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Echanges Annales

The Arithmetic-Geometric Mean and Its Generalizations
for Noncommuting Linear Operators

ROGER D. NUSSBAUM* - JOEL E. COHEN*

Introduction

The arithmetic-geometric mean (to be defined in a moment) is the limit
of an iterative process that operates recursively on pairs of positive real
numbers. For over two centuries, an enormous amount of effort by some
great mathematicians has been devoted to understanding and to generalizing
the arithmetic-geometric mean. There have been two simple reasons why all
this attention has been devoted to what is in essence a very humble idea. First,
the limit has an important meaning or use that a priori could hardly be suspected
from the definition of the iterative process. Specifically, the limit can be used to
compute elliptic integrals, which are of substantial mathematical and scientific
interest. Second, the iterative process converges to its limit with exceptional
rapidity (quadratically-also to be defined later), so that very few iterative steps
are required to approximate the limit very closely.

A large classical literature concerns generalizations of the arithmetic-
geometric mean, or what could be called means and their iterations (see [6]).
This paper concerns extensions of the arithmetic-geometric mean and of the
classical generalizations from the case that the variables are real numbers to the
case that the variables are linear operators. As in the case of positive numbers
we are interested in three questions (for each generalization): the existence of a
limit, the speed of convergence to the limit, and possible explicit formulas for
the limit (for example, in terms of elliptic integrals). Though the machinery we
have developed and the results we have obtained are substantial, as witnessed
by the length of this paper, our success in achieving all three aims is not
complete. First, we prove the existence of a limit for all the iterations we
consider formally here. But for other interesting iterations, which appear to be
plausible operator-theoretic generalizations of the arithmetic-geometric mean for
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positive numbers, we observe numerically an apparent convergence to a limit
but are unable to explain the observation mathematically. Hence we do not
believe we have the last word on the existence of limits for generalizations
of the arithmetic-geometric mean to linear operators. Second, for simplicity
we establish a quadratic rate of convergence only for the “monster algorithm”
considered in Section 3 below, although we believe a similar analysis can be
used to determine, in all the other examples we treat, whether convergence is
linear or quadratic. Third, we interpret the limiting linear operator in terms of
elliptic integrals only for a small subset of the iterations whose limits we prove
to exist. Even classically, explicit intcgral formulas for limits of iterated means
are known only for a few examples which are very close to the arithmetic-
geometric mean. However, in our case (see Section 4), we give a family, indexed
by real numbers X > 1, of reasonable definitions of the arithmetic-geometric
mean of two linear operators A and B; but we only obtain an explicit integral
formula when A = 1.

On balance, the results of this paper are largely foundational: we prove
the existence of limits for a wide variety of operator-theoretic generalizations,
many apparently new, of the arithmetic-geometric mean. Though our success
in finding explicit integral formulas for the limits is limited, it is possible
that these results, and future extensions, will prove practically important for
numerical algorithms to compute functions of matrices that can be derived from
matrix elliptic integrals.

We now sketch the arithmetic-geometric mean and our results more
precisely.

If A and B are positive real numbers, define a map f by

(0.1) f(4,B) = ((A+ B)/2, (AB)'/).

If f* denotes the kth iterate of f, it is not hard to prove that there is a positive
number M = M (A, B) such that

lim f*(4, B) = (M, M).

The number M is called the “arithmetic-geometric mean of A and B” or the

“AGM of A and B.” First Landen, then Lagrange and finally Gauss observed
independently that

w/2
/ (A% cos?@ + B? sin@)~1/24e = (n/2)(M (A4, B)) " .
0

Lagrange and Legendre used this observation to compute elliptic integrals.
Historical references to this work and to some of Gauss’ deeper work on the
AGM can be found in [6] and [15].
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An enormous literature concerning “means and their iterations” touches on
a wide range of mathematics [6]. For examples, if A and B are positive reals,
0<a f<1and[11]
0.2) f(A4,B) = ((1 - @)A+aB, A'"#B*)

orp>0, ¢g>0 and

0.3) f(4,B) = ((|4® + B")/2)!/?, (|A" + B]/2)/%),
then
0.4) :1‘1'30 *(4,B) = (M, M)

where M is a positive number depending on A and B, and «, S or p, g. One
can also study functions f which are functions of m variables, m > 2, and try
to prove analogues of (0.4). Borchardt [9] considered the map

0.5) f(A,B,C,D) =

((A+ B+C+D)/4, ((AB)/? + (CD)'/?)/2,

((AC)'72 + (BD)Y/?) /2, ((AD)'/? + (BC)'/?)/2)

for positive reals A, B, C and D and proved (this is the easy part of his work)
that .

06) lliTm F*(A,B,C,D) = (M,M, M, M),

where M is a positive number depending on A, B, C and D. Many other
examples are mentioned in Section 2 below.

A first goal of this paper is to describe reasonable analogues of the AGM
and its generalizations when all the variables are positive definite, bounded, self-
adjoint linear operators on a Hilbert space. Abbreviating the phrase “positive
definite, bounded, self-adjoint linear operator” to “positive definite operator”,
the first question is: what should be the analogue of A'/2B'/2 (for A and B
positive reals) when A and B are positive deﬁgjte operators? More generally,
if 0 € R™ satisfies 0; >0, 1<i<m,and > o, 1and 4;, 1<z=<m,
are positive reals, what is a reasonable analogix_e1 of AJ*A3* - Ajr when the
variables 4,, 1 < < m, are positive definite operators? We suggest that a
reasonable analogue of [] A7 is

i=1

©.7) exp(D_ o, log 4;).

j=1
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If, for positive definite operators A;, 1< j < m, and a real number r # 0 we
define

Mro(Ala Az, Am) = (Z UjA;")I/r’
=1

one can prove that

lim M,o(A1, Az, Am) = exp(D) _ o, log 4;)
j=1

in the operator norm topology, so our suggestion dovetails nicely with certain
reasonable means.

