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Partial Regularity of Free Discontinuity Sets, I
LUIGI AMBROSIO - DIEGO PALLARA

1. — Introduction

In the last few years new variational problems have been studied, where
the functionals involved depend on a variable closed set X and a function
which is smooth outside K (see e.g. [3], [4], [7], [13], [17], [18], [24]): such
problems have been called free discontinuity problems (notice that K is not
necessarily a boundary). The canonical example of free discontinuity problem
is the minimization of the so-called Mumford-Shah functional

(1.1) Gwu,K) = / [IVu? + (u — g)*)dx + H* 1 (K) ,
o\K

where Q@ C R” is an open set, g € L®(R2) and H"*"! is the (n — 1)-dimensional
Hausdorff measure in R". In the two dimensional case, this functional has been
proposed (see [24], [23]) as a variational model of image segmentation: g is
the grey level function giving the image to be segmented, X is the competing
segmentation, and u € C!(Q \ K) is the smoothed approximation of g. The
proof of the existence of minimizing pairs (K, u) is due to De Giorgi, Carriero
and Leaci (see [19]): they relax the problem in the space SBV of special
functions with bounded variation introduced in [18], where a weak solution is
known to exist (see [3]), and then prove that from any weak minimizer in SBV
a minimizing pair for the original functional can be constructed. A different
proof in the planar case is also given in [14].

The singular sets K of minimizers are known only to be rectifiable, but
are expected to be piecewise regular (see [17]). The main aim of this and of
the subsequent paper [6] is to prove some results in this direction (see [15],
[16] and [8] for some results in the case n = 2 and [25], where the main
results of our two papers are summarized). More generally, we study a class
of perturbations of the functional

(1.2) Fu,K)= / |Vul?dx + H"(K)
Q\K

Pervenuto alla Redazione il 4 aprile 1996.
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which is suitable to encompass G, and we prove that if (K,u) is a quasi
minimizing pair in Q and |Vu| belongs to the Morrey space L>*(2) for some
A >n—1, then K is a C* hypersurface outside a relatively closed, H"~1-
negligible singular set (see Theorem 3.1 and the subsequent remarks).

The main difficulty in facing the regularity problem for (quasi) minimizers
of F relies in the necessity of dealing at the same time with an elliptic term
and a surface integral; this can perhaps be more easily seen by looking at the
first variation formula (see [12]):

(1.3) /[IVulzdivn —2(Vu, VuVn)] dx + /div’n dH" 1'=0
Q X

(where div® is the tangential divergence along K) which holds for any vector
field n € C(; (2, R") and any local minimizer u of (1.2). In fact, the surface
integral in (1.3) is the first variation of area, hence (1.3) shows that the mean
curvature of K is related to the Dirichlet integral of ¥. Thus, even though
we have taken as a starting point the regularity theory of minimal surfaces,
as it has been developed in the context of varifolds by Allard in [1], it has
been necessary to adapt these ideas to the peculiar form of the term controlling
the mean curvature of K. In particular, we borrow many ideas from Brakke’s
book [9], where the properties of varifolds with mean curvature in L' are
analyzed. However, to make the paper more self contained, we will not directly
use results from the theory of varifolds.

In this paper we do not treat the regularity problem in full generality,
because of the a priori assumption |Vu| € L%>*(Q) (see Remark 3.3): this hy-
pothesis will be removed in [6] by means of a suitable decay lemma for the
Dirichlet integral which will be the natural counterpart of the flatness improve-
ment Theorem 6.2 of this paper. Looking for decay properties of the Dirichlet
integral is a natural approach, because u solves a Neumann problem in the
domain 2\ K, which has a highly irregular (a priori only rectifiable) boundary,
hence no apriori estimates on the Dirichlet integral of u near K are available.
A similar approach to the the regularity of free interface problems has been
developed by Lin in [22].

Before passing to a brief description of the paper, we point out that the
techniques developed here are suitable to be further exploited and applied in a
large class of free discontinuity problems (see also Remark 3.4), leading likely
to a general scheme for the proof of similar regularity results.

The content of the paper is the following.

In § 2 we collect a few notions and notations which are needed in the sequel,
and give the definition of quasi minimizer; the main density properties of quasi
minimizers are studied in § 4 and pave the way to the main geometric results of
§ 5, namely the Lipschitz approximation Theorem 5.2 and Theorem 5.3, which
gives a sufficient condition in prder that a portion of K be a C'* graph.

The main point in the proof of Theorem 3.1, presented in § 7, is checking
the hypotheses of Theorem 5.3, and this will pass as usual through an iterative
procedure applied to the flatness improvement theorem of § 6.
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2. — Notations and statement of the problem

2.1. — Rectifiable sets, approximate tangent space

The dimension n > 2 of the ambient space R" will be fixed throughout
the paper; since we will often deal with (n — 1)-dimensional sets, we will use
m for n — 1. We indicate by w, the measure of the unit ball in R”.

In this paper H™ denotes the m-dimensional Hausdorff measure in R”,
H™L E the measure H™ restricted to the set E, 6,,(E, x) the m-dimensional
density of E at x and G, the Grassmann manifold of m-planes in R*. Each
T € G, will be identified with the matrix (7;;) representing the orthogonal
projection onto 7 with respect to the canonical basis {ej, ... , e,}; the distance
IS — T|| between two m-planes is the euclidean norm of the matrix S — 7.

DerFINITION 2.1 (rectifiable sets) (see [20, 3.2.14]). We say that E C R" is
ygountably (H™, m)-rectifiable if H™-almost all of E can be covered with a sequence
of C! hypersurfaces T, i.e.

H’”(E\Gl‘i) =0.
i=1

We say that E is (H™, m)-rectifiable if E is countably (H™, m)-rectifiable and
H™(E) < +o0.

The approximate tangent space Tan™(E, x) of a (H™, m)-rectifiable set E
at x is the m-plane S such that, setting E, = p“‘(E — x), we have

lim Ef B()aH™(y) = S/ POIAHY) Vo e CYRY).
P

The map x — Tan™(E, x) is defined H™-a.e. on E and is H™-measurable (see
[20, 3.2.25]). When integrations are involved and no confusion is possible we
shorten Tan™(E, x) to S,; for instance

/ IS, — T2 dH"
E

denotes the mean square deviation of the approximate tangent space from a
given m-plane T (this quantity, which is usual to call tilt, will be crucial in the
Lipschitz approximation Theorem 5.2).

Finally, we recall that any Lipschitz continuous function f : R* — R"
maps (H™, m)-rectifiable sets into (H™, m)-rectifiable sets. If f is one-to-one
then H™ ( f (E)) can be computed using the area formula (see e.g. [26 § 8]]):

@.1) H(F(E)) = / In(f, Sx)dH™,
E
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where by definition J2 (f, S) = det(df|s) "o (dfl|s) for any m-plane S. We will
often use (2.1) with f(x) = @, (x) =x + e¢(x), ¢ € Cj(R",R") and ¢ small;
in this case

d 3¢
@2 —In(®e, )| =divs = Z S0

<

for any m-plane S.

2.2. - SBV functions and:free discontinuity problems

Let Q C R" be a bounded open set and let u € BV(£2), i.e. a function
with bounded variation in 2. We denote by S, the jump set of u, defined as
‘the complement of the Lebesgue set of u:

x ésu < 3JzeRst lin})p‘” / lu(y) —z|dy =0.
p—>
Bp(x)

It is well known (see for instance [20, 4.5.9(16)]) that S, is countably (H™, m)-
rectifiable. The vector measure Du representing the distributional derivative of
u can be decomposed into absolutely continuous part Vu and singular part D°u
with respect to the Lebesgue measure L£". It is clear that u belongs to the
Sobolev space W!(Q) if and only if Du = Vul", or D’u = 0.

DerINITION 2.2. (SBV functions) We say that u is a special function with
bounded variation in €2, and we write u € SBV (2), if D°u is supported in S,,,
ie., |[D°u|(R2\ S,) =0.

The space SBV has been introduced in [18] to give a rigorous mathematical
formulation to several variational problems involving both a “volume” energy
and a “surface” energy. The main feature of such problems, also called free
discontinuity problems, see [17], is that the surface energy is supported on a
set which is not fixed a priori and is not necessarily a boundary.

