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AUTOMORPHISMS OF BOUNDED DOMAINS IN c™
by Raghavan NARASIMHAN

[Chicago]

It has been known since the time of Poincaré [13] that the Riemann mapping
theorem has no analogue in Cn when n 2 2 . In fact the polydisc

2 < 1)

{(21,22) € C2 l |z1| <1, |22[ < 1} and the ball {(21,22) € C2| |z1]2+ ]zz'
are not biholomorphically equivalent. But the very great extent to which domains
in Cn , n22 , are rigid first appeared in a series of papers of H. Cartan (see
in particular the paper [4]). This article will attempt to describe a few of

H. Cartan's results, and then to describe recent work of C. Fefferman and

S.S. Chern-J. Moser which enable one to attach very strong invariants to a very

important class of domains, enabling one to distinguish between them in many cases.

§ 1. Let D be a bounded domain in Cn , and suppose that O ¢ D . We
say that D is circular (with respect to O ) if D is left invariant by the
transformation
Z - eiez
for any real © € R .

If (p1,...,pn) are integers which are reletively prime, we call D a

(p1,...,pn)—domain if D is left invariant by the transformation
i6p ifp
1 n
Tép) : (z1,...,zn) — (e z1,...,e zn)

for any real 6 .
Similar definitions can be made when D is an unramified domain over Cn
(i.e. D is a complex manifold of dimension n provided with a holomorphic

. . . n
immersion in C ).
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Cartan's paper [4] is concerned mainly with domains over C2 . The first

result showing how rigid circular domains are is the following.

THEOREM 1 (Cartan [4]).— An automorphism of a bounded circular domain D (or a
2
(p1,p2)—domain) in C which leaves the origin fixed is the restriction to D of

a complex linear transformation of C2

The main result in [4] deals with the problem of classifying domains in 02 ;

it is the following remarkable result.

THEOREM 2 (Cartan [4]).— Let D be an unramified bounded domain over C2 , 0¢€D,
and suppose that there is an infinite group of automorphisms of D which leaves
O fixed. Then D is analytically equivalent to an unramified (p1,p2)—domain

2
over C .

This theorem can be reformulated by saying that if the circle S1 acts as a
group of holomorphic transformations of D having a fixed point, then the action
of S1 can be linearised globally by an immersion of D in 02 .

This theorem has been generalised by H. Holmann [9] to manifolds of higher
dimension ; however the situation is more complicated. To state his theorem, we
introduce a definition.

We say that a complex manifold X of dimension n is a Cartan manifold if

there exists an atlas of coordinate neighbourhoods (Ui ,¢i) such that :

(1) 9. (U.) is a p(l) = (p(l),...,p(l))-domain in €% ;
iti 1 n
(i) the coordinate transformations @, . =g, o© <931 are compatible with the
T(p.l) o T(pj) _ T(pi) o
C] ’ ij e 8 ij

Holmann's theorem is as follows.

THEOREM 3.- Let X ©be a connected complex manifold on which an infinite compact
Lie group G acts effectively (as holomorphic automorphisms of X ). Then X is a

Cartan manifold.

214



AUTOMORPHISMS

When X 1is a Stein manifold and G has a fixed point, Holmann gives a more
precise description of X . In this case, let S be a compact 1-parameter sub-
group of G . Then there exists a Stein manifold Y of dimension m< n , and a
holomorphic vector bundle V of rank r =n-m on Y such that X is isomor-
phic to an open set Q in V with the property that there exist relatively prime
integers (p1,...,pr) so that, forany y €Y, QN V& is left invariant by the

transformations

6 ip ©

ip1 r
"’Zr) - (e Zyreeese Zr) , & €R

(z

where V& is the fibre of V over y and (z1,...,zr) are suitable fibre coor-

170

Tép) ).

dinates on V& (so that the transition functions of V commute with the

[ That the hypothesis concerning the Lie structure on the group G and its
compactness are natural is shown by another theorem of H. Cartan (see theorem 6
below).]

A consequence of this description is the following result :

A Stein manifold of dimension 2 on which an infinite compact Lie group acts
as above and has a fixed point can be immersed holomorphically in C2 (so that it
is an unramified domain over 02 ).

One of the essentials in the proofs of these theorems is the following result :

THEOREM 4 (Cartan [4,5]).- Let D be a bounded domain in " , 0¢D,
dF,
f:D - D a holomorphic map. Suppose that f£(0) = O and that SZL (0) = b,
J

(f = (f1,...,fn)) . Then f is the identity.

