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Nonunique Continuation for Plane
Uniformly Elliptic Equations in Sobolev Spaces

PASQUALE BUONOCORE - PAOLO MANSELLI

Abstract. In the half plane x > 0, a Holder continuous, non zero function u(x, y),
periodic in y is constructed: u has LP (1 < p < 2) second derivatives and it
satisfies a.e. a second order, non variational, uniformly elliptic equation Lu = 0;
moreover u = 0 for x large enough.

Mathematics Subject Classification (2000): 35B60 (primary), 35J15 (secon-
dary).

1. - Introduction

In dimension n = 3, for a second order, uniformly elliptic operator L, with
Lipschitz continuous coefficients in a domain €2, a unique continuation theorem
holds (i.e., if Lu =0 in  and u = 0 in an open subset of €2, then u = 0
in Q) (see e.g. Hormander [6], [7], Miller [8]).

If the coefficients are merely Holder continuous, there are examples of non
unique continuations: the first one was constructed by Pli§ in [10].

A beautiful and sharp example of non unique continuation is in Miller [8]:
he constructs a solution u to a suitable elliptic equation: the solution is, for

. . . _NG
a certain x, the harmonic function: e~V * cos N6y; for x somehow larger the

solution is the harmonic function e~™+D%%cos(N + 1)6z. Putting the pieces
together, he is able to construct a C* solution that, in a finite x-interval,
becomes = 0 and it solves an elliptic equation of the form Lu = 0, without
zero order terms.

In dimension n = 2, the situation is ccmpletely different. There is a
unique continuation theorem for uniformly elliptic equation merely with bounded
measurable coefficients (see [3], [2]; more recent results are in [1], [13]).

However, a closer look shows that the unique continuation holds for so-
lutions to Lu = 0, that have L? second derivatives. So it is natural to ask

Pervenuto alla Redazione il 30 agosto 1999 e in forma definitiva il 11 aprile 2000.



732 P. BUONOCORE - P. MANSELLI

whether an example of non unique continuation for solutions to uniformly el-
liptic equations with L? (1 < p < 2) second derivatives could be found.

We asked ourselves how could be possible to imitate K. Miller approach.
In dimension 3, K. Miller lets the solution quickly decay in x, cleverly working
on the two remaining variables y and z, but in dimension 2 there is only one
variable left.

In our case, one has, for a certain x, the function u = e *siny (that
in R x [—m, ] has one “hump” and one “valley”) and one would like to
transform it, for larger x, into u = e >*sin2y (that has in R x [—m, 7] two
“humps” and two “valleys”), keeping u a solution to an elliptic equation. The
authors’ idea was to create humps and valleys by using the uniformly elliptic
operator first introduced by Gilbarg and Serrin [5], that has tent-like solutions
of the form 1 — (x? + y*)*?2 with L? second derivatives (here A € (0, 1),
1 < p <2/(2—1) < 2). The pieces were glued together by adapting a
technique found in the beautiful example of Safonov [12].

Final problem: How to let the constructed function be a solution to an ellip-
tic equation. The authors used a result of Pucci [11]: if u has negative Hessian,
then u is a solution to an elliptic equation; this fact has been independently,
cleverly and extensively used by Safonov in [12].

Eventually, in {(x, y) € R?: x > 0}, for every p € (1,2), a function u, 27w
periodic in y was constructed, identically zero for x sufficiently large, Holder
continuous with L? second derivatives, satisfying a uniformly elliptic equation
and of the form e™* sin y in a neighbourhood of x = 0.The main result follows.

THEOREM. Let: T ~ (—m, ] be the 1-dimensional torus, A := [0, + 00) x T,
1 < p < 2. There exists a uniformly elliptic equation in A :

An(x, Yurx +2A12(x, }’)uxy + Axn(x, y)uyy =0

a positive constant X and a function u € WP (A), solution to the above equation,
satisfying:

(i) u = e *siny in a neighbourhood of x = 0,
(i) u=0forx > X.

As a consequence, one can immediately construct non zero solutions with
LP(1 < p < 2) first derivatives to second order uniformly elliptic variational
equations (and to first order elliptic systems), that vanish in an open set.

The structure of the paper is the following. In Section 2, preliminary
results are stated: Pucci’s lemma, the gluing theorems and a suitable existence
theorem for a Gilbarg-Serrin [5] type equation. In Section 3 a solution (periodic
in y), in [0, S] x [—m, 7], to an elliptic equation is constructed, that starts in a
neighbourhood of x =0 as e~ siny and becomes ke~>* sin2y near x = S. In
Section 4 the example is constructed and in Section 5 there are remarks and
applications.
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2. — Preliminary results

Throughout the paper, W2?(G), GCR?, will be the space of functions in
LP(G) with first and second derivatives in L”(G) (1 < p < 2). “u is a solution
to an elliptic equation” in G means that u € W2P(G) (at least) and ae. in G
there exist a1, a2, axy € L®(G), such that: (i) for (x,y) € G, (A, n) € R2?,
Mtpr=1

1

0 <& < ay(x, YA+ 2a1(x, y)Au + an(x, y)u? < =

(ii) a.e. in G:
1 an(x, y)uxx + 2a12(x, y)uxy + an(x, y)uyy =0.

In most of the paper, we will deal with functions of two variables x, y 2w —perio-
dic in y. Let T ~ (—m, ] be the 1-dimensional torus. If a function ¢ is
continuous on T minus a finite set of points, where it has removable singularities,
we will sometimes write relations as “¢(y) < K, y € T” without mentioning
the singularities.

W?2P((a,c) x T) will be the space of functions u(x, y), 27-periodic in y,
such that u € W>?((a, ¢) x (—m, 2)).

Bg = Bgr(xo, yo) will be the open ball in R? (or R x T) centered in (xo, yo)
with radius R.

