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ON GENERIC BIFURCATIONS OF SECOND ORDER ORDINARY 

DIFFERENTIAL EQUATIONS NEAR CLOSED ORBITS 

M. Medved 

We shall present some results concerning the generic bifurcations 

near closed orbits of the second order ordinary differential equations 

(ODE) on manifolds. Generic bifurcations near critical points of the 

second order ODE are studied in p>]. The main results obtained in [5] 

and given here are similar to the results of Sotomayor [7] for 1-

parameter families of vector fields (see also [3] , [4]) and to the re­

sults of Brunovsky [l] , [2 J for diffeomorphisms. 

Definition 

A vector field n on the tangent bundle T(X) of a C mani­

fold X is called a second order ODE on X if Dx.n = 1f(X) ' wnere 

DT denotes the differential of the natural projection T:T(X) X 

and 1T(X) is the identical mapping of T(X) onto T(X). A Cr 

parametrized vector field K : A x T(X) -* T2(X) = T(T(X)) (A is a 

C manifold) is called a parametrized second order ODE on X if 

the mapping £ (£ (x) = £(a,x) for xeT(X)) is a second order ODE a a 

for each a e A . We denote the set of such parametrized equations by 

HR(A,X). 

The condition Dx.£ = 1TrY>> for each a e A implies that in a 1 ̂ AJ 
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local charts (U,a), (V,$) the local representative £ 1 of 

£ e HR(A,X) has the following form 

: (y,x,v) + (x,v,v,^a6(y,x,v)) , 

where n e a (U) c= R1 , (x,v) e 3 (V) x Rn , £ a ' <* (U) x 3 (V) x Rn+ Rn 

is a C map (We suppose X,A compact and dim X = n , dim = A=1), 

what corresponds to the 1-parameter family of second order equations 

x = Sa3(u,x,x). 

We suppose that the set H (A,X) is endowed with the Whitney C 

topology. 

Let £ e H (A , X ) , an e A, Y be a closed orbit of £ passing 
u aQ a€ 

through xQ e T(X) and let £CZ T(X) be an (2n-1)-dimensional 

transverse section to y at xn . Denote by 
A0 U 

H=H[^,a0,x0,Ya^,V1x(V2n I)] : V ^ f V ^ D + I the parametrized Poin­

caré mapping, where , are neighbourhoods of a^ and X Q res­

pectively. Let H : V9n £ -> Y be defined via H (x) = H(a,x) for 

x e V2m. Define Zk(H) = { (a,x) e V ^ t V ^ J ) I H*(x) = x , 

H^(x) / x for 0 < j < k}. 

Definition 

We say that xQ e V2(l I is a quasi-hyperbolic fixed point of 

H if for some center-manifold Wc , H /Wc is Cr conjugate to 

one of the following C diffeomorphisms 

(A) 7 2 = XÌ + + 0 C | | 2D , a2 ̂  0 

(B) y2 = -7l + a2y^ + y^3 + o(|yi|3) , Y1 + «2 ̂  ° 

(C) u2 = Au1 + 3|u1|2Ul + o(|u1|3) , 

u^ is complex , A, A2, A3, A^ ̂  1 , Re j ì 0 . 

The corresponding closed orbit of £ passing xn is called 
A0 
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quasi-hyperbolic. 

Denote by P1 (£) ( P 2 ( 0 , P 3 ( 0 ) the set of (a,x) e V ^ O ^ O D 
such that x is a quasi-hyperbolic fixed point of of the type 
(A) ((B),(C)). 

