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THERE IS A SIMPLE ARC JOINING ANY TWO MORSE-SMALE FLOWS 

by 
S. Newhouse and M. M. Peixoto* 

1. Introduction 

Let M = M n , η > 1, be a compact différent!able manifold without 
boundary and 1 = ï(M) be the Banach space of ail Cr-flows (i.e., vector 

fields or ordinary differential équations) on M, endowed with the C r-

toooloqy, r > 2. 

This paper is about the bifurcation theory of flows and in order 

to clarify its meaning and scope we begin with some gênerai considérations. 

Bifurcation theory is the study of maps of a finite dimensional 

manifold Λ (parameter space) into ï. Of very spécial interest is the 

study o f the intersection of the image of A with the set, ς C Ï , of ail 

structurally stable flows on M. The first to adopt this point of view was 

J . Sotomayor [19] who considered the case where η = 2 and A is an interval. 
He qives a fairly good description of how, generically, an arc in 3E is 
situated with respect to Σ. Although many of the concepts of this work can 
be extended to dimension η > 2 [21], it is clear that there one has to 
settle for much less. Fo r one thing Σ is no longer dense in 1 and won't 
be s o simply described. It is then natural to substitute for Σ the best 
known ooen subset of τ,, namely the subset, Δ, of ail Morse-Smale flows 
on M. In Π 1 ] this point of view was adopted and a délicate analysis is 

*Research partially supported by a joint program sponsored by the National 
Science Foundation, U.S.A., and the Coflselho Nacional de Pesquisàs, Brazil 
and by NSF Grant GP38246. 
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MORSE-SMALE FLOWS 

given of how, generically, an arc starting at a point X e Δ meets the 

boundary 9Δ for the first time; again the situation is far from simple. 

The ma in goal of the présent paper is (Theorem B) to show that 

g i v e n any two flows X, Y e Δ there is a simple arc i n 3E C o n n e c t i n g 

them. Simple means that the arc c o n t a ins at most finitely many points 

outside of Δ and, roughly speaking, for thèse the singularities and 

corresponding intersections of stable and unstable manifolds deviate in 

the least possible way from the structurally stable situation. Thèse 

exceptional (bifurcation) points will belong to a codimension one sub

manifold c Ï s a natural extension of a set introduced in [ 1 9 , 201. 

The simple arc we get is stable in the sensé that any nearby arc exhibits 

the same type of behavior. 

Our theorem then means that one can always go from X to Y 

with a minimum of topological degeneracy, and this in a stable way. Of 

course the broken line segment XOY, where 0 is the zéro flow, has only 

the point 0 outside Δ but this arc is not stable and 0 is the epitome 

of topological degeneracy. 

On a somewhat philosophical vein our theorem fits well within 

Thom's framework of the theory of morphogenesis [24], whose fundamental 

problem is to study how a "form" is transformed into another. 

Simple arcs give a nice, differentiable way of describing some 

opérations with flows which have been used in the literature. For instance, 

the arguments of [ 1 4 ] give a constructive proof of the existence of a simple 
2 

arc Connecting any two gradient like flows on S , the exceptional points 

exhibiting no saddle connections. The récent work of G. Fleitas [ 4 ] implies 
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3 
that our theorem for gradient like flows on M is essentially équivalent 
to an old theorem by Singer [15] about "moves" on Heegard diagrams. Also, 

as G, Fleitas pointed out to us, the proof of the h-cobordism theorem in 

[9] contains as a spécial case the construction of a simple arc between any 

two gradient flows on S n, n > 6. 

We now say a few words about the proof of the theorem. A naive 

argument to disprove it would run as follows. Let M be the two torus, 

and X, Y € Δ, be non vanishing flows such that the rotation number of X 

is 1 and that of Y is 2. Then along any arc from X to Y the ro

tation number varies continuously and it is easily verified that every flow 

with irrational rotation number corresponds to a bifurcation point. This 

argument is correct as long as the arc stays on a région of I where the 

rotation number is defined; i.e. on a région of non-vanishing flows. What 

it actually shows is that there is no such arc theorem for diffeomorphisms 

of S 1. Thus one sees that the bifurcation theory of diffeomorphisms is 

much more rigid than that of flows. To prove our theorem we start getting 

rid of the closed orbits through the successive introduction of a saddle 

node on each closed orbit. One then enters the realm of gradient-like 

flows, passes to a flow which is locally a gradient, and then to a gradient 

flow using the methods of [17], The proof ends by showing, via transver

sal ity, that most arcs within the gradient flows are simple. Incidentally, 

the above mentioned introduction of saddle nodes gives an immédiate way 

to get the Morse inequalitites for Morse-Smale flows from the classical 

Morse inequalities [16]. 

