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Weighted Sobolev Spaces in Complex Ellipsoids

JOAQUIN M. ORTEGA - JOAN FABREGA

1. - Introduction

Let D be a bounded domain of C" and let w be a positive measurable
function on D. We denote by

Llp(D,a)), 1<p<oo, [=0,1,...

the weighted Sobolev space with norm

(1.1) 1fllprw=>_ | ID*flPwdz,
lelt ¥ D

where dz denotes the volume element on D. We will denote by A,p (D, w) the
space of holomorphic functions on D which belong to LY (D, w).

This paper deals with the d—equation and some problems of division and
extension. To precise the object of our work, we begin stating some known
results in this direction.

The first problem is to obtain sharp Sobolev estimates of the solution of
dg = f. For a strictly pseudoconvex domain D with smooth boundary, N. Kerz-
man [KE] and N. Ovrelid [OV] obtained (L?, L?) estimates, S.G. Krantz [KR]
(L?, L?) estimates and D.C. Greiner and E.M. Stein [GR-ST] Sobolev estimates
(LY(D), LY, +12(D)). If p is a defining function of D such that dp(z) # 0
for z in the boundary of D, then we can also obtain (L] (D, (—p)*tP/?),
L (D, (—p)%)) estimates (see [OR-FA 1]).

Of course the above results can be considered in other domains. J. Bruna
and J. del Castillo [BR-CA], following the method of the integral operators
started by M. Range [RA], obtained (L?, LP) estimates in some pseudoconvex
domains with real analytic boundary and D.C. Chang, A. Nagel and E.M. Stein
[CH-NA-ST] obtained Sobolev estimates for the canonical solution in smooth
domains of finite type in C2. Estimates of type (L?, L) have been obtained
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by P. Bonneau and K. Diederich [B-DI], A. Bonami and Ph. Charpentier [B-
CHA] and Z. Chen, S.G. Krantz and D. Ma [CHE-KR-MA] in some particular
domains.

The second object is a problem of division. To be precise, let ¥ = {z; u =
0} be a complex submanifold in a neighbourhood of D and assume that du(z) #
0,z €Y. Let f be a holomorphic function on D vanishing on Y N D. Then we
can consider the holomorphic function 5 and it is natural to study the regularity
of this function in terms of the regularity of f. The C* case has been treated
by E. Amar [AM] and M. Hickel [HI]. Assuming that D = {z; p < 0} is
a bounded strictly pseudoconvex domain with smooth boundary and that the
function u satisfies the condition of transversality

Bundp)z)#0, zedDNY,

P. Bonneau, A. Cumenge and A. Zériahi [BO-CU-ZE] showed that if f is in
the Lipschitz class A then 5 is in the class As_1/2. Under the same conditions
it was proved that if f is in the class A,p (D, (—p)?), then the function f is
the class AP (D, (—p)*t7/?) [OR-FA1].

Let us consider the third problem. Let ¥ be a complex submanifold in a
neighbourhood of D and transversal to the boundary of D. Then we can consider
an extension problem from the submanifold M = YND to D. If D = {z; p < 0}
is a strictly pseudo-convex domain G.M. Henkin [HE] proved restriction and
extension theorems for bounded functions and continuous functions on D and
A. Cumenge [CU] for Hardy spaces and AP(D, (—p)®) spaces. F. Beatrous
[BEA] obtained that if Y is a submanifold of codimension d then

AP (D, (—p)®)Iu = AT (M, (—p)*+9).

We point out that in this case it is possible to obtain a result of extension
of jets (i.e. to find a extension of a function and derivatives, see [OR-FA 1].
For pseudoconvex domains E. Amar [AM] studied the C*° case and K. Adachi
[AD-1, 2, 3] studied the problem for Hardy spaces in a generalized type of
real ellipsoids.

When D = {z; p(z) < 0} is a domain of finite type m, all the known
estimates on the above problems just depend on the type. This have a close
relation with the fact that the multiradious v(z) of the bigger polidisc centered
at z and contained in the intersection of D and the tangent complex space at
the point z satisfies co(—p)'/? < |v(z)| < c1(—p)!/™. Observe that this estimate
if m =2 gives |v(z)| & (—p(z))"/2. Then, if we want to give precise results
on the previous problems it seems convenient to introduce Sobolev spaces with
weights @ depending on p and v.

The aim of this paper is to consider the above problems in the context of
these spaces. We will treat that for the most simple model of domain of finite
type ie. the complex ellipsoid of C2, where we can give sharp estimates.
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Let D be the complex ellipsoid of C?
D= {zp@ = lul* + |22/ - 1 < 0}

and 0D its boundary.

We consider the spaces Lf(D,(—p)’v") for 1 < p < o0, I =0,1,...
and 8, r such that the function (—p)®v" is integrable on D. The subspace of
holomorphic functions will be denoted by A7 (D, (—p)°v").

We state two of the main results which will be obtained in this paper.

THEOREM A. If f is a (0, 1)-form on D, 9 closed and with coefficients in
g,,p(D, (—=p)®V"*P), then there exists a function g in LY (D, (—p)®v") such that
ag=f.

THEOREM B. Let Y = {z € V;u(z) = 0} be a holomorphic submanifold

defined in a neighbourhood of D and let M = Y N D. Moreover, assume that the
holomorphic function u satisfies

@u)(2) #0, z€eY and @undp)z)#0, zedDNY.

Then, if f is a function of class AY (D, (—p)®v"), vanishing on M the function
f/uis of class AV (D, (—p)v+P).

Before stating the first result about extension, we need to introduce some
notations and results.

Let Y = {z; u(z) = 0} be an analytic set, defined in a neighbourhood of
D and we assume that |(du A 3p)(z)| > ¢ > 0, for z in a neighbourhood W of
YNoD. Let M = DNY. Then we denote by

AP (M, (—p)°v")

the space of holomorphic functions f on M such that the restriction of f on
M N W belongs to L,p (MNW, (—p)®v"). Note that this space does not depend
of the neighbourhood W.

Then we obtain:

THEOREM C. Let Y = {z; u(z) = 0} be an analytic set, defined in a neighbour-
hood of D and we assume that (3u A 3p)(z) # 0,z € YN3D. Let M = DNY.
Then

A (D, (=p)’V)Im = Af (M, (—p)°v" ).

If Y is a complex submanifold we can obtain this result as corollary of
a more general result of extension of jets. To state this result we will start
given conditions of regularity of the restriction on M of the function and its
derivatives. Finally, we prove that the above conditions are sufficient to obtain
the extension results.

Let d’/ f be the j-th covariant differential of f and let X = (Xy,..., X;)
be a j-tuple of smooth vector fields. Assume that X has n, tangent complex
vector fields. We define the function 8(X) = (—p)"1v"2, where n; = j — ny.
Then we will obtain the following theorem:
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THEOREM D. Let Y = {z; u(z) = 0} be a complex submanifold defined in a
neighbourhood of D and transversal to he boundary of D. Let M = Y N D.

Then for every function f in Al (D; (=p)’V") and every j-tuple of smooth
vector fields X = (X4, ... , X;) we have

& fX1,..., X))m € LT (M, (=p)"v"*?0(X)?).
For every holomorphic function on D, we denote by

Jof =@f,....d"f).

Let F = (F% ..., F") be, where Fj,ze M and j =0,...,n, is a j-covariant
symmetric tensor. The next problem is to obtain necessary and sufficient con-
ditions on F such that

1.2) F=J.flu for some f of class AF(D,(—p)°v").

It is clear that condition (1.2) gives some necessary conditions of compati-
bility on F and that Theorem D gives necessary conditions of regularity of F/.
Then defining an Alp (D, (—p)®v")-jet of order n on M as a jet which satisfies
these conditions (to precise, see Definition 6.5), we obtain:

THEOREM E. Let Y = {z; u(z) = 0} be a complex manifold, defined in a
neighbourhood of D and transversal to the boundary of D, and let M = DNY.

Then, if F is a Alp (D, (—p)®v")-jet of order n on M, there exists a function f
in A7 (D, (—p)®v") such that J, f|y = F.

This paper is organized as follows. In Section 2 we obtain a precise
estimate of the function v. In Section 3 we construct some representation
formulas and we give estimates of the corresponding kernels. In Section 4 we
study the properties of the integral operators which appears in Section 3 and
as application we prove Theorem A. In Section 5 we prove the division result
of Theorem B. In Section 6 we prove the extension results of Theorems D and
E and in Section 7 we obtain the result of Theorem C. Finally, in Section 8
we give some results for complex ellipsoids in C”".

As usual, all the constants which appear in the inequalities will' be de-
noted by c.

