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ON THE ANALYTICITY OF SOLUTIONS

OF PARTTAL DIFFERENTIAL EQUATIONS AND SYSTEMS

0.A, OLEINIK

T T e e e

The problem of the analyticity of solutions of partial differentiale
equations is one of the oldest in the theory of partial differential equations, This
problem is connected with the 19 th HILBERT problem [1], It is well-known that all
solutions of linear elliptic equations and systems with analytic coefficients are
analytic functions (see [2], [3] and a survey in [1]). If a system has constant
coefficients and all solutions of this system are analytic functions, then the
system is elliptic [3]., It is of great interest to find non elliptic classes of
differential equations and systems which have only analytical solutions and to des—
cribe classes which do not have such a property, Some results in this direction are

given in the papers [3]—[8].

We offer here an approach for the study of the problem of the analyticity
of solutions of differential equations and systems, We prove here some a priori
estimates in a complex domain for solutions of partial differential equations and
systems which have only analytical solutions, Using these estimates we can find clas-

ses of partial differential equations and systems which have non analytic solutions,
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ANALYTICITY

1

let @ be a bounded domain in R°T1 , x = (xgrennx)

DEFINITION 1.~
A function u(x) defined in Q is called a function of the class A(Q) if
for any subdomain G with G cq there exists a constant 5(@) > 0 such that the

function u(x) can be extended analytically with respect to all variables x as a

function u(xo + 3V ey X4 '-'Wm) in a domain ng.;.z: {x <@ -sla)g v, < 8,(a)
o

2m4-2

J=01,00..., m} and also u is bounded in Q%

2m42

We denote by V(u) an analytical extension of wu in the domain Q 5 °

DEFINITION 2,-

A function wu(x) defined in @ is called a function of the class A,j (@),
if for any subdomain G with G c @ there exists a constant 5(@) such that the
function u(x) can be extended analytically with respect to the variable xj as

a function u(xo,,,,,_, xj+ iyj,,,,,,xm) in a domain :

P =fxeo, - oa) < y; <s(e)}
and also u and ——gl;ll;,k’é J , are bounded. in Qn;z 33 =011,

We denote by Vj (u) an analytical extension of wu in the domain Q1§+2,

If all components of a vector-function u =(u1,,,,,,,uN) belong to a linear space

B , then we say that weBN o

DEFINITION 3.-
A linear system of partial differential equations with analytic coefficients
(1) L(u) =f in @ 9u=(u17....7uﬁ) ’ f=(f19.....y f‘N)

U
is called analytical in @ , if, for any of its weak solutim u € & (@) the

- 273 -



OLEINIK

condition f ¢ A(@) implies wue€ A(Q).

DEFINITION 4.-

System (1) is called analytical with respect to the variable x5 in @ ,
if for any of its weak solution u €@' (Q) , the condition f € Aj(g) implies

u € Aj(Q) .

THEOREM 1.

Let BN(Q) be a BANACH space consisting of weak solution u E(g(ﬁ))N
of the system

(2) L{u) =0 in g

with the norm and also the convergence of a seguence in the

Il oy
N B
norm B (Q) implies its convergence m@'(Q) . If system (2)

is analytical in @ , then for any subdomain ¢ with T c Q there
exists a constant 6(G) > 0 such that for any solution u € BN(Q) of

system (2) the following estimate is valid :

(3) sup | v(u) ¢, I,y »
an+2
8 N
where |V(u)| = L, |v(uk) B c,= const,

If system (2) is analytical in @ with respect to x, , then for
any subdomain G with TcQ there exists a constant 6((;) > 0 such
that for any solution w € BN(R) of system (2) the following esti-
mate is valid
(4) ;}&321 Vj(u)l € Gy 5

[}

where

|Vj(u)| =kg__1 lvj(uk)l’ C, = Const,

PROOF. -

We prove first the estimate (3), Let @ be a fixed subdomain with ¢ < Q.
We set

N
Mop=lasuesia) , 8$g+2|v(u)| SR}
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where R =1,254440 ;—l—'=1,2,...

