X) endowed with the C' Whitney topology. By [3],[4] and [7] the
properties (1)-(3) of the theorem are generic in the set H;(A,TX)
Therefore the proof of the theorem is based on the following approxi-

mation lemmas.

Lemma 1 : (see [4,Lemma 6]).
Let ¢ ¢ Hr(A,X) , (ao,xo) e Ax T(X) and let Ya be a closed
0
orbit of ¢ . Let V., xV be a neighbourhood of (a,;x,) in
a 1 2 0’70

A x T(X) such that the parametrized Poincaré mapping
H = H[g,ao,xo, 30’V1X(V2r12)] is defined. Then there exists a neigh-

bourhood U(H) of H in cr(v1x(v2nz),§) such that for H, e U(H)

there is a ; € H?(A,TX) such that ¢£

3

(a,x, (a,x)) = H;(a,x) for

each (a,x) e V,X(VZFTX), where ¢ is the parametrized flow of ¢

T  function. Moreover & depends

and 1t : V1x(V2r]2) >3y dis a C

continuously on Hy
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Lemma 2

Let ¢ € Hr(A,X) and let (ao,xo) . Y ,H,U(H),H1 are as in

a
- 0
Lemma 1. Let g be as in Lemma 1 i.e. ¢E (a,x,t(a,x)) = H1(a,x)
for (a,x) e V1x(V2r1X). Then there exists an n = n(i) e HT(A,X)

such that if (a,x) 1is sufficiently close to (ao,xo), then the vec-
tor field Ny is differentiably conjugate to éa near ;a , where

Ya is the closed orbit of ga passing through x

It is possible to prove this lemma by means of some modification
of the proof of Shahshahani's Fundamental Lemma (see [6]).
Now, using this two lemmas and the results of Brunovsky [2] it

is possible to prove Theorem.
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