Using (0.7), we give operator-valued analogues of maps f like those
mentioned before, and we prove convergence of f*¥(A, B) in the strong operator
topology. For example, a very special case of results in Section 2 is that if
0<a, f<1,and A and B are positive definite operators, and

(0.8) f(A,B) = ((1 - a)A+ aB, exp((1— B)log A + Blog B)),

then there exists a positive definite operator E such that
lim f*(A, B) = (E, E).
ktoo

The first two sections of this paper deal with the convergence of very
general operator-valued versions of extensions of the AGM. In Section 1, we
give results (Theorems 1.1 and 1.2) which enable one to prove convergence in
the strong operator topology of certain sequences of n-tuples of positive definite
linear operators. An example would be (Ax, Bx) = f*(A, B) with f as in (0.8).
The key idea in Sections 1 and 2 is to exploit the concavity of certain maps
A — g(A), for positive definite A, and to use the beautiful classical theory of
Loewner. In the applications in Section 2, we use only the concavity of the
maps A — logA and A — AP(0 < p < 1) and the convexity of A — A~'; the
full Loewner machinery is not needed.

The arguments simplify in the case of finite-dimensional matrices. Theorem
1.2, in particular, is not needed in the finite-dimensional case.

In Section 2, we use the convergence results of Section 1 to prove operator-
valued versions of convergence theorems for iterates of many classical means.
Our convergence theorems suggest that our conventions were reasonable and
provide an answer to the question raised in [6, p. 196] of how to extend
the usual means to noncommuting variables. The maps f we consider are not
usually order-preserving, so the general convergence results in Section 4 of [26]
(see [27] for a summary) are not applicable.

In Section 3, we extend the domain of M (A, B), the operator-valued AGM
of A and B, to pairs of bounded linear operators which are not necessarily
positive definite and self-adjoint, and prove that (4, B) — M (A, B) is analytic.
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The analogues of these questions are considered for a more general “monster
algorithm” introduced in [6]. We also consider the commutative case (AB = BA)
and prove an integral formula for M (A, B) analogous to that when A and B are
real. The commutative case was also treated in [32], but the discussion there
seems incomplete.

There are already numerous papers concerning operator-valued versions
of the AGM and other means. Section 4 of our paper displays the connection
between our operator-valued definition of the AGM and one introduced by Fujii
[19] and Ando and Kubo [5]. We prove that the two definitions are in general
different. However, there is a continuum of “reasonable” definitions of an AGM,
parametrized by A > 1, such that A = 1 corresponds to that of Fujii-Ando-Kubo
and A = oo corresponds to ours. For each A > 1 and each pair of positive
definite operators A and B there exists in the limit a positive definite operator
E, which is the AGM of A and B for the algorithm corresponding to ), and
generally Ej # E, if A # u.

1. - Convergence criteria for sequences of linear operators

We recall some standard notation and results. If X and Y are complex
Banach spaces, we denote by L{X,Y) the set of bounded complex linear
operators from X to Y; X* = L(X,C) will denote the continuous complex
linear maps from X to C, the complex numbers. If X = Y, we shall write
L(X) instead of L£(X,X). £(X,Y) is a Banach space in the standard norm,
[ Al = sup{||Az| : € X and ||z|| < 1}. If A € L(X, X), o(A) will denote the
spectrum of A, so

o(A)={A e C:X— A is not one-one and onto}.

If D is an open neighborhood of ¢(A4) and f: D — C is analytic, we define
f(A) in terms of Cauchy’s integral formula:

(L.1) £4) = 2xi) ™ [ 1) e - 4) e,

where T is a finite union of simple, closed rectifiable curves in D which
contains o(A) in its interior. An exposition of the basic results about this
functional calculus can be found in [17], [33] or [36].

Recall that if A denotes the‘ élgebra of functions which are analytic on
an open neighborhood of o(A), then the map f — f(A) defined by (1.1) is
an algebra homomorphism and o(f(4)) = f(o(A))- If g is analytic on an open
neighborhood of ¢(B), where B = f(A), then g(B) = (g o f)(A).

If X and Y are real Banach spaces, £(X,Y) denotes the bounded, real
linear maps from X to Y. If A € £(X) and X denotes the complexification of X,
then A can be extended uniquely to a complex linear map A: X - X, and we
define ¢(A), the spectrum of A, to be a(ﬁ) If f is analytic on a neighborhood
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of o(A) and f(z) = f(2) (where W denotes the complex conjugate of w), then
f(A)(X) C X, so we define f(A) = f(A)|X in this case.

Aside from the norm topology on L£{X, X), there are also locally convex
topologies called the “strong operator topology” and the “weak operator
topology” (see [17], Chapter 6). If (Ax) is a sequence of bounded linear
operators in £(X,X) and A € £(X, X), then (A;) approaches A in the strong
operator topology as k — oo if, for all z € X,

lim || Ax(z) — A(z)]| =0,

kToo
and Aj approaches A in the weak operator topology if, for all z € X and
ve X",

IliTm Y(Ak(z) — A(z)) = 0.

If (Ax) is a sequence of bounded linear operators which approaches a
bounded linear operator A in the weak operator topology, we shall write

w-lziTm A=A or 4, — A,
Similarly, if (Ag) converges to A in the strong operator topology we shall write
s—’!iTm A =Aor Ay — A,
and if lim | A, — A| = 0 we shall write
koo
n-lim Ap = A or Ay = A.
klco

In this paper we shall also deal with sequences (A*)) of ordered m-tuples of
bounded linear operators, so

A(k) = (A(xk))Agk)ﬂ B Ag:)))

where A;k) € L(X,Y) for 1 < j < m. We shall say the A¥) converges in
the strong operator topology to the m-tuple A = (A;, A3, -+, A,,) and write
AR — A f

s-lim A'%® = 4; for1<j<m
ktoo 7
Similarly, we shall write Ak} — A if Ag.k) — A, for 1<j<mand A% = 4
if A¥ > afor1<j<m

If H is a complex Hilbert space with inner product < z, y > and
A€ L(H), then A is self-adjoint if < Az, y >=< z, Ay > for all z, y € H.
If A is self-adjoint and f :0(A) € X — T is a continuous map, one can define
f(A). This definition agrees with that in (1.1) when f is analytic on an open
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neighborhood of A. If A € L(H) is self-adjoint, we shall say that A is “positive
semidefinite” (sometimes called nonnegative definite) if

(1.2) < Az,z>> 0 forall z€¢ H
and A is “positive definite” if there exists ¢ > 0 such that
(1.3) <Az,z> > ¢ for all z € H with ||z|| = 1.