Since system (2) is analytical, it means that any u € BN(Q) belongs at least

to one of the sets MY R We show that M R are closed in BN(Q),

1 Y

Let {un} be a sequence, w € M‘Y’R for n=1,2,... and ||un-uo||BN(Q.). 0 for nwo , We

s;)ln?l% prove that wug € MY « Since Up, are uniformly bounded in
Qe +2 | there exists a suBSequence of {un}which uniformly converges at any compact
Y

2n+42
Y

set 1<:c:(,;1$m"'2 towards an analytic vector-function u in Q

+2

The uniform convergence at any compact set K Qim of the bounded

+2

sequence in Qim implies its convergence in @'(G), It means that u = uo in

¢ and therefore u, can be extended analytically in Q$m+2 with the estimate

|V(uo)|\< R . It implies that u € M . Since BN(Q) is a Banach space and
9

YsR

N( _
B Q) = YU’R MY’ R .

according to BAIRE's category theorem [9] - (if B is a complete, it is the second

category) - there exists positive constants ¢, 8§, Ro and a vector-function

u*(x) € Mo o such that if wu(x) € BN(Q) and
?
o
(5) "u-u*“BN R
then wu(x) € M . That means 3
6,R°
(6) QZS&B [v(w)|¢ & .
o)

Let u be any element of BN(Q) . Then for

€

Il
the inequality (5) is satisfied and therefore according to (6) H

u* 4 u

(7) sup [V(u¥) + === v(u)| g R .
22 Il

It follows from (7) that :

- 275 -



OLEINIK

-1
oap, 1T <2 7 iy = gy
5

The proof is complete, The inequality (4) can be proved similarly, In this case,

the uniform convergence of a subsequence of un at a compact K CQm+2 follows

m42

from the analyticity un with respect to xj + iyj in QY and from the bounded-

m42

ness of wu_ and their derivatives g‘ﬁl—’ 4 74 J » 1ncase Qy . In this case,
n X

we set ¢

)
M‘Y,R = {u s U € BN(Q) s Sup [|V3(u)| +l§ J|Tx—lv3(u)|] <R } .

emark

.

Theorem 1 is walid for any BANACH space B(Q) such that :
3c@' (@) and Bcalp) or Bc AJ.(Q) .

The following theorem is a consequence of theorem 1,

THEOREM 2
Suppose that in @ there exists a family of solutions up € @'(Q)
of system (2) of the form :
1pxj 1
(8) up(X) =e vp(X) s PER  , p>1
such that up for any p )¢ can be analytically extended with
respect to xj in a domain Q]g+2 for some fixed domain G with
- J
GcQ , where 5, does 1ot de1>end on p , but |V1 (v‘p)l,‘—s-i Vj(vp)l’

1/: j , are bounded in Q2+2 by a constant which can depend on p ,
1
Suppose that there exists a BANACH space BN(Q) defined in theorem

1, such that
p
(9) I gy ex2 (c5")
where the constants p and 03 >0 donot depend on p and y <1,
Let there exist a sequence of points x(p) € G1 such that for the
points
Zon = (Xo(p),.....,xj(p) +in Loz (),

m42

5

) \<h\<0 9OfQ

1 , the inequality
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(10) |v‘_j (vp(zp,h))‘ > exp (-c4p+°)
is fulfilled, where C, > 0 ans o<1 do not depend on p eand h,
Then system (2) is not analytical with respect to xy in @,

In order to prove theorem 2 , we show that for solutions up the estimate
(4) 4s not valid for the large p because of (9) and (10),
Example $

As an example of the application of theorems 1 and 2 , let us prove that the
BOUENDI-GOULAOUIC equation [6]
(11) LI 172uyy +u, = 0
is not analytical with respect to t and y |,

It is easy to see that equation (11) has the family of solutions :

up(x) = exp [ipy - pE;- + p% (z-1) ]
which do not satisfy the inequality (4) with respect to variables y and ¢
for the large p , if |lull 7 = sup |u|, One can prove, using similar methods
B Q

then those of [3] and [10] that all solutions of (11) are analytical with respect
toz

In what follows, we shall prove a more general theorem for equations of
any order, which includes equation (11),

As a second example of the application of theorem 2, we consider a system

with constant coefficient

N .
(12) L(u) =f or J?-__1 ak;luj =fk y K=A,...0 N,
where akj@) = 3 akj@a is a differential operator of the order
lalg fey

Ye; With constant coeffieients ;@a Q% | 9u ,@j i .

