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Intersections of Analytic Sets
with Linear Subspaces

PIOTR TWORZEWSKI

Introduction

This paper evolved from research on the question of finding criteria for
the algebraicity of affine analytic sets in terms of their intersections with linear
subspaces. In recent years, such criteria were obtained by various authors. The
classical works here are [9], [16], [17], [21], [23], [28], [29].

The principal topic of this paper is a detailed study of intersections of
germs of analytic sets with linear subspaces. As simple consequences of our
main results, strong criteria for special entire analytic sets are obtained.

The organization of this paper is as follows. Chapters 1 and 2 are of

preparatory nature, where we collect together some facts on Nash functions and
Nash sets and derive their consequences for use in other chapters. In Chapter
3 we proceed with the study of restrictions of germs of holomorphic functions
to linear subspaces.

Finally, in Chapter 4, our main results are stated and proved. We get sharp
criteria for a germ of an analytic set to be a Nash germ. As the consequences
of these last results we obtain, in Section 4D, some criteria for entire analytic
sets to be algebraic.

The author is greatly indebted to Professors S. Lojasiewicz and J. Siciak for
many stimulating conversations. My special thanks go to Professor T. Winiarski
for suggesting the problem and constant help during the preparation of this
paper.

Pervenuto alla Redazione il 10 Ottobre 1988.
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Prerequisites

As for prerequisites, the reader is expected to be familiar with:

1) Topology. Besides standard elementary point set topology, some basic facts
on proper mappings are frequently used.

2) Differential geometry. Complex manifolds and properties of submersions.
Note that in this paper all manifolds are assumed to be second-countable.

3) Analytic and algebraic geometry. Standard facts on a structure, decomposition
and dimension of analytic and algebraic sets. Good references for all this ma-
terial are: [10], [11], [18], [31].

Finally, we have assumed Chevalley’s theorem in the following version
(c.p. [18], [22], [30]).

CHEVALLEY’S THEOREM. Suppose that N and M are finite dimensional
complex vector spaces and denote by 7r the projection ~r : N x M --~ N. If
X is an irreducible algebraic subset of N x M, then 7r(X) is an irreducible

algebraic subset of N such that dim  dim X.

(Here is the closure of 7r(X) in the standard topology of N).

CHAPTER 1

Nash functions

1A. - Definitions and basic properties

In this paper we denote by N a finite dimensional, complex vector space.

DEFINITION 1.1. Let 92 be an open subset of N. Let f be a holomorphic
function on Q. We say that f is a Nash function at xo c 0 if there exist an

open neighbourhood U of xo and a polynomial P : N x C ---~ C, P fl 0, such
that P(x, f (x)) = 0 for x E U. A holomorphic function defined on Q is said to
be a Nash function if it is a Nash function at every point of Q. The family of
Nash functions on Q we denote by 

The examples of Nash functions on a fixed open subset of N are
the restrictions of polynomials and rational functions, holomorphic on SZ. More
interesting examples will be presented in other chapters of this paper.

We start with some basic properties of Nash functions. The first one is
a simple consequence of the identity principle for holomorphic functions and
known facts of the algebraic geometry.

REMARK 1.2. Let D be an open connected subset of N and xo E D. If
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f is a holomorphic function defined on D, then the following statements are
equivalent:
( 1 ) f is a Nash function at xo,
(2) f E V (D),
(3) there exists a proper algebraic subset X of N x C such that f c X,
(4) there exists a unique irreducible algebraic hypersurface X of N x C such

that f c X,

(5) there exists an irreducible polynomial P : N x C 2013~ C, unique up to scalars,
such that P(x, f (x)) = 0 for x c D.

THEOREM 1.3. Every entire Nash function is a polynomial.

PROOF. Let f : N - C be a Nash function. The graph of f is an
irreducible analytic hypersurface in the space N x C. By the condition (4) of
Remark 1.2 there exists an irreducible algebraic hypersurface X c N x C such
that f c X. Hence f = X. Let P : N x C --~ C be an irreducible polynomial
such that X = P~(0), and let x : N x C ---&#x3E; N be the natural projection. Then
the restriction X ---+ N is proper, and by ([29], Lemma 1) we can assume
that

where Pl, ... , Pd are polynomials on N.
Let us fix xo E N outside the set of zeros of the discriminant of P. Then

E C : P(xo, t) = 01 = d. The condition P(xo, t) = 0 implies t = f (xo). Hence
d = 1 and f = - Pd. This ends the proof.

THEOREM 1.4 (Lojasiewicz [15]). Let D be an open connected subset of
N, and G an open connected subset of N x C , g E N (G), g fl 0. If f : D --+ C
is a holomorphic function such that f C then f E N (D).

PROOF. Since 9 E N(G), then by Remark 1.2 there exists an irreducible
algebraic hypersurface such that g C X. Since 0, we have
(N x C) x {0} ~ X. Hence

,. , , , , 

is a proper algebraic subset of N x C. Moreover, it is clear that f C X°. Now,
using Remark 1.2, we conclude that f is a Nash function.

DEFINITION 1.5. Let N, M be finite dimensional complex vector spaces,
and Q be an open subset of N. Let ---+ M be a holomorphic mapping.
We say that F is a Nash mapping at xo if there exists a basis of M such that
all components of F are Nash functions at xo. A mapping F is said to be a
Nash mapping if it is a Nash mapping at every point of SZ.

PROPOSITION 1.6. Let D be an open connected subset of N, F : D - M
be a holomorphic mapping and n = dim N. Then the following statements are
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equivalent:
(1) F is a Nash mapping,
(2) there exists an n-dimensional irreducible algebraic subset X c N x M such

that F c X,

(3) for each basis of M, all components of F are Nash functions.

PROOF. (1) ~ (2). Let m = dim M. It is obvious that there exists a basis
m

e 1, ... , em of M such that F - E eifi and fi c N(D) for i = 1, ... , m. Then we
i=l

have irreducible polynomials Pl , ... , Pm on N x C such that Pz (x, fz (x)) = 0 for
i = 1,..., m. Let us fix a point xo E D for which all sets

are finite. We shall consider the algebraic set

Since the intersection

is finite, then from [18] (Prop. 3.28) we conclude that dim(xo,F(xo»Y :S n.

Moreover, F is an irreducible n-dimensional analytic subset of Y. Hence there
exists an n-dimensional irreducible component X of Y such that ~’ c X. This
ends the proof.

(2) # (3). Let el, ... , em be a basis of M. For fixed i E { 1, ... , m}, we
can find the linear form L : M --; C such that L(ei) = 1 and L(ej) = 0 for j fl i.
We check at once that the i~-th component of the mapping F is the composition
f = L o F. Define

Let X be an n-dimensional irreducible algebraic subset of N x M such
that F c X. Now we have

From Chevalley’s theorem, the set X = is a proper algebraic subset
of N x C. Since f c X, then by Remark 1.2 f is a Nash function.

(3) + (1). Obvious.

THEOREM 1.7. Let D and G be open subsets of N and M, respectively,
dim N = dim M = n. Let f : D ---~ G be a biholomorphism. If F is a Nash
mappings, so is F-1 : G -----~ D.
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PROOF. There is no loss of generality in assuming that D and G are
connected. It follows from Proposition 1.6 that there exists an n-dimensional
irreducible algebraic subset X of N x M such that F c X. It is clear that
F-1 C { (y, x) E At x N : (x, y) E X} and the proof is complete.

As a simple consequence of Theorems 1.3 and 1.7, we obtain the following
corollary.

COROLLARY 1.8 (see [22]). If F : N ---+ M is a polynomial biho-

lomorphism, then F-1 : M ---+ N is a polynomial mapping too.

1B. - Composition of Nash mappings

We now state a result we shall frequently use.

LEMMA 1.9. Let D be an open connected subset of N and f E N(D). If
X is an irreducible k-dimensional algebraic subset of N, then there exists an
algebraic subset Y of N x c~ of pure dimension k such that

Moreover, if D fl X is an irreducible analytic subset of D, then we can
find Y which is irreducible.

PROOF. The proof is by induction on codim X. If codim X = 0 then
X = N and by Remark 1.2 existence of Y is clear.

Now, assume that it is true for irreducible algebraic subsets of N of
dimension k + 1  n ; we shall prove it for k. Suppose that X is an irreducible
algebraic subset of N of dimension k. We can assume that XnD fl 0. Let X c N
be an irreducible algebraic subset of N such that X c X and dim X = k + 1. By
assumptions, there exists an algebraic subset Y of pure dimension k + 1 such
that

Now, to construct an algebraic set Y for X, we need only consider two
cases.

(1) If X x C 0 Y, then we can define Y as the union of all irreducible k-
dimensional components of Indeed, since Z = 
then dim Z  k. Moreover, is an analytic subset of D x C of pure
dimension k. Hence eYe X x C.