2. Définitions and statements of results 
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Let x e M and f be a local C diffeomorphism of a neigh

borhood U of x into M such that f(x) = x. One says that x is a 

hyperbolic fixed point of f if each eigenvalue of the derivative T f 

has absolute value différent from one; x is a quasi-hyperbolic fixed 

point of f if (1) 1 is an eigenvalue of J^f with multiplicity one, 

and (2) if ν ^ 0 is an eigenvector of ΊχΨ corresponding 
to the eigenvalue 1, then the second derivative of f at x on 

v, T xf(v,v), is not in the sum of the eigenspaces of Τχί corresponding 
2 

to the eigenvalues of Ίχί différent from 1. Here Τ χί(ν,ν) is taken 

relative to some coordinate System near x. The non-degeneracy 

condition (2) does not dépend on the coordinate Sys tem chosen (see 

[21]). r t Let X e 1 (M), and let Φ be the 1-parameter group corresponding 

to X (i.e., d ( ^ M = X(x)). Thus φ* is a diffeomorphism of M 
Q Z t=0 

for each real t and ψ° is the identity. A critical point x of X 

is called hyperbolic (quasi-hyperbolic) if it is a hyperbolic (quasi-

hyperbolic) fixed point of ψ* for t f 0. A quasi-hyperbolic critical 

Doint is also called a saddle node. Let γ be a closed orbit (periodic 

solution) of X and let H be a small pièce of hypersurface through 

x e γ transverse to Ύ. There is an induced diffeomorphism θ (called 

the Poincaré transformation) from a neighborhood of x in H into H de

fined by o(z) = Φ^ ζ)(ζ) where t(z) = inf {t: φ*(ζ) e H, t > 0}. The 

orbit is called hyperbolic (quasi-hyperbolic) if x is a hyperbolic (quasi-

hyperbolic) fixed point of θ. Thèse qualities for γ do not dépend on the 
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choice of x in Ύ or H. The orbit of a point x e M will be denoted o(x). 

It is known [5], [6] that any hyperbolic (quasi-hyperbolic) cri-
c 4-

tical point p has a smooth stable manifold W (p) = {y € M: φ (y) + p 

as t -ν c°} and a smooth unstable manifold W u(p) = {y e M: φ * ^ ) -> p 

as t -»}. In the quasi-hyperbolic case, W s(p) has a smooth boundary 

W s s(p) consisting of those points y for which φ* (y) approaches p ex-

ponentially as t •> », and W u(p) has a smooth boundary W u u(p) consisting 

of the points y for which φ* (y) approaches p exponentially as t 

Similarly, a hyperbolic (quasi-hyperbolic) closed orbit has stable and un-

stable manifolds obtained by itération through ψ* of the corresponding 

manifolds for the fixed point of the Poincaré transformation. 
A point x e M is an ω-limit point of X if there are y e M 

t, 
and a séquence t.. -> » such that φ (y) -* x. The point x is an a-limit 

point of X if it is an ω-limit point of -X. The limit set of X, denoted 

L(X), is the closure of the union of the set of α-limit points and the 

set of ω-limit points of X. An élément X e i r(M) is called a Morse-Smale 

flow if 
(1) L(X) consists of a finite number of hyperbolic critical points 

and a finite number of hyperbolic closed orbits. 

(2) the stable and unstable manifolds of the orbits in L(X) meet 

transversely. 

Thèse flows have been studied in [16] and [12] where more références may 

be found. A Morse-Smale flow without closed orbits (i.e. whose limit set 

consists only of hyperbolic critical points) is called gradient-1ike. 

For a positive integer j > 0, let IR j be the Euclidean space 
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of dimension j. Take coordinates (x-j,... ,x n, y-j,..., y $) for 

lRn X I R ^ X IR 1 , and let π: IR 1 1 X I R S - 1 X IR1-»- IR 1 be the natural projection 

onto the last factor; i.e., π (x^..., x n , y-j,..., y $)= y $. Let H and P 
be submanifolds of a manifold M with dim N = n, dim P = p, dim M = m = n + s, 

and suppose that y e Ν n P. Let p-j = dim T yN n T yP. 

We say y is a quasi-transversal intersection of N and P if 

(1) dim (Τ Ν + Τ P ) = m - 1 and 
n s-1 1 

(2) if η + p > m, then there are coordinates ψ: U C M - V I R X I R " X IR 
P i P - P i 

near y in M and ψ: V c P -*.JR X JR near y in P such 

that (a) <|>(y) = (0, 0, 0), Φ(Ν n U) C I R " χ {0} χ {0}, φ) = (0, 0) 

(b) Τ / ^ Ρ ΐ
 χ {0}) = Τ Ν η Τ Ρ 

y ρ y y 

(c) (0, 0) in IR χ {0} is a non-deqenerate critical point of 

the map π ψ " Ί L 1 χ {0}. -1 pl 
In other words, the submanifold ψ {R χ {0}) of P tangent 

to Τ^Ν η Τ^Ρ at y has first order contact with N at y. The motivation 

for this définition is as follows. Suppose N = NQ and P = P Q occur in 

generic 1-parameter families of manifolds N T and P^ with NQ and PQ 

meeting quasi-transversely at y. If N ^ and P^ are perturbed to families 
N. and Ρ , then there is a t n near 0 such that N . and P . meet 
τ τ υ τ0 z0 

quasi-transversely near y, and the qualitative behavior of ÎĴ  n P ^ for t 

near t Q is the same as that of n P^ for t near 0. 
3 

For example, a sphère and a plane in u which are tangent at a 

point meet quasi-transversely there and can be imbedded in one parameter 

families as indicated. Similarly, two curves in IR' which intersect 
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non-tangentially at a point are quasi-transversal there. 