J o m X,

N
We set r = sup lé‘l Yl,k; ,
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where X is any substitution of the form

19000 N
x - )
k k

g reee sy
We suppose that the order of the polynomial P(g) = d.etuakj(g)n is equal

to r , For such system of differential equations, it is proved [11] that there

exists two systems of the integers (51,,,,,,,SN) and (t1,,.,,,tN) such that

for any k,j =1,.....N ¢

(13) S ¥+ tj > Y3
N
(14) Wy (8 #8) =7
Let a;:j = 3 a]:J o
%,
|| =y 8

Tt is evident that : det ||a§j(g)u = p%(¢)
where Po(g) is the principal part of the polynomial P(§) .,

1t P%(g) £ 0 for eny £ € R with [g| £ 0 , then the system (12)
is called elliptic in the sense of DOUGLIS-NIRENBERG [12] .

If Yoy = for j=t,...., N and Po(g) # 0 for g # 0, then the
system (12) is elliptic in the sense of PETROVSKY [3] .

It is proved that such elliptic systems are analytical in any domain
ac® , [3Y 13).

THEOREM 3,-
If the equation Po(g) = 0 has a real solution
~ ~ ~ ~»
g = (50,....,&“) and gJ }é o
then system (12) is not analytical with respect to X

Proof, -

The system (1 2) for £ =0 has a family of solutions of the form ¢
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up(x) =exp { ip(E, x) + 1A (p_)i(n,x)} Rp

2
ap) = = cpa' ,
J=0

c'j = constant, p,q are positive integers, p<q , n is a vector of Rm+1

(g,n) is a scalar product in i

It is easy to see that the function up satisfy the conditions of theorem 2
if |l = sup|u| for the BANACH space B ,
B Q

In the case Yk,j = mk , & similar theorem was proved by I, PETROVSKY [3],

Let us consider now a system of first order partial differential equations

with analytic coefficients of the form 3

m
ou du

(15) L(w) = ——3== + 2 A, (x) == +B(x) u=0 .
X, =1 J xj

where Aj , B are matrixes of the order NN , Let us denote :

x=(x°9x1n.u.yxm) = (xoyx'); y=(y°yy1u-ou)ym)=(y°’Y')

THEOREM 4,-

Let @, be a neighbourhood of the origin in the space Rm'” =

1
= (xo’x1 reeeve ,xm). Suppose that an analytical function ¢fx,y*) with

respect to x' 4+ iy' , is defined in a domain

Q') = {x,7 s (xo,xt) € 9, '] <y } oy =ct0
Suppose that for some k>0

2k+1
-g-gm(m 9(0,0)) £ O,—-—(Imqu(o 0)) = for o0<s<2k#l ,
Ve oy s
In ¢(x,0) < Im ¢(0,0) in @ ;
the matrix
(16) A(x ,XV4iy', grad q, = E+ LA, ,

(E is the unit matrlx), satisfies the follow:.ng condlt:.gn H

For any analytical with respect to =x'4iy' function v(x,y') in q (91)
the quadratic form :

20
(17 k(v,v) = (% V,v).x
iS nonnegative in Q (cz ) here (¢,f) 4is a scalar product

in the complex space CN . matrlx A is the complex-conjugate

matrix for A , Then the system (15) is non analytical with respect
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J
for some @

to X, in any neighbourhood Q@ of the origin such that @ 92 c 01
2 .
In order to prove this theorem, we prove the existence of the family of

solutions of system (15) of the form

-ipp

u (x) =e (x xt,y!

0 p o! )

where agéﬂvpl < C6p2( 1) . Then it can be proved that for these solutions, the

inequality (4) is not fulfilled, if = suplul .

el
B
COROLLARIES,

Let us derive some corollaries of theorem 4

COROLIARY 1.-

Consider the case of a first order equation

(18) uxo -.kg ak(x)u. +e(x)u=0

Suppose that Im aJ(x)xo does not change the sign in a neighbourhood
of the origin of space R2m+1 (x,y'), Then according to theorem 4, the
equation (18) is not analytical with respect to xj . In this case,
we can take @

o =X +1iy. .

J Jd
For the MIZOHATA equation [4]
L8
(19) u, +ittw =0

it means that, if s is odd, then equation (19) has non analytic

solutions with respect to x,

In paper [4], it is proved that if s is even, then all solutions of eque-
tion (19) are analytic functions,

COROLLARY, 2,~

The system (15) is not analytical with respect to xj , if the

matrix A,j is diagonalizable by a unitary transformation and for its

eigenvalues )‘k y K=15.0009 N , Im xk,xo preserves the sign in the
neighbourhood of the origin of the space (x,y') and this sign is the

same for all k=t,,....:N,
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It is easy to ses that in this case, the condition (17) is fulfilled
with the function ¢ = xj + iyj .