2. — Notations and geometric results on D

The aim of this section is to obtain a precise estimate of the radious v(z)
of the bigger disc of center z and included in the intersection of D and the
tangent complex space at the point z. To do so we introduce some notations
and definitions that we will use in this paper.
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DEFINITION 2.1. We denote by { Dy, D,, D3} the following partition of D.

D) ={z € D; |z1|* < —p(2)},
Dy ={z € D; |z2|™ < —p(2) < |z1/*},
D3 ={z € D; —p(2) < lz1|*, |22} .

DEFINITION 2.2. For z in D and n > 0, we define the functions

2k— 2m—2,2 2m—1), 2k —1).2
Az, 1) = 12117222/ 202 4 |2/ 4 gy |G Dy2m

771/2k lf z € Dl

1/2m i zeD

r@m=4 " |, / 2
7 if zeDs.

21 ¥~ zpm—1
If n = —p(2), we write t(2) instead of t(z, —p(2)).
The next lemmas will be used to prove that v(z) =~ 7(2).

DEFINITION 2.3. For ¢, z € C? we define

D, 2) = kif5 T (G —2) +mE ey (2 — ).
The following result has been obtained by M. Range in [RA].
LEmMMA 2.4. If ¢, z are in a neighbourhood of the boundary of D then

p(@) — p) +2Re ® (¢, 2)
~ 2 * 720 — a4 1 - al* F 12 e — 2 + 18 — 22"
~ 0 *720 — al? + 18— al®* + 1620 — 2 + 10 — 2.

PRrOPOSITION 2.5. For z in D and near of the boundary, we have

T(2) ® v(z) =min{|¢ —z|;{ € 3D, € T3}

where T, = {{ eC": ¥ — z,-)gg = 0} denotes the complex tangent plane at
the point z.

Proor. Using Lemma 2.4, we find that for { € dD N T,
—p@ ~ |zl 15 — al? + 16— u* + 122152 — 22 + 152 — 22"
Since ¢ is in Ty, then we have { —z = A(mzyzy "', —kz¥z}™") and therefore

~ 2k— 4m—214 12 2k(2m—1 2k
—p(2) ~ |21 |* 2z 2 + |2V
2m— - 2 2 -1 2i
+ 12217220 |* 2|2 4 |2y D P

~ 2k— 2m— 2m—1 2k 2m(2k—1 2m
~ 1211272 22l P2 A R 122K DA 4 1 PPV AP = Az, D .
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Observe that
inf{|Al; (z1, 22) + A(mZRrey !, —kz¥ k™) e D) ~ inf{|¢ —z|;¢ € dD N T})
and that the polynomial
pOx) = |2 PR 4 g PEMTD 4 12y 212 % + o (2)

has a unique positive zero xo for every z € D, z # 0.
Thus, to prove the result is sufficient to show that this zero satisfies

(—p@@)"/* if |21 < —p(2)
~ ) (CP@P T (2" < —p(2) < lzil*
(=p@@)'/?

—_— if |21, |z2/*" > —p(2) .
|z1 %=1z |m—1

First, we assume that |z;|%* < —p(z) and we take x, = t(—p(z))'/%.
Replacing x by x; in the polynomial we obtain

p(x) = |21 P D (—p @)™ 4 | 2o D (—p ()%
+ 1212222 (—p @)V * e + p(2) -

Since z is near the boundary of D and |z;|* < —p(z), then |z3| is near
to 1 and thus there exists #p such that p(x,) > 0 for every t > 1.
On the other hand, we have

p(x) < (—p@)* 2™ + (—p@)t* + (—p @) + p(2)

and therefore there exists a #; such that p(x;) <0 if 0 <t <1.
Using the two above results, we find that

t1(—p @)% < xo < to(—p(2))"/*

if 1z11%* < —p(2).
The same method can be used to show the other cases and hence the lemma
is proved. O

ReMARK. The functions A(z, n) and t(z, n) of Definition 2.2 are a precise
estimate in our case of the functions A(z, §) and t(z, §) introduced by A. Nagel,
E.M. Stein and S. Wainger in [NA-ST-WA].

Also note that for 0 < 17 < 1o and z in a neighbourhood of the boundary
of D we have

2.1 T, Az, M) ® Az, T(z, 7)) = 7.
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3. — Some integral representation formulas and estimates

In this section, using a result of B. Berndtsson and M. Andersson [BE-AN],
we obtain some representation formulas and some estimates which we will be
used in the next sections to find solutions of the mentioned problems.

To do so we introduce the functions

S({, Z) = E - z )
GB.1) a2 =-pE)+ (¢, 2)
=1+ k= DIaI* 4+ m— Do — ki —mer g 'z

and the forms

§(¢,2) = (&1 — 21)d81 — dz1) + (G2 — 22)(d L2 — dz2)
P(¢,2) = ktkef 1 der — dzy) +mEr ey~ (d g — dzo)
P, 2)

Q¢,2) = a2

For every ¢t > 0, we consider the kernels

. 1 (—p(;))“’ §AdS
KD = iy ( a¢,2)/ 1§ -z

. Q2+ +1) (=p©))
R == 0m7 at. o

_ 1+t ¢ N
+(2+t)< p(:)) S/\dQ)

a(¢,z2) 1 —z|?

(dQ)*

These kernels satisfy d; K’ = R’ outside the diagonal, and R’ is holo-
morphic in the variable z.

THEOREM 3.1 (Koppelman Formulas [BER-AN]). Let K 1’,, q be the component
of K' of bidegree (p,q) inz, (2 — p,1 —q) in ¢, and let R}, , be the component of
R! of bidegree (p,q) inz,and 2 — p,2 — q) in¢. Then, if f is a (p, q) form with
coefficients in C' (D), we have

= (=1 p+q+1< é K! ,
1@ =t ( [ 35 A Ky 60

"QZAf(C)AK;,q—I(ng)>’ lfq > 1.
f@) = (=)r! ( /D If &) AK (&, 2) — /D f(f)R;,o(s“,z)) ifqg=0.

Note that for every ¢ > 0, the above formulas give explicit integral operators
to solve the d-equation. For (0, 1) forms d-closed this operator is given by the
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kernel

3.2)

t o —p(&)\* 5035
Koo 9 = iy ( (a(;, z)> ¢ —2f*

(—p@EN'™* §AdO )

2
D a€, ) ¢ —zJ?

Also, we obtain an integral representation formula for holomorphic functions

using the kernel

_Q+DU+D) (—p@))

(3.3) Rhy= d0)*.

21@2ri)*  a(g,2)
The following lemmas will be used to obtain estimates of these kernels.
LEMMA 3.2. The kernels K* and R® satisfy the estimates

(- p@©)*" L (= p(O))
la(¢, )12 — 2P la(g, 2)13H|¢ —z|

(= @) 151/* 2|52
la(¢, 2) P+ .
ProoF. It is clear that |s(¢, z)| = |¢ — z| and that

~ dP(t,2) da@,2) AP, 2)
dO(, 2) = -
6. 9= 2 a(t,2)?
Thus i) follows from the expression (3.2) of K'(¢, z).

To obtain ii) observe that

2 _ ([@P@.2) ,4a.2) A P, 2) AdP(L,2)
a(t, 2) a(t, 2)3 '

) IK'¢.2l=<c

i) |R'¢ 2l <c

d0(, )

Therefore, to prove the result of the lemma is sufficient to show that

|(@P)?| < cl1*21gp P2
|da(¢,2) A P(£,2) AAP(E, )| < cler P 2|52

and this result follows trivially from

P(¢,2) = kZFeF'de — dzy) + mEr 1 de, — dzo)

dP(¢,2) = Ko |*72dE) A (de — dzp) + mP |6 2dE A (dG — dzo)
— k(k — Defef~?dey Adzy —m(m — DI 5 2d e Adza

da(¢, 2) = k(k — DIFEE2(0 — 20)dg + m(m — DIy (8 — 22)di,
+ (k(k — DZF e = KPP 221)dE
+ (m(m — DI — m* |6 220)d s
—kZkekdzy —meredz, .
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LEMMA 3.3. The representation kernel R(t),o is given by

C+0A+1) (—p@O) 16252

R(t)y()(éz Z) = 2!(2”1)2 a(;, Z)3+t

doy Adi AdE AdE.

Proor. The proof follows easily from the computations of (d é)z, dP and
da given in the proof of the above lemma. O

The next proposition gives some estimates of these kernels.

PROPOSITION 3.4. Let s, r be real numbers such that the function (—p)°t” is a
function of class L' (D) and let t > 0 be large enough. Then we have

. (—p @)’ ()

D /D a@, OI1E — 2P
5 (—p @)Y
) /D la@, DL — 2
(=p () T(@)

p la(g, )
(=P T 16112 g2

D la(¢, 2)IP* s —z

To prove this result we need some preliminary lemmas.

