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PROPAGATION OF SINGULARITIES FQfr a . 

by 

J.vF. KM,* 
PRINCETON UNIVERSITY 

Let M be a relatively compact domain in <Bn with a smooth boundary, which we 
denote by bM. 

We will assume that there is a real-valued C °° function r defined in a neigh­
borhood of bM, such that dr^ 0, r >0 outside of M , JP = 0 on bM and r< 0 in M. 

Furthermore, we will assume that M is pseudo-convex ; that is, if P 6 bM and 
(a]...,a11) £ (Dn with : 

n 
r

z (p) & 1 = 0» i=1 i 

then 

L rz - (P) a1 a* » 0. 

Here we wish to discuss the following problem : 

(*) The research described here was supported in part by an N.S.F. project at 
Princeton University. 
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PROPAGATION OF SINGULARITIES FOR 3 

given a (O,l)-forma = Z dẑ  on M , which satisfies the compatibility 
conditions da=0 (i.e. a-- = otv*- ) , to find a function u on M such 
that : 

\ du = a 
ŝing supp (u) c sing supp (a) = U sing supp (a.). 

3 

Since °" j_s elliptic on functions, we know that : 

M f\ sing supp(u) c M Osing supp (a). 

Hence the problem is concerned with behaviour at the boundary. 
First consider the so called "global" problem in which sing supp (a) = 0 

We have the following result : 

n °° THEOREM. If MCC@ is a pseudo-convex domain with a C boundary and if « 
is a (0,l)-form on M whose components are all in C°1[M) and which satisfies 
the compatibility conditions o"a= 0 ; then, for each integer m >0 there 
exists a function u^ £ CM(M) such that 3um = a . 

The proof of this theorem is given in [9];it is based on the weighted L ̂ -estimates 
of HORMANDER (see [5] ). More precisely, for every T >0 consider the norm || || ̂  
defined by : 

2 fx 12 - T | Z | 2 ^ T 

11*11, ) = J / H E D V -

W M 

Then there exists C >, 0 such that 

(H) I % | | 2 « C(||59||2
 + ||d%||2 ) , 

T (T) * (T) 

for all (0,1 )-forms cp in C°° (MMri-om(d"*) and all T > 0. Here d* denotes the adjoint 
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with respect to || W^y 
We set : 

% ( 9 A ) = P>» 15 + (5*9 * 5*4* )(T) • 

Given a (0,l)-form a we consider the following variational problem : 

find m £ Dom( d"*) such that 

Q T(9 V c|>) = (a ,<|> 

for all <|> £])om(d*)n o (M). Using (H) we can show that there exists a unique 
solution (p̂  and that for any m, <̂  £ CM(M) if T is large enough. 
If o"cc= 0 , we set u = d* m , where T is chosen so large that <p 

£ Cf+1(M). 
m T ' T • f 

More generally, if M is a complex manifold with a smooth boundary, we must 
assume that there exists a strongly pluri-subharmonic function in a neighborhood of bM ; 
this function is then used to replace | z| in the above proof and, modulo some technicali­
ties, the analogue of the above result follows. Examples of GftkUERT, see [2] , show 
that for general pseudo-convex manifolds the result does not hold. 

The following example shows that "local" regularity does not hold in general. 
2 

Let Mcc$ and suppose that in a neighborhood of P £ bM the boundary is 
"flat" (i.e. the Levi form vanishes identically). Thus we can introduce holomorphic 
coordinates (z,w) in a neighbordood U of P , such that P is at the origin and 

UflbM ={ (z,w) JRe(w) = 0 } . 

Let P £ V C C W C C U and let p be a C°° function which equals 1 in V 
and equals 0 outside of W . 

Consider a = "5 (&) =*̂ "« 1 claim that there does not exist a function u 
with du = a and sing supp u C sing supp a . 
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Suppose there is such a u , then u is bounded on compact subsets of M - (V - W). p 
Let h = ̂  - u , then h is holomorphic in M , it is very large near P and bounded 
outside of V. Now consider the restriction of h to the set Re(w) = 6 , Im(w) = 0 . 
Choosing 6 sufficiently small we obtain a holomorphic function of z which is arbitra­
rily large at the origin but bounded on a contour enclosing the origin. 
This gives a contradiction. 

Several examples of the same nature lead to the following conjecture. 

CONJECTURE A. 

Suppose M is a pseudo-convex complex manifold with a smooth boundary and 
suppose P £ b M. Then the following are equivalent. 

a) There exists a neighborhood U of P such that, whenever & = d v on M , 
then there exists u on M with a= ^u and U 0 sing supp uCUOsing supp a. 

b) There do not exist any connected non-trivial analytic varieties, whose inter­
section with U lies in bM. 

At this point we can prove the following result which gives a "finite" version 
of the conjecture. 

For P£bM let T^,0(bM) denote the space of vectors of type (1 ,0) which are 
tangent to bM at P , i.e. if L £ T1p,0(bM) then in terms of holomorphic coordinates, 
toe have : 

L = d 
ST: 

where 

E * 5 Z . 
3 
(v) ̂  0. 