The model problem has been suggested by Mumford and Shah in [24].
Given g € L*(R2) and «, B > 0, we look for minimizers of the functional

(23) Gu,K) = / [IVul* + a(u — g)*] dx + BH™ (K N Q)
Q\K

where K is a closed subset of R” and u € C1(Q\ K). We refer to [7], [24] for
the relevance of this problem in computer vision theory and some properties
of minimizers; here, we want only to emphasize that, by minimizing G, one
looks for a “piecewise C! approximation” of g.
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Existence of minimizers is achieved passing through a weak formulation
of the problem in SBV(£2), namely, minimizing the functional”

f(u) = / (IVal? + a(u — 8)*] dx + BH™(S.) -
2

The equlvalence between the strong -and weak formulation of the problem has
been proved in [19], whereas the existence of minimizers of F easily follows
from a compactness property of SBV first proved in [2] (see also [5D.

"THEOREM 2.3. (compactness theorem) Let (uz) C SBV(R2) NL>Q), p > 1
and assume that

sup { / |Vun|? dx +’H’"(S.,h) + ||uh||°°} < 400.

Then, there exists a subsequence (up,) converging in LY(Q) tou € SBV (). More-
over, Vuy, weakly converges to Vu in L?(2, R") and H" LS, e weakly converges
in 2 to a measure p such that . > H™ LS. '

2.3. — Quasi minimizers

We are interested in the interface regularity of solutions u € SBV.(£2) of
variational problems whose leading term is

/ |Vul?dx + BH™ (S, N Q) .
Q

Our model is the Mumford-Shah functional described above. By a scaling
argument, it is not restrictive to assume g = 1.

DEeFINITION 2.4. (local minimizers) We say that u € SBVi,c(R2) is a local
minimizer in Q if

(2.4) /|Vu|2dx +H" (S, NA) < +00 VAccQ
A

and
/ |Vul?dx + H™ (S, N A) < /IVv|2dx +H"(S, N A)
A A

whenever v € SBVo(R2) and {v # u} CC A CC Q.
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DEFINITION 2.5 (quasi minimizers). We will call deviation from minimality
Dev(u, 2) of a function u € SBVio.(R?) satisfying (2.4) the smallest A € [0, +00]
such that

/|Vu|2dx+u"'(s,,nA) §/|Vv|2dx +H™(S,NA) + 1
A A

Jor any v € S BV (R2) such that {v # u} CC A CC Q. Clearly, Dev(u, Q) =0 if
and only if u is a local minimizer in Q. Moreover, we say that u is a quasi minimizer
in S if there exists a nondecreasing function w(t) : (0, +00) — [0, +-00) such that
w(®){0ast | Oand

(2.5) Dev(u, B,(x)) < p"w(p)

foranyball B,(x) C 2. Wedenote by M, () the class of functions satisfying (2.5).

REMARK 2.6. Let u € SBV(R2) be a solution of the Mumford-Shah problem
of minimizing (2.3). Then, if g € L*(R2), the function u is a quasi minimizer.
Indeed, since

Fw)y=F(-MvvAM) Vv e SBVioc(R2)

with M = ||g]lco, We have |lu]lo < M and, for any competing function v, the

inequality F(u) < F(—M Vv v A M) implies

Dev, B <@ [ =MV oAM= gldy <dalglions"

By (x)

for any ball B,(x) C 2, hence we can take

w(t) = 4a|gl> wat .

The following fundamental density estimate on the jump set of quasi min-
imizers was proved in [19], [10] (see also [4] for two-dimensional minimizers
of (2.3)).

THEOREM 2.6 (density lower bound). There exist constants p, and 6, > 0
depending only on n and w with the following property: ifu € M,(S2), we have

H™ (Sy N By(x)) > 6,p0™

for any ball B,(x) C 2 centered at x € S. with p < pe.
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Proor. By approximation, we need only to prove that the inequality is
valid for balls centered at points x € S,. The proof can be achieved by a decay
lemma (see [10], Proposition 1.2 and Remark 3.13). Setting

F(u, B,(x)) = / [Vul*dy + H™ (B,(x) N S,)
Bp(x)
it has been proved that for @ € (0, 1) and &(n, o, w) small enough, the conditions
H™(B,(x) N S,) < ep™, p<Ee€

imply F(u, Bop(x)) < (e)™+/2F(u, B,(x)). Now, let o € (0,1) and choose
o’ € (0, 1) so small that

2«/an,, <éen, o w).
We define 6, = e(n, ¢, w) and p, satisfying the conditions
Po < min{e(n, ¢, ), e(n, &', w)},  @(Pw) < nw,.

If p < p» and H™(S, N By(x)) < 6,p™, using the energy upper bound (see
Remark 4.1) and the decay property with o', we have

F(u, Bo(x)) < @)"'2F (u, B, (x)) < 2Vo'nay (pa)™ < £(n, @, w)(pa’)™.
Applying now k times the decay property with o we get
Fu, By (x)) < ™D F(u, By (x)) .

It follows that n~™ F(u, B,(x)) converges to 0, as n | 0, hence (see [19])
x &8, O
A first consequence of Theorem 2.7 is the following

PROPOSITION 2.8. Let u € SBVioc(R2) be a quasi minimizer in Q2. Then
H’”(E,, ﬂQ\S,,) =0.
PrOOF. Let p be the restriction of H™ to S, and B =S5, N\ S,. Since

B 0 _
liminf X8 S 0 s
p—0t Wy p™ W

by [26, Th.3.2] we infer that u > (6/w,)H™L S,, hence

0=u(B) = ~-H"(BNS,) = —n"(B). o

m Wy
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REMARK 2.9. Let u € My(S2) and let us denote by K(u) the set S,.
Thanks to Proposition 2.8, the quasi minimality of u implies:

] IVul*dy + H™ (K (u) N B,(x))
By(x)

< [ 1Py +Hm (K@) 0 B(0) + o (p)
Bp(x)

(2.6)

for any ball B,(x) CQ and any function v € SBV(Q) such that {v # u} CC
B,(x). In the following, we will always work with pairs (u, K'(u)), using the
(weaker) minimality condition (2.6) and avoxdmg the SBV theory (except in
Step 5 of Theorem 4.3).

From now on, we will use the notation u(x) for H" L K (1) and we denote
by div® the tangential divergence along the approximate tangent space to K (u).

3. — Statement of the main result

The main result of this paper is the following (here LP* are the classical
Morrey spaces, see e.g. [21]):

THEOREM 3.1. Let u € SBV (), assume that |Vu| € L>*(Q) for some > > m
and that constants cy > 0, s € (0, 2) exist such that

(3.1) Dev(u, B,(x)) < cop™

for any ball B,(x) C Q2. Then, setting @« = min{\A — m, s}, there is a constant
eo(n, co, @, |Vull 2,1) such that for any x € K(u) and any ball B,(x) C R, the
conditions

(3.2) p<eo, _min / ITL(y — x)P dpu) < eop™"?
n,me(x)

imply that B, (x) N K (u) is a C1*/™*D pypersurface.
17

REMARK 3.2. Let R(u) be the set of regular points of K(u), i.e. the set
of those points x € K (u) such that (3.2) holds for a sufficiently small p > 0.
It is easy to see that R(u) is relatively open in K (u). Moreover, using in the
definition of approximate tangent space a function ¢(y) = |T1y|{(y) with a
cut-off function ¢, it is easy to check that R(u) contains the set of the points
where the approximate tangent space exists. In particular,

H™ (K () \ R(w)) =
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Theorem 3.1 applies in particular to minimizers u of the Mumford-Shah func-
tional (2.3) under the assumption |Vu| € L>*(Q) for some A > m. Indeed,
.arguing as in Remark 2.6, we see that (3.1) holds with s = 1/2.

REMARK 3.3. We remark that an easy comparison argument (see Remark 4.1
below) and (3.1) imply that-|Vu| € L>™(R). Our regularity theorem requires
the stronger assumption |Vu| € L>*(Q) with A > m; by Halder’s inequality,
this assumption is satisfied if |Vu| € LP(Q) for some p > 2n.

At the moment, no nontrivial example of local minimizer of (1.2) is known.
However, there is some evidence (see [12], [24]) that the function (in polar
coordinates) u(p,0) = /2p/m sin(8/2) is a local minimizer in R? and that it
presents the typical behaviour of a local minimizer near ‘the tip of the singular
set. Elementary computations show that |Vu| € L2!(R?), hence the hypothesis
|Vu| € L%*, with A = m, rather than A > m, is suitable to cover the general
case. This question will be tackled in a successive paper [6].