LEMMA 3.5. If{,z € D then

d¢ < c(—p@) ().

d¢ < c(—p@) @) .
1ii)

d¢ < c(—p(2) 't (z) .

iv)

d; <c(—p@) (@) .

) Rea(@,2)~—p@ —p@)+I01* 40 —ul?+ 10 —ul*
+ 161218 — 2o + 182 — 22"

i) la@, 2 ~la(z O~ —p2) — pE) + ISma(Z, 2)|
+1z1* 2 — P+ 10—l
+ 122178 — 22?4 182 — 22"

Proor. This result follows trivially from the definition of a(¢, z) and the
result of Lemma 2.4. o

LEMMA 3.6. For0 <é6,e <1,j>0andt > %, we have
1 5l o n gUHD/2-t5=k=DG+D  jr o < 5%
T Jo GtoF 252y sy ® cUH+D/@0—1 if > 6%,

Proor. It is clear that

) Sj 1 sj
m/ —ds+/ s,
0 (8 + 62k-2s2)t 5 (8 + SZk)t

: . k-1 . .
Finally, using the change r = %177s in the first integral and r = 1s% in
the second one, we obtain the estimate. O



334 JOAQUIN M. ORTEGA - JOAN FABREGA

Lemma 3.7. Letn = 0,1,3,i,j = 0,1,..., § > —1,7 > max(52, &2) + 5
and

_ (=181l 152l
I = /D @@, DP s —

Then:
If 1211%* < —p(z), we have

1(2) < c(—p(z))/2k+o=t+1 n=3
I(Z) < c(__p(Z))(i+2—n)/2k+8—t+n—1 n= O, 1.

If |z2]*™ < —p(z), we have

1(2) < c(—p(g))//2mté-r+l n=73
1(2) < c(—p(g))UtFm/amts—tin=l p _( 1,

If1z11%, |z21*™ > —p(z), we have

1(2) < c(—p @) "z | |22l n=73
I(Z) < c(_p(z))3+n/2—tlzl|i—(2—n)(k—1)I22|j—(2—n)(m-—l) n= 0’ 1.

Proor. By Lemma 3.5 we find that |a({,z)| > ¢>0if | —z| > e >0 or
if ¢ or z are in a compact subset of D.

Thus, to prove the lemma is sufficient to obtain the above estimates for

— e ttesd
(3.4) / ( P((iz lftll 2]
DNg:lg—zl<e) 1a(E, DPTHE — 2|
with z in a neighbourhood of dD.
First we consider the case § = 0.
To compute this integral we consider three cases.

a) 1z11* < —p(2).

In this case we have [{3| > ¢ > 0 and therefore using the usual change of
coordinates

d¢

m=p&)—p@E) +iSm P, 2)
m=4a -2
and the estimates of Lemma 3.5, we obtain

o< mal’ + Iz’
= i<k (o @+ il + 21 P ol + Ina P

Now, using polar coordinates |n;| =r, |[n2] =5 we get

"+ lzil)rs
I(z) < dsdr.
(@) < C/ /0 (—p(2) + 7 + |21 252  s2k)3—nti (72 | g2y /2 sdr
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To finish, we consider the cases n =0, 1, 3.

n = 3. In this one we have

R r R s .
_ i/2k—t+1
I(z) < C/O (o@) T ry i /0 2 +s2)3/2der <c(—p() .

n = 1. Using the same method and Lemma 3.6, we obtain

R rR
.
I1z) <c adsd
@se[ | (—p@ T 7+ far P25 ¢ smyrir e 4
R 1 .
<e __ds < c(p(z G+1)/2%~t
/0 (P @+ Prois 4 sty e = €0

n = (0. The same argument gives

R R rs
I(z SC/ / ——dsdr
(@) o Jo (—p(z) +r+ Izl|2k—2s2 +32k)3+t—:/2k
R
s _ (i+2)/2k—1—t
<< || oo < ep©) |

The cases b) |z3|2" < —p(z) < |z1/%* and ¢) |z1]|%, |22|*" > —p(z), follow
in the same way.

Now, we consider the case & # 0.

If § > 0, using —p(¢) < cla(¢g, z)| the result follows trivially from the
above case.

If =1 <68 <0, using (—p(¢) + @, 2)/a(t,2) = 1, [3p()| = ¢ > 0 for
¢ in a neighbourhood of 3D and an integration by parts we obtain

L+ila el al + jlale)l Yal + |§1|i|§2|jd
|a|4—n+t|§ _Zln

@) <ec /D (—p(£))**! .

Hence, the result follows from the above case. O

LemMma 3.8. For ¢, z € D we have

1z Nz m e (€) < elzif Mzl e (¢ lalg, 2)1) < cla(g, z)| V2.

ProoF. The first inequality follows from the definitions of t and —p(¢) <
cla(¢, 2)|.

Now we prove the second inequality. By Lemma 3.5 we have
! < e(la ! + 1o =zl <elal! + la, 21 7Y%
22" < c(1eal™ ! + 162 — 22l ") < c(1e™ 7 + la(g, )P .

Finally, using the above estimates and the definition of t(¢, |a(¢, z)|) we obtain
the result. O
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PROOF OF PROPOSITION 3.4:

Estimate 1). We consider the following cases:

a) z € D;. If r > 0, using the definition of v and the estimates of
Lemma 3.7, we have

(=p)z (&) /
dg <c+ T 4
/D la(¢, 2)I'1¢ — zI3 ¢=c¢ bl 1<1/2) 1a (€, IS — 2 ¢

< c=p@) T = c(=p@) 1)

(_p)s+r/2k

If r <0 we obtain

(=) T(C) / (= py 2
d _— —d
/D @ M =P = o, G ols — 2P
(_p)s+r/2m
+ —2 4
/D2 @, D — 2P
(= p)*r12g, |~
py lag, 2)I'g -z
< c(_p(z))s—t+1+’/2k +c+ C(_p(z))s—t+l+r/2k

<c(=p@) "M@ .

b) z € D,. This case follows in the same way.

d¢

¢) z € D3. If r > 0 using Lemma 3.8 and the estimates of Lemma 3.7 we
obtain

/ (=p(©))*t () dt < 1 _ / (=p())’ dt
pla, DIt —z? (z1*zalm=1) Jp la(t, 2)|72|¢ — z)?

(_p(z))s—t+l+r/2
= (lz [z m 1)

=c(—p@) ().
If r <0, we have
(—p @) @) / (—p(@)y /%
dt = _  d
/D @, DM — 2P~ o, la@. D — 2P "

(—p@)*+ " (@) (10 el
et ZaLs]
D, 1@, DIl =2l Ds ¢, DI1E — 2]

dg.

Assume for example |z;| < % Then, by Lemma 3.7 we obtain

(_p (Z))s—t+1+r/2
(Iz1|*= 1z m =1y

/ (—p(c))st(;)r d; < c(_p(z))s—t+1+r/2k+c+
D

la(z, 2)I'1g — 2
<c(=p@) ().
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Thus estimate i) is proved. Estimates ii) and iii) follow in the same way
and their proofs will be omitted. Estimate iv) follows from part iii) and from
the estimate

—p()

T(¢)?
obtained in Lemma 3.8. O

W—2,, (2m—-2
[&117 7718l <c

4. - Integral operators and resolution of -equation

The aim of this section is to give some properties of the integral operators
K! and R’ defined in the above section. Also we prove the following result:

THEOREM 4.1. Let 1 < p < o0 be and let §, r be such that (—p)’t" belongs
to L'(D). Then, for every (0, 1) form f on D, 3 closed and with coefficients in
L,p(D, (—p)*T"tP), there exists a function g in Llp(D, (—p)%t") such that 9g = f.

To prove this theorem we will use the solution of the §-equation given
by the operator Koo for some ¢ > 0 large enough (see (3.2)), the estimates of
Section 3 and the following integration by parts formulas.

The first lemma can be found in [BR-BU].

LEMMA 4.2. Let f be a (0, 1) form d-closed with coefficients of class C*° (D).
Then

By
ﬁ/pf(f)/\K(‘)yo(f,Z) / a;af(C)AKOO(g‘ 2)
3Iy| 918!

azy 30O AR D)

where y, B are multiindexes with |y|+ |8l = j — 1 and Ro.1 1 I =1, 2 denotes the
coefficient in dz; in the component of the kernel R' of degree (1,0) in z and (2 1)

in¢.
To find estimates of the terms which appear R(’)’fl,l we need to introduce
the following operators:

DEFINITION 4.3. For positive integers i, j,u, v, v, n and s,t > 0 we define the
kernel .
(=P ¢is 35322
a(g-’ Z)3+t

and the differential operator Ry = {; 3371 + & %.