Suppose ρ and q are différent hyperbolic critical points of 

X e £ r(M), and let λ ι > · · · > λ
α
 b e t n e eigenvalues of Τ^ψ1 W u(q) with 

1 < }x̂  | < |λ 2| < ... < |λ α|, and μ-|,...,μ be the eigenvalues of 

Τ ρ Φ Ί ^ δ ( ρ ) with 1 > > |μ 2|. > ... > |μ β|. Let J q and K q dénote 

the eigenspaces of Τ φ IWu(q) corresponding to λ Ί and {λο>···»λ }» and 
q \ c. CL 

let J p and K p dénote the eigenspaces of Τ ρψ^|W s(p) corresponding to 

μ-j and ^ 2 » . . . ^ } . Write u = dim W u(q), s = dim W s(p), and assume 

0 < u < dim M, 0 < s < dim M. We say that W u(p) and W s(q) have an 

orbit o(x) of type one intersections if the following conditions are 

satisfied: 

(1) is real, 1 < λ-j < |λ 2| ^ ... < | x j , and dim J q = 1 
(2) μ-j is real, 1 > μ-j > |μ 2| ^ ... £ 1 ^ 1 » a n d d i m J p = 1 

(3) there is a smooth hypersurface H transverse to o(x) at 

x such that 

(a) W u(p) η H and W s(q) η H have a quasi-transversal 

intersection at x. 

(b) lim (Τ φ*)(Τ (W u(p) η H)) = Κ and 

lim (Τ Φ*)(Τ (W s(q) η H)) = Κ 
t->-°° 

where the limits are taken with respect to metrics 

in the appropriate Grassmann bundles. 

(4) if WÎj'(q) is the unique φ* invariant (u-1 )-dimensional 

submanifold of W u(q) tangent to K q, and w^(p) is the 

unique φ^ -invariant (s-1)-dimensional submanifold of 
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W s(p) tangent to K p [6], then WÎj1 (q) is transverse to ail 

the stable manifolds of critical points différent from q, and 

W^(p) is transverse to ail the unstable manifolds of critical 

points différent from p. 

Type one intersections were considered in ΓΠ]· We next define 

three subsets Q-j, C^» Q3 of X r(M), which will include the bifurcation 

points on simple arcs. 0̂  is the set of X such that 

(1) L(X) consists of a finite number of critical points and closed 

orbits, ail hyperbolic except one critical point, p, which 

is quasi-hyperbolic. 

(2) the stable and unstable manifolds of orbits in L(X) meet 

transversely and (Wu(p)-{p}) η (Ws(p)-{p}) is a single orbit. 

0 2 is the set of X such that 

(1) L(x) consists of a finite number of hyperbolic critical points 
and one quasi-hyperbolic critical point p, 

(2) the stable and unstable manifolds of L(X) meet transversely, 
and W u(p) η W s(p) = {p}. 

Q 3 is the set of X such that 

(1) L(X) is a finite set of hyperbolic critical points 

(2) there are points p and q such that W u(p) and W s(q) 

have an orbit o(x) of type one intersections, and the inter

sections of stable and unstable manifolds not in o(x) are 

transverse. 

Let Y. = 0-j u Q 2 u Q^. An élément X in Σ-j will be called 

a flow of type one. 
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PROPOSITION 1 - For r > 2, the set ς 1 C i r(M) of flows of type one is 

an embedded submanifold of i r(M) 

of codimension one. Moreover, each X e Σ-j has a neighborhood U in 

ï r(M) such that U - ς-J e Δ. 

This proposition is a gêneraiization of a resuit due to Sotomayor 

for dim M = 2 [20 ] . While more gênerai results of this kind are true, the 

proposition will suffice for our considérations here. 

Let <ï>k,r = C k(I,/(M)) be the set of C k mappings of the unit 

r k 
interval I = [0 , 1 ] into the Banach space ι (M) with the uniform C 

k r 
topology, k > 1 , r > 2. For ξ e Φ ' , we write = ξ(ΐ). 

k r 
Φ ' may be simply described as follows. Let π: TM -* M dénote 

the natural projection, and let Φ = { η: I χ M -> TM| π η(t, χ) = x for ail 

t e l , x e M}. If ψ: U χ V -> I χ M is a local coordinate chart in 

I χ M with U c I, V CIR" 1, then relative to φ, any η e Φ is expressed 

as a mapping r^: U χ V + i R m . We call such an τη a local expression 

for η. Let (t, x.j,...,xm) be the local coordinates in U χ V, let 

α = (α-|,...,α^), 3 = (^...,β^) be j and (m - j) - tupi es of non-

negative integers, and let Ύ be a non-neqative integer. Set 

|ot| = a 1 + · + ay |β| = Β Ί + · + 6 m_j. Let φ![ , Γ be the set of ail 

n in Φ such that for any local expression τη of η, each partial 
derivative exists and is continuous for Ύ ^ k and 

;)Χ α^ Ύ3Χ β 

1 e x I + |β| < r. Here aX a = aX^ 1... aX* j, ^ = ... 9X* m" j and 

0 < j < m. 
k r 

Give Φ-J ' the topology of uniform convergence of the indicated 
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partial derivatives. One may check by induction on k + r that the 

évaluation map ev: $> k' r + Φ ^ , γ defined by ev( n) (t, x) = n(t)(x) 

is a homeomorphism. As a conséquence, we see that Φ 0 0 * 00 is dense in 

<bk*r for ail 0 < k, r. 
k r 

A curve ξ e Φ 9 will be called simple if it has the following 

properties 

(1) ξ ο and ξ 1 are in Δ 
(2) for t e l , fails to be in Δ if and only if it lies in ς-J 

(3) ξ is transverse to ς-J. 