REMARK 3.4. The techniques of this paper apply, more generally, to quasi
minimizers of functionals

Fu) = / H(Vu)dx +H™(S.)  u € SBVinc(2, R)
Q

assuming that the following three condition hold:

1) H is continuous, p-homogeneous for some p > 1 and H(z) > O for
z#0;

2) |Vu| € LP*(Q) for some A > m;

3) the density lower bound of Theorem 2.7 holds.

Up to now, using the blow-up method of [19], [10], [11] the density lower
bound has been proved only in the cases H(z) = |z|? for k > 1, even under
the constraint |u| = 1. Its general validity is still an open problem.

4. — Some properties of quasi minimizers

We start by recalling an elementary upper bound and the natural scaling
properties of quasi minimizers.

REMARK 4.1 (energy upper bound). For every u € SBV(L2) and every ball
B,(x0) C 2, comparing with functions constant inside B,/ (xo) CC B,(xo) and
letting o’ 1 p we get

/ |Vul?>dx + H™ (K (u) N B,y(x0)) < nwsp™ + Dev(u, B,(xo)) .

Bp (xp)
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REMARK 4.2 (scaling). Let u € SBV () and let B,,(xow) C Q. Then, it is
easy to check that

1
up(y) = —u(xo + py)

JP

belongs to SBV (R,) with £, = p~! (2 — xp). Moreover, for any ball B,(y) C
2, we have

/ |Vu,[*dx = p™ / |Vu|? dx,
By(y) Byp (x0+py)
H" (Sup N Br)(y)) = P_mHm (Su N Bnp(xO + P)’))

Dev(u,, By(y)) = p~"Dev(u, By, (xo + py)) .
In particular, if p < 1, the monotonicity of w(p) shows that

UEMLQ) = u,eMy(Q,).

The following theorem shows the asymptotic behaviour of K () in regions
where both the Dirichlet energy and the tilt of tangent planes are small. Using
essentially a first variation argument we show that . (u) is close to a locally finite
sum of measures u; supported in parallel planes 7;. Then, lower semicontinuity
of the energy and the minimality imply that u; = H" L T;.

THEOREM 4.3. Let (up) C M, (R2) be a sequence and let us assume that

Jim / |Vun® dx + / IS¢ = T* dpa(un) + Dev(up, A) =0
—>+400
A A

Jor any open set A CC Q2. Then, a subsequence of (up) weakly convergesin Q to a
measure (L which is locally sum of affine m-planes parallel to T with multiplicity 1.

Proor. Step 1. Let G,,(S2) be the product of @ and G, ,; the so-called
varifold measures V), associated to w(u,) are defined by

[ se9avie5) = [ o650 dutn)
Cm(RQ) Q
for any bounded Borel function ¢ (x, S) with compact support in x. Since V), are
locally equibounded in G,,(2), we can assume that V, are weakly converging

in G,,(2) to a measure V.
STep 2. Now we prove that V is stationary in the varifold sense, i.e.,

a .
@.1) / S dvV(x, ) =0 Ve ChQRY.
8xj
Gm (2)
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Indeed, we fix an open set A CC 2 containing the support of ¢ such that
V(@A x G, n) =0. For ¢ sufficiently small, the map ®.(x) = x + ep(x) is a
c! diffeomorphism of 2; comparing u;, with u; o <I>;', taking into account the
strong convergence of the gradients and the identities (see (2.1))

H™ (AN K (up o @) = H" (AN (K (un)))
= [ In(@e. S dutun) )
A

we find

mh + Dev(un, A) + / In(®, $)dVi(x, S) = Vi(A X Gpm)
AXGp,m

for a suitable infinitesimal 7,. Passing to the limit with respect to # we obtain

[ 3@ 9ave 92 V(AXCrn).
AxGn,m

Differentiation with respect to ¢ and (2.2) yield (4.1). Moreover, denoting by
u(C) = V(C x Gp ) the projection of V on 2, the measures p(u,) weakly
converge to u and the density lower bound implies u(B,(x)) > 6,0™ for any
x € sptu and any ball B,(x) C Q with p < p,. Hence, by [26, Th.3.2], the
support of w is a set with locally H™-finite measure in 2. The density lower
bound also implies that the supports of w(uy) converge to the support of w in
the sense of Kuratowski. Finally, by lower semicontinuity we have

/ IS =TN?dV(x,S) =0
Gm(RQ)

that means that V is supported in © x {T'}.

SteP 3. Our next step is to prove that V is invariant by translations along
T. For, let b € T, and 7,(x) = x +tb, V; = (1;)4V; for any ¢ € C(}(SZ) we
have

d d
5 / P AV = - / b(x — 1) dV(x, S)

Gm(RQ) Gm ()
- / (Vo (x — tb), b dV (x, S)
Gm ()
—_ / 99 (x — 1) Tyb; AV (x, 5)
6x,~
Gm (2)

0
= —bj / S,'jg%(x—tb)dV(x,S) =0
Gm(Q) '
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hence u is invariant by translations along T and then sptu is contained in a
locally. finite union of affine m-planes parallel to T.

STEP 4. It remains to prove that the density of u is equal to 1. To this
end, assume that T = e;- and consider a m-plane P parallel to T such that
PNsptu # @. For every x € P Nsptu, we choose pp € (0, p,) such that
for every p € (0, pp) the inclusion Q, Nsptu C P holds, where Q, is a cube
symmetric with respect to P with centre x and side p. Fix p € (0, pp/2) and
let wy(y) = o~ V2up(x + py); then, for Q = (—1,1)", H = QN {x, = 0} the
sequence (wy) satisfies

4.2) / |Vwy|?dx + Dev(wy, 2Q0) — 0
)

and K(wp) — H in the sense of Kuratowski. For a € (0,27"6,/m), set
O =0N{xpn>a}, 0; =0N{x, <—a}and Q, = QF U Q. If h is large
enough we have w, € W'2(Q,); furthermore, translating w;, if necessary, we
can suppose that

1
(43) m[ﬂ)h(X)dx=O VheN,
Qa4

which implies wj, — O strongly in W2(Q7). Similarly, setting

1
H"(Q7)

cp = / wp(x)dx VheN,

Qs
we have u,—c;, — 0 strongly in W1-2(Q7). Up to subsequences and a change of
sign we can suppose ¢, — ¢ € [0, +00]. We first show that ¢ = 0 is impossible.

In fact, for a as above and b € (a,27"6,/m) we can find a;, a; € (a, b) such
that (here Q0 = Q' x (-1, 1))

/ (IVwn P, ar) + Vw2, —az)] dx’ — 0

Ql
4.4

JliwnP @ an) + une, ~a) s’ > 0
Q/

where x = (x/, x,). Let us modify w;, in Q, setting

wp (x) if x € Qg,
vh(x) = { —

X, ai .
wp(x’, a1) — a" a [wh(x', —az) — wp(x', a1)] otherwise.
1+a ,
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Taking into account that (4.4) implies

ay
lim / dx, / IVup|2dx’ =0,
h—+00
Ql

“ay
and that the area of the subset of 3Q where v, can be different from w;, does
not exceed m2™(a; + a;), by the quasi minimality of w;, and (4.2) we get

0 <limsup [ |Vuvs|? + H™ (K (vs) N Q)

h—+00
- / |Vwy|? — H™ (K (wr) N Q) + Dev(wy, 2Q)
Q

<m2™(ay + a3) — liminf H™ (K (wy) N Q) < m2"b —6,,,
h—+00

a contradiction. Hence, ¢ > 0.

Step 5. Consider the sequence h — wy = (—1) V (wp A 1), which is
compact in SBV(Q), hence (up to subsequences) converges to a function, say
v, in L1(Q) and ae. in Q. From (4.2) and (4.3) it follows that v = 0 in
0 N {x, > 0}, whereas

/ |lwp, — cpldx > /|wh — (=) V(e AD)|dx
07 Qq
implies
/|v—(—1)v(c/\1)|dx=0;
0z

since ¢ > 0, it holds (—1) vV (c A 1) # 0, whence v # 0 in Q. On the other
hand, by (4.2) again, v is constant in Q N {x, < 0}. Therefore

. e enm . enum - m am
lim infH (Kwp)N Q) > lim inf ¢ (K@) N Q) =H"(K(v)N Q) =2".
Coming back to the sequence uj, the previous inequality shows that
w(Qy) = lim jan’”(Qp NK(up)) = 2"p",
—+00

for every p € (0, po/2), i.e. that the density of u at x is > 1 for every
x € sptu. Let us prove the opposite inequality. For, suppose for simplicity
x = 0, consider two parameters a,b € (0, pp), and the neighbourhood of 0

given by Q = (—b/2,b/2)" x (—a, a). Choose then aj, a; € (0, a) such that

|Vun|?dx’ + / |Vyup)?dx’ — 0,

QN{xn=a;} ON{xn=—a3}
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(where as above x = (x, x,)) and define the comparison functions

up(x) if x, > a; or x, < —az,
va(x) =< un(x’,ay) if0<x, <a
up(x', —ap) if —ay<x,<0.