Rs,t,i,j,u,v,v,n ({’ Z) —

ReMARK. It is clear that the coefficients of R'(¢, z) are linear combination
of these kernels.
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LEMMA 4.4. If s > 0 and f is a function of class C' (D), then
R [ Reshimeon, o) o)
= [ Reiimnang (= 4 vbu— vt ]+ R = R) F@)dg

where I denotes the Identity operator.

Proor. First, note that Stokes’ theorem implies
| (ke = Ropgras =0

for every function of class C!(D) which vanishes in the boundary of D. Also,
note that from the definition of p(¢), and a(¢, z) (see (3.1)), we have

(R; — R + R)p(t) =0
(R, — R; + Rp)a(¢,2) =0
(R — Ry + R) (i e 32320) = G — j+v+u—v+n) (T §532373) -

Hence, we obtain

R, [ Rt 2 p)de
- /D (R, — Ry + ReR*H54v1(2 2) £(2)de
= /D RSEHIUVYN (e A (i — j4+v+u—v+n]+ (R, — Ry)) f(£)d¢

and the lemma is proved. a
The next lemma is well-known (see for instance [OK] Theorem 4.1.2).

LEMMA 4.5. Let (X, uy), (Y, uy) be o-finite measure spaces and let 1 < p <
oo, and p’ its conjugate exponent. Suppose that there exist |Lx, Ly measurable
functions @1 (x), ¢2(y) and ¥ (x, y) such that

D [ o @i s o 0)
i) [ B0, < ().
Then the operator
T/0) = [ £ew e ydu,
is continuous from LP (X, j1,) to LP (Y, jy).

If p = 1 and condition ii) is satisfied for some ¢ = @1 = ¢, then the operator
T maps L'(X, u,) to L' (Y, Hy).
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PROPOSITION 4.6. For 8, t, r satisfying the conditions of Theorem 4.1 and K an
integral operator have:

i) IfFIK(, 2)| < c(—=p(©))/(a(t, 2)IF|¢ — z|) then the integral operator K is
continuous from LP(D, (—p)®*Pt") to LP(D, (—p)‘sr’).

ii) If|K(Z, 2)| < c(=p))/(la(¢, 2)|*t|¢ — z|) then the integral operator K is
continuous from LP(D, (—p)t"+P) to LP(D, (—p)’t").

iii) If K (£, 2| < c(—=p@))'101* 218212/ (|a(g, 2)I'1E — z[**") then the inte-
gral operator K is continuous from LP(D, (—p)®t") to LP(D, (—p)®t").

Proor. Let 1 < p < 0o be and let p’ be its conjugate exponent.
To prove i) we define

_(=p@©) ()T
VD= o =2
01(2) = (—p)) ="V, 0@ = (—p()~*
pe = (—p@)’TPTE)ds,  u, = (—p@)°t(2)dz

with s > 0 small enough such that (—p)’~*t” belongs to L!(D).
Then we have ¢, = ¢, if p =1 and

| /Df OKE DdE| < ¢ /D IFOWE, Ddu;.

Moreover, by proposition 3.4 we have:

2) /D 01 @) Y (¢, Ddpe < 2@, 1<p

b) /D 0PV DA, <o@)?, 1<p

and thus applying the result of Lemma 4.5 we obtain i). O
As final result about these operators we give the following lemma:

LemMA 4.7. Let R, , the differential operator R, ;, = I + 3—1+—tRz, where [ is the

Identity operator and R, is the differential operator R, = z; % + 22 %,
Then for t > 0 large enough, the differential operator

R, =Rii1. Rz : Al(D, (—=p)°t") — AP(D, (—p)°t")

gives an isomorphism between these spaces.
The inverse operator is given by the integral operator

Rt-H,t(;-’ Z)

c (—P(C))t+l|§1|2k_2|§2|2m_2(1 + (k= D& [* + (m — 1)|§’2|2m)_l
1l a(c, z)*

withc, = 2+t + D+t +1)/[2!2ni)%].
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PrOOF. A direct computation gives
R R*(G,2)=Ry =1 on AP(D,(—p()’t")
*
and thus the lemma is proved. ' O

ReMArk. Using this lemma we can obtain the known result
@.1) 1l pyier & /D IR} fIP(—p(@)) T (¢ de .
ProOF OF THEOREM 4.1: We define the function g by

(@) = /D £ AKL (. 2)

for some ¢ > 0 large enough. Then by the Koppelman formulas (Theorem 3.1)
it is clear that ag = f.

Now, we prove that g is of class LY(D,(—p)’t"). By integration by
parts in the formula of Lemma 4.2, it is sufficient to show that the inte-
gral operator Kj, maps the space of (0, 1)-forms with coefficients of class
LP(D, (—p)’t"*P) to the space LP(D, (—p)’t") and that the operator R6,1,1
maps the space of (0, 1)-forms with coefficients of class L,”_ i (D, (—p)it™tP)
to the space A{ ;_ (D, (—p)°t"), j=0,...,1—1.

By Lemma 4.4 we have that the last condition is equivalent to show that the
operators R(’,:il,l maps the space LY (D, (—p)’t"*P) to the space AP(D, (—p)’t").
Moreover we have —p(¢) < t(¢) and thus LY(D, (—p)’t"*?) c L¥(D,
(—p)’*Pt"). Finally using AY(D, (—p)’*P1") = AP(D, (—p’t") (see [GR],
Theorem C) and Lemma 4.4 we find that to prove the theorem is sufficient to
show that:

The operator K(t),o is continuous from L?(D,(—p)’t"*?) to LP(D,

(=p)°7"). ,

The operators R(t)’,ll,l are continuous from L?(D, (—p)**Pt") to LP(D,

(—p)’*P77). Thus the theorem follows from Lemma 3.2 and Proposi-

tion 4.6. a

Remark. This result is sharp in the sense that there exists a (0, 1)-form
d-closed with coefficients in L (D, (—p)’t”) such that the solutions g of the
equation 5g = f are not in Llp(D, (—p)2t7tP=¢) for all € > 0. As usual this
form can be taken of type

=k

See [CHE-KR-MA] for more details.
Also, note that the same estimates and a more general version of Lemma 4.5

(see [OK] Th. 4.1.2) permit to obtain (L{(D, (—p)’t"), L{(D, (—p)*'t"))-
estimates for the d-problem.
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5. — Division in the A7 (D, (—p)®7") spaces

The goal of this section is to prove the following theorem:

THEOREM 5.1. Let Y = {z € V;u(z) = 0} be a holomorphic submanifold
defined in a neighbourhood Y of D and let M =Y N D.
Assume that the function u(z) satisfies the following conditions:

i) du(z) #0, zeY
ii) Oundp)z)#0, z€eYNID.

Then, if f is a function of class Af (D, (—p)%t") vanishing on M, the function
f/u belongs to AY(D, (—p)’t"+P).
To prove this theorem, we need the following lemmas.

LEMMA 5.2. For¢,zin D

DT =BT < clul (ea, )" + c(eag, ) T

i) 1Ee ! — 2yl < claal™ ! (e at, ) + e(Seas, ) T

Proor. Using
12t = 2 < (P20 -l + 1o — al*7)
and Lemma 3.5, we obtain the result i).

The result ii) follows in the same way. O

LeMMA 5.3. Let Y = {z;u(z) = 0} be a holomorphic submanifold with
u satisfying properties i) and ii) of Theorem 5.1. Then for every point 1 in the
boundary of M = Y N D, there exists a neighbourhood W of { and a holomorphic
projection of class C*°(W),

w:W—WwnY
such that

) wi) =z+u@eE) mvrwy !, —kﬁ)’fw'f_l), 0(z) € C®¥(W), lp()| ~ 1;
i) —pw) = —p(@)+ Az, [u@))), c>0;
i) |a(¢, w) = la(¢, )|+ Az, [u@)]) .

REMARK. Observe that condition ii) implies that if z € VN D then w €
VNM.

ProoF. We define w = w(z) by

5.1

d>(w,z)=0} io kw*w = (wy — z1) + mwFwy (wy — 22) =0
u(w)=0 o u(w) =0
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By property ii) we have
(5.2) [(@p A du)(m)| >0

and thus, by the implicit function theorem, we find that w is well defined in a
small neighbourhood W of 7.
Moreover, using 5.1, 5.2 and

ou(z)
7]

u(w) = u(z) + ( +O0(|z - wl)) (wy —z1)

+ (3“(2) +0(z - w|>) (w2 — 22)

022

we obtain 1
w; — 21 = u(@Y (z, wymwy wy

wy — 20 = —u@)Y(z, w)kﬂ)’fw’f"l

where ¥ (z, w) is a function of class C*(W x W) and |¢| &~ 1 if W is small
enough. Taking ¢(z) = ¥ (z, w) then i) is proved.
Using (5.1), Lemma 2.4 and i), we obtain

o) — p(w)
~ 2k—2 2 2k 2m—-2 2
~w [*72|\wy — 21 + lwy — 2112 4 w2 ?" 7wy — 22 + |wa — 22"
~ 2k—2 2m—2 2 2k(2m—1 2k 2m(2k—1 2i
~wi 2w P u(@) ) + [wa e Dlu(@) [ + Jwg D u(z) "

=A(w, [u(@)]) .