REMARKS: 1) Since ς-J is embedded in x r(M), if ξ is a simple curve, 

then t Δ for at most finitely many t's. 

2) Using Proposition 1 and the fact that Δ is open in s r(M), one easily 
k r 

sees that the set of simple curves is open in Φ · . 

For r > 3, let 3 r = C r(M, IR) dénote the space of C r real-

valued functions on M with the uniform C r topology, and let G r~^ 
r-1 r-1 dénote the space of C riemannian metrics with its uniform C topology 

as an open subset of the space of covariant symmetric 2-tensor fields on M. 
Recall that given g e G r~^ and f e 3 * \ one définés the gradient 

flow gradgf determined by g and f by the équation 

g x(grad gf(x),v) = -df x(v) for x e M, ν e Τ χΜ. 

A function f e 3 r is called a Morse function if it has only non-

degenerate critical points. 

Given a Riemannian metric g and a smooth one parameter family of 

functions F t > there is an induced arc of flows given by 

ç t = grad gF t. 
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Similarly, for a fixed Morse function f and a smooth one parameter family 

of metrics G^, there is an induced curve of flows given by 

h = 9 r a d G t
f -

Our main results are the following. 

Give C k ( I , 3 r ) and Ck(I,Gr""1) their uniform Ck-topologies. 

THEOREM A - Fix r > 3, k > 1. 
(1) Given any C°°-Riemannian metric g on TM, there is an open 

k r 
dense set U| c C (1 ,3 ) of one parameter families of functions on M 

such that for F ε U-j, the induced arc of flows = Q^ad^F^ is simple. 
(2) Given any C°° Morse function f on M, there is an open 

k r-1 
dense set c C (I,G ) of one parameter families of 

Riemannian metrics on TM such that for G e U^, the in

duced arc £ t = grad G f is simple. 

THEOREM Β - Suppose k > 1 and r > 2. Then for any two Morse-Smale 

flows X and Y on M, there is a simple curve 

ξ € o k , r such that ξ 0 = X and ξ 1 = Y. 

Remarks: 1. It is very likely that a simple are ξ is structurally stable 

in the sensé defined by Sotomayor; i.e., if η is near ξ, there 

is a homeomorphism h: I -> I such that is topologically équi

valent to r>n(t) f ° r a u t. 

2. Some of the motivation for theorem A(l) came from a theorem 

due to J. Mather which says that any two stable real-valued functions 

on M may be joined by a curve of functions contai ning at most 

finitely many non-stable éléments, [3]. We caution the reader, however, 
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that, due to the présence of saddle connections, stable functions 

often give rise to non-structurally stable gradient flows. Further-

more, non-stable functions may yield structurally stable gradient 

flows as is the case when several non-degenerate critical points 

have the same image. 

3. Proof of Theorem Β 

In this section we give the proof of Theorem Β assuming 

Theorem A and Proposition 1 have been proved. A discussion of the proofs 

of thèse last two results will be deferred to §4. 

LEMMA 1 - Let X be a C r Morse-Smale flow on M. r > 2. Then there 

k r 

is a simple curve ξ e Φ ' such that ξ 0 = X and ζ-j = X-j 

is gradient-like. 

Proof: We will show how to break each closed orbit by the introduction of 

a saddle node which splits into two hyperbolic critical points. 

Taking a preliminary approximation, we may assume X is of class 

C°°. Let I-| = [-1,1], D g dénote the closed unit bail in R a, σ = s,u 

with s+u = dim M-l, and let (x,y,v) be coordinates on D S x D u χ I-j. 

Choose a closed orbit γ of X, a point p e Ύ , and a flow box neighbor-

hood U of p so that there is a diffeomorphism φ: U -> D s χ D u χ I-j 

such that 
(1) φ(ρ) = (0,0,0) 

(2) φ " 1 ^ χ {0} χ Ι-,) c W S ( Y ) and φ"Ί({0} χ D u χ l}) c W U ( Y ) 

(3) X' = Φ*Χ = fv 

(4) U η L(X) c Ύ. 
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Here, of course, φ*Χ = Τψ ο χ ο ψ " \ dim W U ( Y ) = u+1, and 

dim W S ( Y ) = s+Ί. 

Let Y t be the one-parameter family of vector fields on 

D s χ Π υ χ ^ defined by Yt(x,y,v) = (-x,y,v2-t) for t near 0. 

Thus, Y^ has no critical points for t < 0, one saddle node critical 

point for t = 0, and two hyperbolic critical points for t > 0. Take 

a Euclidean subball of D s centered at 0 such that 

Φ * 1 ^ χ {0} χ {-!}) is transverse in φ" 1 (D s χ D u χ {-1}) to 

W U ( Y ' ) η f\us χ D u χ {-1}) for every critical élément Ύ' (i.e., 

closed orbit or critical point) of X. This can be done since if ζ is 

near Y and ζ e W U ( Y ' ) , then W U ( Y ' ) contains a (u+l)-disk through 

ζ C near Φ _ 1({0} χ D u χ I-j) by the λ-lemma [12]. Similarly, we may 

take a subball of D u centered at 0 such that φ~ Ί({0} χ bd θ" χ {1}) 

is transverse in φ" Ί(0 δ χ D u χ {1}) to W S ( Y ' ) η φ " 1(D s χ D u χ {!}) for 

every critical élément Ύ' of X. 