By comparing the energies of v, and u; we get
w((=b/2,5/2)") = u(Q) < liminf 1" (K (u) N Q)
h—+o00
<b™+2mb™" (a; + ap) < b™ + damb™ !,

which gives the desired estimate letting a | 0. ]

Using Theorem 4.3 we can show in Corollary 4.4 below that the m-
dimensional density of K (u) in Bg(x) is less than t > 1 if K(u) is sufficiently
flat in some direction T and both the Dirichlet energy and the deviation from
minimality are small in a larger ball.

Similarly, we can show in Corollary 4.5 below that the m-dimensional
density of K(#) in Bg(x) is greater than T < 1 if x € K(u) and the tilt of
tangent planes, the Dirichlet energy and the deviation from minimality are small
in a larger ball. In this corollary, for later use in Theorem 5.2, we allow a
small translation in the direction T.

COROLLARY 4.4. For any t > 1 and any 8 € (0, 1) there exists a constant
y(B,1,w) € (0,1) such that, for any m-plane T, any R € (0,1] and any u €
M, (BR), the condition

/ |Vu|>dx + R™2 / |Tx|? dp(u) + Dev(u, Bg) < yR™
Bp Br

implies
H™ (K (u) N Bgr) < twm(BR)™.

Proor. We argue by contradiction. Suppose that g € (0,1), T > 1 and
sequences Ry, (up) exist such that, for any h € N,

m

R
@s) [ (VuPax+ R [ ITEx dpun) + Deveun, Ba,) < T

BRy, Bg,,
and
(4.6) H™ (K(uh) N BﬂR;.) > twn(BRY)™.

Using Remark 4.2, it is not restrictive to assume that R, = 1 for any h. By
compactness, (up to subsequences) p(u,) weakly converges in B; to a measure
u supported in TN B; by (4.5). In order to get a contradiction, we need only to



PARTIAL REGULARITY OF FREE DISCONTINUITY SETS, I 15

show that © < H™L_T. The inequality follows by the same argument used in the
final part of the proof of Theorem 4.3. Indeed, for any box (xo—5b/2, xo+b/2)"
contained in B; and any a < b/2 we have

u((xo—=b/2, x0+b/2)") = u((xo—b/2, x0+b/2)™ x (—a, a)) < b™ +4amb™".

Since a and xq are arbitrary, u < H"LT. O

COROLLARY 4.5. For any T € (0, 1) there exists a constant y;(t, ®) > 0 such
that, for any m-plane T, R € (0, 1], the conditions

u€MyBr), 0€Ku), beT, |b|<R

/ Vuldx + / 1S, — TI? dpu(u) + Deviu, Bog) < y1(2R)™
BaR Bor

imply
H™ (K (#) N Br(b)) > TwmR™.
Proor. If the statement were false, A € (0, 1) and sequences by, € Tj, Ry
and up € M,(Byg,) would exist such that for any » € N both
(2Rp)"™
h

/ Vunl? dx + / 1S, — TIP dyu(un) + Devun, Baz,) <
(47) BZRh BZRh

H™ (K (up) N Bg, (by)) < twmR}

hold. Using Remark 4.2 and the invariance under rotations, we can assume that
R, =1 and I, = T for any h. Then, up to subsequences, b, converges to
some b € TN B; and w(u;) weakly converges in B, to a measure u satisfying

p(Bi1(b)) < twn

because of (4.7). On the other hand, since 0 € spt 4, Theorem 4.3 implies that
u>H"LT in By, hence u(By(b)) > w, holds. o

The next proposition is essentially an adaptation to our problem of the multi-
layer monotonicity lemma of [9, 5.3): we consider two points x, x’ € K (u)NBg
where K (u) has density 1; given their vertical separation and a parameter
A € (1/2, 1), Proposition 4.6 shows that a good control on the Dirichlet energy
and on the tilt implies that H™L_ K (u) satisfies

(4.8) H™ (K ) N [Br(b + x) U Bg(b + x)]) > 2Awm R™

where b € T N Bg. This proposition will be the main tool in the proof of
the Lipschitz approximation Theorem 5.2, showing that in regions where the
m-dimensional density of K (u) is close to 1 the vertical separation of a large
portion of K (u) can be controlled.

The proof of the proposition follows by Theorem 4.3 after a suitable blow-
up argument. .
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PROPOSITION 4.6. Given A € (1/2,1) and L € (0, 1], there exists a constant

y2(A, L, w) € (0, 1) such that, for any m-plane T, b € T N Bg, x, x' € Bg the
conditions

4.9) On(K@), x) =6, (K(),x") =1, |T*(x —x")| > LIT(x = x)|

4.10) R<1, ueMy(Bs), o@BR)=<n
4.11) / |Vul?dy < yap™  Vp € (0,2R)
Bp(x)UBp(x’)
“12) [ 15 -TiPake <mem  vpe©28)
Bp(x)UBp(x")
imply (4.8).

PrROOF. Let us argue by contradiction. Let Ty, bx, Rk, ug, Xk, x; be satis-
fying (4.9), (4.10), (4.11), (4.12) with y, = 1/k and

H™ (K(uk) N [BRk (b + xx) U BRk by + x,'c)]) < 2)\.me,:” .

By a rotation we can assume that Ty = T = er. We will denote x € R" by
(z,t) with z=Tx and t = T*x. Let

ry = SUP{T < Ri = pu(ug) (Bs (xk + sbe/Ri) U B (x;, + sbe/Ry))
> 2 was™ Vs € (0, r)}.

Since the density of K(ux) is 1 at x; and at x;, we have 0 < ry < Ry < 1.
Now we rescale all by a factor r, and we translate x; to the origin, defining

- - Xk — X, - 1 ,
Xk = (T, k) = , up(x) = —=u(rx + x;) .
Tk Wi

Then, by Remark 4.2, it; € M, (%), where ; =r; ! (B3gr, — x;). Moreover,
the monotonicity of w(p) yields

Dev(ux, Bor, (x1)) _ (pri)" @ (pri)

Dev(ux, B,) =
7 p) rl,‘,, = r’;,,

(4.13) .
< p"w(BR) < Bk—

for any p € (0, 3R /r). Similarly, we have

(4.14) Dev(ug, Bp(x)) < %;
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for any p € (0, 3Ry /r). Notice also that x; and O belong to K (ix) and (4.9),
(4.11), (4.12) together with the definition of r; yield

(4.15) |t > L|Z|
1
(4.16) / |Vigg |2 dx < ;p"’ Vp € (0,2R/re)
Bp(%k)UB)
) 1
@.17) [ 18 -TiRdu@ < om Vo e ©2R/n)
Bp(%x)UBp

4.18)  H™(K (k) N [Bi(Fk + b/ Ri) U Bi (b /Re)]) = 2A0m
4.19)  H™(K (@) N [By(k + be/Re) U By(be/Ri)]) = 2Awm Vp € (0, 1).

It is easy to see that |x;| <2 for k large enough. Indeed, if |xi| > 2 the balls
B; (X + bx/Ry) and B;(by/Ry) are disjoint; since, by Corollary 4.5 and (4.13),
(4.14), (4.16), (4.17)

lim sup [H™ (K () N B1(Xk + bx/ Re)) + H™ (K (k) N B1(be/Ri))] = 20m

k—>+00

this contradicts (4.18) for k large enough. Possibly passing to a subsequence we
can assume that x; converges to x = (z,¢) and by/Ry converges to be T N B,
as k > +o00. We note that |t| > L|z| because of (4.15).