If u € WP, |Dul| := lug| + luyl, |D%ul = luxel + luyy| + luxyl, H, :=
UgxUyy — u,zcy.

The following lemma is a special case of a more general result by Pucci[11].
A 3 dimensional extension is in Safonov [12].

LEMMA 2.1 (Pucci’s Lemma). Let G be a bounded domain in R xT (orin
R?) and let u € CV1(G). Let us assume that there exists a positive constant U such
that:

) UxxUyy — uiy <-U<0 aeinG;

N . . L. 2
then, there exists in G a uniformly elliptic, second order operator L :=a;(x, y) 5‘2; +

2 2, .
2a15(x, y)s%y + an(x, )’)58;2" with bounded measurable coefficients, such that:

Lu=0 a.e. in G.

Next two propositions are “gluing theorems” that allow to patch different
harmonic functions in such a way that the glued function satisfies an elliptic
equation. The technique is a modification of the one in Safonov [12].
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ProposITION 2.1. Let: 0 < 8 < R, Bg_s, Brys open concentric balls and
let GCR? be the ring Brys\Br—_s. Let us define T_ = 3Bg_s, Ty = 3Bpys,
I'o = 9 Bg; let n be the outer normal to I'y.

Assume that w, w_ are harmonic functions in G, satisfying:

(3) w+|F0 = w_ll'o ’
d ow_
@) it ) I
on o on o
92 w_
5) aw; \ 3w2 >0.
n ro n Io

Then, there exists w € C'1(G), solution in G to a uniformly elliptic equation, such
that: w = wy near 'y, w = w_ nearT"_.

ProoF. Without loss of generality we can assume that Bgys, Br—s are
centered at (0,0) and use polar coordinates p, 6.

Then: G={R—8<p<R+8, T ={p=R+68, I'_-={p=R-6},
o = {p = R}.

As a consequence of (4), (5), there exists §; € (0,45), K; > 0, such that,
in|p—R|<é:

©) 3wy —wy>0,
ap
3?2 92
(7) ap2w+ Z Kl apzw— Z Kl .

Notice that shrinking §; does not change K;.
As a consequence, we have:

wy>w_inR<p<R+6, wy<w-inR-68 <p<R;

as w4, w_ are harmonic, we also have:

® — (w-)ea/p* — (w-),/p = K1,
) — (w4)ee/P* — (wy),/p > Ki
in |p — R| < é;.

Now let us notice that (w;)s = (w-)s on p = R; then the function
—w )2
1 (46-2-6)_ ¢ defined in O < |p — R| < &; and it can be extended to p = R

2 pl(wy—w_)
as a continuous function with value 0. By possibly shrinking §;, we may also

assume that, in |p — R| < é;:

1 (wyp — w_p)?

(19 2 pA(wy — w-)

< Ki/4.
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Let € > 0 so small that the set D := {z: |lwi(z)—w-(2)| <€, |p—R| < §;}
is a compact subset of |p — R| < 8, it contains 'y and it is the closure of a
connected component of the open set: {z € G : |lwy — w_| <€}

Let us define:

w:=w; in {R<p<R+\D,
w:=w_ in {R—-§ <p <R\D,

'_w++w_ _6_
'_ 2 +4+ 4e

_— 2,
(w_+__ﬂ in D.

Notice that w € C!(G). We have also:

Wp =Wyp in {R<p<R+\D,
Wp =w_p in{R—8<p<RN\D,

w _ l+lw+—w_ w +1 lw+—w_ w
PT\2 "2 € teT\2T 2 € B

1 .
+ —(wyp —w_p)* in D\D,
2¢
80 w,, is bounded and piecewise continuous in G; similar computation can be
done for wpg, wee; thus w € C!(G) and it has piecewise continuous bounded

second derivatives. ‘
Clearly w is harmonic in G\D; it remains to show that w satisfies an

elliptic equation in D.
In (D\daD)N{R < p < R+ 8}, we have 0 < wy — w_ < € and:

1 1w.,_—w_

Y Ll
2 2 € -2 2 2 € -
thus, by (7):
K,
(11) Wy 1= Wpp = §w+pp = —i_;

and, by (8), (9) and (10): in (D\@D)N{R < p < R +8}:
(12) wy = —wee/p* — wp/p = K1/4.
In (D\oD) N {R -6 < p < R}, we have: 0 < w_ — w4 < €; one can also
prove that (11) and (12) hold in (D\@D)N {R < p < R+ 8}.
Thus, in (D\(dD UTYy)), w satisfies the elliptic equation:

(w2 — wl)wpp + wiAw = 0.

The thesis follows. 0
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Next proposition is a gluing theorem where the derivative, normal to the
interface, changes sign. For later use one has to be precise about the dependence
of the bounds on the data.

ProposITION 2.2. Let @ = (a, B) x T, T' = {32} x T, wy, w; odd and 2 7~
periodic in y, harmonic in Q2 and such that wy = wy = siny on I'. Let us assume
that there exist: a neighbourhood N := (%ﬁ — Bo, ‘—’iz'ﬁ + Bo) x T of T and positive
constants Ky, K, such that, in N\({y =0} U {y = =}):

(13) PP s K, K<<k, (j=1,2);
siny sin y
(14) Dixx | < Ky ('.”"") <K, (j=1,2);
sin y siny/,
(15) Diexxl oKy, (G=1,2).
siny

Then, there exist two open subsets O, O' of Q, suchthat Q@ =0UO0’, 0N 0O’ =
@ and a function w € C1(2) N C2(0 U O’) with bounded second derivatives,
satisfying the properties:

(i) TCOCN, 80'50Q;

(i) w=win 0'N{x < %L}, w=wyin 0'N{x > LL);
(iii) w is harmonic in O’;
(iv) the bounds:

|D2w| <Kz, wywy — wz <-K4<0

y
hold in O, where K3, K4 depend on By, K1, K5 only.

