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SOLVABILITE OF PARTIAL DIFFERENTIAL EQUATIONS 
IN THE TRACES OF ANALYTIC SOLUTIONS OF THE HEAT EQUATION 

M.S. BAOUENDI 
Purdue University 

N. ARONSZAJN introduced in his lecture ut this colloqiuin [ l ] an abstract 

FREOHET space <J$Q : "the traces" of the analytic solutions of the heat équation. 

In this talk, we give additional properties and discuss the solvability of partial 

differential équations in . As examples, we prove the solvability in this 

space of some first order operators which are solvable neither in the space of 

distributions, nor in the space of S ΑΤΟ-MARTINE AU hyperfunctions . 

The complète procfs wi l l be published elsewhere ([2]). 

I- Définitions, notations and basic properties 

We dénote by pPCresp. φ31) the η dimensional real (resp.complex) space. We 

introduce the following notations: 

φ + = {χ C Φ1 , Re χ > 0} , Ι + = | χ e ϊ1
 , Re χ >, θ} 

+ χ Φ 
+ 

9 Φ = Φ χ Φ + + 
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SOLVABILITY 

i f x e d1 , X = (x 4 , X ) = (x f,X ) 
9 1 η η ' 

with χ ' = (χ - χ . ) 9 

1 η-1 
Χ 2 = Σ | Χ | 2 = Σ | χ | 2 

1=1 1 1=1 

where \χ^\ dénotes the modulus of the complex number x^ . If α is a multi-

index, α = (α α ) , α. in teger > 0 we dénote 

_« _ « ô«1 ô«a 
D* - ~ ~ P t i g s » 

χ e «Λ o r χ e IR?1 . 

I f Ω i s an open se t i n tf1 , we dénote by Η(Ω) the space of ana ly t i c 

functions defined in Ω , with the usual topology ; and Η·(Ω ) i ts dual , the 

space of ana ly t i c funct ionals in Ω . 

We dénote 

E(x,t) = — - - H exp (- -JL') , U,t) e 

Let^hsscM "b© the space of ana ly t i c solut ions u of the heat équation 

( 1 . 1 ) J2L - Σ - L * = 0 
ôt i=1 toi 

defined in φ η +^ i s a closedsubspace of Η ( φ η + ^ ) 

The mapping 

( 1 . 2 ) c^4- (H(C*))2 

u ^ ( U q , u t ) 

where U q and u^ are the CAUCÏÏI data defined by 

U Q ( x » , t ) = u ( x ' , 0 , t ) 

u(x«t ) = - g - ( x . , 0 , t ) , 
η 

i s a topo log ica l isomorphism. (ïhe inverse mapping i s given by the so lu t ion of the 
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BAOUENDI 

corresponding global CAUCHY problem). 

I f f i s , say a tempered d i s t r ibu t ion defined on /Rn , we dénote 

(1 .3 ) ?U,t) = <f(y) , E ( x - y , t ) > 

In f a c t , ( 1 . 3 ) defines a topolog ica l embedding of 1 ( 1^) > H'U*1) in to 

with dense range. Therefore, we have a natural t opo log ica l embedding 

of the dualc^C^ in to ^ ( |Rn)oH((Dn) . We w i l l g ive in the next sec t ion a com

plè te charac te r iza t ion of dftfo ^ , as subspace of £f( IRn) ο H (d1) 9 

From now on, we condidercT^ as an abs t rac t space whioh contains ^ ( i R 1 1 ) ,Η' (Φ*1), 

e t c . . . . I f u îJ^, we dénote 

u ( x , t ) 

the value of the corresponding so lu t ion of the heat équation at ( x , t ) 6 Φ+ + 1

 # An 

élément in Mo 
i s c a l l e d a "trace ' ' 

We r e f e r to [ 1 ] where the space c^io i s introduced and where other propert ies 

are diseussed. 