Since Bj(xr+ bx/Ri) U By (br/Rr) C 2 by Theorem 4.3 and (4.13)—(4.17)
we can assume that p(i;) weakly converge in B;(x + b) U B;(b) to a measure
u which is locally sum of m-dimensional Hausdorff measures associated to
m-planes parallel to 7. By (4.18) we get

(4.20) 1 (Bi1(x +b) U B1 (b)) < 2Awm .

On the other hand, the density lower bound implies that x and O belong to the
support of u; we need only to show that x # 0 (hence ¢ # 0) to contradict (4.20).
If x, were converging to 0, for any T > 0 we would have

By (Xk + br/Ri) U By (bi/Ri) C Bpyo (bi/Re)

for k large enough, so that (4.19) would imply u(§p+, (b)) = 2)p™. Letting
first T | O then p | O we find that the density of u in 0 is 2A > 1, a
contradiction. O
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5. - Lipschitz approximation

In this section we show that the set K(¥) of a quasi minimizer u can
be approximated by the graph I'(f) of a Lipschitz function f in small balls
(depending on w and the Lipschitz constant of f). Related results are proved
in [15] in the two dimensional case, for minimizers of the Mumford-Shah func-
tional. We also estimate the measure of the symmetric difference K (u)ATI'(f);
this estimate will be useful in the proof of Theorem 6.2.

The following proposition shows that an integral estimate of |71 (x — xo)|
in Br(xp) leads to a pointwise estimate of the same quantity in a smaller ball,
via the density lower bound.

ProposITION 5.1 (height bound). Let u € M (Bagr(xp)). Denoting by p,, and
6., the constants given by Theorem 2.7, we have

L , 22 n 2
swp T —xoftt < 2= [T - P du
xeBR(xg)NK (u) 0w
Bygr(x0)

provided R < 2p,.
Proor. Let for simplicity xo = 0, assume

1
m+2

/ |TLx? du(u) <R
Byr

2m+2
0w

o =

(otherwise the thesis is trivial), and suppose that a point x; € K (¥) with |x1] < R
exists such that |T1x;| > o; then |T1x| > 0/2 in B,/2(x1), whence, using the
density lower bound, we deduce

/ T x P dp(ue) > / T4 x 2 )

Bog By 2(x1)
> 49(,,("'5)"”2 = / ITL %2 dp),
Byr
which gives a contradiction. ]

Choice of the constants. Now we fix all the constants of the previous density
bounds. All these constants depend on n and possibly on w, L.

1. Let r € (1,2) such that r™ < 2 and A € (1/2,1) such that r™ < 2A.
Now we fix 6 > 0 so small that

/1 5
. — 482 <=,
(.1 1+48<r, 16+ <8
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2. Now, let y(r/2,2A/r™, w), 1(1/2, w), y»2(A, L, w) be given by Corol-
lary 4.4, Corollary 4.5 and Proposition 4.6 respectively. We will impose a small-
ness condition on R, denoting by R, ., the largest constant R < inf{2p,, 1/2}
such that

4!

(5.2 w(6p) < min{g, 3 2 nwn} Vo€ (0,R].

3. Since
om (2r)" < wm2™A

Corollary 4.4 (with 8 =r/2 and v = 2A/r™) and our choice of ¥y and of Ry,
guarantee that the condition

R™ / |Vul?dx + R~™2 / IT % du(u) < %
B4r B4R
implies
H™ (K (u) N Byg) < 2" Awn R™

provided u € M, (Bsg) and R < R, L.

Now, we can state the following Lipschitz approximation theorem (similar
to [9, 5.4], see also [1] and [26]). The proof is based on the density estimates
of the previous section, the height bound and a covering argument.

THEOREM 5.2 ( Lipschitz approximation). Let L € (0, 1], u € M (B3r) for
some R < R, ., 1. Suppose also that K (u) N\ Bgr/16 # ¥ and

L m+2
(5.3) Rm2 / IT P du) < min{e,,, (87) %}
B4R

for some m-plane T. Then, there exists a Lipschitz function f : T — T+ with
Lipschitz constant less than L such that

2m+2
(5.4) sup £+ < = — / T4 x P dpe

Bog

and, denoting by I' (f) the graph of f, we have

H™(Br N K@) \T(f)) + H"(Bg;s NTIT(f) \ K@w)])

G <P, w)[ [ vupax+ [ s, - Tllzdu(u)] .
Bsg Bsg
PrOOF. It is not restrictive to assume that T is spanned by ey, ... , e, and

set x = (z,1), z=Tx, t = T+x. Since the function u will be fixed throughout
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the proof we set K = K (u), u = u(u) and denote by K* the set of points of
density 1 of K.
Since L <1 and R < 2p,, by the height bound and (5.3) we get

1/(m+2)
(5.6) ITtx] <2 é / IT x> du <8R
Bag
for any x € K N Bg. We can also assume that
(5.7 H™ (K N Byr) < 2" Awm R™.

Indeed, because of our choice of y and (5.3), if (5.7) does not hold then

ENR

R™™ / |Vu|>dx >

B4R

and we can choose the constant P so large that (5.5) trivially holds with f = 0.
Now, let 0 = min{y,, y»} and define

A={xeBgNK*:

[ rvutay+ [ 18, ~TiPdu < Zom vo e 0.4m0),
Bp(x) Bp(x)

Let
m(z) = card{t : (z,t) € A}

be the multiplicity function of A with respect to T.

STep 1. We claim that m(z) < 1 on BR. Indeed, let z € BR and let
x = (z,1), x’ = (z,t') € A. Recalling our choice of R, . and the definition
of A, we can apply Proposition 4.6 with b = —z, to get

H™ (K N [B2r((0, 1)) U Bar((0, £'))]) > 2", R™ .
Since ¢, t' € (—8R,8R) and 1+ 8/2 < r we have
Byr((0, 1)) U Bog((0, ")) C Bag
hence H™(K N By g) > 2™+t Aw,, R™ and this contradicts (5.7).
Step 2. Let E = {z € B : m(z) = 1} and let ¢ : E — R such that
(z,9(z)) € A for any z € E. '

We now claim that ¢ satisfies the following condition:

(5-8) 7,7 €E = |p(@-¢@)<Llz-7|.
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Indeed, let z, Z’ € E; let us assume that |¢(z)—¢(z')| > L|z—7|; if |z—Z'| > 8R
we get by Proposition 5.1

4m+2
@GR)™?2 < 2™ sup |Tix|™*? < / T x?du,
xeKNBg O 5 :

2R

contradicting assumption (5.3). Hence |z — z’| < §R. Let x = (z,¢(2)), x' =
(Z’, $(2')); by applying Proposition 4.6 with b = —z we get

H™(KN[B2r(0, $(2)) U Bor(@ — 2, ¢(2))]) = 2" ' AwmR™.
By (5.6) and the inequalities |z —z'| < 8R, 14 8/+/2 < r we infer

Byr(0, ¢(2)) C Bosg, Byr(Z' — z, $(2)) C Barr

and we find a contradiction with (5.7) as in Step 1.
StEP 3. Now we estimate H™(K NBg\ A): if x € K*N By does not belong
to A we can find p(x) € (0,4R) such that

o
Vutdy+ [ 18, -TIPduz Zomw),
Bp(xy®) Bpy)
hence, by using the density upper bound and (5.2)

H™ (K* N By (%)) < nw,p™(x) + p™ (x)w(p(x))
< (nws + @(4R)) p™ (x) < 2nw,p™ (x)

we get

o

VuPdy + / IS, - Ti2du >

Bp(x)(*) Byxy®)

nwnH (K an(x)(x)).

Using a standard covering argument and H™ (K \ K*) = 0, we get

/ Vulrdx + / usx—Tnzdu]

Bsg Bsp

(59) H"(BRNK\A) < i"i’f’rf@

where £(n) is the constant of Besicovitch’s theorem. In particular we can choose
the constant P in (5.5) so large that

4nw,&(n)
o

/ |Vul?dx + / ISz — Tllzdu] > 6,(R/16)™

BsR Bsg



22 LUIGI AMBROSIO - DIEGO PALLARA
implies (5.5) with f = 0. Hence, in the following we can assume

4nwn§("') [ / |Vu|2dx + / "Sx - T"zdﬂ] < ow(R/16)m
o

Bsg Bsg
and Theorem 2.7, (5.9) and the assumption K N Bg/1 # @ yield
(5.10) ANBrig#0. /

STEP 4. Because of (5.6), (5.8) we can find a Lipschitz extensién f of ¢
satisfying (5.4). Now we claim that f satisfies (5.5). Indeed, since

BRNK\T(f) C BRkNK\A,

by (5.9) we get

'H”‘(BR NK\ F(f))
5.11) 4nw,&(n) [ / ) / ) ]
< —- |Vu|“dx + 1Sy = Tl|“du .
7 Bsg Bsp

Now we estimate
H™(BR,s NT(T(f)\ K)).