As a consequence of (iii), (iv) and Pucci’s lemma, w satisfies a.e. a uniformly
elliptic equation Lw = 0 in Q.

ProoF. Without loss of generality, we may assume Q = (—a,a) x T,
'={0}xT,0<po<1, N=(—Po,Po) xT.

Let us define: w;

j

vj = (G=12);

" siny
v; and v, are =1 on I'\({0} U {;r}) and can be extended as smooth functions

to N.
Moreover:

(16) Uylr =0, vjylr=0, vilr=1 (j=12).
Because of the assumptions (13), (14), (15), we have, in N:

17 v — V1 > Ky K1 < —vjxy < K> (=12

(18) |vjxx| <K Ivjxyl <K 'vjxxxl <K (G=1L2).
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We have also, in N\I', by Cauchy theorem, (17), (18):

U2y — U1y
V2 —

< 2K,

19) =%

The inequalities (17), (18) imply that there exists O1 = (=1, B1))XT C N
(with B; depending on By, K1, K, only) such that, in O;\I":

5 .
(20) Z = Vjxx = (=12,
_ 2
(v2y v1y) >

1 1
21 —mi R — —.
2n ) min(Vixx, Vaxx) 2|v2 — vy 2

Let us choose € = égﬁ Then an open connected component O of the

subset of {(x, y) € Q: |va(x, y) — vi(x, )| < €} satisfies ‘0COy; let us define
also 0’ = Q\O.
The function w patching w; and w,, can be defined as:

w(x,y):=wy(x,y) in O'N{x > 0};
wx,y): =wi(x,y) in O'Nix <0};

: — 2
wix,y) : =siny | 2% y);rvz(x, y) +§ CICS) 4€v1(x,y))]

_ wy (x, y)-;wz(x, y) +§Siny+

° (lU2(x, }’) - W1(x, y))

(vz(x, y) — vl(x,y))
4¢

in O.

Notice that w(x,y) = wa(x,y) if va(x,y) — vi(x,y) = €, w(x,y) =
wi(x, y) if va(x,y) —vi(x,y) = —¢, so w is C1().

Let us evaluate the second derivatives of w in O: they turn out to be
piecewise continuous and bounded; in O, we have:

Wixx + Waxx i v —
2 2¢

N2
+ (v2x — V1) siny,
2¢

(W2rx — Wixx)

Wyxx =

(22)
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. Vixy + U vy —V
(23) Wyy = SIN Yy [ Lzy 2 20y + 226 l(vay - ley)
+ (v2x — v1x) - (V2 — vly)]
2¢
Vi +v V-V
+ cosy [ = 5 L 226 l(vzx—le)] ,
(24) Wyy = 2 + %€ (w2yy - wlyy)

- 2 )2
+ siny—————(v2y v1y) —siny [6 (2 —w)” } )

2 it %
Thus, w € CH1(Q), w € C2(0)UC?(0’) and the second derivatives are bounded

and discontinuous only on the set of measure zero: |va(x,y) —vi(x,y)| =¢€.
Let us bound the second derivatives of w in O; we have, using (20):

1 —vy)? 3
DX > min(Uasy, i) + (o —vu)” 3,
siny — 2 2¢ 8
as w; and w, are harmonic, we also have, using (21):
-.wyy _ U + V2xx " v — v (V2ex — Vixs)
siny 2 2¢
_ (vyy — v1y)? +|€ + (v2 —v1)?
2¢ 4 4de
| (v2y — vly)2 1
> — —n Y s
Z5 min(Vixyx, Vaxx) Avs—v| -4
Thus, in O:
TWaxlyy 3
(siny)? ~ 32°
By using (17), (19), we have in O: —H,, > K4 where K4 depends on K, K3
only.
From (18): |D,w| < 4K; in O'; and (17), (18), (19), (22), (23), (24)
in O, give (iv). The thesis follows. O

ProposITION 2.3. Let BRCR x T be a ball with center 0 and radius R; let
®D(x,y) = ¢(v/x2 + y2), where p € C*°[0,R), 0 < ¢ <1, ¢ = 1in [0, R/4],
¢ =0in[3R/4, R). Letu be a smooth function on 3B, M a positive number,  a
positive constant B € (0, 1/2). Let L be the uniformly elliptic operator:

32 2
L:=[BP(x,y)+1—P(x,y)] (ﬁ +a—y—2)

(25)
x2 82 2xy 92 y2 32)

+(1=2h)0(.y) (x2 + y? FreRgeea y2 3xdy toT yray?]
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There exists u € W>P(Bg), 1 < p < 2(1 — B), such that:
(26) Lu=0 a.e. in By,

27 ulapg =u;
and the (outer) normal derivatives of u satisfy:

d 32
_u <._M, _u

28
( ) on 3Bg 8n2

Proor. The problem:
Lu=0 in B
ulapg =4
has a unique solution ug € W%2(Bg) (see e.g. [9]), smooth in Bg\{0}; the

function uo is harmonic in a neighbourhood of 3Bz . Let us look for radial
solutions #(x, y) = v(y/x% + y2) to Lu = 0; v satisfies the O.D.E.:

1
(1 —9() + Bo(r)) (v"(r) + ;v'(r)) + (1 =2B)p(r)v"(r) = 0;

the equation has two independent solutions v; = 1 and v, such that in (0, R/4):
() = cr?~ 1A= c#0.