For L £ T1
p
,0(bM) let L' be a C °° vector field on a neighborhood U of P 

such that L» = L and L' £ T̂ '̂ (bM) for Q £ UO bM. We denote by T°,1(bM) the conjugate 1 0 / ? Q Q P of Tp ,u(bM). 

Let ̂ (L 1 , L1) denote the Lie algebra defined by the vectors L' and L' . 
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We set : 

o€(L' , L') = f] c^(L« , L') , 

j=0 

where o*2°(L! , L 1) denotes the linear combinations of L' and LF and : 

^ ( L ' , L') =^" 1(L' , L') [^" 1(L« , E') ,*P(L' , £•)] • 

Finally for each L££1,0(bM) we denote by <*f£L , L) and £g? (L , L) those 

subspaces of the complexified tangent space C T̂ (bM) which are restrictions of the 

spaces ¿€(1/, L 1) and <^ (L' , L') respectively. Modulo the subspace T1 ,0(bM)+ T°,1(bM), 

this definition does not depend on the particular extension L'. 

THEOREM . 

If M is pseudo-convex and if P£ bM has the following property : 

(*) If L£ ̂  ,0(bM), L ̂  0 then for some j we have : 

^ ( L , L) 4. T^°(bM) + T°/1(bM) . 

Then à is locally regular at P , in the sense of (a) in conjecture A. 

At present, the proof of this theorem is much too complicated. In fact, we 

believe that * is equivalent to subellipticity at P which then implies the local 

regularity (a). 

DEFINITION. 

P £ bM ;we say that d is subelliptic at P if there exists a neighborhood 

U of P and constants e > 0 , C > 0 such that 

2 HID, <p, HI 2 C( ||ô<p||2 + II d%||2 +11» ||2) 
e-1 

for (0,l)-forms <p in (T(un M)f> B>m( d*). 

Here || | u ||| is defined by : 
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n u n 2 

s — CO 

0 
(1 + |£|2 f u ( l » , r) d$ dr 
1 

where (X1 , X2n-1,r^ d e n o' t e t i i e boundary coordinates (bM is given by [r = 0 J), 
£ » = (ĝ ,..., &2n-0 a n ( i ^» ? ' r^ i S t i i e F o u r^- e r transform of u in ,... ^ 
for fixed r . 

By the results in [10] subellipticity at P implies local regularity at P. 
We then make the following conjecture : 

CONJECTURE B. 

If M is pseudo-convex, P£ bM , then d is subelliptic at P if and only if 
* holds. 

If for each L£T^,<^(bM) the lowest number j given in * is one then the 
Levi-form is positive definite;subellipticity holds with e= j (see [7] ). 

Let L.j ,... ,Ln_,j be a basis of the vector fields of type (1 ,0) tangent to bM 
in a neighborhood of P . Then L̂ , ... , Ln_^, L̂  , ..., L̂  ̂  , are independent and 
we can get such a purely imaginary vector field N so that L̂ ,... ,L̂  y L̂  ,... ,Ln ̂ , 
N are basis for all tangential vector fields in a neighborhood of P . 

Let 

[L. , L. ] = C. . N + £ ak. L + 2 b k . L, , 

then c.. represents the Levi-form. ij 

Conjecture B has been proved in case the matrix (c..) is diagonalizable 
(see [8]). 

In particular if c. . has at most one non zero eigen-value. The conjecture has ij 
been proven in many other cases also and we hope to give a proof in all generality soon. 

Please observe that the type of result described above implies existence of 
global solutions with certain regularity properties. For example, an easy consequence 
of the regularity that we discuss is that orthogonal projection of L̂  on holomorphic 
functions preserves regularity at the boundary. For an exposition of this type of results 
see [ 1] 
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Recently there have been many results on regularity properties of d in the 
sense of sup and Holder norms (see [3], [4] and [6]). These results have been obtai­
ned on strongly pseudo-convex domains, an important element in proof is the Levi poly­
nomial ; that is, for each point P £ bM at which the Levi form is strongly pseudo-
convex, it is easy to construct a second order polynomial which vanishes at p and 
such that in a neighborhood U of P all its zeros lie in (u - M )(j{p} . 

L. NIRENBERG and the Author have discovered the following example (see [11]) 
which shows that such functions do not exist, in general even if (*) holds. 

Let (z,w) denote the coordinates on C 2 and define r by : 

r = Re(w) + .8 f M 2Re(z 6) 

the domain defined by r ^ 0 is pseudo-convex , 
the boundary is strongly pseudo-convex outside of the line z = o> Re(w)= 0 
and on this line, condition * holds with j = 4. 

THEOREM. 
'if h is a holomorphic function defined in a neighborhood U of (0,0) 
and if h(o,o) = 0 ; then there exist points (z^w^) and (z^w^) in TJ , 
such that h(zi,wi) = 0 , r(ẑ ,ŵ ) > 0 and r{z^fw^) < 0 . 

In particular, this shows that there is no way of introducing local holomor­
phic coordinates relative to which this surface is convex in a neighborhood of (o»o). 
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