Cartan's proof of this beautiful result is so simple and elegant that it is
worth repeating.

Let f(z) =z + Pk(z) + ... (k=22) be the expansion of f in a series of

homogeneous polynomials at O ; Pv is of degree v . Let fp =fo ...0of

p-times
Then the expansion of fP is
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fp(z) =z +IPk(Z) + e

Since fp maps D into D which is bounded, the coefficients of pP are

k

bounded, uniformly in p , and so must be O since p 1is arbitrary.

This result is felse for unbounded domains in Cn . Bieberbach [2] has given
2 2 afi
an example of an injective map f : C - C , £(0) =0 , S;—'(O) = éi' S0
3 J
2 2
that €° - £(C ) contains a non-empty open set. This counterexample of

Bieberbach's has been used recently to prove the following result, which had been

long conjectured :

THEOREM 5 (T. Nishino- C. Watanabe [12]).- The unit disc {z € C| |z| < 1} can be

imbedded as a closed submanifold of 62

It is easily deduced from Theorem 1 that the following result holds :
n n 2
Let Pn = {(z1,...,zn) €C | |zj| < 1} and Bn = {21,...,zn) €ec |z Izjl <1}.
The connected component of the identity of the group of automorphisms of Pn and

Bn leaving O fixed are respectively the following :

161 i@
(z ""’Zn) - (e z

1 170 n

z v+ Az , A ¢ U(n) (unitary group) .
In particular, Pn and Bn are not analytically isomorphic for n 2 2
This last result is a consequence of the following theorem of Remmert-

Stein [14].

n n,
2
Let D1 , D2 be bounded domains in C ! , C respectively, and Q a bounded,

strongly pseudoconvex domain in N (N 2 1) . Then there is no proper holomorphic

map of D1 X D2 into Q .

n
Proof. Let (21""’Zn ) be coordinates in C 1 . (w1,...,wn ) coordinates
1 2
o
in € and f = (f1,...,fN) a proper holomorphic map of D, X D, into Q .
Choose W(v) a sequence of points in D2 converging to a point w(o) € 3D2
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By Montel's theorem, there is a subsequence {vp} so that for 1< js N,

),

converges, uniformly on compact subsets of D1 , to a holomorphic function

f.(z,w
J

gj:D1->C.

Since f is proper, (g, ,...,8.) = g maps D into Q0 . Let p be a
1 N 1

strongly plurisubharmonic function in a neighbourhood U of 9Q so that

QﬂU={xEU|p(x)<0} . Then p(g(z)) =0 on D, . Now, for 1Sk, £Sn

1 17

we have
2 sz dg aga
° = ap(aSZ)) = b 3o, (&(2) ’ala-
0702, 154, 35 N 0%%%; % 9%y

Since the Levi form of p is positive definite by hypothesis, this implies that

—_— = <is < <
32 o, 1 i N, 1 k n,
k
Hence, for any w(v) - w(o) , there is a subsequence (\)P) so that
af; (v.)
— (z,w ) - 0 .
azk
Hence
3ty (o)
—(z,w)—'O as w - w
dz
k
By the maximum principle, BTI (z,w) =0, we D, , and clearly f 1is not
k

proper.

One of the most important of H. Cartan's theorems on automorphisms of bounded
domains is the following :
THEOREM 6 (H. Cartan [5,6]).- Let D be a bounded domain, and let G = Aut(D)
be the group of holomorphic automorphisms of D with the topology of compact
convergence. Then
(1) for any compact set K CD , the set {g € G|G(K)NK # #} is compact
(so that G 1is locally compact and acts properly on D) ;

(ii) G carries a natural structure of Lie group so that the map
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GXD - D , (g,2) — g(2)
is real analytic ;
(iii) G has real dimension < n(n+2) .
(A proof is given also in [11].)

This theorem, apart from being a major contribution to the solution of
Hilberts Sth problem, has been of great influence in many fields. Bochner-
Montgomery used Cartan's ideas to prove that a locally compact group acting as a
group of diffeomorphisms of a smooth manifolds is a Lie group. Cartan's work also
led to the famous classification by E. Cartan of the bounded symmetric domains in
¢" . The theorem has been generalized in various directions (see W. Kaup [ 10] and
the references given there). One of Kaup's results is an addendum to part (iii)
of Cartan's theorem : dim G = n(n+2) if and only if D is analytically isomor-
phic to the unit ball B in c” .