Let us choose ¢ > 0, so that v,(R) = 1; then: v3(R) > 0 and v;(R) <O.
Let us consider the function:

u(x,y) :=up(x,y) + Al — v, ( x2+ yz)) ,

where A is chosen so big that:

82
%\<—M, — Av/(R) —sup | —2| > M.
aB

I ——
(29) Avy(R) + sup o o2

aBg

It is not difficult to show that u satisfies (26), (27), (28). The thesis follows. O
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3. — The shifting solution

The goal of this paragraph is to construct a solution to an elliptic equatlon
that, as x increases in a finite interval, shifts from e *siny to c - e~2* sin2y.
More precisely, the following fact will be proved.

THEOREM 3.1. Let 1 < p < 2. There exist two constants S > 0 and
0<Q< %, a second order uniformly elliptic operator of the form:

(30) Lu := ay(x, y)uxx + 2a12(x, y)uxy + a2 (x, y)uy,

with coefficients a1, ay2, ap€ L®([0, S]1x T) and afunctionug € WP ([0, S]x T),
solution a.e. to the equation Lu = 0 in [0, S] x T, satisfying:
® ug = e *siny in a neighbourhood of x =
o uy= Qe 20"Isin2yina netghbourhood of x =
The function ug, harmonic in a neighbourhood of x = 0and x = S, is piece-
wise C? with bounded second derivatives, except arbitrarily small neighbourhoods
of a finite set of points, where u is Holder continuous.

Outline of the proof of Theorem 3.1

The proof will be carried on in several steps. The solution will be con-
structed as sum of two terms u; and u,.

Most of the proof will be done in [0,b 4+ 1/2] x T, where b > 5 is a
parameter that will be large and it will be fixed later.

Let us denote:

={0} x T, :={} xT, o :=cosh b/ sinh b.

In what follows the calligraphic constants will be positive constants not
depending on b.
Let us outline the strategy used.

Step 1. A preliminary construction of u#; is done. The function u; is
defined odd and s-periodic in the y variable, harmonic in [0, + 1/2] x T,
except four poles where it has a logarithmic singularity; #; =0 on © and its
derivatives ( of order < 3 ) are < Le™® there; u; = sin2y on I'; moreover,
u1/sin2y and its derivatives ( of order < 3 ) can be extended as functions
bounded (uniformly with respect to b) in (b —§8,b+8) x T (§ not depending
on b) and u;,/sin2y < —10 there.

Step 2. The function u;, defined in step 1, is changed in a neighbour-
hood O; of T and extended to [0, + 0co) x T. This is done by gluing, around
x = b, u; (as defined in Step 1) with e2¢~? sin2y, using Proposition 2.2.
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The resulting function, again called u;, is harmonic (with poles), except in O;.
In O;U[b,b+1] x T: |D%uy| <D and (u1xy)® — Urxxtéryy = W > 0. The
constants D and W do not depend on b. By Pucci’s lemma, u; (outside of the
poles) satisfies an elliptic equation in [0, 4+ 00) x T.

STEP 3. The construction of u; is done.

If b is large enough, a function u; can be defined in (— oo, b]x T, C!'! with
piecewise continuous bounded second derivatives, harmonic in ((— oo, —7 —1)U
(0, b)) x T, satisfying an elliptic equation in (— o0, b)) x T and:

U =e *siny in [—o0,—r — 1] x T,
H, <-1, |D%uy| <12 in [-1,0] x T;
u; =0 onl";

|Du| + |D?us| + |uzexyl < 2/sinhb  onT.

STeP 4. Our goal will be to sum up u; and uy: as they are defined in
different sets, one may define u; in x < 0 and u; in x > b, so that:
(i) 1 =0in (— oo, —11xT; |H,,| < F2L?e™?, |D*u;| < LFe? in [-1, 0] x
T,
(i) w2 =01in [b+1,400) x T; |Hy,| < F2/(sinhb)?, |D%uz| < F/(sinhb) in
[b,b+1]xT

(the constants F, £ do not depend on b).

The function u3 := uj; + uy equals e *siny in (—oo,—mw — 1] x T and
26D sin2y in x > b+ 1 and it is solution to an elliptic equation in E; :=
(—00,—11xTU ([0,b] x T\ O1) U [b+1,400] x T (poles excluded).

Let us look at u3 in Rx T\ E;. To let u3 be solution to an elliptic equation
in [-1,0] x T, let us notice that, in that set, H,, < —1, |H,,| < F2L%™2,
and |D%uy| < 12, |D%uy| < LFe™?; then, if b > by, Hyj4u, < 0in [-1,0]x T,
and u3 is a solution to an elliptic equation there.

Similar procedure is done in O; and in [b, b+ 1] x T\ O;, namely, choosing
b sufficiently large , one can let u; 4 u; solve an elliptic equation there.

Then u; (outside of the poles) is C!'! (with piecewise bounded second
derivatives) and has negative Hessian in R x T\ E;; then, it is a solution to an
elliptic equation there, by Pucci’s lemma.

Step 5. In this step one takes care of the poles (using the first gluing
theorem) by changing the solution, in a small ball around them, to a W2?
tent-like solution of a Gilbarg-Serrin type equation.

We get a function #3 in R x T, solution to an elliptic equation, with the
properties: u3 = e *siny for x << 0, and u3 = c-e *sin2y for x >> 1,
us € W2Pla,c] x T, —00o <a <c¢ < +00, 1 < p < 2. Using this function,
the theorem is easily proved.

Let us proceed to the detailed proof.

StEP 1. Preliminary construction of u; in 0 <x <b 4 1/2.
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LemMMA 3.1. Foreveryb > 5, in[0,b + 1/2] x T, there exists a function u;
with the properties:
(i) u, is odd, m-periodic in y, harmonic in E = [0, b + %] x T\{(b -1, —-%n +
kn/2), k=0,1,2,3}, and; uile =0, uy|r = sin2y.
(ii) There exist constants 0 < 8§ < 1/4, K > 0 (both not depending on b), such
that, in Og := (b —8,b + 6) x T, uy/sin2y and its derivatives with respect
to x, y can be extended as continuous functions, satisfying:

Uix Ulxx

-K=<-= <-10 - <K,

31 sin2y sin2y
@D ( Ulx ) Ulxxx <K
sin2y /|~ sin2y| —

(iii) There exists L > 0 (not depending on b) such that:

luixle < Le™®

|uixxlo < Ee_b
—-b

Iulxylé) =< Le

-b
lu1xxxleo < Le™.