We abbreviate “positive semidefinite” as “p.s.d.”, “nonnegative definite” as
“nn.d.” and “positive definite” as “p.d.”. Positive semidefiniteness induces a
partial ordering on the set of self-adjoint operators A € L(H): if A and B are
bounded, self-adjoint operators, we write A < B if B— A is positive semidefinite.

Henceforth, whenever we say that A € L(H) is positive definite or positive
semidefinite, it will be assumed that A is self-adjoint.

If K denotes the set of bounded, self-adjoint p.s.d. linear maps in L(H),
then K is an example of a cone (with vertex at 0) in a Banach space Y = L(H);
and K°, the interior of K, is the set of self-adjoint, p.d. operators in L£(H).
In general, if C is a subset of a Banach space Z, we say that C is a cone
(with vertex at 0) if C is a closed, convex subset of Z and (a) if z € C, then
tz € C for all real numbers ¢ > 0 and (b) if 2 € C — {0}, then —z & C. A cone
C induces a partial ordering on Z by z < y if and only if y—z € C. If D
is a subset of a Banach space Z;, C; is a cone in Z; and C, is a cone in a
Banach space Z, and f: D — Z, is a map, we say that f is order-preserving
(with respect to the partial orderings induced in Z; by C,) if for all z and y in
D such that z < y (in the partial ordering induced by C;) one has f(z) < f(y)
(in the partial ordering induced by C,). Usually we shall have Z; = Z; and
Cy = C,. If D is convex, we say that f: D — Z, is “convex” (with respect to
the partial ordering induced by C) if for all z and y in D and all real numbers
t with 0 <t < 1, one has

(L4) A=tz +ty) < (1= ) f(2) + £ (y)-
We shall say that f is strictly convex if f is convex and for all z # y in D

(1 =t)z+ty) # (1) f(z) + tf(v) for 0 <¢<1.

We shall say that f is concave (strictly concave) if —f is convex (strictly
convex).

Our first lemma is well-known for real-valued functions. The proof in our
generality is essentially the same and we omit it.

LEMMA 1.1. Let D be a convex subset of a Banach space Z,, Cp a cone
in a Banach space Z, and f : D — Z, a map which is continuous on line
segments in D (so the map t — f((1—t)z +ty), 0 <t < 1, is continuous for
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all £ and y in D). If, with respect to the partial ordering induced by C,, one
has

(1.5) f(1/2)z + (1/2)y) < (1/2) f(=) + (1/2) f(v)

for all = and y in D, then f is convex. If f : D — Z, is convex and for all =
and y in D with z # y one has

f((1/2)z+ (1/2)y) # (1/2) (=) + (1/2) f(v)

then f is strictly convex. If s;, 1< j < n, are nonnegative real numbers such
n

that 3 s; =1, and zj, 1< j < n, are any points in D and f is convex, then
i=1

(1.6) FQ_eim) S si £las).
7=1 =1

If f is strictly convex and s; > 0 for 1 < j < n, then equality holds in (1.6) if
and only if all the points z; are equal for 1 < 7 < n.

We shall eventually need some continuity results for the strong operator
topology.

LEMMA 1.2. Suppose that (L) is a sequence of bounded linear maps of
a complex Banach space X to itself and that (L) converges to a bounded
linear operator L in the strong operator topology. Assume that o(Li) € B and
o(L) € B, where B is a compact subset of the complex numbers, that D is a
bounded open neighborhood of B such that T = 8D consists of a finite number
of simple, closed rectifiable curves and that f is a complex-valued function

which is defined and analytic on an open neighborhood of D. If there exists a
constant M such that

1.7) A =L)"Y < M for all XeT and all k> 1,
then f(Lx) — f(L). If f(z) is an entire function, then f(Lx) — f(L). If
X is a Hilbert space and all the operators Ly are normal (or self-adjoint),
f(L&) — f(L).

PROOF. For A € I and a fixed =z € X one has

A=Lg) 'z—(A—L) 'z = (A — L)~} (Lx — L)(A — L) 'z.

Applying the estimate in (1.7) yields
(18) (A= L)'z~ (A~ L)~'e]| < M||(Li — L)(A - L) "al].

The uniform boundedness principle implies that there is a constant M; such
that |Lx — L|| < M; for all k > 1. Since A — (A — L)~! is continuous in the
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operator norm, (1.8) implies that there is a constant M;, independent of A € T,
such that

(1.9) (A= Ly) tz— (0 — L) 'z|| < My for all A €T.
Inequality (1.8) and the fact that (L) — L imply that

lim ||(A— L) 'z~ (A— L) 'z]| =0.
ktoo
A version of the Lebesgue dominated convergence theorem now implies that

,311210 (27ri)_l/ FO)(A = Lg) tzdr = ’lerorl f(Li)=
= (2mi) [ SO0 - D) Haar = (D),
T

so f(Lg) — f(L).
If X is a Hilbert space, A € I' and L is normal, it follows that A — L
and (A — Lg)~! are normal, so (see [36])

(1.10) (A = Le) 7l = sup{|(A — 2)7*| : z € o(Ls) }-

Because o(Ly) C B and T are disjoint compact sets, (1.10) implies that (1.7)
is satisfied, so f(Lx) — f(L) by the first part of the lemma.

Finally, suppose X is a complex Banach space and f is entire. If
R = sup{||Lk|| : £ > 1}, we can take D = {z : |z| < 2R} and for XA € 8D, we
have

(A— L) t=x"t Z(,\—ILk)f,
7=0

SO
o0
I = Le) 2 < AT D7) [ Lel? <27t =2R7Y

j=0
Thus the first part of the lemma implies that f(Lg) — f(L) in this case also. (I

REMARK 1.1. The obvious analogue of Lemma 1.2 for the weak operator
topology is false. Let H be 12 and let {e, : > 1} be the standard orthonormal
basis for 12. For n > 1, define a self-adjoint operator A, : H — H by

A"(e.‘f) = €n—-j+1 for1<j;<n and

An(ej) =0 for j>n.