Recalling that the multiplicity of A does not exceed 1 on B%, we have

Bria NT(C(f)\K) C Bryy NT(T(f)\ A) C Bgyy \ E
so that we need only to estimate the measure of F = By, \ E. To this aim, we
fix a compact set G C A such that G N Bg/g # @ (see (5.10)). For any z € F
let C,(z) = B"(z) xR be the largest cylinder which does not intersect G. Since

G N Bgss # @ we have r < 3R/8 and we can find x = (z, f(z')) € 3C,(2)NG.
By applying Corollary 4.5 with b =z — 7’ we get

H™(K N B,((z, f(Z))) > ‘%r"' .

Since (see (5.6) and (5.1))

-1 : [l 0.3
R f@))] < AR

we have the inclusion B, ((z, f(z)) C Bg N C,(z), hence

H"(BxkNK NC,(2)\G) > %"r”’.
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By Besicovitch’s theorem, we can find a disjoint collection {B;:,‘(zi)}ie, such
that

EmH" (U B (zi)) > H™(F)

iel
and ®
H"(BRNKNC,,(z)\G) > Tmr;" Viel.
By summing with respect to i, since the cylinders C,,(z;) are disjoint, we get

H™(F) < 26(nyH™ (B N K \ G).

Since G C A is arbitrary, by (5.11) we get the estimate

H™ (Bg/4 NTT(H\K))
5.12 2
G129 < @305—(”—)[ [vutaz+ [ s T|I2du] .
Bsg Bsg
The statement now follows from (5.11) and (5.12). O

A first consequence of the Lipschitz approximation theorem is the following
C!@ regularity criterion for K (u). Basically, we need to control with a power
strictly greater than p™ the deviation from minimality and the Dirichlet energy
in B,(x); moreover, we need a power strictly greater than ™2 to control the
quantity

R Loy a2
(5.13) T(x,p) = min_ / Ty — )P dp(u)

Bp(x)

which measures the flatness of K(u). The tilt lemma (see § 6) guarantees also
a control on the oscillation of tangent planes.

THEOREM 5.3. Let Q C R" be an open set and let u € M, (2). Assume that,
for some constants C > 0,s >0, o(t) <C t% and

/ IVuP dy + p~T(x, p) < Co™**

Bp(x)

foranyball B,(x) C Qandanyx € K(u). Then QNK (u)isaC Ls/2_pypersurface.
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Proor. Let K = K(u), o = pn(u) and @ = s/2. By the tilt Lemma 6.1 of
§ 6 with B = 1/2 we have also

sup { g min [ 1S, = TIPdp0y) : Bop(@) € R < +o0.
Bp(x)
We fix an open set D CC Q and we prove the regularity of K in D.

Using the Holder inequality and Remark 4.1 we find a constant M > 0
such that

min [ 1S, - Tlldu(y) < Mp™*
Bp(x)
for any ball By,(x) C @ with p < 1. We denote by T, any m-plane such that

min [ 18, ~TIduo) = [ IS, - T 1du0.
Bp(x) Bp(x)

Step 1. We claim that 77 converges as p — 0% to some T* and x > T*
is a-Holder continuous in K N D. Indeed, let py < min{2p,, 1} be less than

the distance of D from 92 and x € KN D, p € (0, pp/2); we have

m

2
IT; =Tl < 5 [ 11 = 3anduey

Bop2x)
2m
(5.14) =3 pm[ / 1T, — Sylldu(y) + / 1T, = Sylldu(y)
7 g Bpj2(®)
< 2mM2 m+a < 2nMpa.
Y T O

Using (5.14) it is easy to see that sz—k converges as k — 400 to some T*.
Moreover, a similar argument shows that 7 converges to T* as p | 0 and

IT; —T*| <co® VxeKND, pe(0,p/2)

with ¢ depending only on n, 6,, M, «. In order to check the Hoélder continuity
of T* we choose x, z € DN K with p = |x — z| < pp/4 and we estimate

1
I =730 < o [ 1T = T3 dR0)
Bp(x)
1
(5.15) =3 o [ / 1T, — Sylldu(y) + / 1T, — Syl du(y)]
T e Byp(@)
M 2m+l+aM
< [(0)™+ + 2p)™*] < ———x — 2|

Ow pm ea)
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Using (5.14) and (5.15) the Holder continuity of x > T* in K N D follows.
STEP 2. For H™-almost every x € KN D the m-plane T* of Step 1 coincides

with the approximate tangent space to K. Indeed, let xo € KN D be a Lebesgue

point for the approximate tangent space map S,; for any p € (0, po/2) we have

1
IT5 = Sll < gz [ 175 = Slldu0y)

Bp(xp)
<2 pm[ / 1T — Syl du() + / usy—sxoudu(y)]
¢ Bp (x0) Bp(x0)
M 1
< —p® Sy — d
< ewp + e Sy — Sxoll dia(y)
By (x0)

and letting p | 0 we find Sy, = T7.

StEP 3. Now we see that KND is locally the graph of a Lipschitz continuous
function. To this aim, we remark that Corollary 4.4 and Corollary 4.5 imply
that K has density 1 everywhere. We define o as in the proof of Theorem 5.2.

Let xo € KN D and let p; < min{pp/7, Ry,»,1} so small that

A= {x € By (x0) NK :

/ \Vu*dx + / IS — TII*dp < %p’” Vp e (0, 4p1)}
Bp(xp) Bp(xp)

coincides with B, (xo) N K and

by m+2 y
pim? [t -soraw <minfo, (3) 21

Let f : T — T+ be the 1-Lipschitz function given by Theorem 5.2. By
construction, the graph of f contains A, hence B, (xo) N K is contained in
the graph of f. We now claim that Epl 2(x0) N K contains the graph of
f on B}t’,"1 /4(T(xo)): indeed if there were some z € BZ’I /4(T (x0)) such that
zZ, f(@) ¢ _E,,l ,2(x0) N K we could take the largest ¢ylinder C, = B"(z) x R
that does not intersect B, /2(xo) N K and some point x; € dC, N K N B, /2(x0).
Since |z — T (xo)| < p1/4 we have r < p; /4, hence x; € B, /2(xo) because the
Lipschitz constant of f does not exceed 1.

Since K N By, (xo) is contained in the graph of f and since C, does not
intersect K N By, /2(xo), the density of K at x; can be at most ﬁ/Z <1, a
contradiction.



26 LUIGI AMBROSIO - DIEGO PALLARA

STEP 4. In order to show that the function f of Step 3 is actually C!®

we need only to remark that at L£™-almost any differentiability point z €
,’;’l /4(T (x0)) of f the approximate tangent space to K (i.e., the graph of f )
exists and is related in the classical way to V f(xp). In particular, Step 1 and
Step 2 imply that the map V f (defined at differentiability points of f) has a

a-Holder continuous extension to B,'j'l /4(T(x0)). It is easy to check, e.g. using

mollifiers, that any Lipschitz map with this property is actually in C1®. O

REMARK 5.4. Let A, ,, be the set of affine m-planes in R” and define, in
analogy with (5.13)

_ . 1.2
(5.16) AGx.p) = min / 1Ay P duu)

Bp(x)

where |Aly| is the distance of y from A. Then, clearly A < T. However, it
is not hard to see that Theorem 5.3 still holds if A instead of T is controlled.
Indeed, the following inequality holds

A(x, p) ) 2/(m+2)

(0]

(5.17) T(x, p) <2A(x, p) + 16nwnp'"(

for any p < 2p, such that w(p) < nw,. In particular, if A(x, p) < Cp™+*** for
some « < s, the assumptions of Theorem 5.3 are satisfied with s’ = 2a/(m+2).
To check (5.17), let A € A, ,, be satisfying

/ |ALyP dp(u) = AGx, ).