Assume that |w;| < 1/2. Then

(5.3)

Aw, u@)) ~ |wi*2|u @) + luz)*
< lz*Hu@? + @ + lw; — z211* 2 u(2))?.

. 2%
Now, since x%*~2y? < ex? 4+ = for all & > 0 and |w; —z/* < cla(w, 2)| =
c(—p(w)) we obtain '

A, [u@)]) < Az, [u@)]) + elwy — z11* + lu(z)|*

(5.4) g2
< cA(z, [u(@)]) +e(—p(w)) .

Thus, by (5.3) and (5.4) we obtain
—pw) <c(—p@) + Az @) .
The same argument gives

Az, [u(@)]) < c(Aw, [u@))) — p(w)) = c(pz) — p(w)) — p(w)
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and thus
—p(2) + Az, [u(@)]) < c(—p(w)).

Using the same method we can show the case |w;| < 1/2 and hence ii) is
proved.
Finally we will prove iii). Using ®(w, z) =0 we obtain

la(¢, 2) — a(¢, w)|

= k@t — wbwtHw - 2) +m@rey T — wFwy (w2 — 22|
< c(jwi*2|gr — wil + 18 — wi*7") lwy — 24

+ c(lw2lP" 72180 — wal + 182 — w2 "1 fwz — 22 -

Thus, by Lemma 3.5 and ®(w, z) =0 we have

(5.5)

%2 2 2% m—2 2 2m
#7721 — wil” + |21 — wil™ + w2 """z — wal%|z2 — wa|

<la(w, )| = —p(w) < cRea(s, w)

a) |w

b) |wil*721¢ — wil? + 181 — w1l + (w2l 725 — wal* + &2 — wa|*"
< cRea(s, w)

and therefore using (5.5) we obtain
(5.6) la(¢,2) —a(¢, w)| < cRea(t, w).
Then from ii) and (5.6) we obtain
la¢, D1 + Az, [u(@)D) < c(lag, w)| + (—p(w))) < cla(g, w)l.

To finish we prove the converse inequality. Using (5.5) and
1 1
xy < ex? + —y2, x2k—1y <ex* 4+ Wyzk
£ g2k—
for all € > 0 and x, y > 0 we obtain

|a({$ Z) - a(;’ w)l

—_ 2 — 2
<ce(lwi*72gy — wil? + 161 — w1l + (w2218 — wal? + |2 — wy|*™)

1 -2 2 1 -2 2
+c(glwllz" 21 — w| +;|w2|2'" 122 — wo|

1 1
+ WW’I -+ Z2m=1 lwz — Zz|2m> .
Then using Lemma 3.5, ®(w, z) = 0 and ii) we obtain

la(¢, z) —a(¢, w)| < cela(¢, w)| + cela(w, )|
<cela¢, w)| +c(— p@) + Az, [u@)))

where ¢, is a constant which depends of ¢.
Hence, it is clear that iii) follows from the above inequalities. O
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Using the estimates of the proof of Lemma 5.3 we can obtain the two
following properties of the projection w(z).

LEMMA 5.4. Using the same notations as in the above lemma we have:
) a6 2) —a(C, w)| < chea(t, w)
i)  |a@, | =lalw)l, eM.

ProoF. Part i) is the estimate (5.6) and part ii) follows from part iii) of
Lemma 5.3 and from

(5.7 Az, [u@)]) = Az, 1¢ —z]) < la(§, 2)].
o

LEmma 5.5. I’ {, zarein D, w= w(z) is the piOfeCtiOl’l ofLemma 5.3 and Xv
is the tangent complex vectorﬁeld
d
- -1 k. k—1
m..m kl){c !

X, =mviv
\ Y 272 8v1 3\)2

then we have

T(2)|(Xva(¢, v)|
la(¢, w)|

v=w <

Proor. First note that
_ “15kok—1 _ -k k—1; -1
|Xva(§a V)|,,=w=km|w£"w£" s —wiwy 58 |

The first step is to obtain estimates of |X,a(¢, v)|,—y in terms of |z1], |z2]
and |a(¢, w)l.
It is clear that

dm—1izk k=1 k. k—1
e ™ — wiwy

2k—1

1Xva(g, V)lv=w < |w2|
+ [T e - wgwy

Thus, using Lemma 5.2 and the estimates

i < ¢ (Ju 7+ jwr = 27 < el + e(—pQw)!V*

jwa 71 < ¢ (122l + lwa — 22" 7) < ezl + e(=p(w))! T
we obtain

|Xva(g,v)|,_, < cllz2l Mzl a@, w)V? + |z /% a(g, wy—1/2m

vV=w —

+ 1221 Hag, w)'V* +la(e, w)l) .
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Next, we will prove the lemma. From the above estimate we get

()| Xva(t, v)|,_, - Clzzl2"’_1t(z) e lz11* 12 (2)

@, w) el w7 " la@, w)|/2m
1z1* zalm 2 (2)

T g @

Now, we consider the three usual cases.
a) z € D;. In this case we have |z1|%* < —p(z) and 7(z) = (—p(2))/?*.
Hence

)1—1/2m )1/2k

I<clP™ ' +c(-p@) +elz™ ! +e(—p@) " <c.

The cases b) z € D, and ¢) z € D3 follow in the same way. O

LEMMA 5.6. Let w = w(z) be a local projection of Lemma 5.3. Then, for ¢ in
Dand0 <s <1, we have

la(g, sz + (1 — s)w)| =~ slat, 2)| + (1 — s)la, w)l.

Proor. First note that a(¢, sz + (1 — s)w) = sa(¢, z) + (1 — s)a(¢, w).
Therefore we have

la(g, sz + (1 — )w)| < sla(g, )| + (A — 9)la, w)|.
Also by Lemma 3.5 we obtain Rea(¢, z) , Rea({, w) > 0 and

sRea(t,z) + (1 —s)Rea(t, w) = Rea(¢, sz + (1 — s)w)
<la(t,sz+ (1 —s)w)|.

On the other hand, using part i) of Lemma 5.4 we have

[Sma(g,z)| < |Sma(§,sz + 1 - s)w)| + (1 —s)la(, z) —a(, w)|
<|Sma(¢, sz+ (1 —s)w)| +c(1 — s)Rea(t, w)
<cla(¢, sz 4+ (1 —s)w)]

and
ISma(t, w)| < |Sma(t, sz+ (1 —s)w)| + csRea(, w)

<cla(¢,sz+ (1 - s)w)|.

Hence, the lemma is proved. O
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PrOOF OF THEOREM 5.1: We consider a covering {U,»}?_LO of D such that:
D) Up = {z; p(z) < —¢ < 0}
2) If 1 <i <ij then u(z) #0 on U,;.
3) If ij <i <ip then there exists a projection w; as the one in the Lemma 5.2.

Let {x;} a partition of the unity for this covering.
We want to show that the functions g;(z) = x; (z)& are of class Lf (D,

u(z)
(—p)’t?). We consider the three following cases.
1) i = 0. In this case, using Uy CC D, we have that the function % is
of class C®(Uy) and therefore the result is true.

2) 1 <i < i;. In this case is clear that the function g; is of class
L?(D, (—p)®).
3) iy <i <iy. We will write w instead w;. Thus for z € U;

F@ = F@ - fw) = /—fw+s<z—w))

a a
[(o-(Z) came(®) Ve
0 vy v=w+s(z—w) vy v=w+s(z—w)

Then, using part i) of Lemma 5.3 and the differential operator

_ d . oz O
Xv = mwﬁ”wi" 28_1)1 —kw’fw’l‘ 18_112
we obtain @ |
Z
P8 = 0@ [ X fhmussinds
u(z) 0

and moreover

3ol 7 £(2) 1 all f
32“ <u(2)) /0 #a(5:2) (XV v )v—w+s(z—-u') “

a7l
+ Z/qoy(s z)( f) ds
v=w+s(z—w)

lyi=lel

(5.8)

where all the functions ¢, ¢, are of class C*([0, 1] x D).
Next, we will prove that the function

Ialf

) ds
Y v v=w+s(z—w)

2@ = xi(@) / pals, ) (X

is of class L?(D, (—p)®tP).
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Since %ﬁ is holomorphic on D, using the representation kernel R(t),o, we
obtain that g;(z) is given by:

1 A (—p(@))! 16112 g P2
(ACK] X" d ¢
Ct/o Pals Z)( p 9¢” a(g, v)* ¢ v=w+s(z—w) '

1 ] _ ) 12k=2) 5 12m=2
=C;/(; ¢a(§’Z)A)a f (=p@)'el [£2] Xya(e, v))v=wd§ds.

ace a(C, w+ s(z — w))4t!