(2) If XxC c F, then dim (X x C) = dim F = k + 1, and X x C is an irreducible
component of Y. Let Yo be the union of other components of Y. If we

put p : X n -- (x, f (~)) E N x C, then sc((XBX) f1 D) c Yo.
The continuity and the density of (XBX) n D in X n D imply

n D) c Yo. Hence C Yo and X x C ct Yo. At this point we can
repeat the argument used at (1) to obtain the required set Y.
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The last remark of Lemma 1.9 is a simple consequence of the irreducibility
of X n D, and the proof is complete.

The aim of this section is to prove the following theorem.

THEOREM 1.10. The composition of Nash mappings is a Nash mapping
too.

PROOF. Without loss of generality we can consider the composition of the
form 

- ,

where D and G are open connected subsets of finite dimensional complex vector
spaces N and M, respectively, F is a Nash mapping and f E N (G).

Let n = dim N. By Proposition 1.6, there exists a n-dimensional irreducible
algebraic subset X of N x M such that F c X. Now observe that D x G is an
connected subset of N x M and

is a Nash function. Thus, by Lemma 1.9, we can find an algebraic subset Y of
(N x M) x C of pure dimension n such that

Let us define

If x E D then (x, F(x)) E X rl (D x G) and (x, F(x), f (F(x))) =
(x, F(x), F(x))) E hlxn(D.G) C Y.

Hence H c Y and, by Proposition 1.6, H is a Nash mapping. Therefore,
the second component f oF of H is a Nash function. This proves the Theorem.

COROLLARY 1.11. If open subset of N, then ,V (12) is a subring
of the ring 0(Q) of holomorphic functions on S2.

PROOF. Let f, g E It is easy to see that F = ( f , g) : SZ - C 2 is a
Nash mapping. Define two polynomials

Applying Theorem 1.10 to compositions Pl o F, P2 o F, we get f - g E
R(O), f ~ g E and this is precisely the assertion of the Corollary.
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PROOF. We can assume that is connected. Hence there exists an

irreducible polynomial P : en x C 2013~ C, P fl 0, such that P(x, f (x)) = 0
for x E U. For a fixed i E { 1, ... , n}, we obtain by standard calculations

Set

Since are polynomials then, by Theorem 1.10 and Corollary
But ap (x, f (x)) does not vanish identically on S2 since P

... 

(9t 
ais irreducible. Hence g 10 and 9x, C g (0). Thus, by Theorem 1.4, we obtain

the required result. 
~

CHAPTER 2

Nash sets

2A. - Analytic sets with proper projections

In this section we recall some known theorems of the geometry that will
be useful to us.

Let M be an m-dimensional complex vector space, and D an n-dimensional
connected complex manifold. Let X be a purely n-dimensional analytic subset
of D x M and 7r : D x M 3 (x, y) the natural projection. In this
section, except the last theorem, we assume that the restriction X ---+ D
is a proper mapping.

Since X has pure dimension n, the mapping X - D is a branched

covering. More explicitly, the following theorem is true ([32], 2).

THEOREM 2.1. The mapping X ----+ D is surjective and open. There
exist an integer s = s(X) and a proper analytic subset S = S(X) of the manifold
D such that:

(1) = s for x E DBS’,
 s for x E S’,

(2) for every x E DBS, there exists a neighbourhood U c DBS of x and
holomorphic mappings f l, ... , fs : U ----~ M such that fi n fj 0 for i fl j
and 

(3) the mapping XB7r-1(S) ---+ DBS is a local biholomorphism.
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Now, let L : M - C be a linear form on M. If we set

then we obtain the following theorem.

THEOREM 2.2. If L is a linear form on M, then

(1) the restriction X ---+ D x C is proper,

(2) the set XL = (DL(X) is an analytic subset of D x C of pure dimension n,

(3) the XL ---~ D is proper.
Moreover, if r = (m -1)s(X)+ 1 and L1, ... , Lr are linear forms on M such

r

that every m-tuple from L1, ... , Lr is linearly independent, then X = n XLi.
I=I i

PROOF. ( 1 ) and (3) are simple topological consequences of our assumptions.
By ( 1 ) and [ 18] (Th. 4.11 ), we obtain (2). The second part of the theorem follows
from [ 19] p. 679.

Now, we consider the case M = C.

THEOREM 2.3 (see [29], Lemma 1). Let X be an analytic subset of D x C
of pure dimension n such that the projection X ---+ D is proper. Then
there exists a unique system a 1, ..., Q s of holomorphic functions on D such that

In the next parts of this paper we denote by ux the function

Combining [29] (Lemma 1 ) and classical Rouche’s theorem, we have

THEOREM 2.4. If 0’0, - - -, Ud, Q,~ =I 0 are holomorphic functions on the

manifold D and

then
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(3) if 7I"1~ : : X --~ D is proper, xo E DBS(X), U and fl, - .., Is are the same
as in Theorem 2.1 (2), then there exist positive integers nl, ..., ns such that
n1 + ... + ns = d and

2B. - Structure of Nash sets

DEFINITION 2.5. A subset X of an open set Q c N is said to be a Nash
subset of Q if for every xo there exist a neighbourhood U C Q of xo and
Nash functions f 1, ... , f r on U such that

Since every Nash set is analytic in 0, the terminology of analytic geometry
can be used here. Especially, components, irreducibility and dimension of Nash
sets is defined to be the same as they are for analytic sets.

PROPOSITION 2.6. Let 0 be an open subset of N and let be a

family of Nash subsets of Q. Then

(1) the intersection n Xa is a Nash subset of 0,
aEA

(2) if (Xa)aeA is locally finite in K2, then the union U Xa is a Nash subset

of o. aEA

PROOF. Since Xa, a E A are analytic subsets of SZ, for every point xo E K2
there exist a neighbourhood U c SZ of xo and a finite family (ai, ... , ar } C A
such that

Thus (1) is a simple consequence of Definition 2.5, and (2) is obvious.

LEMMA 2.7. Let X be an irreducible algebraic subset of N and let D be
an open connected subset of N. If Y is an irreducible analytic component of
the intersection X n D, then Y is a Nash subset of D.

PROOF. Let k = dim X and m = codim X = n - k. It suffices to show
that, for every point zo E Y, there exists an open neighbourhood U c D of zo
such that U n X is the set of common zeros of finite family of Nash functions
defined on U.

Without loss of generality, we can assume that k  n, 
and 0 is an isolated point of the intersection (~0} x cm) n Y.

We can find two open balls BI, B2 and respectively, with
centers at the origin, such that B1 1 x B2 C D and (BI 1 x aB2) n Y = 0. Put
U = B1 x B2 and Y = Y n U. The set Y is a purely k-dimensional analytic
subset of B1 x such that the natural projection 7rlÿ : Y -~ B1 is proper.
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Keeping the notation of 2A with D = B1 and M = C-, we can find linear
forms Li,..., Lr r = (m - I)s(Y) + 1 in the same way as in Theorem
2.2. Then Y i = 1,..., r}. We can see that

where f o ~Li for i = 1,..., r.
Now it suffices to prove that B1 x C ---&#x3E; C are Nash functions for

i = 1,..., r. Let us fix i e { 1, ... , r } . If we set Z = YL¡, L = Li , then

where s = s(Z) and Q 1, ... , us are holomorphic functions defined on the ball Bi .
We can find a point xo E B1 BS(Z) and its neighbourhood G C B1 such

that (2) of Theorem 2.1 holds. This means that Z n (G x C) = gl U ... U gs,
where gl, ... , gs are holomorphic functions on G with disjoint graphs. Finally,
by Theorem 2.4, we obtain

for xEG and 
Now, observe that

where cbL : C ~ x em 3 (x, y) ---+ (x, L(y)) E C k x C. By Chevalley’s theorem,
the set H is a proper algebraic subset of x C. Since gj C H, for

j = 1, ... , s, are Nash functions on G and Theorem 1.10 implies
that is a Nash function. Since B1 x C is connected, is a Nash
function. So the proof is complete.

LEMMA 2.8. Let Y be an irreducible analytic subset of an open connected
subset D of N. If there exists an open subset U C D such that U n Y is a

non-empty Nash subset of U, then we can find an irreducible algebraic subset
X of N such that Y c X and dim X = dim Y.

PROOF. Let X be the smallest algebraic subset of N containing the set Y
(i.e. X is Zariski’s closure of Y). Then X is irreducible, Y c X and dim Y 
dim X.