Theorem. 
There is a residual set H^(A,X)CZ Hr(A,X) such that for 

£ £ (A,X) the following is true : 

(1) For all a e A the second order ODE £ has only hyperbolic 
and quasihyperbolic closed orbits 

(2) If y is a quasi-hyperbolic closed orbit of £ , then there 
is a neighbourhood U of Y such that for each a e U £ has 
no quasi-hyperbolic closed orbit in a sufficiently small neigh­
bourhood of £ 

(3) If y is a closed orbit of £ passing through xn , then 
there is a chart (v-|xV2 > h-jxn2) on A x T(X) at (aQ,xQ) , 
h^ag) = 0 , h2(xQ) = 0 such that 

(a) Z^=Z^(H) is an 1-dimensional C submanifold of 
V1 x I (H=H[5,a0,x0,Ya ,VlX(V2nD]) 

(b) If (a0>xQ) e P ^ s ) , then ( h ^ h ^ (Z., (H)) = 

{ y2n-1} I y= Vy1} ' yi = *iCy1} ' 
i=1,2,...,2n-1, ŷ  e J} , where J is an open interval, 
0 e J , (J,. e Cr , i = 1,2,...,2n-1, <t>Q(0) = 0 , 

2 
d<f)0(0)/dy1 = 0 , D *0C0)/dy5 / 0 and for y > 0 
£a(a=h~1(y)) has exactly two closed orbits Y^ > Y2 in a 
neighbourhood of y , which are hyperbolic. The index of 

a0 
Y1 is equal to the index of y and that of Y9 is equal I aQ L 
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to the index of y minus 1. Moreover V x(V flj) \ 1 (H) 

contains no invariant set 

(c) If (aQ,xQ) e P2(£), then 1^ = Z2 (H) is an 1-dimensional 

Cr"1 submanifold of , Z2\Z2 = P2CO and 

V^^flpNfZ^ U Z2) contains no invariant set. This means 

that if y = ĥ (a) , ŷ  = h^(ag), and is a prime period 

of y , then for any y close to yn there is one closed 

orbit of the period of which tends to as V+VQ 

and there is another closed orbit of £ for y close to 

ŷ  , the period of which tends to 2TQ as ŷ Pg 

(d) If (aQ,Xg) e P^(£), then Ha has the composed focus fixed 

point, which give rise to a two-dimensional invariant torus. 

Sketch of the proof. 

Denote by Hj(A,TX) the set of all parametrized vector field on 

T(X) endowed with the Cr Whitney topology. By [3] ,[4] and [7} the 

properties (1)-(3) of the theorem are generic in the set Hj(A,TX) . 

Therefore the proof of the theorem is based on the following approxi­

mation lemmas. 

Lemma 1 : (see [4,Lemma 6]). 

Let £ e Hr(A,X) , (an,x.) e Ax T(X) and let Yq be a closed 

orbit of £a . Let V.j x V2 be a neighbourhood of (a0;xQ) in 

A x T(X) such that the parametrized Poincaré mapping 

H = H[s,a0,x0, ̂  rV.|X(V2nI)] is defined. Then there exists a neigh­

bourhood U(H) of H in Cr(V1x(V2n I) ,D such that for H1 e U(H) 

there is a E, e Hj(A,TX) such that <f)̂ (a,x, (a,x)) = H^ajX) for 

each (a,x) e V^x^flJ), where <J>̂  is the parametrized flow of £ 

and T : V^^fl J) ̂  I is a Cr function. Moreover £ depends 

continuously on H-j . 
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Lemma 2 
Let Ç e Hr(A,X) and let (a0,xQ) , y ,H,U(H),H1 are as in ~ a0 Lemma 1. Let ç be as in Lemma 1 i.e. Ф 5 (а,х,Г(а,х)) = Н1(а,х) 

for (a,x) e У 1 Х(У 2 П1). Then there exists an n = e Hr(A,X) 
such that if (a,x) is sufficiently close to (aQ,XG), then the vec­
tor field n is differentiably conjugate to £ near y , where 

y is the closed orbit of £ passing through x . 
It is possible to prove this lemma by means of some modification 

of the proof of Shahshahani1s Fundamental Lemma (see [6]). 
Now, using this two lemmas and the results of Brunovsky [2] it 

is possible to prove Theorem. 
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