One can easily prove that (4,) — 0, but (A2) — I, the identity.



248 ROGER D. NUSSBAUM - JOEL E. COHEN

Before stating our first theorem we recall some basic facts about matrices
with nonnegative entries. If M is an n x n matrix all of whose entries are
nonnegative, M is called “irreducible” if, for each ordered pair (z,5) with
1 <14, j < n, there exists an integer p > 1 (possibly dependent on (s, 7)) such
that the entry in row : and column 5 of MP? is strictly positive. The matrix M
is called “primitive” if there exists an integer p > 1 such that all entries of M?
are strictly positive. If M is an irreducible matrix with nonnegative entries and
r denotes the spectral radius of M, then r > 0 and there exists a unique (within
scalar multiples) column vector u such that all entries of u are positive and

(1.11) Mu = ru.

If M is primitive and if one defines M; = r—1M (where r is the spectral radius

of M), then for any nonzero vector z, all of whose components are nonnegative,
one has

(1.12) ’liTm MFz = au,

where u is the eigenvector in (1.11) and « is a positive number depending on
z.

If M = (m,;) is a matrix with nonnegative entries, M is called “column-
stochastic” if n
Y mij=1 for1<j<n,
i=1

and M is “row-stochastic” if
n
Zm,-,-=1 for1<i<n.
i=1

It is an elementary exercise in the theory of nonnegative matrices that the
spectral radius of any column-stochastic (or row-stochastic) matrix equals one.
Furthermore, a trivial argument shows that the product of column-stochastic (or
row-stochastic) matrices is column-stochastic (or row-stochastic).

Now suppose that M is a column-stochastic, primitive matrix with

nonnegative entries and let « be a column vector, all of whose entries are
positive, such that

Mu = u.

If we normalize u by demanding

n
E u; = 1,
J=1

we know that » is unique. Define M., to be the n x n matrix all of whose
columns equal u. If ¢;, 1 < j < n, denotes the standard orthonormal basis
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of X", we know that M*e; is the jth column of M¥, and because M* is
column-stochastic, (1.12) implies that

lim M*e; =u, 1<j5<n.
kteo I

We conclude from the previous equation that, if M is column-stochastic and
primitive, then

(1.13) lim M= M.

ktoo

If K is a cone in a Banach space X, let C denote the cone which is the
n-fold Cartesian product of K. Let Y denote the n-fold Cartesian product of
X with any of the standard norms. If M is an n X n matrix with nonnegative
entries, M induces a bounded lincar map W of Y to Y by

W(z) = zM =y, where

n
r= (11,Z2, . ":xn): y= (ylayﬁa ‘ "iyn)i Y; = Zmijzi'
=1

It is easy to check that W(C) C C, that W(C — {0}) € C — {0} if no row of
M is identically zero, and that (if K° is nonempty) W(C°) C C° if no column
of M is identically zero.

We are in a position to state our first theorem. For simplicity, we restrict
ourselves to the cone of p.s.d. bounded linear operators on a Hilbert space, but
versions of the following theorem can be given for more general cones.

THEOREM 1.1. Let K denote the cone of positive semidefinite, self-adjoint
bounded linear operators on a Hilbert space H. Let C denote the n-fold
Cartesian product of K, C = K x K x --- x K. Let Y denote the n-fold
Cartesian product of X = L(H, H) with itself, Y = X x X x --- x X. Suppose
that f : C° — C° is a continuous map and ¢ : K° — X is a continuous map
and define ® : C° —'Y by

Q(Al’ A21 a ':An) = (¢(A1): 45(*42): Ty ¢(An))

Assume that for every A € CY there exist B € C° and positive reals a and p
such that

(1.14) aB < f7(A) < BB,
and

(1.15) ®(f(A)) < ®(pB)



250 ROGER D. NUSSBAUM - JOEL E. COHEN

for all j > 0, where the partial ordering in (1.14) and (1.15) is induced by C

and f7 is the jth iterate of f. Assume that there exists an n X n, primitive,
column-stochastic matrix M such that, for every A € C°,

(1.16) o(f(4)) = (4)M.

Let u denote the unique column vector in R™ such that all components of u;
of u are positive and

Mu=u

and n
1=1

and let n; denote the projection of Y onto its ith coordinate. If, for A € C°,
we define

k
15(4) = (4, A3, A),
so A% = m;(f*(A)), there exists E € K° such that

: k
(1.17) - lim gui $(4") = E.

Furthermore, for 1 <1 < n, one has
1.18 - i (k)y —
( ) w leIglo $(A") = E.

PROOF. If u is the eigenvector in the statement of the theorem, define, for
A= (A1, Az, -, A,) € CO a function ¥ : C°® — K° by the formula

(1.19) V(A) = u;p(4,).
7=1

Inequality (1.16) implies, if A = (A, Aa, -+, A,), that

B(F(A4) = 3wyl £(4))

j=1

(1.20) > Zuj(z miid(A)) = zn:QS(A:)(zn: m;ju;)
=1 =1 i=1 I=1

=3 wil4) = U(4).

i=1

If we define Ex = ¥(f*(A)), Ex — E; is an increasing sequence of bounded,
self-adjoint operators, and (1.14) and (1.15) imply that E; — E; is bounded
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above (in the partial ordering on K). Thus as k — oo, Ex — E with E — E;
self-adjoint. By iterating inequality (1.16) we see that, for any k > 1,

(1.21) (f*(4)) > d(4) M*.