Therefore, by Lemma 5.6 and integrating over the variable s, we obtain

lgi ()] < C/D

Moreover, by Lemma 5.5 we have

(_p({))tlgl |2k—21§2|2m—2lxva(§’ V) |v=w
la(¢, 2)**a (g, w)l

9% £ ()
e

de .

£11%72| g |2m 2
la(¢, 2)13+

£ ()
ace

8@@ <c /D dc.

and finally, applying Proposition 4.6 iii) we obtain the resuit.

Using the same method we can prove that the other functions which appear
in the expression (5.8) are of class LP(D, (—p)’t") and thus the theorem is
shown. =

ReMARK. The estimate of Lemma 5.1 is sharp in the sense that we cannot
take ' < r + p in the hypothesis of the theorem. The result can be proved
taking ¥ = {z; z; = 0} and functions of type

21

p
1= )P D720 log?(1—25) AD):

f(z)=(

6. — Extension of jets from holomorphic submanifolds

The aim of this section is to prove the results of Theorems D and E.

Using Af(D, (—p)’t") = A}, (D, (—p)**'P17) we can assume, without
lost of generality, that §,r satisfy § > 0 and 26 > —r. This is a technical
condition which gives (—p)?t"|3p = 0.

As in Section 5 we consider a submanifold ¥ = {z; u(z) = 0} defined in
a neighbourhood of D and transversal to the boundary of D. Then we can
assume that the function u(z) satisfies:

@u)(z) #0, zeY and (BuAdp)(z)#0, ze€dDNY.
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To prove the restriction and extension Theorems D and E we will use the
extension operator given by B. Berndtsson ([BER], Th. 2.) We recall briefly
this result.

We find holomorphic functions g;(¢, z), g82(¢, z) such that

6.1) u(@) —u@) =g1¢ )@ — &)+ 8, (2 — &)

and we define the (1, 0)-form g(¢, z) = g1(¢, 2)d&) + g2(¢, 2)de, and the (1, 1)
current . _
e 8(¢,2) N ou(¢)
P au@)?

where do denotes the surface measure on M. Observe that the coefficients of
w are measures supported on M, depending holomorphically on z € D.

Then for every ¢t > 0 there exists a constant ¢ = ¢(¢) such that for every
holomorphic function f on M of class C!(M), the formula

do(¢)

_ +2 -1
(6.2) E'f(2) =c/M f(()(a—(zy(—i%aa (“’g @) e

defines a holomorphic function on D which coincides with f on M.
Note that the operator E’ is given by an integral operator of type

E@¢,2= a(z, Z)t+2

with @(¢, z) holomorphic in z and of class C*°(M x D).
The next lemmas give some properties of these kernels.
LEMMA 6.1. Forz € D, t > 0 large enough and s > 0, 2s > —r, we have

(=Pt )

M lag, )*

<c(=p@+AG @) " t(z, —p@) + Az, u@))".

do (%)

ProoOF. Let n be in dDNY and ¢ € M, z € D satisfying | —n|, [z—n| <&,
with ¢ sufficiently small such that there exists the projection w = w(z) of
Lemma 5.3.

First, we will prove

(6.3) la(¢, )| = la(g, w(2)| = —p(w(2)) + | — w(2)|.

By Lemma 5.4 we have |a(¢, w)| ~ |a(¢, 2)|.
On the other hand by (6.1) we have

0=u(w)—u®) = (w; — g1, w) + (w2 — £)g2(¢, w) .
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Moreover, since du(z) # 0 on Y, we have |gi]| + |g2] = ¢ > 0 for |¢ — 7|,

I —zl <e.
For example we assume |g,(¢, w)| = ¢ > 0. Then, we have

1D, w)| = kZFek (g — w) + mEP ey~ (G2 — w)l

_ | kEEG T 826 w) = mET " o1 (€, w)
82(¢, w)

&1 — wyl.

Hence, using the transversality of ¥ and taking ¢ small enough, we obtain
la(¢, w)| = —p(w) + P&, w)| = —p(w) + |51 —wi| = —p(w) + ¢ —w].

Next, we will obtain the estimates of the lemma. Note that from (6.3) and
part ii) of Lemma 5.3 we obtain

1 —
AW"”G)SC(—M@H\(Z, @), for t>0.

This is the estimate of the lemma for s = r = 0. Now we prove the case s,
r > 0. We consider the three usual cases.

a) z € D,. In this case we have

(=P’ @)

M la(, 2>

do(?) < c+c/ do(¢)

ley1<1/2 la(g, 2|2+ —s—r/2k

<c+c(-p@ + A u@))

<c(=p@+ A @) " t(z, —p@) + Az, [u@)])" .

b) z € D,. The result in this case can be obtained in the same way as in
the above case.

¢) z € D;. Using Lemma 3.8 we have

(=)t @) 1 1
M la@g, 2|+ (Iz1[*= 1z m=1)yr /M la(g, 2)|2Ht—s—¢/2 o)

<c(=p@ + A u@)) " 1(z, —p@) + A, u@)D)" .

do(()<c

The case r < 0, 2s > —r follows in the same way and thus the lemma is
proved. a
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DEFINITION 6.2. Let X = (Xy, ..., Xn) be a n-tuple of smooth vector fields
with coefficients in a neighbourhood of D. Let ny be the number of X; such that are

tangent complex.
We define the function

0(X) =0(Xy,...,Xn) = (—p@)"1()"?, ni=n-—ns.
LEMMA 6.3. Let X be as in Definition 6.2. Then

1 1
X1 -1 <c -
a(¢, z) la(¢, 2)|
ProOF. Assume for example that z is in a neighbourhood of D and that

|z1] < 3.
Let X; = al(z)g% +a (z)% be a differential operator with coefficients of

class C*® in a neighbourhood of D. By direct computation, we have

(X)X

X1a(¢, 2) = a1 @k + ax(@mer ey

(6.4) =ka1@QCET - BB+ may @)@ - 2 Th

=m_m-—1

+ a1k 4 ay()mZT 2]

If X, is not tangent complex, then [X;a(¢, z)| < ¢ and thus 6(X;)|X1a(¢, 2)|

< c(—=p(2).
If X, is tangent complex we have

6.5) ka1 (75K + may()Zr ! = 0.

Thus, using (6.4), (6.5), Lemma 5.2 and the definition of 7 (Definition 2.2),
we have

0(XDIX1a(¢, )| < 7@ (121l la, DI + la(g. )/
+la*za" e, DI + 1 ¥, )T
< cla(¢. 2)l.
Therefore it is clear that

Cc

Ia(t, Il

0(X1) ‘Xl

((F¥ 0 I

To prove the lemma we proceed by induction on n.
Then, if X; is tangent complex, by (6.5), we have that for z in a neigh-
bourhood of the boundary of D

|D%ay(z)| < clz; |11
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for all differential operator D* of order || < 2k — 1. Hence, by (6.4), for
|| <2k — 1 we obtain

@) "D X1a(¢, 2)| < ct@ (10 1* ! + |z P < clag, 7).

If |oe| > 2k then t(2)* < c(—p(z)) and thus T(2)*|D%a(¢, 2)| < c(—p(2)).
Finally, using these results, the equality

1 Xja(z, z))
X =—tX,... X | ——=
aG o ! 2 (a(;, )

and an induction argument, we obtain the result. O

THEOREM 6.4. Let Y = {z; u(z) = 0} be a complex submanifold in a neigh-
bourhood of D and transversal to the boundary of D. Let f be a function of class
AP(D, (—p)Pe").

Then for every n-tuple of smooth vector fields X = (X1, ... , X»), the function
X, ... X1f|m belongs to LY (M, (—p)°t"T20(X)P).

Proor. We write Xf instead X;...X; f. Then, taking ¢ > O large enough
and applying Lemma 4.7, we have

1@ =c [ RFORG.2).
Also by Lemma 6.2 we obtain

(PN 1621522

la(g, z)+ el

0(X)| D*(Xf ()| < ¢ /D IR'F Q)] ds.

Hence, using 161121622 < —,o(;‘)/'t(g‘)2 (see Lemma 3.8) we obtain
for |a| <1

(=p@©) )2

la(f’ Z)|3+t+l

ID*(XFE)|6X) < ¢ /D IRLF @) dc.

Finally using the estimates of Lemma 6.1 and Proposition 3.4 and applying
Lemma 4.5 with

(=p@E) ()2

1/}({’ Z) = |a(§, Z)|3+t+l ’
P1(8) = (=pE)~*, ¢(2) = (—p(2)~*,
px = (—p@)’t(¢)de, uy = (—p(2))°t(z) 2do (z)

for some 0 < s small enough, we obtain the result. O
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Now, as in [OR-FA 1] we introduce the following definition of Alp (D,
(—=p)’t")-jet.