We only need to show that dimensions of X and Y are equal.
Suppose, on the contrary, that dim Y  dim X. Since Y 0 Sing(X),

YBSing(X) is dense in Y. Let us fix a point xo E (YBSing(x)) n U and open
connected neighbourhood G C U of xo such that:

(1) the intersection XnG is a connected submanifold of G,
(2) there exist Nash functions f 1, ... , fr defined on G such that



237

Since dim Y  dim X, Y n G 5X n G and there exists an integer
i E { 1, ... , r} such that Let f = fi. By Lemma 1.9, there exists an
irreducible algebraic subset Z c X x C such that dim X = dim Z, C Z.

If Xl = x E X : (x, 0) E Z } then Indeed, supposing that X = X,
we have

Xx{0}cZ and Z=Xx{0},
because Z is irreducible. Hence = 0, which is impossible. Therefore Xl is
a proper algebraic subset of X. Moreover, if x E Y n G, then (x, 0) E flxnG C Z.
thus 0 =/ Y n G c Xl and finally, Y C Xl:cX contrary to the definition of the
set X. This ends the proof.

THEOREM 2.9. Let Y hs an irreducible analytic subset of an open subset
SZ of N. If there exists an open subset U of Q such that Un Y is a non-empty
Nash subset of U, then Y is a Nash subset of Q.

PROOF. Since Y is irreducible, it is contained in a connected component
of Q. By Lemma 2.8, there exists an irreducible algebraic subset X of N of
dimension 1~ = dim Y such that Y C X.

In our situation Y is an irreducible component of the intersection X n D.
Hence, by Lemma 2.7, Y is a Nash subset of SZ.

THEOREM 2.10. Let Y be an irreducible analytic subset of an open set
S2 C N. Then Y is a Nash subset of Q if and only if Y is an irreducible

component of the intersection of L2 with a certain irreducible algebraic subset
of N.

PROOF. Let D be the connected component of Q which contains Y and
let 1~ = dim Y. If Y is a Nash subset of D, then by Lemma 2.8 there exists
a k-dimensional irreducible algebraic subset X of N such that Y c X. Since
dimensions of X and Y are equal, Y must be an irreducible component of the
intersection X n D..

Conversely, if X is an irreducible algebraic subset of N, then in view of
Lemma 2.7 every irreducible component of X n D is a Nash subset of SZ. This
proves the theorem.

THEOREM 2.11. Let X be a Nash subset of an open subset SZ C N and
let Y be an irreducible component of X. Then Y is a Nash subset of Q.

PROOF. Denote by Y’ the union of the components of X different from
Y. Setting U = S2BY’, we see at once that Y fl U = X n U is a non-empty Nash
subset of U. Hence from Theorem 2.9, it follows that Y is a Nash subset of

SZ, which is our claim.

We now state some results we shall frequently use

THEOREM 2.12. An irreducible Nash subset of the space N is an irreducible
algebraic subset of N.

PROOF. Substituting 0 = N into Theorem 2.10, we get the required result.
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THEOREM 2.13. Let U be an open subset of an open set il c N. Suppose
that X is an analytic subset of Q such that:

(1) each its irreducible component meets U,

(2) U n X is a Nash subset of U.

Then X is a Nash subset of Q.

PROOF. Let Y be an irreducible component of X. Then U n Y is the union
of some components of U n X. Therefore Theorem 2.11 and Proposition 2.6
show that U n Y is a non-empty Nash subset of U. Using Theorem 2.9, we can
see that Y is a Nash subset of Q. Now Proposition 2.6 completes the proof.

COROLLARY 2.14. Let X be an analytic subset of N such that the point
0 E N belongs to every irreducible component of X.

If there exists an open neighbourhood U of 0 such that U f~ X is a Nash
subset of U, then X is algebraic.

PROOF. By Theorem 2.13, X is a Nash subset of N. Hence Theorems
2.11 and 2.12 imply the algebraicity of the irreducible components of X. Since
the set of irreducible components of X is finite, the set X is algebraic.

THEOREM 2.15. Let S2 be an open subset of N and let F : S2 ---~ M be a
holomorphic mapping. Then F is a Nash mapping if and only if F is a Nash
subset of 92 ~t M.

PROOF. There is no loss of generality in assuming that M = Cl. If
F = ( f l, ... , fm) is a Nash mapping, then by definition

is a Nash subset of Q x M.

Conversely, we can assume that Q is connected. In view of Lemma 2.8,
there exists an n-dimensional (n = dim N) algebraic subset X of N x M such
that F c X. Now Proposition 1.6 completes the proof.

THEOREM 2.16. Let 0 be an open subset of N x M, and let (xo, yo) E Q.
Assume that

is a Nash mapping such that G(xo, yo) = 0 and
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Under the above assumptions, there exist open neighbourhoods U, V of
Xo and yo respectively and a Nash mapping F : U ----+ V such that

PROOF. In view of the "implicit function theorem", we obtain a

holomorphic function F, for which all assertions are true. Now, Theorem 2.15
yields F is a Nash function, and the proof is complete.

2C. - Projections of Nash sets

Let M be an m-dimensional complex vector space and let S2 be an open
subset of N. Let x : Q x M 3 (x, y) - z E S2 be the natural projection. Assume
that X is a subset of Q x M such that X ---~ SZ is proper.

Note that, by Remmert’s theorem, if X is analytic so is By
Chevalley’s theorem, a similar result for algebraic set can be obtained. Moreover,
the following theorem is true.

THEOREM 2.17. Let X be a Nash subset ofQxM such that X - Q

is proper. Then 7r(X) is a Nash subset of Q.

PROOF. We first suppose that X is irreducible. Without loss of generality,
we can assume that Q is connected. Theorem 2.10 shows that there exists an
irreducible algebraic subset Z of N x M such that X C Z and dim Z = dim X.
Let projection £ be defined by N x M 3 (x, y) - z E N. Then
7r(X) C *(Z) C Y = ~(Z) and:
(1) 7r(X) is an irreducible analytic subset of Q such that dim x(X) = dim X,

(2) Chevalley’s theorem implies Y is an irreducible algebraic subset of N.
Since x(X) C Y and dimensions of X and Z are equal, dim = dim Y.

Hence 7r(X) is an irreducible component of the intersection Y n Q. From Lemma
2.7 we conclude that x(X) is a Nash subset of S~.

To prove the general case, we can express X as the union of its irreducible
components Xi, i = 1, 2.... By Theorem 2.11, each component Xi, i = 1, 2,...,
is a Nash subset of S2 x M, so projections 7r(Xi), i = 1, 2,..., are Nash subsets
of Q. We can see that the family is locally finite. Hence Proposition

00

2.6 shows that x(X) = U is a Nash subset of S2, and the proof is complete.
i=l

COROLLARY 2.18. Let open subsets of the space M and N,
respectively. Suppose that F : G ----+ Q is a Nash mapping.

If X is a Nash subset of G such that the restriction X - Q is

proper, then F(X) is a Nash subset of Q.

PROOF. Y = F n (X x N) = {(x, F(x)) : x E X} is a Nash subset of G x N.
Of course, r I y : Y 3 (x, y) ---+ y is a proper mapping. Hence Y is closed
in M x Q, and so Y is a Nash subset of M x Q with a proper projection on S2.
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Therefore, by Theorem 2.17, = F(Y) is a Nash subset of Q, which ends
the proof.

We conclude this section with a useful theorem

THEOREM 2.19. Let U 1, - - - , U d be holomorphic functions defined on an
open connected subset D of N and let

Then the following conditions are equivalent:
( 1~ ~ 1, ... , ~ d are Nash functions,
(2) X is a Nash subset of D 

PROOF. (1) ~ (2). Obvious.

(2) &#x3E; (1). Theorem 2.4 shows that the natural projection 27lx : X ---+ D
is proper. Let us fix a point xQ E DBS(X) and its connected neighbourhood
U such that ... U s = s(X) as well as in Theorem 2.1
(2). In view of Theorem 2.4, there exist positive integers n 1, ... , ns such that

nl +... +?~ =d and

for x E U, t E C. Graphs of functions f1’...’ f s are irreducible Nash subsets of
U x C. Hence Theorem 2.15 shows that f 1, ... , fs are Nash functions. An easy
computation E R (U) for i = 1, 2,..., d. Finally, since D is connected,
Q 1, ... , Q d are Nash functions. This proves the theorem.

CHAPTER 3

Restrictions of germs of holomorphic functions
to linear subspaces

3A. - Degree of a Nash function

Let D be an open connected subset of N and let f : D ---+ C be a Nash
function. Then there exists an irreducible polynomial P : N x C 2013~ C, unique
up to scalars, such that P(x, f (x)) = 0 for x E D. We can write P in the form

where s e N, (JO,..., (J s are polynomials on N, In this situation the

integers:
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s = degree of P with respect to the variable "t",
d = degree of the polynomial P,

are uniquely determined by f.

DEFINITION 3.1. Integers s, d, defined above, are called the degree and the
total degree of f E V (D) and they are denoted by respectively.