Now one can choose a neighborhood U-j of 0 in I.. and a C°° 

real bump function ψ: 1̂  [0, 1], taking the value one on U-j and 

zéro off a slightly bigger set, so that the following properties hold. 

Let Z'(x,y,v) = ψ(ν) YQ(x,y,v) + (1-ψ(ν)) X'(x,y,v). 

Then 

(1) V has a saddle node critical point at (0,0,0). 

(2) bd W s(0,7') η D s χ D u χ {-1} is C 1 near bd χ {0} χ {-1}. 

(3) bd W u(0,7') η D s χ D u χ {1} is C 1 near {0} χ bd θ" χ {1}. 

Thèse properties imply that the vector field 7 on M defined by 
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Z(m) = φ * 1 ο ζ ' ο φ(m), m e U, Z(m) = X(m), m e M-U, is an élément of 

the submanifold Q-j c ς-J defined in §2. Now, let 

Z|(x,y,v) = ψ(ν) Yt(x,y,v) + (1-ψ(ν)) X'(x,y,v), and Z t(m) = 

Φ*Ί ° z t ° <t>(m)> m e U, while Z t(m) = X(m) for m e M-U. 

Then, using arguments similar to those in [11], one can verify that for 

ε > 0 small, Z^, |t| < ε represents a simple arc with Z Q e and 

Z^ € Δ for 0 < |t| < ε. Employing filtrations, one first checks that 

the bifurcations of the limit set L(Z t) are as required. Then the uni

form estimâtes of the λ-lemma [12] insure that the appropriate transver-

sality conditions are fulfilled. §4 contains a few more détails on 

thèse points. 

Now, it is easily shown that, for ε > 0 small, there is a 

smooth arc 0 < t < l+ε with ξ ο = Χ, = Z ^ for 1-ε < t < 1+ ε, 

and e Δ for t f 1. Thus, after reprarmetrizing the arc, we obtain 

a simple curve ξ., 0 ^ t <, 1, such that ξ. = X for ail t, 
τ τ M-U M-U 

ξ""̂  (ς-J ) is a single point, L(ξ-j) η U consists of two hyperbolic cri

tical points, and ί(ξ.|) - U = L(X) - Ύ. The lemma follows by repeatinq 

the construction for each closed orbit. 

LEMMA 2 - Let X-j be the gradient-1 ike flow of Lemma 1. There is a curve 
k r 

K c Φ ' with ξ ο = X.|, ç t € Δ for 0 < t < 1, and ζ.| = grad Qf 

for some Morse function f on M and some Riemannian metric g on M. 
Proof: We observe that it is suffi cient to find a curve such that 

ΓΌ = X T ^t 6 Δ ^ o r 0 ̂  * ̂  an(* ^2 = ζ1 i s a 9 r a d i e n t l n 

a neighborhood of each critical point. That is, there are a small neigh-

borhood 11 of L ^ ) , a Riemannian metric g on U, and a real-valued 

function f on U such that X 9 = qrad f. Once this is done, we may 
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proceed as follows [17]. Changing f by constant values near each 

critical point, we may assume that f(p) = dim W u(p) for each p e L(X). 

Then we may extend f to M so that X 9 is never tangent to 

ù M-L(X 2) 

a level surface of f, and the set of critical points of f is L(X 2). 

Finally, usina a partition of unity, one may extend g to M so that 
X 9 = qrad„ f. 
2 g 

We now show how to construct the curve alluded to in the 

proceding paragraph. Fix p e L(X). As before, we may assume that X^ 

is of class C 0 0. Making a further preliminary modification, we may arrange 

for X-j to be equal to its linear part near p. This can be done with 

1 oo 

a C small approximation within the C vector fields on M. 

Thus, if dim W u(p) = u and dim W s(p) = s, 0 < u < dim M 

there is a neiqhborhood U of p in M and a C°° diffeomorphism 

φ : U - D s x D u such that 
(1) Φ(ρ) = (0,0) 
(2) φ ^ ί χ , γ ) = (Ax,By) 

where A: I R S + I R s is a linear automorphism whose eigenvalues 

have négative real parts, and B: Ï R U + I R u is a linear 

automorphism whose eigenvalues have positive real parts. 

(3) Il η ί(Χ Ί) = {ρ}. 

Here again D S(D U) is the closed unit disk in I R S Î R U ) , and 
s u 

(x,y) are coordinates on D χ D . 
Let A t , ·0 <> t <; 1, be a smooth curve of linear isomorphisms 

of m s se that A = A, Α Ίχ = -2x for ail x, and for each t, the ο ι 
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eigenvalues of A f c have négative real parts. Similarly, let B̂ ., 

0 < t < 1, be a smooth curve of linear isomorphisms of I R U SO that 

B Q = B, B-jy = 2y for ail y, and the eigenvalues of B^ have 

positive real parts for each t. Now choose small neighborhoods U-j c 

of (0,0) in D s χ D u and a C 0 0 real bump function ψ: D s χ D u [0,1] 

such that ψ(χ^) = 1, (x,y) ε Uy and ψ(χ,γ) = 0, (x,y) € D s χ D u - U 2-

Let Y t(x,y) = (A tx,B ty), 0 < t ^ 1, and define 

ttW = Φ Χ Ί (ΦΦ(m) Yt(<J>(m)) + (1-ψφ(ηη))φ^ΧΊ (<f>(m))), m e U, and c t(m) = X ^ m ) , m ε M-U. 