We consider now some applications of the theorem 1 and 2 to higher order
equations and, in particular, to second order equations,
We set 3
t = (xovo..-.9xk’09.....0) W o= (O“””,O’xk+1h°"'
X 405000ee10)s

£

Z=(0,,,,,.,O,X !o-o..;xm)o

£41
Then any point x € Rm"'1 can be represented in the form =x=t4y+z .,

We denote respectively

5’ = (§1’.....,§k’0,.o-ooyo)9 5" = (01.....y§k+3_ ""’;’l ,,O...O),

5" = (09.....10,&2_”’.-.-.%) ’ = (@t’@y !@z $)y =

. 0 )
@ (—I—E',.....’ -i—ai‘ .
[o} m

THEOREM 5,-
Suppose that the symbols of the differential operators with analytic
coefficients A(t,y,z, ,, Q@y), B(%,y,3, @t’ ,ggr) , o(t,y,z, @Z)
are given for :

|y| <k , |zl & K and for all t ; K is a constant,
Suppose that for some <t > 0 , any real number p > 1 , and for some

~ ~» ~»
M1 > M2 , any g' and g" (0’.....; §k+1,0,.....,0) with §k+1 =1

we have in the domain {|y| <K , |z| <K , =<t <}
(20) A(p-TtyY9zypT§'9P§") =p M1A(t;y,Z,§',§'f) = PM1a(t’§') .
(22) B(p—Tt,Y’ZypTE',Qi") = pMzB(tJ,Z, 5',5“) = PMzb(t;E') .

and , for some E”' #0 and any complex number y

* h
c&tysz!Ygu‘) =Y ’
where h ) [M1 - Mz] + 1, [8] is the entire part of s,

If there exists a function v(t) ¢ %Z(Rk) such that v(t) £ 0 and
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for some \ = constant ¢ 01 the function v(t) as a distribution of

@' "'1) satisfies the equation :

(22) als, Dpdv + w(t, Dv =0,
then the equation
L(w) =Au 4+ CBu="%
is not analytical with respect to variable xk+1 in any domain
8] KL <K .2l <K K=t <K

PROCF @
We consider the solution of equation (23) in the form :
u (x) = exp {1 + ipu(z “‘")}\% b v( Tt)
o pxk-.-’l PUNZS E P
My - M,
where w= <1 .
h

and use the BANACH space with the norm 3

g < el

It is easy to see that for up(x) , the estimate (4) is not valid,

Thus the theorem is proved,

We can indicate indicate conditions when the solution v(t) of equation
(22) with the necessary properties exists,
Suppose that the operators a(t,@t) and b(t, @t) define in the space
n
s(r"), (see [14]), the norms
H&(u) = [au,u,] ’ Hb(u) = [bu!u]
where
[f9¢] =jk+1 fg dat ,
R
We denote by Ha and Hb the closure of the space S(Rn) with respect
to the norm Ha(u) and H,b(u) correspondingly , If the operators a and b are
formally selfadjoint and if every bounded set in H, is compact in H, , then
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for some A\ = constant, there exists a weak solution of the equation (22) such
that v(t) € 5, and v(t) £ o .
THEOREM 6,.=

Suppose that the operators A,B,C, satisfy the conditions of
theorem 5 and the spaces Ha and Hb have the above mentionned
proverties, H_ < 32(Rk) . Then equation (23) ia not analytical
with respect to xk+1 in any neighbourhood of the origin,

Thus we see that the existence of the eigenfunction of the equation (22)
implies the existence of a class of equations (23) that are not analytical,
Conservely, if equations (2’5) are analytical, we can make a statement about the
spectrum of equation (22).

We do not state here such theorem about spectrums, Thus we have interes-
ting relation between the spectral theory of differential operators and the problem
of the analyticity .