Bp(x)

Denoting by T € G, ,, the m-plane parallel to A and by § the distance of A
and x, by the energy upper bound, we have

T(x, p) < 2A(x, p) + 282 (u)(B,(x)) < 2A(x, p) + 48°nwnp™ .
Hence, we need only to estimate &/p; using the density lower bound we get

/ ATy dpw) 2 (%)Zﬂ(u)(Bs/z(x)) > Oa,(g)m+2

Bp(x)

and this implies (5.17).
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6. — Flatness improvement

We begin this section proving a classical (compare [1], [26], [9]) estimate
on the tilt of tangent planes. The proof is achieved by a deformation argument.

LeEmMMA 6.1 (tilt estimate). For any B € (0, 1) there exist c(B) > 0, eg > 0
such that for any u € SBV (Bg) and any m-plane T we have

ISx — TII>dH™(x)

BﬂRﬂSu
6.1)

<c(B) MB_R)}

Rm

/;vu|2dx + R / |Tx|>dH™(x) + R™
B BrNSy
provided Dev(u, Bg) < s% R™

PrOOF. Let u = H™"L. S,, R=1, and let ¢ € Co(Bl) be a function such
that 0 < ;‘ <1,¢=11in Bg and |V¢| <2/(1 — B). Consider the vector field
¢o(x)=¢ (x)Tl(x), set 7.(x) = x + £¢(x), and remark that positive constants
£g, ¢ exist such that for 0 < |¢| < g the inequality

62) [ (ze, §) — 1 — edivsg| < ci6”

holds uniformly with respect to S € G, and 7, is a C! diffeomorphism of
B,. Moreover, for u.(x) = u(t:(x)), the definition of Dev(u, B;) implies

(6.3) /IVuslzdx —/IVulzdx+’H"'(Sue) —H™(S.) + Dev(u, By) > 0.
B By

Now compute (cf. [26 § 22])

divsT* = =||S — T||?

N -

2
divsg = 20(Vst, TH) + £divsT* = 20 (Vst, TH) + SIS = TIP,
(where divg and Vg are the tangential operators along S) and remark that

20 (Vsg, TY) = =2¢||S — TN IT+x| |V¢]

6.4 1
> —28%IS = TI* = 4IVE ! IT %)%,

To check (6.4), suppose that T = span{e;, ..., e,—1}, and compute

d
(58 TN = [ruSuy | = [ = T

xnsnj ax
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whence (6.4) readily follows. Notice also that

/ |Vug | dx = / |Vu(x)Vr, ! (x)]|det Vo (x)|dx
B By

whence

1
(6.5) 'g[/lvuspdx —/IVu|2dx]
By By

(where ¢, depends only on ¢ and &g). Since

5c2/|Vu|2dx, 0<lel <&
By

H™ (Sue) = / In(te, S dit,
B

from (6.2) the inequality

/IVuelzdx —/|Vu|2dx +s/div‘¢dH"' + Dev(u, B;) > —c&*
B By Su

follows. Using (6.4), (6.5) we obtain for —gg < ¢ < 0:

1 16
Z/"Sx —T|?dp < m/|TJ‘XI2dIL+62/|Vu|2dx
(66) Bg B B

Dev(u, B
Do)

Finally, assuming Dev(u, B;) < sfg we choose ¢ = —/Dev(u, B;) and use (6.6)
to get

/ IT4x 2 dp

By

+ 4c, / |Vul?dx + 4(1 + ¢1)/Dev(u, By),
By

/usx _TIPdu <

67 P

64
(1-B)?

and the thesis follows for R = 1. To recover the general case, exploit the
scaling properties of the various quantities in (6.7) and conclude. O

The following theorem (whose statement is similar to [9, 5.6]) shows
a decay property of the quantity A(x, p) defined in (5.16), assuming that
A(x, p)/p™*? is sufficiently small and that the Dirichlet energy and the de-
viation from minimality are comparable with A(x, o). The proof is obtained by
the classical harmonic comparison argument of De Giorgi (see also [26]), i.e.,
we approximate K (u) by the graph of a Lipschitz function f and show that a
rescaled function g is close to a harmonic function.
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THEOREM 6.2. Forany B € (0,1/112) and M > O there exists e(B, M, w) > 0
such that, for any u € M, (B,(x)), the conditions

x € K@), Ax,p)<ep™?, MA(x,p)sz[ /

Bp(x)

|Vul® + p™ \/w(p)}

imply
(6.8) A(x, Bp) < CB™A(x, p)

with C depending only on n and w.

PrOOF. Let us fix 8, M, w, and assume for convenience that w(p) > 0
for any p > 0 (see Remark 6.3); let also be R = R, 4,1, where R, 4 is the
constant defined before Theorem 5.2. During the proof, we shall denote by ¢
a positive constant (which can change from a line to another) depending only
on n, M, w, R and the constants given by Theorem 5.2.

Arguing by contradiction, sequences xi, oh, U € My(By,(xn)) and Ay
(affine m-planes) exist such that

©69) i [ xR dun) =7 - 0,
(6.10) Mp*y,? > p;f[ Vg2 dx + p* / w(ph)]

and for every affine m-plane S and h € N

©.11) [ 1stxPdutn) = cpmrnop,

Bpp, (n)

where the constant C will be specified later (see (6.30) below).

By a rotation and a translation we can assume that A, = T = e;- for any
h. Moreover, translating x, in a direction parallel to 7 we can assume that
T(xp) =0.

By (6.9), (6.10) we infer that p, — 0. In particular, p, < 8R for h large
enough and using Remark 4.2 with p = p,/8R and xp = 0 we have a new
sequence u, € M, (Bsr(ys)) such that, for n? = n},2(8R)™*?

6.12) [t dun) =i > o,
Bgr(yn)
©.13) Mnf,z[ [ v + @R Veoton

Bgr (¥h)
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and for every affine m-plane S and h € N

6.14) [ istxitduta) = camit.

Bggr(yn)

By the tilt estimate (6.1) and (6.10) we obtain

Pr" / ISx = TI2dp(vn) < (M, D)m,> VT €(0,1)

Brpy (xp)
hence
(6.15) / ISy — TI*du(un) < c(M,7)m; VT e(©1).
Brgr(yn)

Finally, using (6.13) we can estimate the deviation from minimality of uj in
Bgr(yn) as follows:

m

8R
6.16)  Deviun, Bar(m) = R

m
h

Dev(va, By, (xr)) < cnﬁ -0

and we observe that the density lower bound of Theorem 2.7 and (6.12) easily
imply that y, = T1y, tends to 0 as h — 400 (recall that y, € K (us)).

Now, we shall construct for every h a Lipschitz continuous function fj
whose graph approximates K (u;) according to Theorem 5.2 (Step 1) and prove
(Step 2) that a subsequence of g, = 17,'," fn converges to a harmonic (Step 3)
function g. Using estimates on g we shall find (Step 4) for sufficiently large
h a m-plane S, violating (6.14).

Step 1. For h large enough y, belongs to Bgr/is, hence Byr C Bgr(yn).
Using (6.12) we see that for # large enough (5.3) holds and Theorem 5.2 gives
a 1-Lipschitz function f; : T — T+ such that

6.17) sup | fl < ony/™+?
and, setting
Xp = Br N [K(un) \ T (f3)] Fy = Br N [T(fa) N K (us)]

On = BR)y NT[T(fa) \ Kn)]  En = By \ On = T(Fy) N Byy,,

the inequality

H™(Q1) +H™ (X5) sP[ / Vunl? dx + / usx—Tuzdu(uh)]

(6.18) Bsg Bsg

<cni
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follows from the tilt estimate (6.15); moreover, (6.13) implies

(6.19) f |Vup)?dx = o(np) .
B7p

STEP 2. Let us show that (up to subsequences) g = n;' J» weakly converges
in W1'2(B£/4). For, recall that |V f;] <1 a.e. by Rademacher’s theorem. Thus,
by (6.17), (6.12) and (6.18):

B

/ fr@Pdz < cnt/™*P1m(0,) + / ful2dz

R/4

<cppt¥emd / IT*x?> du(un) < o(n?) + 12,
Bp

whence in particular

(6.20) limsup [ |gn(x)IPdz <1.
h—+00 A
Bga

Regarding the gradients, first remark that

(6.21) f IV fu(@)>dz < cn}
On

by (6.18), and then notice that for H™-a.e. x = (z, fu(z)) € F; the equality

d
Sx=span{e,~+a—f_'e,,: i=1,... ,m}

1

holds. A simple computations shows that

TP =2(1-v) = —2 -y s VAP 1 2
I1Sc =TI =201~ v) = 750 =) = {0 =0 = 51V A

where v is the normal to the graph of f at x. We can then infer that (see (6.15))

/ IV fa@)Pdz <2 / ISe f, — T2 dz
h Ep

(6.22)
<2 / 1S — TIR duun) < cn?.
Bp
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Therefore, the sequence g, is bounded in WI'Z(B$/4) and we can assume that
it is weakly convergent to a function g € W'2(Bg,,).