The remarks preceding the theorem imply that given any e > 0, there exists
Ny > 1 such that for all &k > Ny,

(122) (1+€) Mo > M* > (1- €)M,

where M, is the matrix with all columns equal to u, and (1.22) means that
for 1 <45 < n, the 4,5 entry of M* is greater than or equal to the 3, entry
of (1—&)My. If k> Ny, and 1 <z < n, it follows that

7 (Q(f5(4))) > mi(@(F* N1 (A)) MM) = mi (5~ (4)) Moo)
(1.23) + m(@(FF N (A)) (MY — M)
= Ex_n, +m(®(F7 N (A) (MY — M)
For a given z € H and ¢ > 0 there exists N3 such that

because E; — E. Combining inequalities (1.23) and (1.24) yields for k >
N 1 + N 2

(1.24) < Ejz,z> > < Ez,z> —¢ for j > Ns

< ¢(A,(~k):c), z> > <Ez,z>-¢
+ < ﬂi(Q(fk‘—Nl (14))(1‘41\,l - Af{oc:‘))zasc >

which implies that (using inequality (1.22) and recalling that ®(f*~~1(A)) is
bounded in norm)

(1.25)

(1.26) Jim inf < (A2, 2> > < Ez, z>.

If, for some z € H and some <, one has

(1.27) klim sup < qS(Afk)x), z> > < Ez, z>,

then inequalities (1.26) and (1.27) imply

. . = k
k&n;o sup < Epz, z >= klln‘}o supZu,- < 45(14,( ))ﬁa z>> < Ez, z>.
j=1
The above inequality contradicts the fact that

lim < Exz, z> = < Ez, z >,
kToo
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so inequality (1.27) must be false. We conclude from (1.26) that

(1.28) lim < $(AN)z, 2> = < Ez, o> .
Standard arguments using the polarization now imply that

; (k)y _
w-lim $(4;") = E. O

There are several obstacles to using Theorem 1.1. The first problem, of
course, is to prove the existence of ¢ and M as in Theorem 1.1 for examples of
interest to us. We shall use the classical results of C. Loewner concerning the
concavity of order-preserving maps from the cone K of p.s.d. bounded linear
operators of a Hilbert space H to L(H).

However, even assuming that we can establish the hypotheses of Theorem
1.1 in examples of interest, Theorem 1.1 provides inadequate information when
H is infinite dimensional. If H is finite dimensional, the weak, strong and
operator norm topologies on £(H) are identical, so Theorem 1.1 implies

lim [|¢(4A*%)) - E| =0 for 1< < n.
koo
If ¢ is one-one with norm-continuous inverse, one concludes that
li (k) _ 4-1 =
lim [l4;7 ~ ¢7H(E)|| = 0.

If H is infinite dimensional, one would hope that there exists a p.d. bounded
linear operator G such that

(1.29) s- lim A =G  for1<i<n.

However, as Remark 1.1 shows, the weak operator convergence in (1.18) may
be very far from the strong operator convergence hoped for in (1.29).

We now begin to address there deficiencies.

If K is the cone of p.s.d. bounded linear operators in £(H) and H is a
Hilbert space, we need to know when certain maps defined on D = K° are
order-preserving or concave or strictly concave. The first lemma is Loewner’s

theorem [23, 24] concerning order-preserving maps on K°; an exposition of
Loewner’s theory is given in [16].

LEMMA 1.3. (C. Loewner) Ler K denote the cone of positive semidefinite,
bounded linear maps of a Hilbert space H to itself. Suppose that f : (0,00) — 2
is a continuous, real-valued map and that f has an analytic extension to
U={zeC :Im(z) # 0 or (Im(z) = 0 and Re(z) > 0)} such that Im(f(z)) >0
for all z such that Tm(z) > 0. Then the map A — f(A) for A€ D = K° is
order-preserving with respect to the partial order induced by K.
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Functions that satisfy the hypotheses of Lemma 1.2 are f(z) = log(z) and
f(2) = 2, 0 < p < 1, and log(z) will be the example of most interest here.
One can give a simple and self-contained proof that if A, B € K° and A < B,
then B~! < A~! (although we shall not do so). Using this fact, we now prove
directly that the maps A — log(A) and A — AP, 0 < p < 1, are order-preserving
on K°. If E € K° and E; = (1 —t)I + tE, where I denotes the identity map,
then one can easily prove that

1 1

(1.30) log(E) = / (d/dt) log(E;)dt = / E7Y(E - I)dt.
1] 0

An algebraic manipulation gives
1
13D log(E) = /[t_11~ t1E; 4t
0

If Aand B are in K° and A < B and A; = (1—t)I+tA and B, = (1—t)I+tB
for0<t<1,then A, < B, for 0<t<1,s0t 14 ' >t !B for0<¢t<1
and

(1.32) I —trA <t T -t7iBy Y, for0<t < 1

Using (1.31) and (1.32) one finds that log(A) < log(B). That A? < B? if A< B
and 0 < p < 1 follows by a similar argument from the formula (see [21], p.
286)

(1.33) EP = [sin(np) /7] / ANWIE(A+E) 'd)\, E€ K% 0<p<1l
0

We also need concavity results for maps of K° to L(H).

LEMMA 1.4. (Ando [3]) Suppose that K, H and f are as in Lemma 1.3.
Then, for A € K°, the map A — f(A) is concave and the map A — Af(A) is
convex (with respect to the partial ordering from K).

Ando states Lemma 1.4 for finite-dimensional Hilbert spaces (Theorem 4
in [3]), but the same argument, based on Loewner’s theory, works for general
Hilbert spaces. )

Lemma 1.4 is not quite adeguate for our purposes. We need strict concavity
and convexity results, and in fact we shall need a property (see Theorem 1.2
below) analogous to the property of uniform convexity for norms. Such results
will follow from the strict convexity of the map A — A~! for A € K°, and this
strict convexity was proved independently by P. Whittle [34, Lemma 1] and L.
Olkin and J. Pratt [29]. Whittle’s lemma is stated for finite-dimensional Hilbert
spaces, but the proof applies in general and yields the following lemma.
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LEMMMA 1.5. ([34] and [29]) Let H be a Banach space and suppose
that A,B € L(H). If X is a real number such that 0 < A < 1 and A,B and
(1 - X)A+ AB are one-one and onto, then

(1= A)A™' + AB™' — (1— \)A+AB)~' =

(1.34)
A1-X(A' =B HY(AA T + (1 - 2B )y A - B7Y).

If H is a Hilbert space and K denotes the cone of positive semidefinite operators
in £(H), then the map A — A~! of K° to K° is strictly convex.