I I . Character iza t ion of the dual space, the mul t ip l i e r s and the convolutors 

We considero4C as a subspace ofo\t) . We have the fo l lowing η η 

PROPOSITION I I . 1 , -

1 ) - A t race u i s i nu4^>^ i f and only i f there e x i s t s F î ïï'Cd^"1*1 ) 

(non-unique) such tha t , for ( x , t ) G GJ3^ 

( I I . O u ( x , t ) = <F(y,T) , E(x-y , t + τ)> · 

2 ) - For any u £ < ^ η > there e x i s t s a unique pai r (F Q,F^) ί [Η·((5^] 2 

such that , fo r ( x , t ) e <D^+1 . 

( I I . 2 ) u ( x , t ) = <FQ(y«,T) β ô(yn) + F̂  ( y 1 , τ ) 0 6»(y n) , E(x-y , t - fc )> 
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SOLVABILITY 

where δ i s the DIRAC measure in one va r i ab le , and ô* i t s d é r i v â t i v e . 

Part 2) fo l lows , in par t icu la r from the isomorphism ( 1 . 2 ) , 

THEOREM I I . 1 . -

Let f be an ent i re function defined in φ . f G c if an 

only if there e x i s t C^O , M̂ O , A>B>£> such that for any χ £ φ η 

(11.3) I |f(x)| < exp (M|x| + B | x 2 | - A Re χ 2 ) . 

PROOF 1°)Necess i ty of ( i l . 5) 

From ( i l . 1 ) we get 

| u ( x ) | = )<F(y,T) , E(x-y ,T)>| < C sup E ( x - y f O 
(y ,τ) £ Κ 

where C^O and Κ i s a compact se t in (D^+^ . 

A» 

The inequal i ty ( i l . 3 ) fo l lows e a s i l y for u(x) 

2°) Suff ic iency of ( i l . 5 ) 

I f F i s an an ly t i c funct ional in φ η , l e t us dénote 

*(ζ ) = <F(x) , exp ( - ί χ . ζ ) > 

i t s Fourier-BOREL transform. I f f € c"jC , i t fo l lows e a s i l y from ( l l , l ) 

and ( i l . 2 ) that one can obtain the représentat ions : 

(11 . 4 ) f U ) = G ( x , - i x 2 ) , G e Η'((Π Π+ 1) 

or 

(11.5) f U ) = G Q ( X \ - i x 2 ) + X
N G t ( x f , - i x 2 ) , G Q ,G £ He (<C )̂ 

In order to prove the suf f ic iency of ( i l . 3 ) » we assume that a given ent i re 

function f s a t i s f i e s ( i l . 3 ) . We s h a l l show that f may be wr i t t en in the form 

( i l . 5 ) · The l a t t e r r e s u i t i s a conséquence of the fo l lowing lemmas. 
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LEMMA I I . 1 . -

Let f be an ent i re function in η complex va r i ab les even with respect 

to χ ( i . e f ( x f , x ) = f ( x * , - x ) ) . There e x i s t s a unique ent i re function g η η η 

defined in C n such that 

f ( x ' , x n ) = g(x« , x 2 ) . 

In addi t ion, f s a t i s f i e s ( i l . 3 ) i f an only i f there e x i s t C F > 0 » 

M F > 0 , A 1 >B ! ^0 such that for y e ί and τ G Φ . 

( I I . 6 ) |β<Υ,τ ) |< G1 exp (M«|y| + Β · | τ | - Α· Re τ ) . 

We observe here, that the condit ion ( i l . β ) i s équivalent to say that there 

e x i s t s G G H'((Dn) such that 

g ( y » O - G(y, - ϊ τ ) 

( s e e[5], [ 6 ] ) . 

LEMMA(lI.2).-

Let f be an en t i re function s a t i s f y i n g ( i l . 3 ) , and Ρ a polynomial 

f 

in η va r i ab le s with complex .coef f ic ien t s . I f i s en t i re i t a lso 

s a t i s f i e s ( i l , 3 ) . 

The proof of lemma ( i l . 2 ) uses the inequal i ty 
| - § W - | N < K sup | Γ ( χ + ζ ) | 

ζ t u 

Ick<i 

( s ee[5]). 