The next theorem follows from theorem 6,

THEOREM 7.~
Let P1(@t) ’ Pz( @y) ’ P3(@z) be homogeneous elliptic diffe-
rential operators with constant coefficients of the order 2p ,

The equation

s d,
(24) p(D)u + 417 2 (@ Ju 4 f¢P (&) u =t
where s and d are integers, s, d30 , is analytical.in a neigh-
bourhood of the origin of the space Rm"'1 , if and only if s=d,

EROOF, -
It is proved in [7], using the MORREY-NIRENBERG method [13] , that
equation (24) for s=d4 is analytical, If s ;é d, the equation (24) is not

analytical with repect to xk+1 in the case d< s and with respect to xkn ‘
+,
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in the case d » s , according to theorem 6 ,
In the paper [6] in other way,it is proved that for p=t , s=t , d=0
equation (24) is not analytical,

The equation (22) for the case (24) has the form

&) d

P1(@t)v + |t|2 v +,7\|t|2 v=q,

It is of interest to study the equation of the form (24) with lower order
terms,

We comsider the second order equation with real analytic coefficients
in the neighbourhood @ of the origin in the space g+ (y,x1,,,,,,,,xm) = (y,2)

i
(25) L(u) = a9 (xhu, _ +a(x) w_ +05(x)u 4+ b(x)u + olx)u = £(x,y)
lﬁng yy o y

where

akj(x)axij y Colg)? 5 alx) = x|® a(x) , alx) >0 ,
Co = constant > 0 , 8 in an integer ;
We can prove, using the extension of the solution in the complex domain,
that equation (25) is analytical,
In the paper [7], this is proved by the method cf [13] under condition ¢

[p(x)| <o, fx|*

Some above mentionned results are contained in the papers [15],[16] .

E e e e

REFERENCES

B

(1] HILBERT'S problem,- Collection of articles, edited by P,S, Alexandrov,
Moscou, "Nauka", (1969), p,216-219,=

L2] S.N. BERNSTEIN,- Sur la nature analytique des solutions des équations aux
dérivées partielles du second ordre, Math,ann, 59{1904 ),P. 20-76.~

- 284 -



(3]
(4]

(5]

(6]

(7]

(8]

(9]

[10]

[11]

[12]

[13]

[14]

(15]

[16]

ANALYTICITY

I1.G, PETROVSKY.- Sur l'analycité des solutions des systémes d'équations
différentielles, Mat, SBORNIK, 5(47),(1939), p.368,=

S,MIZOHATA,~ Solutions nulles et solutions non analytiques, J, Math, Kyoto
miv,, 1, N,(1962),p.271-302, =

F, TREVES,- H¥poelliptic partial differential equations of principal type
with analytic coefficients, Comm, Pure App? Math, 23%,N4, (1970),
637651~

M.S. BAOUENDI-C,GOULAQUIC,.,- Non analytic hypoellipticity for some degenerate
elliptic operators, Bulletin of the Am,Math,Soc,, vol 78, N° 3,(1972)
P. 483-486,~

V.V, GRUSIN.,- On a class of elliptic pseudodifferential operators degene-
rating at a submanifold, Mat, Sbornik,s84(2), (1971),P.163195.-

H., SUZUKI.- Analytic-hypoelliptic differential operators of the first
order in two-independent variables, J, Math,Soc, Japan, 16,4,(1964),
P36 374,

K,YOSIDA,~- Functional analysis,Die Grundlehren der Mathematischen wissens-—
chaften, Band 123, Springer-Verlag, (1965).-

H., LEWY.- Uber der analytischen Character der LYsungen elliptischer Dif-
ferentialgleichungen, Nachrichten von der Gesellschant der Wissens-
chaften zu GUttingen; Math-Phys, K1.(1927), p.178-186.-

L.R., VOLEVICH.,~- On a problem of the linear programming arising from dif-
ferential equations, Quspechi Mat, Nauk,, V 18, N° 3 (1963), p.155-
162,

A, DOUGLIS, L., NIRENBERG,- Interior estimates for elliptic systems of
partial differential equations, Comm, Pure, Appl, Math.s,(1955);
P.503-538.

C. MORREY-L,NIRENBERG,- On the analyticity of the solution of linear ellip-
tic systems of partial differential equations, Comm, Pure, Appli,
Math,10(1957),p, 271~ 290.-

L. HORMANDER.,~ Linear partial differential operators ; Die Grundlehren der
Mathematischen Wissenschaften in Binredarstellungen, Band 116,
Springer-verlag, (1963),

0.4, OLBINIK, E,V, RADKEVICH,~ On the analyticity of solutions of linear
differential equations and systems , DOKLADI, 207, Neo4 (1972)

0.4, OLEINIK, E,V. RADKEVICH,~- On the system of dirferential equations
which have nonanalytical solutions, Quspechi Mat, Nauk, Vol 27,
No 5, (1972) p, 246-248,-

T T e e e T3 T e e

- 285 -



