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A Bochner-Martinelli Formula for Vector Fields which
Satisfy the Generalized Cauchy-Riemann Equations

R.G.M. BRUMMELHUIS*

We prove a Bochner-Martinelli type formula for vector fields v on R”™
which satisfy the system of generalized Cauchy-Riemann equations proposed by
M. Riesz: curl v =0, div u =0.

As an application it is shown that, for smoothly bounded open 2 in R"
such that all components of R™\Q2 are simply connected, the tangential part of
the boundary values of such “Cauchy-Riemann vector fields” is characterized
by the condition d(3*u) = 0. Here u is considered as a 1-form and 2 : 80 — R"™
denotes the inclusion. This result extends work of Koranyi and Vagi for the
unit ball in R™.

0. - Introduction

Let Q2 be an open subset of R". A vector field u = (uy,...,u,) on Q,
u € C1(Q;R™), is said to satisfy the generalized Cauchy-Riemann equations
(abbreviated: GCRE) if

. 3u_,' 3uk .
Y5 () = Z¥k k
0 Miw)=2e),  ikeen,
(ii) divu=Y"%% (-0  seq
. = B:EJ‘ ] )

(cf. [5], p. 234). We will also say, in this case, that u is a Cauchy-Riemann
vector field on Q.

The system (i)+(ii) is called the M. Riesz system in [5]. Note that if
n =2, (uy,up) satisfies (i)+(ii) iff u; — suo is holomorphic.
* Author supported by the Netherlands Organization for the Advancement of Pure Research
(ZWO).
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If we introduce the one-form u = u;dz; + ... + updz, on Q, (i) is the
same as

@’ du = 0.

Depending on which of the two points of view seems expedient, we will
alternately consider a u € C*(2;R™) to be a vector field or a one-form.

Note that a u € C1(Q;R ") satisfies the GCRE iff, locally, it is the gradient
of a harmonic function. In particular, the uz’s are harmonic then.

In this paper we prove a Bochner-Martinelli type formula for Cauchy-
Riemann vector fields, see theorem 1.1 below.

As an application, we characterize (theorem 4.5) the tangential parts of the
boundary values of a Cauchy-Riemann vector field u on a smoothly bounded
domain Q in R™ by the condition d(¢:*u) = 0, where 1 : 80 — R"™ is the
inclusion, and ¢*u is the pullback of u considered as a one-form. In the special
case of a ball in R™ this result is due to Koranyi and Végi [4], who used the
representation theory of SO(n).

1. - A Bochner-Martinelli type formula for Cauchy-Riemann vector fields.

Let E,(y) be a fundamental solution with pole in z of the Laplacian
n az
A= .
ng %.12-
For instance, we can take

1 1
- — 2)wy, —m-2 N > 2:
(1.1) E.(y) = B(s,y) = (n—2)wn [z — 4]

%loglz—yL n =2,

the standard fundamental solution, where w, is the surface area of the unit
sphere in R™. In this section we will derive the following Bochner-Martinelli
type formula.

THEOREM 1.1. Let 1 CR"™ be open, bounded, with Cl-boundary 99. Let
u = (u1,...un) € CY(Q;R") satisfy the generalized Cauchy-Riemann equations.
Then for z € Q,1< k < n,

Li#k

(1.2) ug(z) = / (—1)k-1 (uk Zf: - Z ulac?l;x) dyi A k). Adyn

: OF EY)
—1)i-1 2 4wy =) dyy A [g] A dyn
+ Y (-1) <uk 5y, Y ayk) y1 A [d] A dy
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(The symbol [5] means, as usual, that the term dy; is omitted.)

For a given vector field u on 8Q,u = (uy,...u,) € C(3Q;R"™), say, we let
T(u) denote the vector field (or one-form) on R™\8Q2 whose k-th component
is defined by the right-hand side of (1.2). For the sake of concreteness, we will
assume that E,(y) is given by (1.1), but much of the following remains true
with other fundamental solutions.

If we substitute formula (1.1) for E,(y) in (1.2), we obtain

1
ly — z|"

(13)  (Tu)i(z) = i / {(=1)* " (wr — zx)ur(y)
an

= D (w— mu(v)ldys Akl Ady + D (=177 (9 — 7))

Li#k Jii#k

+yk — zk)us(y)] dys A .. [5]. Adyn}.