There are many more important results obtained by Cartan about the structure
of mappings of bounded domains into themselves (in particular automorphisms). For
these, see Cartan [4,5], Behnke-Thullen [1] and the references given there. There
are also many extensions of these results. Of these, I shall mention only the
paper of Remmert-Stein [14] dealing with the rigidity of analytic polyhedra, in
particular simplices in ™.

There are also several open questions in this circle of ideas. What is the

nature of proper holomorphic maps of Bn into itself ? Are they automorphisms ?

If not, are they at least given by rational functions ?

§ 2. Cartan's work enables one to distinguish between two domains (in
certain cases) because of the behaviour of analytic automorphisms in the interior
of these domains. As early as 1907, Poincaré suggested that one should look at

boundary points, which raises the question of knowing if automorphisms of bounded
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domains can be extended to the boundary, and if so, what degree of smoothness these
extensions have. This question has proved very difficult and there were almost no
results till recently, when C. Fefferman solved this problem in a very important

case. His theorem runs as follows :
THEOREM 7 (Fefferman [8]).- Let D1 and D, be bounded strongly pseudoconvex
domains in Cn , and let f : D1 - D2 be an analytic isomorphism. Then f

~ - -

extends to a diffeomorphism f of D1 onto D2 .

There are two major steps in the proof of Fefferman's theorem, each of them
of great difficulty.
The first step 1s an asymptotic expansion for the Bergman kernel function of

a strongly pseudoconvex domain D in ¢™ . Recall that if HD is the Hilbert

space of square integrable holomorphic functions on D with the L2 norm, the

kernel function KD(z,w) is defined to be

K (z,w) = vZ:1 o, (2) o, (w)

where } is an orthonormal basis of .
(P\)

Let U be a neighbourhood of 3D and p a ¢® function on U such that

2

d
UND={x €U lp(x) > 0} , the hermitian form E: S;—g;—
k°%s

k,£

ak o, is negative
definite on U dnd grad p £ 0O on U.

The first step in the proof of Theorem 7 is the following.

THEOREM 8.- There is a neighbourhood VC U of 3D and ¢® functions @ , ¥
on V so that &(z) #0, z € 3D and

- @(z)
(z,2) = ———
o [p(z)]™"

The basic idea of the proof of this theorem goes as follows. Let a € 3D .

+%(z) log p(z) , z € VND.

Then one can find a domain Qa C D which is tangent to 3D at a of third order

and an explicit analytic isomorphism of Qa with the unit ball (given by polyno-
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mials). Using the fact that the kernel function of the ball is defined in the
complement of any tangent hyperplane and the fact (to be proved) that the high
degree of tangency of Qa to D implies good approximation of the kernel of Qa
to that of D (near a) in a suitable sense, Fefferman constructs operators K0

' on 1°(D) so that

2

o 1
K (L°(D)) < B K (HD) =0 |, IE]] < 1
where E =1 - KO - K1 and the norm is the operator norm in L2(D) . Then it is

easily seen that KD , considered as a projection of L2(D) onto HD , 1s given

by
K_D=K°+K°E+K°E2+ e .

Fefferman computes these iterates explicitly and estimates their norms to
prove Theorem 8. These computations are of extraordinary difficulty. They involue
results from the theory of singular integrals and deep theorems relating to the
3-Neumann problem, both in the interior and on the boumdary.

I have been told that Boutet de Monvel and Sjostrand have obtained a proof of

this theorem based on completely different ideas.

Theorem 8 has some applications. The kernel function of the unit ball is

given by
const

2 \n+1

(1 - ]2|%)
Also, it is not hard to show that the presence of the logarithmic term in
Theorem 8 (5 # 0) 1is invariant under holomorphic isomorphisms. This term is
present in many cases, e.g.