DEFINITION 6.5. F = (F°,..., F")is an AP (D, (—p)’t")- jet of order n on
M iffor all0 < j < n it satisfies the following conditions:

. ] . . . .
I-1) Ateverypoint z € M, F; isa j-covariant symmetric tensor .

(0 0 d d
I-2) F/ (a—,...,a—,...,a RN ) are holomorphic
21 21 Zn Zn

functionson M .

1-3) Fi(Xy,....X;))=X;FI7'(Xy,..., Xj_1)

j—1
=Y FTNXy, VX X X))
i=1
for every tangent vector field X; at M.
I-4) F/(Xy,...,X;) € L7(D, (—p)’t"*0(X)P) for every j-tuple
of smooth vector fields X = (X1,...,X;).

The condi}ions I-1), I-2) and I-3) just gives a relation of coherence between
the tensors F’ and the condition I-4) gives a condition of regularity.
From Theorem 6.4 the following result is clear:

THEOREM 6.6. If f is a holomorphic function of class A,p (D, (—p)°t") then
the restriction on M of the jet J, f = @°f,...,d"f)isan Af(D, (—p)‘sr’)-jet of
ordernon M.

The next step is to prove that every A’ (D, (p)®t")- jet of order n on M
is of type J, fiy for some f of class Al (D, (—p)°t"). To do so we need the
following lemmas.

LEMMA 6.7. Let f be of class C*(M) and t > 0. Then, for every n > 0 there
exist integral operators EY (¢, z), whose kernels are holomorphic in z and satisfy

the estimates
la|

_ t+n
a_Ey(m)’SC (—p ()

9z% Ia@-’ Z)|2+t+|a| ’

such that

vl f

E' = EY .

f@=73 ( 37 )
lyl<n

Proor. The proof of this result can be obtained using dp(z) # 0 in the

boundary of D and an integration by parts. See Lemma 2.5 of [OR-FA 1] for

more details. O
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LEMMA 6.8. If f € L (M, (—p)®t"+2*JP), j > 0 and t is large enough, then
the function uw’ (E' f) is in A (D, (—p)’t").

Proor. Using Lemma 6.7 is sufficient to show that the integral operators
defined by the kernels

L m@P(—p@))

51,82 |a(§-’ Z)|2+l+s2

do($),s1,50=0,s1+5<l,51<j

maps L?(M, (—p)°t™+2+iP) to LP(D, —p + A(z, [u]))’t(z, —p + A(z, |u])").
First, note that by (2.1) we have

lu@)| ~ t(z, Az, [u@)]) < ct(z, —p@) + Az, [u(@))) .

Moreover, the same method used to prove part iii) of Proposition 3.5 gives:

dz < c(—p@) T @)**

/ (- p@)’t(z, ~p() + Az, [u@D)"
D

la(¢, 2+

for ¢ large enough.
Thus taking s > O sufficiently small,

(= @) @) P )
v, 2) = la(c, Z)|2+t+s2 ’

01(6) = (= p@) ™1 Ly =il gy(2) = (= p(2)) "

8 i ,

ux = (= p@)’ @ Pdo @),y =(-p@)’T @z
and applying Lemma 4.5, with the above estimates and those of Lemma 6.1,
we obtain the result. m|

LemMA 6.9. Let Y = {z € V;u(z) = 0} be a complex submanifold in a
neighbourhood of D and suppose that 0u(z) # O for every z of Y. Then there exist
a vector field G with holomorphic coefficients on a neighbourhood of D such that
Gu(z)=1forze?Y.

PrROOE. Let D, = {z; |21/ + |22)*" + ¢|z1|> + €]z2|* < 1 + 2¢} . It is clear
that for every ¢ > 0D, is a strictly pseudoconvex domain with smooth boundary
and that D C D.. Also, note that

(8u(Z) M u(z))‘ >c>0

azl ’ 322 ’

for every z € D, and ¢ small enough.
Then using the Bezout’s theorem we can find holomorphic functions g, g2,

g3 on D, such that
u ou
81— t&—+gu=1.
971 077

Taking G = gl% + gZ% we obtain the result. a
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THEOREM 6.10. If F = (F°, ..., F")is a AP (D, (—p)’t")- jet of order n on
M then there exists a function f of class A{’ (D, (—p)‘sr’ )suchthat J, f = F on M.

Proor. Let G be the vector field of Lemma 6.9 and let E* be the extension
operator defined in (6.2). Then, we define the function f by induction in the
following way:

fo=E'F°

j o
f,-=f,-_1+%E'((F1—dff,-_l)(G,... Oly)., j=1,....n
f=fn'

We want to prove that f satisfies J,f|y = F and that f is of class
AL(D, (—pP’T"). , , ,
To prove that d’ f|y = F/ observe that d’ f|y = d’ fj|u and that
ldfuf(G G)|,, =1
I v G|y =1

Then, using property I-2 of Definition 6.5, it is clear that

(6.6) d'f(G,...,G6)|,, =F(G,...,G).
To show that
6.7) dfXy, ... . XDy =F X1,..., X))
for every Xi,...,X; we proceed by induction on j and on the number of X;

such that are equal to G.

The case j = 0 is obvious because E’ is an extension operator.

Now, assume that d' f|y = F/ for every 0 <i < j — 1. By (6.6) it is
clear that (6.7) is true if X; =... = X; = G. We assume that (6.7) is true if
X;=...=X;4y1 = G and we prove (6.7) in the case X; =...=X; =G.

Since Gu(z) =1 on M we can find a decomposition X;+; = o1G + arT
where T is a tangent field on Y. Then by properties I-1), I-3) and the hypothesis
of induction, we have

df(G,...,G Xis1,.... Xp|, =1d’ f(G,...,G, Xisa, ..., Xj)|u
+wTd 7 f(G,...,G, Xisa, ... . X))|,,

j—1
—@ Y d7'f(G,...,G, Vi Xija, ..., X))|y

i=1
=F/(G,...,G, Xiy1,.... X)).

Thus the result is proved.
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Next we prove that f is of class Af(D, (—p)‘sr’).
Note that by properties I-3) and d’ f|y = F/, j =0, ... ,n, we have

(F/ —d/ f_1)(Xy,...,X;1,T) =0

if T is a tangent field on Y. Since Y is transversal, decomposing G as sum
of a tangent complex field X and a tangent field on Y and applying property
I-4) we obtain that the function

(FI —d' f;_1)(G,...,G)|,, = F —d’ fi_)(X, ..., X)|,

is of class LY (M, (—p)°t +3/p),
Finally by Lemma 6.8 and induction on j we obtain that the functions
“fo, ... » fn are of class Af(D, (—p)’t") and hence the theorem is proved. O

7. — Extension of functions from analytic sets

In all this section we consider an analytic set ¥ = {z; u(z) = 0} defined in
a neighbourhood of D with u(z) satisfying the condition of transversality

(7.1) BuAdp)(z) #0, for zedDNY.

Note that Y is an analytic submanifold in a neighbourhood of the boundary
of D.

As in the above chapters we denote by M = DN Y and we assume that
§>0, 26 > —r.

The aim of this section is to prove Theorem C.

Observe that the methods used in the above section give the restriction part
of Theorem C:

AL (D, (—p)’t")|,, C AP(M, (—p)°T"*?).

Thus it is sufficient to prove the following theorem:

THEOREM 7.1. Let Y be an analytic set with u satisfying (7.1) and let g be of
class AY (M, (—p)’t"2).
Then, there exists a function f in AT (D, (—p)°t") such that f|y = g.

The first step is to construct locally extension operators. To do so, we
define the convex function

-1 1
exp(————+—> e<t<l1/2
vs(t)={ goet e

0, t<e.
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Then for n € Y N 3D and for some fixed ¢ > 0 small enough we define the
convex domain with smooth boundary

Q= {z: oy @) = lz1/* + |22/ + ve(lz = 1) = 1 < 0} .

Note that B(n, &) C S'Zf7 C B(n, 2¢) where B(n, ¢) denotes the euclidean ball of
center n and radious ¢.
Also, we define the functions

d d
®,(,2) = —%’g—)(ﬁ —z1)+ ;";f)

a,,({, Z) = “Pn(f) + cbn(c’ Z) .

(52— 22)

Observe that Yor | — 5| < ¢ the functions &, and a, coincide with the
functions & of Definition 2.3 and with the function a defined in (3.1).
Then, as in Section 6 we consider the decomposition

u(@) —u(@) =g, 2@ —¢1) + 8¢, )z — ),
the (1, 0)-form g(¢, z) = g1(¢, 2)d¢1 + 82(¢, 2)d¢, and the (1, 1) current

_ . & nda@)
TP au)?