REMARK 1.2. In case n = 2, (1.3) is the Cauchy integral formula (in real
variable notation).

Note that, unlike the Poisson formula for u; and like the Bochner-Martinelli
formula in several complex variables (cf. [1]), (1.3) is universal: the kernel is
the same for all Q.

Also, unlike the representation of u; as a sum of two surface potentials
(cf. (1.5) below), (1.3) does not involve derivatives of the u;’s.

The derivation of (1.2) starts with one of Green’s formulas which we now
recall in differential form notation. Let w = dz; A ... A dz,, be the volume form
on R*. If V = (Vq,..,V,) is a Cl-vector field, let

V|w:= Z(—l)j_11/,~d:c1 A gl Adzg.

i=1
Then d(V|w) = | 32 9% | w = (div¥)w
R =x '
Let u,v € C!(Q). Let V denote the gradient operator: Vu = (33%,..., Bzu )

Then
(1.4) /(uAu — vAu)w = / u(Vv|w) — v(Vu|w).
Q a0
PROOF OF THEOREM 1.1. Let u € C!(Q;R") satisfy the GCRE in Q1 and let
z € 1. From (1.4), applied to « and v = E,, and Au; = 0 we obtain

(1.5) ug(z) = / ug(VE;|w) — Ex(Vug|w).
30
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Now it turns out that Vug|w is the d of an (n — 2)-form.

LEMMA 1.3. Suppose that u = (u1, ..., up) satisfies the GCRE. Let

Br = Pr(u) := Z —1)7tksgn(s — k)ujdzy A ..[k]...[5]... A dzy,
J=1.5#k

(where sgn (z) := ﬁ-[,a: €R,z #0). Then dfy = Vug|w,1 < k < n.

PROOF.

dfr = > _ (-1)7(-1)*" lsgn(]—k)—dxk/\dxll\ L&) 5] A d2n

J:g#k
+ ) (-1 -k (]—k)—’dz,/\dzl/\ Sk 5] A dzp
Jig#k
Z( 1)7- 1 Jal:z: A 7] ANdzy,
Jig#k
— (-1t ( Z guj) dzy A ..|k]... Adz,
gk O

_10u; . .
1)’_1%@:1 A ..]7]... Adzy, since div u =0,

n
Jj=1
= Vug|w, since du = 0.

We continue with the proof of theorem 1.1. By the previous lemma and Stokes’
theorem, formula (1.5) becomes

(1.6) ug(z) = / ug(VE;|w) + dE; A Pk.
an

A straightforward computation now shows that

1.7) uk(VEm lw) + dE; A P = (_l)k_l (u BE: B Z Uy ac'iEx)

dyl/\...[k] Ady, + Z( 1)] 1(

JE, aE )
J:i#k

dys A7) A dyn.

This proves theorem 1.1.
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_ We now derive a Pompeiu-type formula for arbitrary C!l-vector fields on
€1, by applying Stokes’ theorem to the (n — 1)-form on the right-hand side of
(1.2).

THEOREM 1.4. Let Q C R"™ be open, bounded, with C'-boundary. Let

u = (u1,..u,) € CY(Q;R™). Then for z€ Q,1< k< n,
auk Ouy aEz . aE:c
1.8) u z=—/ <—————J) + divu— | w
Q Jig#k

OE oE
+ —1)k-t — - w—= | dyy Ak A dyn
/{( ) (ukayk Zzayl)yl [k]... A dy

Lk

) OE, SE,
+ —1)7-1 <u 4+ —z)d A7l Adyn g
3 (-1) oy T g ) 7] y

PROOF. Let z € Q, and let B(z,¢) denote the closed ball around z with
radius e. Apply Stokes’ theorem on Q\B(z,¢), ¢ sufficiently small, to the
(n —1)-form ug(VE,|w)+ dE; A Bk, Px = Pr(u) as in lemma 1.3 (cf. formula
(1.7)).

Now
d(uk(VE;|w)) = dug A (VE;|w) + ugd(VE; |w)

= dug A (VE;|w) on Q\B(z,e¢),

since  d(VE;|w)= div (VE,)w = (AE;)w = 0 on Q\B(z,¢), and
d(dE; A Bx) = —dE, A dfy.