2 2 8

lz1| + [z2| <1+ e|22| , € >0 small
(also in most cases when one starts with the unit ball and perturbs the boundary
in a small neighbourhood of one point). These domains are therefore not isomorphic
to the unit ball. The above example also shows that there are regular, holomorphic

families of Stein manifolds such that one of the fibres is the unit ball, but

there are fibres arbitrarily close to it which are not isomorphic to it.
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The second main step in Fefferman's proof of Theorem 8 is the study of geode-

sics in the Bergman metric

2
3 o (z,2)
- Z __l_gL dz dE

d52
sz bzl k 4

k, 2

near the boundary. Let z(o) €D and w € st c” , and let

(

t - X(t,w,z 0)) be the geodesic, parametrised by arc length, starting at

(o)

2 in the direction w . We call (z(o) ,w(o)) €D X SZn—1 k-transversal if
™ (O)(W) = lim X(t,w, z(o))
4 t o+
exists for all w close to w(o) and if m (o) is a Ck-diffeomorphism of a
z
neighbourhood of w(o) onto one of ™ (o)(w(o)) € 3D

b4

Moreover, we call a geodesic t X(t) k-transversal if (X(t) ,wX(t)) is

k-transversal for all t 1large enough where wx(t) = unit vector in the direction

dx(t)
dt

THEOREM 9.- Any geodesic whose closure in D 1is not compact is k-transversal

for every k . Moreover any point in 9D is in the image of (o) for some

z(o) €D ’

The proof of this result is of very great ingenuity, and, according to
Fefferman, inspired by work (Siegel, Moser) on celestial mechanics.
In terms of real coordinates (x1,x2,...,x2n_1,x2n) , let J be the automor-

2
phism of R n corresponding to multiplication by ./ -1 on C" . Choose a basis

2n

v1(X),...,v2n(X) of R , depending smoothly on X so that

“2k-1(x) = J\)zk(X) , "2(X)"""’2n(x) € TX(BD)

(this for X near a boundary point of D), and let p(X) be an equation for D

(X) , w.(X) =p(X)v (X) for jz2

(D is given by p > 0 ). Let w1(X) =p 1 ; ;

and define Pj by

Y = Z P (%, () VYeR?.
J
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Introduce a new "time variable" T Dby %% = p(X(t)) . Then, the equations

for a geodesic can be written

I8

%

T

B ws () ap, 5 Al(;ji(x)
-2 7.

o) > ar o) Trofs -

’
In the case when the Bergman kernel has no logarithmic term, the coefficients in
this system are smooth up to 9D, and the theorem follows easily from standard
facts on ordinary differential equations. However, in general, the coefficients
are still singular at 3D . Fefferman takes as a new time variable the function
p , which is also chosen as the first coordinate function Y1 in a system of

coordinates Y1""’Y2n . The equations then become :

2n

4dY. P.

- _ - :

ap = ; wi,j(p’Y2"“’Y2n)P ’ iz2,
J=1 2

. P P

= _ (1) r s .

dp - rzs 0 g(p s Tsene Y ) P, 1=,
’

(i)

where the w.. are smooth, and the 0
ij r,s

are smooth functions of Y2""’Y2n ,

P pn_1 log p . Although solutions of this system are not necessarily smooth

in p , they are, for fixed p , smooth in the initial data, and this is just
sufficient for the proof of Theorem 9.

Although the work of Fefferman enables one to distinguish between certain
domains, its relevance to the classifying problem comes from the work of Chern-
Moser. E. Cartan [3] carrying out the program initiated by Poincaré [13], had
given a complete set of invariants to decide when two germs of real analytic hyper-
surfaces in 02 can be transformed into each other by a local holomorphic automor-
phism of C2 (with certain mild restrictions on the hypersurfaces).

Given two hypersurfaces in ct (passing through O ) of the form

Re z1 = f(In z1,z2,...,zn) and Re z1 = g(Im z1,z2,...,zn) ,

th

we say that they are equivalent to the N order if there is a local automorphism

h of ¢% at O so that the Taylor series of g o h of order N coincides with
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that of f . The work of Chern-Moser consists in computing the orbits of this
equivalence relation, at least in the case when f , g are redl analytic and are
subject to certain mild restrictions.

Let 1z ¢ c® , weéeC, w=u+iv . If f 1is a germ of real analytic function

at 0 € ¢ x R, f= f(z,E,v) , we write
£(z,2,v) = 2 £, ,(2,2,v)

k,£2 0
where

(Az ,uE ,v) = Xk ul f (Z,E,v) for A, n €C.