We shall denote by:
the ring of germs at x E N of holomorphic functions,
the ring of germs at x E N of Nash functions,

(f )x - the germ at x of the holomorphic function f : Q 2013~ C.

LEMMA 3.2. Let G and D be open connected subsets of N and suppose
that f E N(D) and g E N(G). If there exists a point xo E D n G such that
(/)~o = (g)xo’ then degD f = deggg and DegD f = DegGg.

PROOF. Let P : N x C ---+ C be an irreducible polynomial such that
P(x, f (x)) = 0 for z e D. Since ( f )~o - there exists a neighbourhood
U c G of xo such that P(x, g(x)) = 0 for x E U.

Obviously degD f = deggg and DegD f = DegGg, which is our claim.
Now we are able to state the following definition.

DEFINITION 3.3. The degree and the total degree of a germ u E is
defined to be degD f and respectively, where f is a Nash function on
an open connected neighbourhood D of x such that ( f )x = u. The degree and
the total degree of u will be denoted by deg u and Deg u, respectively.

Next, let SZ be an open subset of N and let f E N (0.). For each point
x we can state

DEFINITION 3.4. The degree degxf and the total degree Degx f , of a
function f at x, is defined to be and respectively.

Note that, in all our definitions presented in this part, we have

Observe that, if D is an open connected subset of N and f E .N (D), then
degD f = 1 if and only if f is a rational function holomorphic on D.

Moreover, let us mention that, for any polynomial P : N 2013~ C, we obtain

if P is constant,

classical degree of P, in other cases.

Finally, let us consider the function
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where D is the unit disk in C and is the branch of a square root of
1 with value 1 at the origin.

Then P : C x C 3 (x, t) ---~ xt2 + 2t - 1 E C is an irreducible polynomial
associated with f. Hence degD f = 2, DegD f = 3 and degx f = 2, Degx f = 3 for
every x E D.

3B. - Restrictions to complex lines

We now proceed to much deeper and more important results. The purpose
of this section is to analyze restrictions of germs of holomorphic functions to
linear subspaces.

For given u E Oo(N) and a linear subspace M of N, we define uM E Oo(M)
by

where a holomorphic function f : S2 ----~ C, defined on an open neighbourhood
Q c N of 0, represents the germ u.

Let us start with a simple classical remark.

REMARK 3.5. Let be a set, v E N and let f Z : T - C, for
i - 1, :.., v. Then f 1, ... , f ~ are linearly dependent in C T if and only if

= 0 for t j E T, j = 1, 2,... v.
Now we prove the following useful lemma.

LEMMA 3.6. Let Q be a complex manifold, A = It E C : ~t~ I  1 } and
x C - C be a holomorphic function. Then, for s, d E ‘N such that
the set

is an analytic subset of Q.

PROOF. Let us consider the set

I -

ordered as follows

For each 1 we define a holomorphic function
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Let x E SZ. We can see that x E Vd(g) if and only if the functions

/i(:c, -),..., /~(:r,’) are linearly dependent.
The function x 0" ---~ C, defined by

is a holomorphic function and, by Remark 3.5, x E if and only if

A(x, t 1, ... , t) = 0 for every (t1,...,tv)ELBv. Hence 
°

is an analytic subset of Q.

THEOREM’3.7. Let s, d be two integers such that 1  s  d. If u E Oo(N),
then

is an algebraic subset of P (N).

PROOF. Let us fix an arbitrary norm in the space N. Then there exists
a ball B = B(O, r), r &#x3E; 0, and a holomorphic function f : B --~ C such that
u = (f)o.

Let us denote by P the natural mapping

For any given xo E P (N), there exist a neighbourhood Q of xo and a
holomorphic mapping s : S2 -~ B such that P o s = idc2. Put

Returning to the situation and notation of Lemma 3.6, we can see that

and so .Ns (u) is an analytic subset of P (N). Thus, by Chow’s theorem, Nsd(u)
is an algebraic subset of P (N), and the proof is complete.

COROLLARY 3.8. Let s, d be two positive integers. If u E Oo(N), then:

(1) Nd(u) = (a E P (N) : Ua E .No(a), Deg d} is an algebraic subset of
P (N).

(2) Ns(u) = {a E P (N) : Ua E No(a), deg s} is a countable union of
algebraic subsets of P (N).

(3) N(u) = {a E P (N) : Ua E .No(a)} is a countable union of algebraic subsets
of P (N).
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PROOF. This is proved by observing that

PROOF. Let B and f be the same as in the proof of Theorem 3.7. Then
there exists a polynomial

of degree d such that uo fl 0 and P(x, f (x)) = 0 for x E B.
Note that X = {a e P (N) : (1ola = = ... _ ~ s ~ ~ = 0 } is a proper algebraic

subset of P (N) and, for a E X, we have deg s and Deg ua  d. Thus
X U = P (N). By Theorem 3.7, is an algebraic subset of P (N), and
so = P (N).

The next result is central in this chapter.

THEOREM 3.10. Let u E Oo (N) and s &#x3E; 1. If = P (N), then u E .Jllo(N)
and deg u  s.

PROOF. Let us fix an arbitrary norm in N. We can find a ball B = B(0, r)
and a holomorphic function f : B ----+ C such that:

where - fi is a homogeneous polynomial of degree i, for

and the series converges uniformly in B.

Theorem 3.7, there exists an integer

Returning to the set A, defined in the proof of Lemma 3.6, for each

h = (p, q) E A, we put

Our assumptions imply that ~p 1 (x, ~ ), ... , ~p" (x, ~ ) are linearly dependent in
0(A), for x E B. Observe that

where is a homogeneous polynomial for i = 0, l, ....
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Therefore, for every E B, there exists i such that

v

= 0, for i = 0, 1; 2, .... This means that, for every xE e B,
7=1

the system of linear equations

has a non-trivial solution.
We now proceed to construct solutions which are polynomials with respect

to x. For every B, we define the sequence

and the integer

By our assumptions, r(x)  v for B.
Let us fix zo e B such that r(xo) = and integers 0 ~ i1 1 

i2  ...  im, m = r(xo), such that the are linearly
independent.

Let us consider the system of equations

We can find integers I such that the determinant

does not vanish at xo. Then there exists an open neighbourhood B of xo
such that for x E U.

Finally, choose an integer k such that 1  k  v and k 7’ is for s = 1,..., m.
By Cramer’s rule, we can construct polynomials Pj,, ... , Pj_ on N such that,
for x E U, the system (*) has solutions yl (x), ... , y, (x), where
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Setting.

.

where Pk fl 0. Obviously

By the identity principle, these equalitites hold for every x c B. This
implies 

..

If, for Ij = (p, q) E A, we denote by Pp,q the polynomial then

Hence for

where

We can see that there exists to (=- A such that the system of polynomials

is non-trivial. Moreover

for all x E B. Hence for x E toB .

Let us define



247

Then, for the non-trivial system of polynomials a o, ... , and for x E toB,
we have

Consequently u = ( f )o E No(N) and deg u  s, which is our claim.

COROLLARY 3.11. Suppose that u E Oo(N). If, for every cz E ]p&#x3E; (N), Ua is
the germ of a rational function, then so is u.

PROOF. By the assumptions, ).II (u) =1~ (N). Hence Theorem 3.10 implies
u E .Jl/o(N) and deg u = 1, which gives our claim.

COROLLARY 3.12. If u E .Np(N), then

PROOF. Indeed, by Corollary 3.9,

Conversely, since Ns(u) =1~ (N), Theorem 3.10 yields deg u  s, and so
s = deg u, which ends the proof.

Unfortunately, in the last result, the degree cannot be changed by the total
degree.

EXAMPLE 3.13. Let ~ : (z e C : 1  1 } - C be the branch of a
square root such that VI = 1. We consider the function

and the germ u = ( f )o.
By a simple calculation, we obtain that Deg ua  Deg u = 3, for every

THEOREM 3.14. If u E Oo(N), then the set

is a countable union of algebraic subsets of P (N). Moreover, N(u) = P (N) if
and only if u E 

PROOF. By Corollary 3.8, we only need to show that = P (N) implies
00

u E No(N). To do this, we recall that N(u) = U By Corollary 3.8, there
8=1

exists a positive integer so such that = P (N), and Theorem 3.1 o completes
the proof.

The next proposition shows that, in the last theorem, a sharp
characterization of sets N(u) was given.
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PROPOSITION 3.15. Let sequence of algebraic subsets of
00

p (N). Then there exists a germ u e 00(N) such that V(u) = U Xt.
i=l

PROOF. Without loss of generality, we can assume that the sequence IXil
is increasing.

The construction of u will be divided into three steps.