Step 3. In order to see that g = limz; ! f, is harmonic in B4, We shall
show that

1
(6.23) h_lir?oo ;’; / (Vfr, Vi¥)dz =0 V¢ eCl (B%M) .
BR1a

Let us consider the vector field ¢ = (0,...,0, ¥); since ¥ € CA(BT r4) and
(by Proposition 5.1) the maximum of ITJ-xI on Bg N K (up) is infinitesimal,
we can find for sufficiently large h a vector field é with compact support in
Bgr/s and coinciding with ¢ on K(us) N B (just take (2, y) = ¢(@x(y) for
a suitable ).

We use comparison functions wp(tx(x)) = up(x), where tp(x) =x — nﬁ:f)
By the definition of Dev(uy, Br/s) we get (see (6.3))

/ |Vw;,|2dx — / IVuhlzdx +H" (K(wh)) - H" (K(uh))
BRr/a Bprys
+ Dev(up, Brysa) > 0,

(6.24)

whence arguing as in the proof of Lemma 6.1

N B
/ div' dpu(uy) < 2V Bria)

n
BRrya h
1 2
—-2— [Vwp|“dx — |Vuh| dx +c1'lh
T BRr/a BRya

(where c¢; has the same meaning as in (6.2)). By (6.16), (6.5) and (6.19) we
deduce

lim sup n; ! / diviodu(us) <0.

h—>+o00
BRr/a

From this inequality and the analogous one obtained taking 7;(x) = x +17,2,$(x)
we get
(6.25) lim 7;! / diviodu(up) =
h—+00
BRrya

Now, since by (6.18)

/ (V fin, V¥) dz = o(1h), / divié dpu(us) = o(7s)
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for every ¥ € C} (BR/4)> (6.23) can be deduced from (6.25) and
(6.26) llm — [/dw’d)du(uh) - /(Vf;,, Vw/f)dz] =0.

To prove (6.26), notice that H™-a.e. in Fj, denoting by v the normal unit
vector to I'(fp)

- 3 vy, V
6.27) divig =8,y = % =V, vy, = ——(1 _Z’lvf{';z .

Inserting (6.27) in (6.26) and using the equality T (Fp) N B%M = E;, we obtain

—| / Vi V(1 = A+ IV D) e

IthI2IV11fIdz < —ukuoo IV ful* dz
2np
BRa

which is infinitesimal by Step 2.
STEP 4. Let I'(n, R) be the constant given by [20, 5.2.5] such that

1/2
/ Ig(z)lzdz)

m
BRrya

(6.28) max{|g(0)|, RIVg(0)I} < F(

and

1/2
(6.29) lg(z) — g(0) — (Vg(0),2)| < F( / Ig(w)lzdw> |z|?
BR/a
for any z € Bg/3. We can now define the constant C by
(6.30) C = 2m+or? / z|*dz.
Bk
Define also
Zy = {x € Bygr : IT*x| > /™) L) = 2+ n(Vg(0), 2)en
Kn(x) = Lip(Tx) + nrg(0)en Sp = image of Kj,
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and remark that
(6.31) ZyNsptu(uy) =90 for h large enough.

Indeed, let xo € Z, Nsptu(uy) and T = |T1xp|/2; then w(ur)(B:(x0)) > 6,T™,
whence arguing as in the proof of Lemma 5.1

b

2 2 m 1. ym+2
Ny = T°60,t" = 2,,,+2IT xo|™M" >

w
2—,,,;377}; )
a contradiction for h large enough. Let y = 28; we now want to estimate
[ 15 dusta)
By R
to get a contradiction with (6.14). For every x € Bg we have
x — Kp(x) = x — Tx — 14 [g(0) + (Vg(0), Tx)]e,
whence by (6.20) and (6.28)

1Si-x| < 1x — Kn(x)| < |T x|+ nx [IgO)| + |(Tx, Vg(0))1]

172
(6.32) <I|T*x| +2Fnh< / Ig(z)lzdz>
BRa
<|Ttx|+2Cn,.

Moreover, if in particular x = (z, fx(z)), then

Ix — Kn(x)| = | fa(2) — nn[8(0) + (Vg(0), 2)]|
= | fu(z) — nng(2) + 1mn[g(z) — g(0) — (Vg(0), 2)]|

whence, using (6.29) and (6.20), for |z| < R/8 and x = (z, f»(z)) we obtain
(6.33) ISy x| < 7 [lgn(@) — 8@ +Tlzl*] .
Using (6.32) and (6.33) (recall that 7y R < R/8 because y < 1/56) we get

[ 1sixPauan <2 [ T4xR dut) + 8TEH (X,)

By R By, RNXp,

+ 212 / 1+ |V £il2(2) [Ign(@) — 8@ + T?z|*] dz.

B7anEh
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By virtue of |V f,] <1 and (6.31)

/ ISFx2dpus) < [207 P + 8T22 | H™ (X»)

Byyr
+ 2422 / lgn(2) — 8(@)|* dz + 2v/2n312 / |z|*dz.
BR/4 Bl R

Finally, since the first two terms in the above inequality are o(n?), we get

timsup g2 [ 1Syt duun) < 275Var? [ itz <,

h—>+o00
Bryr By

and this contradicts (6.14) because By, g = Biagr contains Bgggr(y,) for h large
enough. a

REMARK 6.3. If we assume that w(z) vanishes on some interval (0, b) C
(0, +00), then Theorem 6.2 continues to hold with the additional assumption
p < b. In this case u is a local minimizer, according to Definition 2.4, in small
balls.

Notice also that we won’t use the full generality of Theorem 6.2 to prove
Theorem 3.1 (see the next section). In [6], coupling Theorem 6.2 with a decay
lemma for the Dirichlet integral we will prove that the L?>* assumption on |Vu|
can be removed. The proof is based on a suitable choice of M and on the
independence of the constant C in (6.8) on M.

7. — Proof of partial regularity

In this section we prove Theorem 3.1. By (3.1) and the L?* assumption
on |Vu| we can find N > 0 such that

a1 [ 19uP+ o /o) < Npme
Bp(x)
for any ball B,(x) C Q with p <1 (recall that @ = min{A — m, 5}).
Since @ < s < 2, we can choose B € (0,1/112) such that CB2 < B~

(where C is defined in (6.30)). By (7.1) and Theorem 6.2 with M = 1 we
infer the existence of ¢ > 0 such that the function A(p) = A(x, p) satisfies the

property
(12)  A(p) <ep™?, A(p) = Np™™®  —  A(Bp) < "+ A(p)

for any x € K(u) and any ball B,(x) C Q.
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LeMMA 7.1 (iteration). Let A(p) be a nondecreasing function satisfying (7. 2).
Then, the conditions

Np*®
griia <€ Al) <ep™
imply
Npntte T\ m+2+a
~(m+2+a) g™t
(1.3) A(@) < B~ max grvzra 0" (p) }

for every t € (0, pl.
PrOOF. Let o, = ppB¥; by the monotonicity of A, we need only to show that

m+2+a

(7.4) Ao < max{W spm+2(£’£>m+2+a}

o

for every k > 0. We shall prove (7.4) by induction on k. remark that the
inequality holds trivially for k = 0, and assume that (7.4) holds; then, our
assumption implies

m+2+a
Npyg . m+2(&)m+2+a
9

; } < eopt?

max { ﬂm +2+4a

hence A(pr) < epft2. If A(ort1) < Nopf2t®B~™-2-% we are done; otherwise

Np,
A 2 Alpen) 2 i o = N2

and we are in a position to apply (7.2), getting

A(pr+1) < B A(or)

which shows that (7.4) holds with k + 1 in place of k. O

By Lemma 7.1 we obtain (for a suitable gy < 1 depending on ¢, N, n, «)
that the ratio

AQy, n)

W YE€Byp(x)NK), 0<n<p/2

is bounded for any x satisfying (3.2). The C1:%/("+2) regularity of K (u)N\B,/2(x)
follows by Theorem 5.3 and Remark 5.4.
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