(32)

(iv) Near (b —1, —37” + k%), k =0, 1, 2, 3 the function u, is of the form:

s

~ 3 2
up =t +DH*A  log ((x —b+1)2 4+ (y +37 —k%) )

where A > 0 does not depend on b, u, is harmonic in a neighbourhood of
b-1,-37n+k1)k=0,1,2,3.

PrOOF. As u; is odd and m-periodic in y, it is sufficient to define it in
Eo:=1[0,b+1/2] x [0, w/2]\{(b — 1, T /4}.
Let us look for u; of the form:

sinh2x
sinh2b

(33) ui(x,y) = sin2y + A;1g(x, y),
where A, is a positive constant that it will be chosen later (not depending on b)
and g is defined, for a moment, as follows: on Fy := [0, b] x [0, w /2], g is the
Green function, with pole (b—1, 7/4), to the problem Au = 0 in Fo, ulsr, = 0.
Notice that g can be extended as an harmonic double periodic function,
with periods 2b in x and 7 in y, odd with respect to x and y, to all the plane,
except a countable grid of points; g can be written as —log| f(z)|, where f is a
meromorphic, double periodic, elliptic function on the complex plane (Courant-
Hilbert [4], Vol. 1). The function u; is then defined in Ey and satisfies (i)
and (iv).
It remains to prove (ii) and (iii).
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The proof of (ii) will be carried on in four remarks.

Checking g(x, y) against the Green function for the half plane x < b, and
the Green function for the rectangle [b — 4, b] x [0, /2] with pole in the same
point as g(x, y), the remarks below can be proved.

REMARK 3.1. g and its derivatives of order < 4 are bounded, in [b— %, b+
11x T, by a constant not depending on b.

REMARK 3.2. There exists a constant Ky, not depending on b, for which:

&b, y)

34
34) sin2y

=<-Ko yeT.

From Remark 3.1, next remark follows.
ReMARK 3.3. The following inequalities hold in [b —1/4,b+ 1/4] x T:

.g <K, .gx < .gxx <Ki,
sin2y sin2y sin2y
(35)
( 8x ) 8xxx .
sin2y /| ~ sinzy| ="
the constant K; is positive and does not depend on b.
REMARK 3.4. Proof of (ii), Lemma 3.1.
We have, in [0,b+ 1/2] x T:
36) ui(x,y) _ sinh2x glx,y)
sin2y  sinh2b ' ' sin2y
and on I':
(b, y) _2cosh2b g:(b.y) _, AiKo.

sin2y — sinh2b ) sin2y
Let us choose A; such thatt 4 — 41Kg = —10. In |x —b| < 6§ =
2/(24 4+ A1K)):

Ulxx sinh(2b + 1/2) Sxx
— <24 K
sin2y| = son2s T s = A+ Ak,
ulx(x, )’) — ulx(b’ J’) + ulxx(éy y) . (x _b)

sin2y  sin2y sin2y
<-10+ 24+ A1K1)5 < -8.

The first of the bound in (ii) follows. The remaining inequalites are con-
sequences of the bounds (35) and the representation (36). The bounds (ii) are
proved. a
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The proof of (iii) will be carried on with two remarks.
REMARK 3.5. Let 0 <y < m/2; then:

(37 0<g®/2,y) <Ly

(where £, is a positive constant not depending on b)

ProoF. Let G(x,y) be the Green function for the ball centered in (b —
1, 7 /4) and radius the distance of the point from the left corners of Fy. Clearly
g(x,y) <G(x,y) in Fy. As b>5 and:

1 b/2—b+ 1)+ (y —n/4)?
8(b/2,y) = G(b/2,y) = —5—log A /\/(b _+1)z) ++(7(:;4)2n/ :

Remark 3.5 follows. O

REMARK 3.6 Proof of (iii).
In [0, b5/2] x [0, w/2], u; is of the form:

2, sinh2nx
(38) U = Z - cp Sin2ny
ot sinhnb

where:
u1(b/2,y) ~ > casin2ny.
n

As a consequence of previous remark:

. R sinhb
<
lcn sin2ny| <2 [AIC‘ + sinth]

<2[A1L) +1]

(the constants on the right-hand side do not depend on b). Last inequality
and (38), give (32). a

STEP 2. Construction of u; in 0 < x < 4+ 00.

LEMMA 3.2. There exists in [0, + 0o] x T a function (again called) u,, with

the properties:

(i) u, is odd, m-periodic in y;

(ii) u; is harmonic in [0, + 00] x T minus a neighbourhood O, of T" and the points
{b—1,-37 +kn/2), k =0,1,2,3); in [b,+0) x T\ Oy, us(x,y) =
e 26D gindy;

(iii) in O1U[b, b+1]xT, u; has piecewise continuous, bounded second derivatives
and:

|D2u1| <D, UixxUlyy — u%xy <-W

where the positive constants D, W do not depend on b.
(iv) u; satisfies (iii), (iv) of Lemma 3.1.
(V) u; (outside of the poles) is a solution to an elliptic equation in [0, 4+ oo] x T.