Then ξ ΐ € Δ for ail 0 s t < 1 by the construction of A t , B t and 

the λ-lemma. Also, ξ η , is a gradient. Now, repeatinq this 

process for each critical point of X-j gives the lemma. 

REMARKS: 1 ) Let X be as in Lemma 1, and let Y = ξ-j be the gradient 

vector field obtained in Lemma 2. For each integer 

0 < λ < dim M, let be the number of critical points of Y whose 

unstable manifolds have dimension λ. Then C = M + M , where M 
A Λ Λ Ι Λ 

is the number of critical points of X whose unstable manifolds have 

dimension λ, and Μ"λ is the number of closed orbits of X whose un-

stable manifolds have dimension λ. Thus the usual Morse inequalities 

for the C 's give rise to the Morse inequalities for X obtained by 
A 

Smale in [16]. 
2) In [7], K. Meyer constructs Lyapunov functions for a Morse-

Smale flow. With methods similar to the proof of Lemma 2, one 

may show that if f is any Lyapunov function for a gradient like Morse-

Smale flow X-j, then there is a curve ξ^, 0 < t s 1, with r,^ = X^, 
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C t c Δ for ail t, and ξ-j = 9rad g f for some metric g on M. 

We now prove Theorem B. Let X Q , € Δ. Say that X Q = X.. 
k r 

if there is a simple curve ξ e Φ * such that = XQ and = X^. 

Clearly this is an équivalence relation on Δ. Our goal is to prove that 

X = Y for any X and Y in Δ. 

Using Lemmas 1 and 2, we may find Morse functions f Q, f-j and 

Riemannian metrics g^9 g-j such that 9^ad^ fg and grad^ f̂  are in 
Δ, X = qrad n f n, and Y = grad„ f,. Changing f n and q, slightly 9Q U g-j ι υ -1 
as in [17], we may assume grad f n € Δ. Now choose arcs G. in 

C k(I,G r" 1) and F t in C k(I,3 r), 0 s t < 1, such that G Q = g , 
Gl = g T Ρ ο = ^o* a n c* 1̂ = ^1* Applying Theorem A, we may perturb 

G and F to conclude that grad g f Q = 9^ad g f Q Ξ grad g f^. Hence 

X = Y. 

4. Proof of Proposition 1 and Theorem A 

Proof of Proposition 1: The proof combines arguments in [11] and [21]. 

Similar methods were use to prove related results for diffeomorphisms 

in [11]. 

A critical élément of X is either a critical point or a 

closed orbit. The period of a critical point is 0, whereas the period 

of a closed orbit Ύ is infit > 0: φ*(χ)=χ,Χ€Ύ}. Fix a riemannian 

metric q on TM. If Ύ is a hyperbolic or quasi-hyperbolic critical 

élément of X, then the metric g induces metrics g $ on W S ( Y ) and 

q u on W U(*Y). Let d u and d $ dénote the distance functions induced 
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on W U ( Y ) and W S ( Y ) , and, for a positive integer n, set 

BjJ(n) = {y € W U ( Y ) : d u(y,y) < n} and B*(n) = {y € W S ( Y ) : d s(y,Y) < n}. 

Let Γ χ(η) dénote the set of critical éléments of X of period less than 

n which we think of as a set of subsets of M or (taking its union) a 

subset of M. 

Let O^n) be the set of ail X € ï r(M) such that 

(1) X has one quasi-hyperbolic critical point p, and the re

niai ni ng critical éléments of period less than n are hyperbolic 

(2) for Υ Ί , Ύ 9 e r Y(n), B u (n) is transverse to B s (n). It 

1 Ζ Χ Ύ ι γ 2 

follows from [21] that each Q^(n) is an embedded submanifold of i r(M) 

of codimension one \ Also, if Y e Q-j(n), with quasi-hyperbolic criti

cal point p, there are neighborhoods U of Y in Ι Γ(Μ), V of p, 

V* of Γ γ(η) - {p} in M, and a C r " ] function f : U -* R such that 

f _ 1(0) = O^n) n U, and the following holds. If Υ Ί € U - O^n) = 

f"](R - {0}), then 
(1) r v (η) η V has only hyperbolic critical éléments 

Yl 
(2) r v (η) η V is either empty or has two hyperbolic critical points 

1 
(3) for any Y, ν e r v (n), B u(n) is transverse to B s(n). 

T] Y V 

Now, let X e 0-j have the quasi-hyperbolic critical point p. 

Clearly, X c Q-j(n) for each n. We will show that if n is large 

enough and II is a small neighborhood of X as above, then Q-j(n) n U c ^ 

^ Actually, 0-|(n) is an ooen subset of a submanifold considered in [21]. 
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and U - Q-j(n) c Λ. This will prove Proposition 1 for . 