By exploiting Lemma 1.5 we obtain the following sharpening of Ando’s
theorem (Lemma 1.4). See also Bendat and Sherman [8].

LEMMA 1.6. Let f, K and H be as in Lemma 1.3. If there do not exist
real constants o and f8 such that f(z) = a+ Bz for all z > 0, then for A € K°,
the map A — f(A) is strictly concave. If there do not exist real constants c

and «y such that f(z) = a+ 2! for all x > 0, then A — Af(A) is strictly
convex on K°.

PROOF. Loewner’s theory implies that for A not a negative real, A # 0,

0

(1.35) fA) =a+pr+ / (14 X)(t — X))~ tdu()

—CcQ
where « is real, > 0 and p is a finite nonnegative Borel measure with support

in (—o0,0]. If we assume that f(z) is not an affine map, then y is not the zero
measure. From (1.35) and the identity

(I+etA)(tI— A)~ ' = —tI - (1 +2)(A—tI) 2,

we obtain

0 .
(1.36) flA)=al+BA+ / [t — (1 +¢2)(A — tI) " dp(t).

— o0

The map A — ol + A is obviously concave and Lemma 1.5 implies that for
each t < 0 and for A € K° the map

A— —tI-(1+2)(A~tD)!

is strictly concave so (1.36) implies A — f(A) is concave (Lemma 1.4). To

prove that A — f(A) is strictly concave, take A, B € K° with A # B and
define

E=(A+ B)/2.
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Equation (1.36) gives
(1/2)f(4) + (1/2)f(B) — f(E)

(1.37) = /[—(1/2)(A—tI)_1—-(1/2)(B—t1)’1

+ (E —tI)71(1 + t3)du(t).

The strict concavity of A — —A~! implies that there exist to < 0, with tg in
the support of u, z € H and § > 0 such that

(138) < (~1/2)(A—¢tD) "'z — (1/2)(B-tI) 'z + (E~tI) 'z, 2> < 0

for all ¢t < 0 and strict inequality holds in inequality (1.38) for |t — ¢o| < 6.
Using this information in (1.37) we find

< (1/2)f(A)z+ (1/2)f(B)z — f(E)z, z> < O

which proves strict concavity.
Starting from (1.36) we see that

(139)  Af(A) = ad+ A%+ / (—tA — (1+ ) A(A — eI)~"|du(t).

It is easy to prove directly that A — A? is strictly convex on K. Therefore
(because § > 0) the map A — oA + SA? is convex on K and strictly convex
if 8> 0. Some algebraic manipulation shows that

—~tA— (1+t2)A(A—tD) ™' = —tA— (1+ )] +|t|(1+ ¢*) (A — D)
for t < 0. Lemma 1.5 implies that for each ¢ < 0, the map
A— —tA— (14 + t|(1+t3)(A—tD)™"

is convex and, in 'fact, strictly convex if ¢ < 0. If the support of u has nonempty
intersection with (—o0,0), the same kind of proof as used before shows that
A — Af(A) is strictly convex (A € K°). If the support of yx is {0}, (1.35)
implies that
fA)=a+pr—""

for some vy > 0. If 8 > 0, the map A — Af(A) is given by A — aA+BAZ—qI
in this case and hence is strictly convex. If 8 =0, f(1) = a —~A™!, contrary
to our assumption. []

When f(z) = log(z) or 2P, 0 < p < 1, Lemma 1.6 can be proved directly
by using (1.31) and (1.33) and Lemma 1.5.
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An immediate consequence of Lemmas 1.1 and 1.6 is:

COROLLARY 1.1. Let H be a Hilbert space. Suppose that A;, 1< j<m,
are bounded, self-adjoint, p.d. linear maps of H to H. If s;, 1 < j < m, are
m

positive numbers such that Y, s; =1, it follows that
i=1

m

(1.40) log() " s,A Z jlog(4;).
=1

Equality holds in (1.40) if and only if all the operators A; are equal. If
O0<ax<l,

(1.41) (O si4;) Z A2,

1=

EqL;ality holds in (1.41) if and only if all the operators A; are equal.

REMARK 1.2. Suppose that A; and s; are as above and that p and g are

real numbers such that 1 < p < q. Defining & = pg~! and B; = Aj, Corollary
1.1 implies

(1.42) O siBj)* = (D _s;49)* > Zs, =D sAL
=1 =1 j=1

One only needs 0 < p < ¢ to derive inequality (1.42). Since p > 1, Lemma 1.3
implies that B — B/? is order-preserving on K, so one obtains from (1.42)

m m
(1.43) D ;AN > (D s, 40) 7.
i=1 i=1

For positive real A;, inequality (1.43) is a classical result [20].

Unfortunately, when H is infinite dimensional Lemma 1.6 is inadequate
for our purposes. We need to exploit strict concavity and strict convexity in a
more quantitative way, analogous to the idea of uniform convexity for a norm.
The next lemma illustrates the sort of uniform convexity we need for the case
of the strictly convex map A — A~! when A is positive definite.

LEMMA 1.7. Suppose that A;, 1 <1< m, are p.d., bounded linear maps
of a Hilbert space H into itself and oI < A; < BI for 1 < i < m, where a and
B are positive reals. Assume that ok, 1 < k < m, are positive reals such that
m

5> ok = 1. Then, for 1<z, j<m,
k=1

m m
A48 Dokt = (D ond) T 2 oioy(on + ;) (Al - 4717,
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where the inequality refers to the partial ordering induced by the cone of
positive semidefinite bounded linear maps.

PROOF. Because 4 — A~! is convex, the left side of (1.44) is always
greater than or equal to zero. To prove (1.44) it suffices (by relabelling) to
prove it when : =1, 5 = 2.

If A> of and B > ol, then the spectral mapping theorem implies
A l'<a"lI, B! <a"!I and

(145) XA 4+ (1-AB'<a 'Tand M4 +(1-XN)B7Y) ! 20l
Using inequality (1.45) in (1.34) gives

(146) (1-A)A~ +AB~' = (1-A)A+AB)"1 2 aA(1-A)(47! - B71)%
If we define A = 05/(01 + 02), A1 = A and Az = B, inequality (1.46) gives
(147) (1-A) AT 42451 - ((1-A)A14+242) ! 2 aA(1-2)(47 - 47 ') = R.