Remark I I . 1 . - Using the charac te r iza t ion ( l l . l ) and ( i l , 4 ) » i t i s r e ad i l y seen 

that c^(o i s c losed under the POURIER transf orm, 

Erom the charac te r i za t ion ( i l . 3 ) one can obtain 
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SOLVABILITY 

THEOREM I I . 2 . -

The mul t ip l i e r s OÎC^KQ are the ent i re functions u(x) in η var iables 

which s a t i s f y the condition : 

For any ε>0, there e x i s t C^O , M>0 , Α>Β-ε such that , for any 

χ e Φ η 

( i l . 7 ) | u ( x ) | « C exp (M|X| + B|X 2 | - A Re x 2 ) . 

Let us observe in pa r t i cu la r , that the space of the mjxltipliers contains the 

space of en t i re functions of exponentjal type. 

Let us dénote b y c ^ the space of m u l t i p l i e r s . namely the space of en t i re 

functions which s a t i s f y ( i l . 7 ) . 
A 

The space c % = i s the space of convolutors . We have in par t icu la r the 

inclus ion 

Η·(φη) e g \ 
Let t >0 , we dénote by Σ, the subspace of c defined by : 0 "C 0 

u £ Σ, <==> u ( x , t ) = v ( x , t + t ) ΐ ο ο 
where ν 

The space Σ, i s the space of sec t ions at t . Σ, i s provided with t ο t ο ο 

the topology of uniform convergence on compact se t s of ί χ | t ζ φ , Re tN-t } . 

We define the space of sect ions : 

Σ = ind. l im. Σ, 
t -> 0 0 0 
t > 0 Ο 

We have the fo l lowing r e s u i t : 
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THSOREH II.3.-

The dual Σ1 of the space of sections Σ is equal as a subspace 

of , to,the space of convolutors. 

In addition, a trace u is in Σ1 if and only if there exists 

F € H'OP"1"1) (non-unique) such that, for (x,t) € 

u(x,t)= <F(y,-u) , E(x-y,t+T)>. 

III.- Solvability of P.D.E. with polynomial coefficients 

We consider first, in this section, the constant coefficient case. We prove 

the possibility of the division by a polynomial ±nc^. Using the Fourier transform, 

we get the solvability of P.D.E. with constant coefficients, as well as the approxi

mation of the solution of homogeneous équations by exponential-polynomials. 

The proofs are based on LEMMA(lI.2). In the distribution case, similiar ideas 

are used in [5]. 

We have the following results. 

THEOREM III.I .-

Let Ρ ^ 0 be a polynominal in η variables, with complex 

coefficients # For any f > there exists 

u totfïfa s u c n that 

Pu = f . 

COROLLAIff III. 1.-

Let P(D) /4 0 be a partial differential operator in η variables 

with complex coefficients . For any f ê Ijbn t there exists u ^cl/fcn 

such that P(D)U = f 
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Let us c a l l exponential-polynomial any ent i re function f of the form 

f ( x ) = Q(x) exp . ( a .x ) , 

where Q i s a polynomial and a £ φ η

 β We dénote by V(P(D)) the space of t races 

spanned by the exponential-polynomials f s a t i s f y i n g 

P(D)f = 0 . 

THEOREM I I I . 2 . -

The space V(P(D)) i s dense in the space 

{ u C cHi, P(D) u = 0 } 

We s h a l l consider now the polynomial c o e f f i c i e n t case . Let Ρ be a d i f fe ren-

t i a l operator: in η va r i ab l e s x^ , · · · · » x

n

 w i t h polynomial c o e f f i c i e n t s 

( i l l . l ) Ρ = Ρ ( χ , ϋ χ ) = Σ a Œ ( x ) D a 

a £ C [X. , X ] . 

We s h a l l discuss the solvability i n c * ^ of the équation 

( H I . 2 ) P(x,D X) u = f . 

Let us first consider the fo l lowing operator 

„ k 
( H I . 3 ) Ρ = P(x, t,D ) = Σ — L (x,D ) 

X k=0 k ! * X 

with L

0 ( X ' D

X ) = p ( x » D

x ) 

\ + 1 U , B X ) = \ L x ( x , D X ) - Ι ^ ( χ , Β χ ) Δ χ 

1=1 à x i 

L^ vanishes for la rge k and the s é r i e s ( l H . 3 ) i s in f a c t a finite sum. 