For Y near X, let ψγ be the 1-parameter group assodated 

to Y. In the notation of [11], choose a filtration for X separatinq 

its cycles. This amounts to a séquence M = NI r> M , ^ ... 3 M. D d 
n n-1 ι 

of compact submanifolds with boundary of M (except M and i of 

course) such that for i < n, 

(4) M i _ 1 c int M. 
(5) φχ(Μ.) c int M. for t > 0 

(6) ϋ ( Π Φ Ϊ ( Μ Γ Μ 1 -, )) = L(X) u (W U(p) n W S(p)). 

Now for n larger than ail of the periods of the critical élé

ments of X, choose neighborhoods V of ρ, V of Γ χ(η) - {p}, U 

of X as above. From (4), (5), and (6), one sees that if thèse neighbor

hoods are small and Y € U n O ^ n ) , then L(Y) c V υ V , L(Y) n V is 

hyperbolic, L(Y) η V is a quasi-hyperbolic critical point, and 

W u(p) n W s(p) - {p} is a single orbit. Now the λ-lemma gives that 

for n large, U small, and Y e U n Q-j(n), W U ( Y , Y ) is transverse to 

W s ( v , Y ) for any critical éléments Ύ,ν of Y. Thus U n Q-j(n) c . 

Also, if Y € U - 0 Ί(η), by (2) and the fact that W u(p) n W s(p) - {p} 

is a single orbit, L(Y) has either a hyperbolic closed orbit near 

W u(p) n W s(n) or two critical points in V. Thus L(Y) has only finitely 

many critical éléments. Moreover, shrinking U again, the λ-lemma 

yields the transversality conditions to give U - Q-j(n) c Δ. 

The proof of Proposition 1 for 1 S similar. For 0^, pro-

ceed as follows. Let Q 3(n) be the set of X in 3Er(M) such that L(X) 

is a finite number of hyperbolic critical points, and, for some fixed 
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p,q e L(X), n Bp(n) has exactly one orbit of type one intersections, the 

other orbits beina transversal intersections. Then, by [21], Q^(n) is an 

embedded codimension one submanifold of ï r(M). Again one shows (by means 

of a filtration and the λ-lemma) that for X e O3 there are an integer 

n > 0 and a neighborhood U of X in i r(M) such that U n 0 3(n) c U n 0 3 

and II - ^(n) c Δ. Note that X is Ω-stable [18] this time so the control 

on L(X) is easy. 

Proof of Theorem A: (1) The proof is a refined application of transversality 

methods (see e.g. [1], [23]) where one has to verify 

that the local approximations may be made without modifying the metric. 
» k r Fix a C metric g, and f e C (1 ,3 ), k > 1, r > 3. We show 

that f may be approximated by a curve ξ such that qrad qc is simple. This 

is enough since the set of simple curves is open. 

For a map h: N -* P between manifolds and W c P a submanifold, 
we write h Φ W to mean that h is transverse to W. 

We may assume with a preliminary change in f that f e ( I , 3 r ) , 

so that the évaluation map ev(f) is in C r(IxMiR). Let T*M Q dénote the 

zero-section of the cotanqent bundle T*M, π : Ι χ Μ I b e the projection, 

and let F = F(f): Ι χ Μ + T*M be given by F(t,m) = df t(m). Ry standard 

transversality arguments, there is a dense open set ^ c C r(I,3 r) such that 

if f r il, then F Φ Τ * Μ Λ and π -, has only non-deqenerate critical 
1 0 F~'(T*MJ 

-1 
points with distinct values. Thus for f c ^, F" (T*MQ) is a one-dimensional 

manifold, and each f^ has only finitely many critical points. Hence 

L(grad f.) is finite for each t, and grad f. e Λ if and only if it is 
g L q t 
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Kupka-Smale (i.e., it has only hyperbolic critical points and their stable 

and unstable manifolds meet transversely). For f e let C(f) be 

the set of critical points of π I F " 1 ( T * M Q ) , and let C^f) = TrC(f). 

One may verify with local coordinates that if (x,t) e C(f), 

x is a quasi-hyperbolic critical point of grad q f̂ ., and if 

(x,t) e F - 1(R*M o) - C(f), then x is a hyperbolic critical point of 

gradg f^.* With a refinement of the proof of Theorem A in [17] (so that 

q is unchanned), one may find a residual subset c B̂  such that for 

f € B 2 and t e C-|(f), the stable and unstable manifolds of L(grad g f t) 

are transverse - which means that grad^ f^ e 0 2. Moreover, since 

F ψ Τ*Μ ο, the curve grad^ f is transverse to Q 2 at t. 

By Proposition 1, for f e 5>» there is a neighborhood U of 

C 1(f) such that grad^ € Δ for t e U - Cj(f). Fixing such an f, we 

show that it may be modified on a neighborhood of I-U so that grad q f 

becomes simple. 

Let J c I be a finite union of closed intervais with 

bd J c int U and J n Cj(f) = φ. There is an open neighborhood B^ of 

f in C r ( 1,3 r ) so that for h e B^ and t e J, L(grad g h t) is a finite 

set of hyperbolic critical points. Clearly, it suffices to show that a re

sidual set ^ r B4 nas the property that if f e t e J, then 

nrad^ f t / Λ if and only if grad^ f̂ . e and grad^ f ψ Q^. We first 

show that for f in a residual set % c % 9 r a c*q f t ^ A, t e J, if and 

only if there is one orbit of quasi-transversal intersections of stable and 

unstable manifolds. Then we show how to make the exceptional orbits into 

type one intersections. 