If we define By = (1— A)A; + AAg with X = o2(0y + 03) ™", inequality (1.47)
and the convexity of 4 — A1 give

Zo,-A;-‘l - (Z 0;A;)"t > (01 +02) B+ ZajA;I
=1 3=1 =3
(1.48)

~[(01 + 02)By + > _ 0;jA;]7" + (01 + 02) R 2 (01 + 02) R.
i=3
Inequality (1.48) is precisely the statement of the lemma for z =1 and 7 = 2.
O

The next theorem, when combined with Theorem 1.1, will enable us to
prove convergence in the strong operator topology.

THEOREM 1.2. Let K be the cone of positive semidefinite bounded linear
maps of a Hilbert space H into itself. Let C denote the m-fold Cartesian
product of K with itself. Thus C C Y, where Y is the m-fold Cartesian pro-
duct of X = L(H) with itself. Assume that (B™), k >0, is a sequence in
C°, and write B*) = (ng),B;k),‘--,Byf)). Suppose that ¢ : (0,00) — R s
a C, real-valued function such that lim dé(z)/dz =0 and such that ¢ has an
analytic extension to U = {z € C :?m(zof# 0 or (Im(2) = 0 and Re(z) > 0)}
and Im(¢(2)) > O for all z such that Im(z) > 0. Assume that there exist positive
numbers Ay, 1 < p < m, such that

(1.49) w-Jim [4(3° 2B = 3" 2,6(BY) =0,
o p=1 p=1
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and that there are positive numbers o and B such that
(1.50) al <BF <Pl fork21, 1<p<m.

Then for any © and 7 with 1 <4,7 < m,

(1.51) o lim [9(B") - ¢(B]")] = 0.

m
If there exist positive numbers u;, 1 <1< m, and E € K° such that 3}, u; = 1
=1
and

- lim S(B¥ = E
sm;w(, ) =E,

then
»-lim ¢(B[") = B.

If the restriction of ¢ to an open neighborhood of (0,00) in C is one-one, then

1 (k) _ 4-1
s ’ElTrglo B, ¢ HE).

PROOF. Loewner’s theory (see [16]) implies that if XA # 0 and X is not a
negative real, then

(1.52) ¢(A) =ar1+BiA+ / [t — (14 2) (X — )" )du(t),

—Co
where o is real, §; > 0 and p is a nonnegative, finite Borel measure. Using

this formula one easily proves that the condition lim d¢(z)/dz = 0O implies
that f; = 0. e

We claim first that for all  and j, 1 <+%,7 < m, one has
T (k)y _ (k)y _
s-lim - ¢(B;™) - ¢(B;") = 0.

We shall prove this for ¢ = 1 and j = 2, since the general argument is the
same. We obtain from (1.52) that

(2 2B = 3 2a(BF) =
p=1 p=1
(1.53)

[ O 0B e (5 A8 —0) e
—oo p=1 p=1
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Inequality (1.50) implies that
B¥) —tI > (a-1)I,

so Lemma 1.7 and (1.53) give

$(>_2,BW) -
p=1

’\p¢(B;(;k)) >
p=1
(1.54)
0
MAz(Ap + Ag)7? / (1+2)(a—t)[(B¥F — 1) — (BF) — e1)~ 12 u(at).

-0

The left side of (1.54) is assumed to approach 0 in the weak operator topology
as k — co. Hence, for any = € H,

0
(1.55) ,}iTIg[(1+t2)(a—t)||(B{k)—tI)—la;—(Bék)—tl)’lx”zy(dt):o.

Now we return to (1.52). Using for the first time the fact that 5, = 0, we

obtain
(1.56) $(BM)(z) - ¢(BL)(2)

0
- /(1+t2)[(35’“’ — tD) 1z — (BW — ) au(dt).
—oQ
Because Bfk) > ol for k> 1 and 1 <4< m, it is easy to see that there exists
M, such that
1(B® —en)=Y| < My J¢)* forall t< ~1, k>1, 1<i<m.

It follows that for ¢ < —1

1B —en=* —(BYY — 1)) =
(1.57)
I(BYY) —e0)=(B{) (B — en)™!| < (26) Mft2.
If we use this estimate in (1.56) and recall that u is a finite measure, we find

that for any € > 0 and any z € H, there exists a constant M depending only
on g, B, ||z| and u such that for all k> 1

-M
(1.58) / (1+4¢2)|(B¥) — t1)~1z — (BY¥) — t1)~'a||p(dt) < /2.

— oo
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On the other hand, the Cauchy-Schwartz inequality implies that
(1]

[ @+ @B e - (B - i) afutan) <

(1.59) M

0 0
([ @ OB -1 ia = (B~ en) ol (a3 [ @+ utanyr
M M

(1.55) implies that, for fixed z € H, the right side of (1.59) approaches zero

as k — oo and hence is less than ¢/2 for k sufficiently large. Combining
inequalities (1.58) and (1.59) gives, for k sufficiently large,

(1]
f (1+2)|(B® — ¢1)1a — (B®) — e1)~1a|u(dt) < e.
Using (1.56), we see that
lim 4(B{")z ~ $(B{ )zl = 0.

As already remarked, the same argument shows that qS(B}'c )) - ¢(B§-k)) — 0 for
any < and j.

" Suppose now that there exist positive reals wuy,up, --,u,, such that
3 up =1 and
p=1
m
1.60 -l (k)y = E.
(1.60) s k;g’;upfﬁ(l?p )=E

For any fixed z, 1 <{ < m, (1.60) can be rewritten as

> ;%21'2 wd(B{”) + Y up (4(BY) - ¢(B{"))] = E,

p=1

which implies that
(k) (k)
i = s- li .k =
s ‘ngm #(B;"') =s llle pE‘l up¢(B;"’) = E.