Hence,

(1.9) / uk (VE;|w) + dEy A By, = — / du A (VE,|w) — dE, A dps

3B(x.¢) O\B(.¢)

+ / ug(VE;|w) + dE; A k.
an

One easily shows that the left-hand side of (1.9) converges to ug(z) if
€ — 0. For instance, one can expand the u;’s to first order in a Taylor series
around z, and then use theorem 1.1 with Q = B(z,¢) and u, identically equal
to u;(z),1<j<n.
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To finish the proof we must show that

duy Ou; \ OFE, . OFE,
dug A (VE,|w)—dE; ANdBx = (——————’—) + div u—— | w(y).
kA (VE;|w) B (j;k 3%, Ow) 9y o (v)

This is again a straightforward computation, left to the reader.

2. - The case n =3

In the special case n = 3 it is possible to re-interpret formula (1.8) in
terms of the operations e, x (inner and exterior product) and curl( ) = Vx ()
from vector calculus. This may be of interest in applications.

Let @ C R3,u = (u!,u?,u®) be as in theorem 1.4. Let n(y) denote the
outward unit normal to 3} at y € 911, and let o denote the volume-form on
81 induced by w (i.e. o is the surface measure).

Formula (1.8) can be shown to be equivalent to

@.1) u(z) = — / (curl ux VE, + (div u)VE,)w
Q

+ (w20 emn) x VB xn
a0
+ ((4 — 2(u e n)n) e VE,)n}o

One can prove (2.1) by checking that the integrands of (2.1) agree pointwise
on {1,381, respectively, with those of (1.8). For the integrand of the volume
integral in (2.1) this is straightforward.

For the boundary term it is probably easiest to introduce suitable
coordinates depending on the point of 311 : if yo € 89, choose Euclidean
coordinates (z1,z2,z3) of R® such that yo = 0,n(y) = (0,0,—1). Then
o(yo) = dy1 A dya|yo, and dys, considered as a one-form on 41, is 0 in
yo (locally around yo, 89 is given by an equation ys = h(y;,y2), so that

Sh oh
dys = —dy; + —dy2 on 69)
9y 9y2

It is now again straightforward to check that the integrands of the boundary
integrals of (1.8) and (2.1) agree in yo.
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3. - Interpretation of (1.2) in terms of differential forms.

Let 2 CR™ be bounded, with C-boundary 8Q. Let u € C(3;R™). We
would like to rewrite the formula for T(u) given by (1.3) in the language of
differential forms. This is possible, but in general the outward unit normal to 312
will enter the resulting expression explicity, making the kernel non-universal.

Suppose, from now on, that Q = {z € R™ : p(z) < 0},p € C}(R"),|Vp| =
1on 80 = {z€R"™: p(z) = 0} (so that Vp is the outward unit normal to Q).

We can decompose a u € C(8€Q;R") in its tangential and normal part at
each y € 901 :

(3.1 u(y) = v(y) + (¥)(Ve)(v),

with ¢(y) € R, and v(y)LVp(y); v and ¢ are continuous.

If we extend u in a C! way to a neightbourhood of 89, and if we let
1 : 30 = R™ be the inclusion, then :*u = v (u, v considered as one-forms), and
v is a one-form on the C!-manifold 39Q.

Define the (n — 2)-forms ©(y, z) for y # z by

(32)  Okly2) = Y (-1)7* sgn (j—k)aa—ffdylA...[k]...[j].../\dyn,
J

J:i#k

and define the double form ©(y,z) on R™ x R™*\{(y,y) : y e R"}

O(y,z) == i Ok (y, z)dzx;

k=1
O(y, z) is an (n — 2)-form in y and a one-form in z.

THEOREM 3.1. All notation as above. Then, as a one-form in z on
R™\80Q, T(u) can be written as

63 TWE = [ o) A8(y) - dul [ $(4)Eels) (Volo)(0)]

an
(u=v+ ¢Vp as in (3.1)).