* This follows by takinq suitable local coordinate expressions for f. 
near x (see [21 and [3]). z 
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For t e J, f € B^, let x-^,...,χ^ dénote the critical 

points of gradq f^, and suppose that W u(x.j t), W s(x^^) are their re

spective unstable and stable manifolds. Let u^ = dim W ^ x ^ ) , 

s.. = dim W s(x i- t), and let D a dénote the closed unit bail in the Euclidean 

space R°, 0 < σ < dim M . For each i,t, there are embeddings 
u. u. s. s. 

ψ ΐ
1 : D 1 + M , ψ1.Ί: D 1 + M so that 

( D ψ"Ί'(0) = ψ^'(0) = χ η 

(2) ψ^ίϋ" 1) c W u(x. t), ψ * 1 ^ 1 ) c W S(x. t). 

Let dénote the one parameter group determined by grad g f^ 

(i.e. ^ Φ^(χ) = grad Γ (x)). For each i,t, there is an induced embedding 
v v=0 

__u. u. 
ψ. 1 : R 1 M defined by 

^ ( y ) - ^(r(y)-\) 

where r(y) = 1 + |y|. Since f e C r ( I , 3 r ) w C r ( I x M j R ) , the mapping 
s. _ u. s, u. 

pij = p i j ( f ) : ( t > x > ^ + W> ψ t o f J x bd D χ DR 1 into 
ν»— 1 

Μ χ Μ is C " (for |y| f 0) by stable manifold theory (this can be gotten 
most easily from the proof in [71). 

Let diag = {(x,y) e Μ χ Μ | x = y} dénote the diagonal in Μ χ Μ , 
s. u. 

and let π : J χ bd D 1 χ [R J 4 J be the projection. Since r > 3, there 

is a residual set Β£ c B^ such that f € 8£ implies that φ diag and 

ir|pTj(diag) has non-degenerate critical points with distinct images. If 

(t,x,y) is a critical point of π | ( d i a g ) , conditions (1) and (2)(a) in 
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the définition o f a quasi-transversal intersection are satisfied at 
s i - u i 

ψ. (χ) = ψ (y). With a further approximation, we may fulfill the remaining 
t s. U . 

condition and make (χ) = J(y) a quasi-transversal intersection of 
W u(x) and W s(y). Also, ail other points of pTl(diag) correspond to 

t ransverse intersections. Restricting B£ further we may assume that if 

f e B^, t hen for each t € J, 9 r a (*g ^ nas at most one orbit of quasi-

transversal intersections, the other intersections being transverse. 

Now we r e s t r i c t 8^ to so that the quasi-transversal in

tersections become of type one. Suppose x e W u(p) n W s(q) and o(x) is 

and o r b i t o f quasi-transversal intersections for grad^ f^ with t € J, 

f e Let q r a d q f^ = ξ ^ , and let be the time-one map of ξ ^ . With 

a first restriction, we may assume the eigenvalues of Τ φΐ W u(q) and 
q ζ 

Τ φ | W s(p) are distinct, say thèse are 1 < λ-, < ... < λ and 1 > μ Ί > ... > y , 
Ρ L I CX 1 β 

r e s D e c t i v e l y . Let E s Φ E? e ,,, e E u be the décomposition of T M where 
l a q 

E s = T q W s ( q ) and E^ is the eigenspace of T q φ|. corresponding to χ . 

From invariant manifold theory [61, there is a C 1 diffeomorphism 

r,: T\S^R^RA'^ M s u c h that 
( a ) ζ ( η , Ο , Ο ) = q 
(b ) C £ R S X { 0 }X { 0 } ) C W S(q) 

S a l 

( c ) X e r,ÎR xiïttR ) 

(d ) Ç( TR s>4UX{0}) is locally invariant under the one parameter group 

ψ)! o f ^ ( i . e . , Φ ^ ζ ί Λ ί χ ί Ο } ) η ζ { i^HRro 0 1" 1 ) c ζ(R S>^RX{0}) for ν > 0). 

With a s e c o n d restriction of ^, we may assume that W u(p) is 

transverse to ζ Î R S > < R X { 0 } ) which will insure that the first Grassmann condition 

in p a r t (3) o f the définition of type one intersection holds. Proceeding 
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similarly in a coordinate Sys tem near p, we may arrange for the second 

part of part (3) to hold. Finally, we obtain part (4) by means of approxi

mations as in [17], but without changing the metric g. Then we have that 

gradq f^ t Δ if and only if ^ t
 € Qy 

The condition that P.-.-(f) Φ diag iusures that grad f|J ψ 0 V  • j g 3 
This complètes the proof of part (1) of Theorem A. 

The proof of part (2) is similar, and in fact, easier. This 

is because for a fixed Morse function f, any curve of riemannian metrics 

k r-1 
g € C (I,G ) gives rise to a curve grad f so that L(grad f) is 

9 g t 

finite and hyperbolic for each t. Also, ail of the approximations in [17] 

away from the critical points of a given gradient flow of a Morse function 

may be realized by perturbations of the metric. 
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