Step 1. Let us fix an arbitrary norm I in N and a sequence of
non-constant homogeneous polynomials on N such that

for p = 1, 2,..., where i I = 0, i2, i3, ... , is an increasing sequence of natural
numbers.

Step 2. Define PI = Qi 1 and

The sequence has the following properties:

1=1 I

Step 3. Let us define the function f - N -- C by

Since the series defining f is locally uniformly convergent in N, the
function f is an entire holomorphic function on N. Moreover, the restriction. 

00 
1 

1

f 1. is a polynomial if and only if a E U Xs . Hence, by Theorem 1.3 ~ f ..’ 
-

i=l . 

_ 

’

which is our claim.
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3C. - Grassmann manifolds

Let N be a complex vector space of dimension n &#x3E; 0. For x E 
define P (z) = N. If A c N, define P(A) = {I~ (x) : x E AB{o} }. Then
P (N) is a connected compact complex manifold of dimension n - 1, called the
complex projective space of N. The mapping P : N)(0) 3 z ---~ P (x) ~ P (N)
is holomorphic and denoted by the same letter P for all vector spaces.

Take an integer p such that 0  p  n - 1. The Grassmann cone, of order
p to N, is defined by

The Grassmann manifold Gp(N) = P (Gp(N)) of order p to N is a compact
connected submanifold of P (!BP+1 N) of dimension (n - p - 1)(p + 1). If p = 0,
then Go(N) = P (N).

Note that Chow’s theorem implies that Gp(N) is an algebraic subset of
P N). Then algebraic subsets of Gp(N) are well defined.

Each ~ = P (xo A ... A xp) E Gp(.N) may be regarded as:

(1) a point of Gp(N),
(2) a complex line C (xo A... A xp) c Gp(N),
(3) a (p + I )-dimensional subspace Span{xo, ... , 1 X.1 of N,
(4) a p-plane P (Span{xo, ... , xp}) in P (N).

In this paper, all identifications of ~ will be denoted by the same symbol
~ (cp. [27]).

Let p and q be integers with 0 ~ q  p  n. Then the "short flag"

is a connected compact complex submanifold of Gp(N) x Gq(N) of dimension
(n - p - 1 )(p + 1 ) + (p - q)(q + 1 ) (see [27], § 1 ).

If q = 0, write Fp(N) = Fp,o(N). Then

Let
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be the natural projections. Then PI and p2 are holomorphic proper surjective
submersions. Moreover, if ~ E Gp(N) and q E Gq(N), then and 

are connected compact complex manifolds of dimensions (p - q)(q + 1) and
(p - q)(n - p - 1), respectively.

Now, observe that for q E Gq(N), we have the natural identification
between and

Then is a connected compact complex submanifold of Gp(N) of
dimension (p - q)(n - p - 1) (see [27], § I for details).

We now state a useful lemma

LEMMA 3.16. Let D and G be connected complex manifolds and let

f : D ---+ G be a surjective holomorphic submersion with connected fibers. If
X is an analytic subset of D, then

is an analytic subset of G.

PROOF. If n = dim D, m = dim G, then m  n. Let us define

For any fixed yo E G and xo E there exist neighbourhoods U of
xo, V of yo and biholomorphic mappings

such that the diagram

commutes ([4], th. 10.3.1).
We only need to show that Y n V is an analytic subset of V. Let us first

compute that



251

(D). If y e V and c then C Since

f -1 (y) is connected, X n f - I (y) = f - 1 (y). Hence f - 1 (y) c X, which implies
2/evnv.

(c). Obvious.

Now, let X = and Y = By the preliminary step, we get

Moreover, for every

is an analytic subset of Om. Then

in an analytic subset of Om. Since Y f1 V is an analytic subset
of V.

The same reasoning holds for each yo E G, which completes the proof.
On Gp(N) we can consider:

(1) the classical topology of a complex manifold,
(2) Zariski’s topology in which closed subsets are algebraic subsets of Gp(N).

In the sequel, we shall construct a special topology on the Grassmann
manifold weaker then Zariski’s one, useful to study restrictions of germs of
holomorphic functions to linear subspaces.

For an integer p, with 0  p  n and A c Gp(N), we denote by A the
Zariski’s closure of A. Moreover define

Let us consider the diagram

We can see at once that UA = p2(pi 1 (A)). Then UA is an algebraic subset
of P (N), provided A i algebraic.

For B c P (N), we set

We can write gp(B) = {~ E Gp(N) : C P2 1 (B) 1. Hence Lemma 3.16
and Chow’s theorem imply the algebraicity of gp(B), provided B is algebraic.
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Finally, for any given A c Gp(N), we define

The last remarks show that d(A) is an algebraic subset of Gp(N).

LEMMA 3.17. For d all properties of a closure are satisfied. Precisely:

where A, B c Gp(N).
PROOF. (1) and (2) are obvious.

(3). It is clear that d(A U B) D d(A) u d(B). If ~ E d(A u ~), then

~ C Hence ~ c (usi) U Since ~ is irreducible and UA , UBZ
are algebraic subsets of P (N), Q C UAZ or E c Thus E E d(A) U d(B),
and so (3) is proved.

(4). Of course d(d(A)) D d(A). If £ e d(d(A)), then £ c Ud(A). Since

Ud(A) C C UAZ and E d(A). This implies d(d(A)) c d(A), and the
lemma follows.

Now we are able to define a topology on Gp(N) in which d(A) is the
closure of A.

DEFINITION 3.18. A topology on Gp(N), given by the closure d, we call
it the weak algebraic topology.

In our topology, a subset A of Gp(N) is closed if and only if A = d(A).
Note that each closed subset of Gp(N) must be algebraic.

LEMMA 3.19. If A c Gp(N), then the following statements are equivalent:
(1) A is closed in the weak algebraic topology,
(2) there exists an algebraic subset X of P (N) such that A = gp(X).

PROOF. (1) ~ (2). If we take X = UA, then = d(A) = gp(X).
(2) # (1). If A = gp(X), then d(A) = gp(Ugp(X)). Since gp(Ugp(X)) c

gp(X) = A, d(A) c A. This implies d(A) = A, which ends the proof.
If 0  p  n - 1, then the weak algebraic topology and Zariski’s one are

different. The set A = Gp(N, a), where a E P (N), is closed in Zariski’s topology
- byt d(A) = Gp(N) fl A.
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THEOREM 3.20. Let Y be closed in the weak algebraic topology, with
then codim Y &#x3E; p + 1.

The proof is based on the following lemma

LEMMA 3.21. If X is an algebraic subset of P (N) of dimension k and
0  p  k, then codim gp(X) &#x3E; (p + 1)(n - k - 1).

PROOF. There is no loss of generality in assuming that X is irreducible.
For a given Y = gp(X), there exists a linear subspace ~ of N such that,
for 77 = P (~), the following conditions hold:

10,
(2) dim q = n + p - k - 1,

(3) dim (q n X) = p.
Then the intersection Y n is finite and ~o E Y n Gp(~). Hence

dim (p + 1 )(n - k - 1). This inequality holds for each

~o E Y, and the lemma follows.

PROOF OF THEOREM 3.20. By Lemma 3.19, there exists a proper
algebraic subset X of P (N) such that Y = gp(X). Hence Lemma 3.21 implies
codim Y &#x3E; (p + 1 )(n - dim X - 1) &#x3E; p + 1.

COROLLARY 3.22. In the case Go(N) = P (N), the weak algebraic topology
and Zariski’s one are equivalent. A set Y§Gn-2(N) is closed in the weak

algebraic topology if and only if Y is finite.
PROOF. The first part of the corollary is a simple consequence of Definition

3.18. The second one follows from Theorem 3.20.

3D. - Restrictions to linear subspaces

Let u E Oo(N) and let p be an integer with 1  p  n = dim N. Define

In this section, we want to apply the results obtained in 3B and 3C to
the study of a structure of the set N (u, p).

THEOREM 3.23. Let p be an integer with 1  p  n. For A c Gp-1(N),
the following conditions are equivalent:
(1) A is F, in the weak algebraic topology,
(2) there exists u E Oo(N) such that A = N(u, p).

Moreover, u E Oo(N) is the germ of a Nash function if and only if
= 

PROOF. The second part of the theorem follows clearly from Theorems
1.10 and 3.14.
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To prove the equivalence of (1) and (2), observe that = 

Indeed, by Theorem 3.14, ~ e N(u, p) if and only if ~ c Y (u)
00

(1) # (2). Let A = U Ai, where Ai is closed in the weak algebraic
i=1

topology, for i = l, 2, .... Setting UA$, i - 1,2,..., we have that
00

B = UA = U Bi is Fu in Zariski’s topology on P (N). According to Proposition
z=i

3.15, there exists u E Oo(N) such that B = N (u). Hence .N (u, p) = gp-1(B).
The irreducibility of projective (p - 1 )-planes implies ~

which gives N (u, p) = A.
00

(2) # (1). Let u E Oo(N). By Theorem 3.14, V(u) = U Xi, where Xi is
, i=l

an algebraic subset of P (N), i = 1, 2,.... By the preliminary step, we show that

Lemma 3.19 yields, Ai = i = 1, 2, ... , are closed in the weak
00

algebraic topology. Hence A = Ai is Fo in this topolgy. This proves
;=i

the theorem.