Tyt ”,
THEOREM 10 (Chern-Moser [7]).- Given a germ of analytic hypersurface
u = f(z,E,v)

at O in Cn+1 , such that its Levi form is nondegenerate, there is a local holo-
morphic automorphism of c® at o0 taking it nto a hypersurface of the form

u = {z,z) + g(z,2,u)
where ( , ) is a bilinear form and g satisfies

g, =0 if min(k,£) S 1 .
(The actual theorem of Chern-Moser is a little more precise than this and ensures

uniqueness of the normal form. )

THEOREM 11 (Chern-Moser [7]).— Let M be a real analytic hypersurface in Cn+1

with nondegenerate Levi form. There is canonically associated a principal bundle
2 .
Y=Y(M) on M and a set of (n+2) -1 1-forms u)v(Y) on Y with the
following property :
Two such germs of hypersurfaces M , M' are biholomorphically equivalent if
and only if there exists a real analytic diffeomorphism of Y(M) onto

Y(M') = Y' taking the wv(Y) to wV(Y‘).

This result sets up a system of second order differential equations whose sol-
vability is equivalent to the existence of a biholomorphic map of Cn+1 taking

M to M' .
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In principle, the 1-forms wv(Y) can be calculated explicitely and provide
very strong necessary conditions for the equivalence of two real analytic hyper-

surfaces in the form of systems of differential equatioms.

From this work of Chern-Moser, it appears that if D is a strongly pseudocon-
vex domain in Cn with a smooth boundary, then there is a family of curves on
0D covering 0D which, as a family, is left invariant by any holomorphic auto-
morphism of D . Fefferman has shown how such a family can be constructed using
the behaviour of the kernel function.

This construction of Fefferman has some interesting applications, for instance
the following result.

Let D Dbe a strongly pseudoconvex domain analytically isomorphic to a ball.
If it coincides with a ball in the complement of a sufficiently small neighbourhood

of a boundary point, then D is a ball.

Raghavan NARASIMHAN

Department of Mathematics
University of Chicago
5734 University Avenue

CHICAGO -I11l. 60637
U.S.A.

224



(1]

(2]

[3]

(4]

Leé]

(7]

L8]

L9l

(10]
(1]
(2]
(13]

[14]

o 3

AUTOMORPHISMS

REFERENCES

. BEHNKE and P. THULLEN - Theorie der Funktionen mehrerer komplexer Veran-

derlichen, 2nd edition, Ergebnisse der Math., Springer, 1970.

. BIEBERBACH - Beispiel zweier ganzer Funktionen welche eine schlichte

volumentreue Abbildung des R, auf einen Teil seiner selbst vermitteln,

4
Sitzungsberichte Preus. Akad. der Wiss., 1933.

. CARTAN - La géométrie pseudoconforme des hypersurfaces de deux variables

complexes, Oeuvres, vol. II, 1231-1304 et vol. III, 1217-1238, Gauthier-

Villars, Paris.

. CARTAN - Les fonctions de deux variables complexes et le probléme de la

représentation analytique, J. de Math. pures et appliquées, 10 (1931),

1-114.

. CARTAN - Sur les fonctions de plusieurs variables complexes : 1l'itération

des transformations intérieures d'un domaine borné, Math. Zeit., 35 (1932),

T760-T773.

. CARTAN - Sur les groupes de transformations analytiques, Act. Sc. et Ind.,

Hermann, Paris, 1935.

. 3. CHERN and J.K.MOSER - Real hypersurfaces in complex manifolds, Acta

Math., 133 (1974), 219-271.

. FEFFERMAN - The Bergman kernel and biholomorphic mappings of pseudoconvex

domains, Invent. Math., 26 (1974), 1-65.

. HOIMANN - Zur Abbildung theorie komplexer Mannigfaltigkeiten, Math. Ann.,

138 (1959), 428-441. [See also : Schriftenreihe math. Inst. Univ. Miinster,
n® 10, 1956.]

. KAUP - Reelle transformationsgruppen und invariante Metriken auf komplexen

Réumen, Invent. Math., 3 (1967), 43-70.

. NARASIMHAN - Several complex variables, Univ. of Chicago Press, 1971.

. NISHINO and C. WATANABE - Sugaku, vol. 10 (1968).

. POINCARE - Les fonctions analytiques de deux variables et la représenta-

tion conforme, Rend. Circolo Mat. di Palermo, 23 (1907), 185- ...

. REMMERT and K. STEIN - Eigentliche holomorphe Abbildungen, Math. Zeit.,

73 (1960), 159-189.

225