NONUNIQUE CONTINUATION FOR PLANE ELLIPTIC CURVES 745

ProoF. Let u; be the function constructed in Step 1 (in [0, b + 1/2] x T);
let us make the change of variables x’ = 2x, y' = 2y and let us define:

wi(x,y) = (x'/2,y'/2);

w; is harmonic in [2b—1/2,2b+1/2]x T, odd in y’, 2w-periodic, w;(2b, y') =
siny’, and the bounds (31) give us in Q := (2b —25,2b+ 28) x T:

w) Wyx/x!

—K2< X <5, |22 <K/4,
siny’ sin y’
(i‘—) <k, M) g
siny’ / sin y

Let us extend wy, by gluing it to wy := e~ =2 siny’, across Iy = {2b} x T
in Q. Notice that w; and w, satisfy the hypothesis of Proposition 2.2, with
constants not depending on b; to show this fact, it is sufficient to compute, in
|x" —2b| < 28:
2 T lluw >—e @M 5> 25> 21550
siny

(as 0 < & < 1/4).

By Proposition 2.2, there exist OCCR, 0DIy, O’ = Q\0 and w €
C1(Q), w € C%(0 U O')(with bounded second derivatives), such that w = w;
in O'N{x’ <2b} and w = w; in O'N{x’ > 2b}. In O:

(39) ID*w| < D/4,  (Wyry)? — wyrpwyy = W/16
where the positive constants D, W do not depend on b.
Let us change the variables back to x = x'/2, y = y'/2. Let O; = {(x, ) :
(2x,2y) € 0}, O1 = {(x,y) : (2x,2y) € O'}.
Let us call again u; the new function, defined in [0, +00) x T as:
u; = u; (old) in [0,b] x TN O
uy = e 2 Psin2y in [b, +00) x TN O]
u; = w2x,2y) in O;.

The new function u; satisfies (i) and (ii) of the present lemma and (iii), (iv)

of Lemma 3.1; in Oj:

|D?ui| <D,
(40) )
(U1xy)” — Urxxttiyy = W > 0,

with D, W positive constants not depending on b. In [b,b+ 1] x T \ Oy:
|Dauy| < 4, u%xy — UlxxlUlyy = e~*; so, by possibly changing D, W, one can
assume that (40) holds true in [b, b+ 1] x TU O;. Thus, u, satisfies (v). O

Step 3. Construction of u, in —00 < x <b.
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LEMMA 3.3. There exists by > 5, such that, if b > by, a function u, can be
defined in (— 00, b] x T, with the properties:

(i) up € CV! with piecewise continuous bounded second derivatives, u; is har-
monic in ((— 0o, — — 1) U (0, b)) x T, and it satisfies an elliptic equation in
(—00,b) x T;

(ii) the following facts hold:

up =e *siny in[-o00,—7—-1]xT,
H, <-1, |D%up| <12 in[-1,0] x T;
u =0 onT;
2
2
|Duz| + | D uz| + luaxxyl < L r.

Proor. Given b > 5, let us define, for a moment, u; in x € [—1,b] as
follows:

inh(b —
u2=%gi)-siny in [0,b] x T,
us = e “*siny in [-1,0] x T;

notice that:

uz|r = uzylr = uzyylr = Uxxylr =0,
Uzx|r = —siny/sinhb, uyyy|r = —cosy/sinhb,

so the last of (ii) holds.

On the other hand:
uzle =siny

Uxle = —wsiny
so up € CV! across ©, u € C? in [—1,b] x T\®, with piecewise continuous

and bounded second derivatives, u, is harmonic in [0, b] x T, u, satisfies the
elliptic equation:

(41) Ux + Uy, =0 in [-1,0] x T.
As b>5,1 < w < 1.0002 is “almost 17, so uy is “almost” harmonic and:
|D%us| <12, H,y < -1

in [-1,0] x T.

Now, let us define u; in x < —1. Let:
o@)=1 ift<0
o(t)=w ift>nm

40 1-ow

o) = ——+—

42)
cost in0<t<m;
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the function u, can be defined, in x < 0, as:

uz(x, y) == e ¥+ Mgy,

Notice that:

u(x,y) =e “*siny in —1<x<0,

ur(x,y)=e *siny in —oo<x<-m-—1;

so the new definition matches with the previous one and (ii) is proved.
We have: 6(0) =o(r) =0, 0(0) =1, o(r) = w; then:

Uz (x,y) = e—-xor(x+1+n)(_o_ — x6)siny

is continuous in x < 0. Thus u; € C"!, with piecewise continuous bounded
second derivatives and it satisfies the second order partial differential equation:

(43) 0 = Uex + [(0 +x6)* — 26 — x5 1uyy

Let us assume:

H1: 1% conpITION ON b. Let by > 5 so large that, for every b > by, w is
so close to 1, that:

in [0, ].

N =

o+ —-1-m)6PP—26—-(t—1-m)6 >

If we assume H1, then the partial differential equation (43) becomes elliptic
and u, satisfies an elliptic equation (43), in x < 0: (i) is proved. O
The lemma is proved.

STeP 4. (Putting the pieces together)

LEMMA 3.4. There esists a constant bs such that, if b > bs,a function us can
be constructed, with the properties:

(i) outside of arbitrarily small balls centered in four points, (b — 1, —37 /4 +
kn/2), k=0,1,2,3, usis CUl[—m —3, b+ 2] x T; into the balls u is of the
form given by (iv) of Lemma 3.1;

(ii) u3 =e*sinyin(—oo,—mw —2] x T;

(ili) uz =e2¢Dsin2yin(b+1,+00] x T

(iv) uj is a solution to a elliptic equation in [—m — 2, b+ 2] x T and u3 is harmonic
in a neighbourhood of x = —mw — land x = b + 2.
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Proor. Our goal will be to define us as u; + up, but first we have to
define u; in x <0 and u; in x > b.
Let ¢ € Ci°(—1,1), ¢ odd, ¢'(0) =1 and let

F:=1000- sup |o|+ || + |¢"|.
[-1,1]

Let us define u; in x <0 as:
44) u1(x,y) = e(x)u1x(0, y);

notice that uy,u;, are continuous across ©; uix(x,y)lx<0 = ¢'(x)u1x(0, y).
Therefore, u;, is continuous across ®. In —1 < x <0, we have:

(45) |Hy | < C2F%™ %, |Dyuy| < LFe™

and
ur =0 inx <-1.