COROLLARY 3.24. For A c Gn_2(N), n &#x3E; 2, the following conditions are
equivalent:
(1) A is countable or A = Gn-2(N),
(2) there exists u E 0o(N) such that A = N(u, n - 1).

PROOF. This is a simple consequence of Theorem 3.23 and Corollary 3.22.
m

COROLLARY 3.25. If u E with p  n, then U Y,
i=l

where Yi is an algebraic subset of Gp-1(N) such that p, for
i = 1,2,....

00

PROOF. By Theorem 3.23, N(u,p) = U Yi, where Yi is a proper algebraic
i=l

subset of which is closed in the weak algebraic topology, for i = 1, 2, ....
If Yi :/ 0, then Theorem 3.20 yields codim Yi --2 p, i = 1, 2,..., and the proof is
complete.
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CHAPTER 4

Intersections of analytic sets
with linear subspaces

4A. - Intersections with special linear subspaces

Let N and M be two finite dimensional complex vector spaces, with
dim N = n, and let B be an open convex neighbourhood of 0 E N. Suppose
that X is an analytic subset of B x M of pure dimension n such that the natural
projection 7rlx : X 3 (x, y) ---~-~ x E B is proper.

Under the above assumptions, the following lemma holds

LEMMA 4.1. If p is an integer with 1  p  n, then the set

is Fu in the weak algebraic topolgy on Gp-1(N). Moreover A = Gp_ 1 (N) if and
only if X is a Nash subset of B x M.

PROOF. The proof falls naturally into two parts.
Part 1. Assume that M = C. By Theorem 2.3, there exist (J1,..., E 0 (B),

with s = s(X), such that

Theorem 2.19 shows that X n (~ x C) is a Nash subset of B x C if and

only if

Since B n ~ is an open connected subset of ~, Remark 1.2 implies
l1ilçnB E N(B n ç) if and only if E for i = 1, 2,..., s. Hence

From Theorem 3.23, the sets i = 1, .. - , s, are Fj in the weak

algebraic topology on then so is A.
If A = Gp-l(N), then = Gp-1(N), for i = 1,..., s. Theorem 3.23

yields E No(N), for i = 1,..., s. Hence ori z E JV (B), i = 1,..., s, and so X
is a Nash subset of B x C. Thus Part 1 is proved.

Part 2. We can now turn to the general case, where M is a complex
vector space of dimension m.

Let us choose linear forms L 1, ... , Lr on the space M, with
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r(m - I)s(X) + 1 (as in Theorem 2.2). Keeping the notation of 2A, we set
Xi = xLi, for i = 1, 2,..., r. By Theorem 2.2 and Corollary 2.18, X n (~ x M)
is a Nash subset of B x M if and only if Xi n (~ x C) is a Nash subset of
B x C, for i = 1,..., r. The sets

for i = 1,..., r, by Part 1, are Fj in the weak algebraic topology, and so is
r

i=l

Moreover, if A = Gp-1(N), then Ai = Gp-1(N), for i = 1,..., r. By Part 1,
Xi is a Nash subset of B x C, for i = 1, ... , r. Theorem 2.2 shows that

ans so X is a Nash subset of B x M, which completes the proof.
We now turn to study the intersection of germs of analytic sets with

linear subspaces. The germ of Y c N, at x E N, will be denoted by (Y)~. We
introduce the following natural definition.

DEFINITION 4.2. The germ V at x is called a Nash germ if there exist an

open neighbourhood U of x and a Nash subset Y of U such that V = 

For simplicity, we shall assume that x = 0 and we shall write {0} instead
of ({O} )0.

Fixing a linear subspace ~ of N and a germ V at 0, we set V~ to be the
germ defined by V~ = V n (~)0.

Now, let us look at an identification. Suppose that p, q are integers, with
0  q  p  n, and let 77 E Gq(N). We can find a linear subspace n’ of N such
that

(1) ~ n r~’ = 0 and

(2)7y+~=~V.
Putting s = p - q - 1, we have the natural mapping

It is easy to verify that X is a biholomorphic mapping. Moreover, by
Chow’s theorem, X is a homeomorphism in the Zariski topologies. Since

Gp(N, 1/) c Gp(N), then the induced weak algebraic topology on Gp(N, 1/)
is well defined and we can state the following proposition.

PROPOSITION 4.3. The mapping X is a homeomorphism in the weak

algebraic topologies.

PROOF. We only need to show that
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-Z
for every A c Gp(N,?7). To see this, let us fix A c Gp(N,?7) and denote B = Az .
Proceeding step by step, we can write

Similarly,

Since B c the conditions:

are equivalent for every o E 
Hence the required equality holds, and the proof is complete.
Now, let V be a germ of an analytic set of pure dimension k at 0 E N,

with 1  1~  n. Suppose that q E and p is an integer such that
n - k  p  n. We want to analyze the structure of the set

THEOREM 4.4. Under the above assumptions, if V n (1])0 = fol, then
weak algebraic topology on Gp(N,q). Moreover,

,J~l (V, r~, p) = if and only if V is a Nash germ.

PROOF. Let us choose 1]’ E such that 1]’ nq = {0}, 1]’ + 1] = N,
and let 7r : N = 1]’ + y ~---~ x E 1]’ be the natural projection. Then there
exist an open convex neighbourhood B of 0 6 q’ and an analytic subset X of
B + 1] of pure dimension k such that

(1) and

(2) X 2013~ B is a proper mapping.
We can see, by Theorem 2.13, that X n (p, + 1]) is a Nash subset of B + q

if and only if V n (p, + 1])0 is a Nash germ, provided E 
By Lemma 4.1, we know that the set

is F~ in the weak algebraic topology. Moreover, A = if and only
if X is a Nash set. Our identification
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yields M(V,?7,p) = x-1 (A). Thus Proposition 4.3 completes the proof.
COROLLARY 4.5 If V is no Nash germ and if (q)o fl V - {0}, then

00

where Yi is an algebraic subset of with

codim Y &#x3E; p for i = 1, 2, ....
00

PROOF. By Theorem 4.4, where Y is a proper subset
i=l

of which is closed in the weak algebraic topology for i = 1, 2, ...,
Hence Proposition 4.3 yields is closed in the weak algebraic
topology. It follows from Theorem 3.20 that codim p + k - n. Hence,
codim Y &#x3E; p + k - n, for i = 1, 2,..., which is our claim.

Note that dim = (n - p)(p + k - n). Thus, in the above corollary,
we can write (n - p - 1)(p + k - n). Therefore, in the case p = n - 1,
we obtain the following

COROLLARY 4.6. If V is no Nash germ and === {0}, then the set
)I (V, r¡, n - 1) is countable.

Finally observe that, without the assumption (7y)o n V = {0}, the results
4.4, 4.5, 4.6 are false.

EXAMPLE 4.7. Put: N = C~ 3 , V = ( { (x, y, z) E C~ : y = sinz))o
and p=2.

It is easy to verify that .V(V,7y,2) = but V is no Nash germ.
Obviously, we have n V = (7y)o =/ {0} .

4B. - Tangent cones

In this section, we review some facts on tangent cones. We shall restrict
our attention to tangent cones at the origin of a complex vector space N of
dimension n.

DEFINITION 4.8. Suppose that X c N and x E N, then we write x E Tan(X)
if there exist sequences c X, c C such that the following two
conditions are satisfied:

(1) Xv ’-~ 0(v - 00),

(2) Avzv --~ x(v ----~ oo).
The set Tan(X) is called the tangent cone of X at 0.

We can see that Tan(X) is determined by the germ (X)o, so we are able
to state the next definition.

DEFINITION 4.9. Let V = (X )o, then the tangent cone of V, denoted by
Tan(V), is defined to be equal to Tan(X).

THEOREM 4.10. If V is an analytic germ at 0 E N of pure dimension k,
then Tan(V) is a purely k-dimensional homogeneous algebraic subset of N.
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PROOF (see [31], p. 214).

COROLLARY 4.11. Let V be an analytic germ of pure dimension k at
0 E N and let C E Gp-1(N) with p &#x3E; n -1~. If dim(c n Tan(V )) = p + k - n, then
dim((0o n V) = p + k - n.