PROOF. T(u) = T(v) + T(¢Vp). First we investigate T'(v). The condition
vL1Vp in (3.1) can be expressed as

n
v|w = Z(—l)j_lu,-dyl A ..f5].. A dy, =0 on 3Q,
Jj=1

v = (v1,...,9,). (This can easily be checked pointwise on 31 by introducing
suitable linear coordinates of R™ at each point of 3; cf. the end of section
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2.) Hence,

(=1)* ugdyy A .. ]k]... Ady, = — Z (=1)7 " Yodys A ] A dyn.
Jig#k

Substitute this in the defining expression for T'(v)x(z), which then becomes,

T(o)lz) = [ {1 {

an

(Z U;—) dy1 A .. [k]... A dyn

Lk

JiI#k J

. JE,
+ Z Uk—y dy; A .. H.../\dyn}

= /(Uldyl + ...+ ‘Undyn) A ek(ys z)
1519}

We now turn to T'(¢Vp). Since dp = 0 on 811,

ap dp
=—— —...l...—— a
£ —dy, o dy; [1] Bu. dy, on A11.

Take the wedge product with dy; A ...[l]...[k]... A dy,, ! # k. Then

ap _, 0p
k=1 o Ady, = (1) =Edy AL A dy,
(-1) £ ~—dy1 A [k]... Adyn = (—1) B Y (2] Yns

and hence,

T($V0)s(a) = / f: 114 22982 4y n gl d

dy; Oy

an

4. - Characterization of the tangential parts of boundary values of Cauchy-
Riemann vector fields.

Let 2 = {z € R™: p(z) < 0} be bounded, with p € C%(R"),|Vp| =1 on
3Q, and let s : 30 — R™ denote the inclusion map. Suppose that u € C!(Q;R"™)
satisfies the generalized Cauchy-Riemann equations on ). Then obviously
d(i*u) = 0.
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We will say that u € C(8;R"™) satisfies the induced Cauchy-Riemann
equations if dv =0, with u = v+ ¢Vp as in (3.1).

THEOREM 4.1. If u € CY(3Q;R™) satisfies the induced Cauchy-Riemann
equations, then T(u) satisfies the generalized Cauchy-Riemann equations on
R™\a0.

PROOF. To begin with, for any vector field v on 81, T(u) satisfies
div T(u) = 0.

Write w = T'(u) and evaluate M

by differentiating under the integral
sign; use @ﬂ(y) Q&(y) Then for z & 01l,

dwy / w1 | O2E, 82E,
——(z) = -1 U — — U dyi A .. |k]... Adyy
5 0= | CUT gt = D wg g | du Al ndy

2
—1)771 [y dyi A 7] A dyy.
+ ) (-1) (u, 552 +ukaykayj) y1 A Ady

The coefficient of dy; A ...[k].... A dy, in the resulting integral formula for
— div w is equal to

0%E, 3%E
—1)*7 | up—— — Y = |+
(1) (k 9yz 2 'ayzayk)

Lil#k

3%E, 3%E
k-1 m 2 ) =(-1)*"'urAE,=0o0n 8
+mmé¢k( 1) (uk +u 3ym3yk> (-1)* " uxAE on 41,

since AE;(y) =0 on R"\{z}.
To prove that dT'(u) = 0 we use theorem 3.1. We will need the following
result.

LEMMA 4.2. There exists a double form A(y,z) on R™ xR™\{(y,y):y €
R™} which is an (n — 3)-form in y and a 2-form in =z, such that

d;0(y,z) = dyAly, z).
PROOF. By (3.2),

d:0(y, ) = Y duOs(y, k) A dai
k

— TS (1 s (G B

ki 3:9#k

Acok)ec]g)ee Adyn) Aday A dag.
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Combining the terms for a fixed pair of indices ! and k, with ! < k, say, the
coefficient of dz; A dzj becomes, neglecting the sign (—1)"~1,

(S (~1)7* sgn (5 — k) 312[—57;7 dys A co k] (5] A dya

Jig#k,l
4.1 — S (—1)M sgn (- 0) ABa dyy AL i) g Ad
4.1) $ oy J yedy; A ellldl A dyn

| +(=1)"*Fsgn (1— k) (-‘?;—y% + %Egz) dyy A k] l).e. A dyn.

Since AE, =0 on R™\{z} the last term of (4.1) becomes

Jig#Lk J

(=1)"** sgn (k—1) ( > a;yE;) dys A colk]o[Y) oo A dyg.