Let us define u; in x > b, as:

p(x—b) .
us(x,y) = o(x — buz, (b, y) = ————sin
2(x, ) = ¢( Juzx(b, y) Sinth y
Again u,, uz, are continuous across I'; moreover uz, = —‘“’—Is(i"ﬁ‘b’—’l sinyinx >b

matches with uy, in x < b. Thus uy is C'!, u =0 in x > b+ 1 and in
b<x=<b+1:

2

(46) |Daus| <

ool = a2 Sinhb

Let us define now:
us=u;+up.

Let us show that, for a suitable choice of b, u3 is the function we are looking
for. Let us make four more assumptions.

(H2): 2" conDITION ON b. Let by > b; so large that, for every b > b;:
—N; = =1+ F2 L2 ? L FLe™® <0.
(H3): 3™ coNDITION ON b. Let b3 > by so large that, for every b > b;:

2sinh(1/2) + 2cosh(1 /2)) -0

—/\/3:=—W+D( prans

(H4): 4™ coNDITION ON b. Let by > b3 so large that, for every b > by:

F? DF

N = — 0.
Nai= Wt i + b <
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(H5): 5™ coNDITION ON b. Let bs > by so large that, for every b > bs:

PR A
(sinhb)? ' sinhb

—Ns = —e* 0.

Now let us fix b > bs and let us check the properties of us.

(a) if x < —1, we have u3 = u;, uz is a solution of an elliptic equation there
and u3 =e*siny in x < —mw — 1.

(B) in [-1,0] x T u3 = u; + us € C%([—1,0] x T); let us compute H,,: we
have, by (ii) of Lemma 3.3, (45) and condition H2:

Hy, = H,| + Hy, + U1xxlizyy + Uiyyloey — 2U1xylory < —N2 <0,

therefore, by Pucci’s lemma, u3 is solution to a uniformly elliptic equation in
[-1,0] x T. 4

(y) in [0, b] x T\ Oy, u3z is harmonic (but for the four poles, that will be fixed
later).

®) In O;N[b—7,b] xT, us € C"! and has piecewise continuous bounded
second derivatives; let us compute H,,: we have by (iii) of Lemma 3.2 and
(H3):

H,, = Hy, + Hy, + urxxioyy + Uiyylorex — 2U1xylzey < —N3 <0,

thus, by Pucci’s lemma, u3 is a solution to a uniformly elliptic equation in that
set.

(¢) in O N[b,b+ %] x T, uz € C! and has piecewise continuous bounded
second derivatives; by (iii) of Lemma 3.2, (46) and (H4): H,, < —N; < 0;
again, by Pucci’s lemma, u3 is solution to a uniformly elliptic equation in that
region.

) in [b,b+1]1 x T\ Oy, u3 € C! and has piecewise continuous bounded
second derivatives; by (46), (ii) of Lemma 3.3 and (H5): H,; < —N5 <0, so
u3 is solution to an elliptic equation in that region.

(m in [b+1,4+00) x T, uz = u; = e 26-Ysin2y is harmonic. O

STEP 5. Smoothing of u3 and proof of Theorem 3.1.

The function u3 constructed in Step 4 has all the properties we were looking
for, except that it is discontinuous at x = b — 1, y = £n /4, £(3/4)w where it
has poles. Let us change u3 in a neighbourhood of these points to make it a
W2P function (p arbitrary, 1 < p < 2). It suffices to do this for x = b —1,
y=mn/4
Let us recall that, in a small neighbourhood of (b — 1,7 /4), uj is of the
form:

us = Alog(1/[(x — b+ 1)* + (y — /4] + U3(x, y)

where A > 0 and u3(x, y) is harmonic.
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Let Bg the ball of center (b — 1, /4) and radius 0 < R < 1/8. We have
on dBg:

|
u3 (aBg =Alogi+u .

R

U3ip aBR ="‘E+gn 2B )
R

U3nn 3B = — +linn )
R? 3B
R

(n outer normal to dBg). Let us choose R so small that u3, < 0 and u3,, >0
on dBg and ByrCFp.

Now let us use Proposition 2.3. In By there exists w_, solution to Lw_ =0
in Br (where L, w_ satisfy (25), (26), (27), (28) with B € (0,1 — p/2)) such

— dw_ : duz w_
that w_|sp, = uslapg, Maxyp, —,.—| < mingg, 32, and Wlagk > 1. As the

difference w_ — u3 is harmonic in By \ B3g/4 and vanishes on 9Bg, it can
extended harmonic to Bsg/s.

Now Proposition 2.1 can be used with 0 <8 < R/8 and the extended w_
can be glued with wy =wu3in R—3§ <p < R+34.

From now on let us call u3 this new glued function. u3 € W2P(Fp) and is
the same as old u3; outside of a small ball around (b—1, 7/4). Doing the same
with the other poles we get a function, again called u3, with the properties:

u3=e*siny in (—oo, -7 —2]x T

uz =e26Bsin2y in (b+1,+00] x T

us is WoP[—xr —2,b+2] x T

u3 is a solution to a elliptic equation in (— 00, +00) X T and u3 is harmonic

in a neighbourhood of x = —w — 1 and x = b + 2.