0* 

The operator Ρ satisfies the fo l lowing propert ies : 

( I I I . 4 ) P(x,0,D X) = Ρ ( χ , ϋ χ ) 
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Ρ commutes with the heat operator |H = - ~ Δ 
ot x 

(111.5) |H Ρ = Ρ |H 

For any trace u ; χ ί φη , t € Φ : 

(Pu)(x,t) = p(x,t,L^ )u(x,t) . 

Let us write Ρ in the following form 

(111.6) P(x,t,Dx) =Σ \ U > t > V D x k + \(Xft'\t)j)T+1 * 
k η η 

where and are differential operators in χ1 , their coefficient being 

polynomial in x and t 

THEOREM 111.5..-

The solvability of (1II.2) inc^Îiois équivalent to the solvability 

of the following problem : 
For any ( f ^ ) € (Η(Φ*)) 2 find 

(a fi^) £ (Η(Φ^)) 2 such that 

(III. 7) J ^ S O . t ^ , ) ^ - Δ χ ( ) \ + N k (x ' ,0 , t ,D x l ) ( ^ - Δ ^ ) * ^ 

£ φ ) ^ · 0 ^ , Β Χ Ι ) ( ^ - Α χ | ) \ + Ν ^ , 0 , ^ χ | ) ( 4 ^ Δ χ | ) η ο + 

( ^ ) ( x ' , 0 , t , D x t ) ( 4 t - Α χ ί ) \ + Μ ^ 0 , ^ Χ | ) ( 4 t - Α χ | ) \ - f l W  

η 

The isomorphism (l.2) is used in the proof of theorem (lH.3). This theorem 

reduces the solvability of ( i l l . 2) inc^s/tôto the solvability of a, System of two 

P.D.E. with polynomial coefficients in the space of homolorphic functions in (D̂  , 

for which global CAUCHY-KOVALEVSKI type theorems may be used. 

if Q(x,D) = Eqa(x)Da is a partial differential operator, we dénote 

(&_)(x,D) = Σ 5Sff(x) D« 
ôx. ôx 1 1 - 94 -
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Example 1 : Let us consider the operator 

à . ô 
ôxt

 + U 1 ST 2 · 

It is well known that i t is not solvable (even locally) in the space of 

distributions.([4],[7], · . .) . For the non-solvability in the space of hyperfunctions 

see [β], (see also [9 ] ) · 

THEOREM III.4 

The operator 

ô 
p = 3 x ; + l x i ~ÔX- 2 

is solvable in^^l^ · 

After a permissible change of variables, the opérâtor Ρ defined in (lll.3) 

becomes in this case 

P = it Λ2 λ 
(A-2 - - V + Ρ 

The System (1II.7) is of the form 

(HI.8) 
A 2 

+ Q (u ,u ) 
0 0 1 

.2 

Κ = 

δ 1 + Q 1 ( u o ' V 

where g and ĝ  are given homolorphic functions in φ and Q , Q are 
0 1 + ο 1 

differential opérât ors of order 1, acting on u^ and û  , with respect to the 

2 
variables x̂  and t , with homolorphic coefficients in φ+ . The solvability 

of (lH.8) in ( H ( ( I 2 ) ) 2 may be proved using a global CAUCHY-KOVALEVSKY type theoraa 

(see[3] for similar techniques). 

- 9 5 -



BAOUENDI 

Exemple 2 . -

THEOREM 111,5.-

Let α te a complex number. 

The opérâtor 

à à Ρ = χ — + α X , ~ T — 
2 ÔXJ 1 ôx̂  

is solvable inc f̂̂  if and only if α f - 1 . 

The idea oi" the proof .is similar to that used in theorem ( 1 I I . 4 ) . The non -

solvability of ( 1 I I . 9 ) for α =-1 was pointed out by R. MOYER. 

Remark III.1. - The opérâtor 

(III.IO) à à 
Vôx~ " V~ôx~~ 

is not solvable in However it is possible to prove that, if we consider 

the "iraces of analytic solutions" of the operator 

ô ô ô2 

"ôt " ôxf - λ "ôx| ; λ > ° ' λ ^ 1 

instead of the heat operator, ( i l l . io) is solvable in this nev/ space. 
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