PROOF. Let us write ( ~)o n V U ... U Ws, where Wi, i = 1,..., s, are
irreducible components of Obviously dim p+ k - n, for i = l , ... , s.
Moreover, it is clear that Tan(( ~)o n V ) c Tan(V) n C. Thus, by Theorem 4.10,
dim Wi  p + k - n, i = 1,..., s. This completes the proof.

Now, let V be an analytic germ at 0 E N of pure dimension k, with
0  k  n. For an integer p, n - k  p  n, denote

It is easy to see that ~ E Tp(V) if and only if the intersection ~ n Tan(V)
is not proper. Our purpose is to characterize a structure of Tp(V). We start with
the following lemma.

LEMMA 4.12. Let X be a homogeneous algebraic subset of N of pure
dimension  k  n). If p, s are two integers such that

( 1 ) 0  p  n, and

(2) max( 1, p + k - n)  s  min(p, k),
then the set

is an algebraic subset of with codim As &#x3E; s(n + s - p - k).

PROOF. Let us look at the diagram introduced in 3C

then we can write

Hence all As are algebraic subsets of Gp_ 1 (N).
Now, let Aso =I 0. Define

We first prove that there exists ~o E Aq such that dim( ~o n X) = q and
dim6Aq = dim Aq. Indeed, if q = min(p, k), then dim( ~ n X) = q for every
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E=- Aq. Hence, for every ~o E Aq such that dim6Aq = dim Aq, our conditions
are satisfied.

. In the case q  min(p, k), we have dim Aq+1  dim Aq. Thus there exists
~o E Aq such that dim Aq and ~o g Aq+1. Since ~o E AqBAq+1’
dim(~o n X) = q.

We are now in a position to estimate codimE0,Aq = codim Aq . Let us
consider two cases.

Case 1. If q = p, then Aq = gp- I (y) - By Lemma 3.21 codim Aq 2:: p(n - k).
Thus codim Aso = codimço Aq &#x3E; p(n - 1~) ~ so(n + so - p - k).

Case 2. If q  p, then we can find two subspaces 77 E 

77’ e such that:

(a) r C ~o,

(c) r¡ + t7’ = N..
Denote by 7r the natural 2013~ ~ E 771. Since

t7 n X = 10} and X is a homogeneous algebraic subset of N, the restriction
7rlx : X --+ 77’ is proper. Hence Z = 7r(X) is a homogeneous algebraic subset
of 77’ of pure dimension dim Z = k  n + q - p = dim t7’.

Let us consider = E It is easy to verify
that

By Lemma 3.21, we obtain

Now, the identification x defined in 4A implies

is an algebraic subset of such that codim Tp(V) &#x3E;, p + k - n + 1.
PROOF. Substituting X = ’Fan(lr’) and s = p + k -~ n + 1 into the assumptions

of Lemma 4.12, we see that Tp(V) = As. Therefore the lemma gives the required
result.
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4C. - Intersections with all linear subspaces

Let V be an analytic germ at 0 E N of pure dimension k, 1  k  n. For
a fixed integer p, with n - k  p  n, we can define two subsets of Gp_ 1 (N)

and

By Theorem 4.13, we conclude that Tp(V) is a proper algebraic subset
of Gp-1(N). Hence Up(V) = Gp_ 1 (N)BTp(V‘) is an open connected subset of

Gp-1(N). We shall apply these two sets to characterize the set

is a Nash germ}.

We can now formulate our main result.

THEOREM 4.14. Let V be an analytic germ at 0 E N of pure dimension
k, 1  k  n. Suppose that p is an integer, with n - k  p  n. Then:

(1) V is a Nash germ if and only if .JtE (~, P) = Gp-1(N)
00

(2) if V is no Nash germ, then JV (V, p) n Up(V ) where Yi is an analytic
~ 

i=l

subset of Up(V), with codim Yi &#x3E; p + k - n, for i = 1, 2, ....

Note that this theorem yields information about .JV (V, p) outside Tp(V).
But, by Theorem 4.13, codim Tp(V) &#x3E; p + k - n + 1.

The proof will be divided into a sequence of lemmata.

LEMMA 4.15. Let N, M be two complex vector spaces of dimension n and
m, respectively. Suppose that D is a q-dimensional connected complex manifold.
Let G be an open connected subset of N x D containing {O} x D, and let Y be
an analytic subset of G x M of pure dimension n + q such that the projection

Y :3 (x, y; z) - (x, z) E G is proper. Put Yz = {(x, y) E N x M : (x, z, y) E
’Y} for zED.

is a countable union of analytic subset of P (N) x D.

PROOF. We can assume that the sets GI = {x E N : (x, z) C G}, z E G,
are convex neighbourhoods of 0 E N. Indeed, if we choose a certain norm ~’ ~ I
on the space N and we set
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and

then 12 c G has the required property, and we can replace G by G.
Under the above assumption, we can rewrite E as

Now, we apply the methods of 2A to prove that E is a countable union
of analytic subsets of P (N) x D.

Let L 1, ... , Lr : M ---+ C be the same linear forms as in Theorem 2.2 and
let c for i = 1,... r . By Lemma 2.3, for every z e { 1, ... , r } ,
there exist functions holomorphic on D, Si = s(Y ), such that

Define

Now, we only need to show that every Ell is a countable union of analytic
subsets of P (N) x D. To do this, fix i E { 1, ... , r} and j E { 1, ... , si } . We can
consider the functions u = (J; E 0 (G) and

Therefore, by Lemma 3.6, the set

is a countable union of analytic subsets = 1, 2,..., of G)((0) x D).
It is easy to see that

Observe that the mapping

satisfies the assumptions of Lemma 3.16, and so
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is a countable union of analytic subsets of P (N) x D. This completes the proof.

LEMMA 4.16. Let N, M and D be as above. Suppose that Q is an open
subset of N x D x M and that X is an analytic subset of Q of pure dimension
n + q, with ~0} x D x 101 c X. If D x ~0} is a connected component of

and if we put

then the set

is a countable union of analytic subsets of P (N) x D.

PROOF. Put S2o = {(~2/) ~ D x M : (0, z, y) E S~}, and note that
D x {0} c S2o is a connected component of Xo, analytic in Qo. The assumptions
imply Xo = XoB(D x {0}) is an analytic subset of S2o. Setting

we obtain two closed disjoint subsets of the product D x M.
Then there exists an open neighbourhood Ul of F1 such that U1 = 0.

This means that U1 1 c 00 and Ul n Xo = D x {0}. Choose a bounded

neighbourhood B of 0 in M and define U = (D x B) f1 Ul. Thus

Now, Z = X n (N x U) is an analytic subset of (N x U) of pure
dimension n + q such that {0} x D x {0} c Z and Z c N x D x B. We observe
that (ZBZ) n ({0} x D x M) = 0. Indeed, we have

Therefore

implies the required property of Z.
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Let us denote by 1r the natural projection : N x D x M 3 (x, z, y) -

_ _

Since x B, the restriction 27lz : Z ---&#x3E; N x D is a proper
mapping. Hence 1r(ZBZ) is a closed subset of N X D with 0.

Let G be a connected component of (N x D)B1r(ZBZ) containing {O} x D.
Putting Y = (G x. M), we see that 1rly : Y --~ G is a proper mapping and

Applying Lemma 4.15 to G and Y, we get the required result.

LEMMA 4.17. Let V be an analytic germ at 0 E N of pure dimension
k, 1  k  n. then the set N(V,p)nUp(V) is a countable union
of analytic subsets of Up(V). Moreover,’ Up(V) if and only if V is a
Nash germ.

PROOF. It is easy to verify that

is a closed complex submanifold of Un-k(V) x N of dimension n - k +
dim Put

Let B be an open neighbourhood of 0 E N and let Y be an analytic subset
of B of pure dimension k such that (Y)o = V. If Q = Ø-1(B), then X = ~p-1 (Y) _

x S(V)) is an analytic subset of Q. Since p is a submersion, X is
an analytic set of pure dimension n + dim Gn-k-1 (N) = n + dim Un-k(V).

Now, we have an open subset of N x Un-k(V) x N, and an analytic set
X of pure dimension n + dim In this situation, we want to apply
Lemma 4.16. To do it, we only need to show that: 

’

(1) 10} X X 101 C X, and
(2) Un-k(V) x {0} is a connected component of

The first required condition is obvious. To prove the second one, observe
that

is an analytic subset of 00 = Un-k(V) X B. Suppose, on the contrary, that

Un-k(V) X fO} is no connected component of Xo. Then there exist sequences
C Un-k(V), C and 770 E Un-k(V) such that:

(1) rlv 2013~ oo,
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Choose a certain norm I - in N. There is no loss of generality in assuming
that .