We claim that (4.1) is equal to dyA;x, where

Ae:= Y (1)} =1k (=1)""" sgn (5 — 1) sgn (5 — k) sgn (k—1)
Jig#Lk

g dE,

3y,

dy1 A k] A dyn.
This is left to the reader to verify. Now put A(y,z) = > A xdz A dzk.

1<k
We now finish the proof of 4.1. Write u = v + ¢V<p as in (3.1). Then by
(3.3) and Stokes’ theorem, if z & 912,

d,T(u)(z) = / v(y) A d;O(y,z) = / v(y) A dyAl(y, z)

an an
= / dv(y) A Ay, z) =0,
an

since u satisfies the induced Cauchy-Riemann equations.
The following proposition corresponds to a special case of the Plemelj-
Sokhotskii formulas from one-variable complex analysis.

PROPOSITION 4.3. Let 2 C R™ be bounded with C*-boundary 39Q. Put
Qt :=Q, Q" :=R"\Q. Let u € C(6Q;R") and define u*,u~ on Ot Q"
respectively, by

(4.2) ut = T(u)|O0%.

Then u* € C(Q2) and ut(y) — u™ (y) = u(y) on 0.
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For the proof one can imitate the proof of lemma 1.4 in Aizenberg and
Yuzhakov [1].

Formula (4.2) also shows some resemblance to a formula from potential
theory (which can be attributed to Green, cf. Burkhardt and Meyer [2], pp.
470, 471), which asserts that the jump across 8§ of the normal derivative of
the single layer potential of a ¢ € C(39) is equal to ¢. (Recall that Cauchy-
Riemann vector fields are, essentially, gradients of harmonic functions.) There
are differences, however: the normal derivative 8 E, /dn, is, for (z,y) € Q1% a1,
less singular than the kernel of T'(u).

REMARK 4.4. If 80 is of class C**(k € N,0 < a < 1) and if u € C*(8Q),
then u* € C¥(Q%). This follows from inspection of the proof of proposition
4.3, using theorem 2 in chapter II, §20 of Giinter [3].

We now arrive at the characterization promised in the title of this section.

THEOREM 4.5. Let Q C R™, n > 3, be bounded, open (not necessarily
connected) such that each component of R™\Q is simply connected. Suppose that
30 is of class C**t1* for some k > 1,0 < a < 1 and that v € C**1(3Q;R")
is a tangential vector field on 8§} which satisfies the induced Cauchy-Riemann
equations dv = 0. Then v is the tangential part of the restriction to 391 of a
C*# Cauchy-Riemann vector field on Q, B < a arbitrary.

In the special case where (1 is a ball this result is due to Koranyi and
Viagi [4].

PROOF. Let v € Ck+1(6Q;R™),v tangential, dv = 0. It is sufficient to
show that there exists a ¢ € C¥#(3Q;R™) such that for u := v+ ¢Vp on
30,T(u) = 0 on Q- = R"™\Q. For then u™* satisfies the generalized Cauchy-
Riemann equations on {2, by theorem 4.1 and ut = v+¢Vp on 80 by proposition
4.3. That ut € C*#(Q) follows from theorem 3.1, combined with remark 4.4
applied to v* and [3], theorem 4 of §19, chapter II applied to T'(¢Vp).

Consider v~ = T(v)|Q2~. Since each component of 1~ is simply
connected there exists a harmonic function V on Q= such that v~ = VV
on Q~. We can choose V such that |[V(z)| = O(|z|>~"), |z| — oo, since
|v=(z)] = O(|z|*™"), |z| — oc. In particular, V (z) is harmonic at oc.

It would now be sufficient to show that on each component of 2~ V
differs at most a constant from a single layer potential

@3) PO) = [ B)p)(T5lo)(0)

For then by formula (3.3), T'(v + ¢Vp) = V(V — P(¢)) =0 on Q™.

Let 8V /dn denote the outward normal derivative of V on 901~ = 4.
Since v € C*+1(30), certainly 8V /dn € C*#(80Q) for 0 < f < a; cf. remark
4.4.
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The solution to the exterior Neumann problem with boundary value of the
normal derivative equal 8V /3n can be written as a single layer potential P(¢)
for some ¢ € C*#(8Q), B < a arbitrary, cf. Giinter [3], in particular the lemma
in §18 of chapter III. By uniqueness of the solution to the exterior Neumann
problem we are done.
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