PROOF OF THEOREM 3.1. Define S:=b+7 +4, Q :=e "6

uo(x, y) :=us(x —m — 2, y)e~*+?
in [0, S]x T. Then uo € W2P([0, S]1x T), it is a solution to an elliptic equation
in [0, S]x T, ug = e~* sin y in a neighbourhood of x =0, ug = Qe~2¢~5 sin2y
in a neighbourhood of x = S. Moreover, 40 < 1. O

4. — The existence theorem

THEOREM 4.1. Let A :=[0,4+00) X T, 1 < p < 2. There exists a uniformly
elliptic equation in A:
47 A (x, Y)uxy +2A12(x, Y)uxy + An(x, y)uyy =0
a positive constant X and a function u € W2 (A), solution to (47), satisfying:
(1) u = e™*siny in a neighbourhood of x =0,
() u=0forx > X.
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ProoF. Let ug be the function introduced in Theorem 3.1 and defined in
[0,S]xT; let 0 < Q <1/4, S > 0 be the constants defined in that theorem.
Let us define:

— 2
J = ” D7uo ||LP([0.S]XT)
s0:=0
) 1 1
Sk.=s 1++§7¢——1 =sk—1+S2_k:T k=1,2,
o0
X:= (sx—se-1) = 28.
k=1
Let x € [sk—1,5¢] (k=1); y e T; let:
(48) £:=2""x—s5ec1), n:=2""y;
let us define u in [sz—1, k] x T, k=1,2,..., as:
(49) u(x,y) == Q" 'uo(€, n);

in [0,51]: u = uo.

It is not difficult to see that u is defined in [0, 2S) x T, and harmonic in
a neighbourhood of x = s, (k=1,2,...).

But for a countable set of points, u € Cll.jcl ((0,28) x T); let us prove that u
is solution to an elliptic equation.

Let uy be solution to:

(50) a1 (§, muoes + 2a12(&, nuogn + a22(§, Muoetan =0

in [0, S] x T. Then, in [sg—1,se] x T :

U (x, y) = 226D O Ny (£, 1),
Ugy(x, y) = 226D 0" lyge (6, 1),
Uyy(x, y) = 226D o+ 1y &, 1),
where &, n are given by (48). Then, in [s¢—1,s¢] x T, u satisfies the elliptic

equation:
Angy +2A0uyy + Anuyy, =0,

where:
Aij(x,y) = a;j(2* ' — s, 26 y) 1< j<2.
From (49): -
hk_mlgﬁﬂ [ul = @ [0.‘%%'"""

then u is continuous in [0,2S] x T and ¥ — O uniformly as x — 28§.



752 P. BUONOCORE - P. MANSELLI

Let us prove that u € W2P([0, 2S] x T) (1 < p <2). We have:

[0 g =35 [ 85 10t
u — x ulx,y Yy
LP([0,25]xT) k=1 YSk-1 0

X 1 s 2
=3 ——@QyPe-D 2 »
£ 2k “4Q) /0 d&/O |D“uo(&, n)I? dn

00 k-1
(B
k=1 2

To prove that u can be extended as =0 in x > X =28, it is sufficient to
show that u, has trace a.e. zero on x = 2S. We have:

2 21
/0 lux2S, Y)IP dy < /0 lux sz, )17 dy

28 2
+/ dx/ |D%u|P dy;
Sk 0

and |us(sx, ¥)| = [(2Q)*sin2¥y] — 0 as k - + o0, sy — 285; then:

2
/0 lux(2S, y)I? dy = 0;

therefore, u can be extended to zero in [2§, + 00) X T and the extended function
is in W2P([0, + o0) x T). O

5. — Applications

Let us make comments on the counterexample constructed.

Let us note 'that the summability exponent p can be chosen as close to 2 as
one wants. Infact, the function constructed is “almost” C!!, but for a countable
set of points. In small balls around these points, the choice of 8 in the Gilbarg-
Serrin type operator depends upon the summability exponent p; if p / 2, then
B \\ 0; that means that, to get close to p =2, one has to make the ellipticity
constant small.

It is reasonable that, if one fixes py € (1, 2), then there could exist a(pyp),
such that, if L is of the form (30), with ellipticity constant > a(py), then there
could be unique continuation for solutions W2? to Lu =0, (po < p < 2).

Easy consequences of Theorem 4.1 are the following facts.

THEOREM 5.1. The unique continuation property does not hold for solutions to
elliptic systems that are W7, 1 < p < 2.



NONUNIQUE CONTINUATION FOR PLANE ELLIPTIC CURVES 753

ProoF. Let us use the notations and the results of previous section. Let u
be the function, defined in A, introduced in Theorem 4.1. Let v := u,, w :=
—uy,Z := v+iw. Then: (i) Z € WLP(A); (i) Z =0 in x > X; (iii) Z
satisfies the elliptic system:

e = 2A12w Azzw

X — . Wx > Wy

{ An An
—vy = wy.

Then Z is a counterexample to the unique continuation property (thm. p. 261
in [2]). O

THEOREM 5.2. Let A asin Theorem4.1; there exist: avariational, second order,
uniformly elliptic operator L, a positive number X and a function w € W>P(A),
satisfying Lyw =0andw=0inx > X.

ProoF. Let us use the notations and the results of previous section. Let
u be the function, defined in A, introduced in Theorem 4.1. Let ¢ € C®°(A),
¢©0,y) =0,y € T. Then:

2A A
0= / (un + —lzu,ry + -—iz-uyy) ¢ydxdy
An An

2A A
—/ [uxy¢x ( 12 Uxy + uyy) ¢y] dxdy

Let w := —uy, then:

2A A
/ [wxqu + (———nwx + —zlwy) ¢y] dxdy = 0
A A

ie. we WVP(A),1 < p < 2 and it satisfies the second order, uniformly
elliptic, variational equation:

2A12 A22 )
— Pl =0
wxx+( ” wy + llwy y—

and w=01in x > X. O
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