, we have

By Definition 4.8, yo e 770 n Tan(V). Hence Tan(Y) n rJo =I {0}, contrary to
rio E Un-k(V). Thus all assumptions of Lemma 4.16 are satisfied, and so the set

is a countable union of analytic subsets of P (N) x ,

Now, let C = P (Tan(V)). Then C is; an algebraic subset of P (N) and
is a countable union of analytic subsets of C x 

Moreover, under our definitions, 
’

To characterize .

(Section 3C).
Observe that

we apply the flag manifolds

’is an open subset of the manifold Moreover, the mapping
pi : F 3 (ç, q) 2013~ ~ ~ Up(V) is a surjective submersion. Define

We shall compute that Z = ~ (E). Indeed, if (a, ?7) C E, then E N(V, p)
and a + 77 e Up(V), and E Z. Conversely, )J(V,p) n Up(V) and
q e C ~, then, for every a + r~ _ ~. Hence 1b(a, 77) = (~, r~)
and (a, ?7) È E.

Since 1b is a proper holomorphic mapping, the set Z is a countable union
of analytic subsets of F. The mapping pi : F ~---~ Up(Lr) satisfies assumptions
of Lemma 3.16, and so
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is a countable union of analytic subsets of Up(V). This proves the first part of
the lemma.

To prove the second one, assume that Up(V). Choosing
q E Up-i(V), we have c Up(V). Moreover, (q)o n v = {o}. Since

Theorem 4.4 implies V is a Nash germ.
Thus the proof is complete.

COROLLARY 4.18. Let V be an analytic germ at 0 E N of pure dimension
k, 1  k  n. If p = n - k + 1 and if int N(V,p) =10, then V is a Nash germ.

PROOF. Since int JV (V, p) =/ 0, we have int(N (V, p)n Up(V )) # 0. Suppose, on
the contrary, that V is no Nash germ. By Lemma 4.17, int(,N(V, p) fl Up(V)) = 0.
This contradicts our assumptions.

LEMMA 4.19. Let V be an analytic germ at 0 E N of pure dimension
k, 1  k  n. If p is an integer with n - k  p  n, then the set N(V,p)nUp(V)
is a countable union of analytic subsets of Up(V).

PROOF. Let us consider the set

and the mappings 
uU

I - 
I

The set F is an open subset of Fp-1,n-k(N) and is a surjective
submersion with connected fibres. Put Y = ~/(V, ~ 2013 k + Lemma
3.16 implies that the set

is a countable union of analytic subsets of Up(V).
Observe that v(v, p) n Up(V ) = Z. We can assume here that p &#x3E; n - k + 1.

In fact, if ~ E N(V, p) n Up(V) and if (~, q) E (pl ~F)-1(~), then q C ç and
1/ E Un-k+1(V ). Since 1/ C ~, r~ E .AI (V, n - k + 1) and (~,77) E (P21F)-l(y), we
have N (Y, p) n Up(V ) c Z.

Conversely, let us fix E Z. By definition of Z, if 77 E Un-k+l (V) and if
1/ C ç, then 1/ E Y. Thus 1/ E .N (V, n - k + 1 ). Note that V = V n (~)o is an analytic
germ at 0 E of pure dimension k = k + p - n, fi=p.
Putting p = n - k + 1, observe that
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By Corollary 4.18, V is a Nash germ. Hence ~ E n Up(V ). This
gives the required inclusion Z c JV (V, p) f1 Up(V ), and completes the proof.

PROOF OF THEOREM 4.14. We first observe that .N (V, p) - 
provided V is a Nash germ. Conversely, suppose that the equality holds, and
choose certain q E Un-k(V). We have = 101 and c Up(V) c
.N (V, p). Thus, by Theorem 4.4, V is a Nash germ.

Now, we prove part (2) of the theorem. By Lemma 4.19, we can write

where Yi is an analytic subset of Up(V), for i = 1, 2,.... Let us fix io and

Çio E Since £o E Up(V), there exists 77 E such that 7y c ~o. It is
obvious that

and so, by Corollary 4.5, codimE0(Yio n 2: p + k - n. Thus

codimEoYio &#x3E; p + k - n. Similarly, codimCYi &#x3E; p + k - n, for every positive
integers i and ~ E Y . Hence codim Ya &#x3E; p + k - n, for i = 1, 2,.... This ends
the proof.

Let us mention that we have to distinguish the set Tp(V) of "singular
subspaces" also in the case where all subspaces intersect the germ V properly.

EXAMPLE 4.20. Let V be the germ of the set

at 0 E c~ 3 . Then all 2-dimensional subspaces intersect V properly. But

is no countable union of analytic subsets of 
Next we want to present some corollaries of Theorem 4.14.

COROLLARY 4.21. If V is no Nash germ and if Tp(V) = 0, then N(V,p) =
00

U Yi, where Yi is an algebraic subset of Gp-1(N) with codim Yi p + k - n,
i=l

for i = 1, 2, .....

PROOF. Since Up(V) = Gp-1(N), Theorem 4.14 and Chow’s theorem give
the required result.

COROLLARY 4.22. If an analytic germ V of pure dimension n - 1 is

no Nash germ, then there exist Ç1,..., Çr E Gn-2(N) and a sequence {Yi} of
algebraic subsets of Gn-2(N) with dim Yi :5 1, i = 1, 2,..., such that
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PROOF. By Theorem 4.13, the set Tn_ 1 (V ) is finite. Setting Tn_ 1 (V ) -
{Ç1,...,Çs}, we have Un_ 1 (V ) - Gn-2(N)B{ÇI,...,Çs}. Now, Theorem 4.14

00

shows that Un_ 1 (V ) n 1) = ~J Xi, where Xi is an irreducible
i=l

analytic subset of Un_ 1 (V ) with dim 1, for i = 1, 2, .... Suppose that
.J~l (V, n - 1 ) n Tn _ 1 (V ) _ { ~,.+ 1, ... , ~s } . Then

If we put Y = i = l, 2, ..., then the Remmert-Stein theorem (see [10],
p. 170) completes the proof. 

’

We now state a useful characterization of the sets N(V, p).

THEOREM 4.23. If V is no Nash germ, then there exists a sequence {Xi }
of complex submanifolds of Gp- 1 (N) with codim p + k - n, for i = 1, 2, ... ,

00

such that 
t=i

00

PROOF. We can write C U Yi, where Yo - Tp(V) and Y is an
i=O

analytic subset of Up(V) with codim p + k - n, for i = 1, 2,....
Since codim Yo .2! p + k - n + 1, we see that every Y can be presented as

a countable union of submanifolds of the required dimensions. This ends the
proof. ,

We shall now construct an example showing that the estimation of
dimension of N (V, p), presented in previous theorems, is optimal.

EXAMPLE 4.24. Let k, p and n be integers. such that:

It is easy to see that X is a connected complex submanifold of N.
Moreover V = (X)o is no Nash germ.

there exists S

We can prove that Y is an irreducible algebraic subset of with
codim Y = p + k - n.
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Next, observe that, for every ~ E 11), we have (~)o n v = (11)0.
Therefore, for every ~ E Y, ( ~)o n v = (q n ~)o is a Nash germ. Hence we
conclude that Y c N (V, p) and codim Y = p + k - n.

4D. - Criteria for analytic sets to be algebraic

In this section, we present certain criteria for analytic sets to be algebraic
in terms of its intersections with linear subspaces. A basic problem is to relate
the algebraicity of an analytic subset X c N to that of their intersections x n
with linear subspaces ~ of fixed dimension.

We shall restrict out attention to a simple case where:

(a) X is an irreducible analytic subset of N of dimension k, with 0 E X,

. 

(b) ç E Gp-1 (N) and p + k &#x3E; n.

Our assumptions show that every component of intersections X n ~ has
dimension at least r = p + k - n &#x3E; 0. Let us define

In the remainder of this section; we assume X to be transcendental. Recall
the following known facts:

( [21 ], 1973)
(2) the Lebesgue measure of A(X, p) is equal to 0, ([9], 1978)
(3) if p = n - 1, then A(X, p) is a locally pluripplar subset of Gp- I (N)., ([ 17],
1981).
For a recent account of the theory, we refer also [16], [19], [20], [23],

[26], [28].. 
’

It is easy to see that, by contraposition of the presented results, we obtain
criteria for analytic sets to be algebraic. For example:

if int A(X, p) Q S, then X is algebraic.

We now state two of the consequences of the resul1s’" proved in 4C.

THEOREM 4.25. In the above situation, we have

where Y is a complex submanifold of Gp-1(N) such that codim r, for
i = 1 ~ 2, ..... 

’ 
’

PROOF. By Corollary 2.14, V = (X)o is no Nash germ. Since A(X, p) c
Theorem 4.23 completes the proof.

Similarly, by Theorem 4.22, we obtain the following result.
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THEOREM 4.26.

where Yi is an algebraic curve in
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