For every t > 0 we define the extension operator

do().

(=g = —1
— 901
a @2 ()

0 Ef@=a f© A
n

Then we obtain

LemMmA 7.2. For ¢ > 0 small enough the operator Ef, maps the space A? ;N
Y, (—p)*t"*2) to the space A7 (Q% N B(n, ¢/2), (=p)°t").

ProOOE. As in Lemma 6.7, using (dp,)(z) # O on the boundary of 32, we
obtain:

vl £ )
(E'f)@) =D EJ ( a0 ) , with

lyi<t

il v| < (—pn)H-l

5; n| = Ian(g“.z)|2+‘+'°‘"

Therefore, to prove the lemma, it is sufficient to show that the integral
operator

(=oa N

lay (£, 2) |2+

maps LP(Q5NY, (—p)’t"*?) to LP(Q5 N B(n, £/2), (—p)°t").

Ej,2) =
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But for ¢ € B(n, &) we have E5'(2,2) = (—p)"*/la(z, 2)[**** and for
¢ € Q) \ B(n,¢) and z € B(n,&/2) we have EL'(L,2) < c(—pp(0))'T! <
c(—p(£))'*!. Thus, for z € B(n, £/n), we obtain

— t+
/8 IFOINER ¢, Dldo (@) < c/ |f(o) 2P
ny

f QENYNB(.6) la(g, 2)|2++

do (%)

+ / F O =p @) Hdo (@)
Q5NY\B(7,8)

Then taking ¢ large enough and applying the argument used in the proof
of Lemma 6.8 we obtain

p
/ ( / IfOIE (€, z)da(c)) (—p (@)’ (2) dz
B(n,e/2) Q‘f]mY

<c / LF@OIP(—p @)t @) +do (@) .
Ny

Q'l
Hence the lemma is proved. O

ProoF oF THEOREM 7.1. We consider a finite set of points {n; };‘;, of 0DNY
such that 0D C U; B(n;, €) for some ¢ small enough. Also we can assume that
[(8p A Bu)(z)] = ¢ > 0 for z € B(n;,4¢) and that there exists a local projection

of Lemma 5.3 in a neighbourhood of S—Z‘,‘f. Moreover, we consider a domain

Qo CC D such that D C Qo U; B(n;, €).
By Lemma 7.2 we can find holomorphic functions f; on Q‘,"f of class

AP (a)‘,;:? NB(;, 2¢), (—p)?t") such that fi|y = g. Also, we have a holomorphic
function fy on D such that fyly = g.
For ¢ < A < 4e, we define the covering V;, of D by

Voo =%, Via=QFNBm,A), i=1,...,i
and we consider the Cousin data
ﬁ]=.f1_f]7 on Vi,ZsHVj,Ze-

Then, using the local projection w; = w;(z) of Lemma 5.3 and an argument
like the one of the proof of Theorem 5.1, we obtain

fij = uh,-j , h,'j € A[p(Vi,e N Vj,e, (—p)‘st’ﬂ’) .

It is clear that h;; is a Cousin data. Using the standard proceeding to solve the
first Cousin problem, we take a partition of the unity x; respect the covering
Vi.e and we consider the (0, 1)-form v on D defined by

v(@) =Y 0x:s@his(2), 2 € Vi
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Then it is clear that v is a 3-closed form with coefficients in LP (D, (—p)®t"*P).
Thus, by Theorem 4.1 there exists a function & of class Llp (D, (—p)®t") such
that 8h = v.

Finally defining

f@ = fim) - u(Z)(sz(z)his(z) - h(z)) . 2€Vie

we end the proof. O

8. — Final remarks

The same methods used in the above sections permit us to obtain some
analogous results for complex ellipsoids D in C*, n > 2. However, in this case
the results are less complete.

Let D be the complex ellipsoid

D={zeC”;p(z)=Z|z,~|2"i—l <O}.
i=1

Let us start stating some geometric results. We will need to know the
distance from z to the boundary of D in the different complex tangent direc-
tions. Let T(z) = ;’=1 ¢j(z)0/0z; be a complex tangent vector field satisfying
IT(2)| = co > 0. We define

dr(z) = inf {|A; p(z + AT (2)) = 0} .

In this case, as in Proposition 2.5, we have

0@~ 3 15| 2@ P dr @2 + Y | (@)Y dr )™
j=1 j=1

and thus we have that dr(z) is equivalent to the unique positive root of the

equation
n

n
2g; -2 2 g
—0@ =3 |5 e @ % + 3 |ei@)| x4
j=1 j=1
For z # 0 we denote by T; ; the following vector fields which generate the
complex tangent space at the point z:
i—12g; 9 9j=1.4; 9

T, =qizl 2 — —qjz7 7] —, i<i, j<n.
i,j = 4i%; 'Zj qi%; i 3, » J
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It is clear that if z; #0 then T; ;, 1 < j <n, j #i is a base of this space.
For |z;| > 1/2 we can obtain easily that

(—p@)V?
dr, ;(2) ~ |7j1%"
(o) if |z < —p(2).

, it 1z > —p(2)

Let us first consider the d-problem. We will obtain some solutions with
LP-estimates in terms of a weight depending of p and dr; e Some results of
this type were obtained by A. Bonami and Ph. Charpertier in [B-CHA].

The result reflects the different behavior of the solution in the different
complex tangential directions and in the normal direction:

THEOREM 8.1. Let 1 < p < oo and let w be a 3-form on D which satisfies

glal
|(22)

ii) Foreveryl <i,j<n

9l
T;
Z/W)m (a; )( D(9)

lee| <k
Then there exists u which satisfies du = w and

>/,

la|<k

p
p+é— 1

i) (=p©®) <00.

| <k

p

(= p®)* 'y, ;(£)Pd¢ < o0.

3 u()|”
T

(—p(©)"'dt < o0.

The proof follows as in Section 4. We can obtain kernels K*(¢, z), R'(¢, 2)
which satisfy Koppelman formulas (Theorem 3.1).
Moreover, for a d-closed (0, 1)-form w we have

n—1 t 129;—2
(=)' L=t [Lies 16175 |0 (£)]
Ia)({) A K(t),o(;’ Z)l = Z |a(§- z|)1||t+ljc|€- __Iz|2n—2k—1

@8.1) 1 -~
n "z_: (=p©)) Z 1 |w(T, il Z|1|_k 1i,jel [ies &[22
= Ia(f, Z)I"H‘HIC — z|2n —2k—1
and
¢ (PO Ty 16 P 2w @)
8.2) (@) AR, (D) < ¢ P
where

at,7) = —p(@)+ﬁ(¢ 2.
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As in Lemma 3.5, for z in a neighbourhood of the boundary of D we have

la(¢,2)| ~ —p(2) — p@&) + |1SmaC, D + 3 _ 12247218 — zil* + 18 — 2l .
i=2

Finally, using the integration by parts formula of Lemma 4.1, a similar
version of Lemma 4.4 (see Lemma 3.5 of [OR-FA 2]) and the usual changes
of coordinates we obtain the theorem.

The division and extension problems are more delicate. We will only con-
sider some particular cases of the first problem. Let 7/ = (z3,...,21,0,...,0),
7"=7-7,Y={zeC" 7 =0} and f is a holomorphic function on D which
vanishes on Y N D. Then using the projection w(z) = z” and following the
same steps of Section 5, we can find a decomposition

f@=Y zf@
j=1

where the functions fj(z) satisfy the estimate

ol £.() [P B '
s —
| <k @

gl _
ScZ/D 35(2) (—/O(z))‘S ldz.
ol <k o

Note that (—p(z")/%% = dy/oz; @").
An analogous result can be obtained for some submanifolds of codimension
one. In this case we have:

THEOREM 8.2. Let Y = {z € V; u(z) = 0} a complex submanifold defined in a
neighbourhood of D, of codimension 1 and transversal to the boundary of D.

Then, if f is a holomorphic function on D which vanishes on Y N D, and L(z)
is a complex tangent vector field which satisfies |(Lu)(z)| > ¢ > Oforz €e aDNY,

we have
olel f(z))p . )
gs:k/v CES <u(z) (=p@)" (A + lu(@)I)"dz
31 f(2) s
SCES:;C/D v (- o) dz.

In this case the projection w = w(z) used to prove the theorem can be

obtained from :
w+ AL(w) —z =0}
u(w)=0
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This projection satisfies some analogous properties to the one defined in
Lemma 5.3, replacing the function A(z, x) by the function

n n
AT, x) =Y |72 | w) 2 + Y |ej(w) | x4
j=1

j=1

J

where T(w) = >7_, cj(w)ﬁ;, x > 0. Now, following like in Section 5, we
j

can finish the proof of the theorem.
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