Finally, if ¢ is one-one an open neighborhood of (0,00) in C, then ¢!

is defined and analytic on an open neighborhood of ¢(ja, B]) in C. Lemma
1.2 implies that

s lim 671 (¢(B[*)) = - lim BY = $~1(E). O
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REMARK 1.3. The functions ¢(z) = log(z) and ¢(z) = 2P, 0 < p < 1,
satisfy the hypotheses of Theorem 1.2.

REMARK 1.4. Suppose that K and H are as in Theorem 1.2, that f is
as in Lemma 1.3 and that there do not exist real constants o and 8 such that
f(z) = a+ Bz for all z > 0. Then Lemma 1.6 implies that A — f(A) is a strictly
concave map from K° to L(H). Define f = ¢ and assume that (1.49) and (1.50)
are satisfied. if H is finite dimensional, it follows from the strict concavity of
f and a simple compactness argument that for all 7 and 5, 1<4%,7 <m,

lim || B - B%| =o.
koo

Thus, if H is finite dimensional, Theorem 1.2 follows trivially from Lemma 1.6.
Theorem 1.2 only provides new information when H is infinite dimensional.

Theorems 1.1 and 1.2 are examples of convergence results in particular
cones. However, one can give versions of Theorem 1.1 which are valid for
general classes of cones. Since we shall not use such results, we shall not prove
them here, but it may be of interest to state the theorems.

THEOREM 1.3. Let K be a cone with nonempty interior in a finite-
dimensional Banach space X. Let C denote the n-fold Cartesian product of K.
Let Y denote the n-fold Cartesian product of X. Suppose that f : C° — C°
and ¢ : K° — X are continuous maps. For any y € C° assume that there exists
z € C° (dependent on y) and positive constants o and f such that

az< fi(y) < Pz, and
B(f7(y)) < @(B2)
for all 5 > 0, where ® : C° — Y is defined by ®(z1,%2,  -,2n) =
(¢(zl)i¢(32):"')¢(xn)-

Assume that M is an n x n, primitive column-stochastic matrix with
nonnegative entries such that

®(f(z)) > ®(=)M for all z € C°.

n

Let u be the unique positive column vector such that 3, u; =1 and Mu = u.
i=1

If, for a given x € C°, we write

fk(x) (1(“:552 s 'stnk))’
then there exists w e X, w dependent on z, such that

. k .
lim ¢ (] N=w  for1<i<n.
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If ¢ is one-one, then w € ¢$(K°) and

Jlim ¥ = ¢ (w) for1<i<n.
o o]

The proof of Theorem 1.3 is basically the same as that of Theorem 1.1.
One uses finite dimensionality to insure that the cone is “normal”, i.e. that for
each w € K, the set {v € K : v < w} is bounded in norm. One also uses
finite dimensionality to guarantee that for every y € C°, {fi(y) :7 > 1} is
precompact.

To generalize Theorem 1.3 to certain infinite dimensional cones, we need
some terminology. Suppose that T is a topology on a Banach space X and
that X becomes a Hausdorff, locally convex topological vector space in the
T topology and the T topology is coarser than the norm topology (so every
T -open set is open in the norm topology). If K is a cone in X we shall say
that a sequence (z;) of elements of K is monotonic increasing (with respect
to the ordering induced by K) if z; < z;4; for all § > 1, and we shall say
that (z;) is bounded above in the partial ordering induced by K if there exists
w € K such that z; <w for all 7 > 1. If K, X and T are as above, we shall
say that K has the “monotone convergence property in the T topology” if every
monotonic increasing sequence (z;) in K such that (z;) is bounded above in
the partial ordering induced by K has a limit 2 € K in the T topology. In
the situation of Theorem 1.1, X = £(H), K is the cone of p.s.d. operators in

X, T is the strong operator topology and K has the monotonic convergence
property in the T topology.

THEOREM 1.4. Let notation and assumptions be as in Theorem 1.3, except
do not assume that X is finite dimensional. Suppose that T is a topology
on X, coarser than the norm topology, such that X is a Hausdorff, locally
convex topological vector space in the T topology and K has the monotone

convergence property in the T topology. If u is the unique normalized positive

eigenvector of M and f*(z) = (x(lk),z(gk), ey :cslk)), there exists w € X so that

%%‘?E“* $(zY) = w,

where convergence is in the T topology and u; is the ith component of u. If

L: X — C is any linear map such that L(z) > 0 for all z € K and L is
continuous in the T topology, then

1111130 L(¢(:c§k))) = L{w) for 1<i<n.

The proof of Theorem 1.4 is very similar to that of Theorem 1.1. If y € H, the
role of L in Theorem 1.4 is served by L(A) =< Ay,y > for A € L(H).
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2. - Convergence results for generalizations of the AGM

The original motivation for this paper was the problem of proving the
convergence of f*(A, B) for the maps

f(A,B) = ((A + B)/2, exp((log A)/2+ (log B)/2) or

@.1)
f(A,B) = (a4 + (1 - a)B, exp(BlogA + (1 — B)log B))

where A and B are positive definite, bounded linear operators on a Hilbert
space. However, there are many generalizations of the classical Gauss-Lagrange-
Legendre AGM, and to treat the extensions of these generalizations to the
operator-valued case in a reasonably unified way it is necessary to consider
much more general f than those in (2.1).

Thus, if H is a Hilbert space, let K denote the cone of p.s.d. operators in
L(H). Let C denote the n-fold Cartesian product of K with itself. If o € ", call

7

o a “probability vector” if all components ¢; of o are nonnegative and Y o; = 1.

. =1
If r is a real number, ¢ is a probability vector and A = (Ay, 4z, - - ,‘A,.) e,
define a map M,, : C° — K9 by

2) M., (A) = (D_o; 45"
=1
If r =0, (2.2) does not make sense and we define

2.3) Mo, (A) = exp(D_ o; log(4;)).
j=1

If Ae P, then

2.4) lim || Myo(A) ~ Moo (4)] = 0.

THEOREM 2.1. Let K, H and C be as above. For each i, 1<¢ < n, let
L be a finite collection of ordered pairs (r, o) such that r is a nonnegative
real and o is a probability vector. For each {(r, o) € T;, let ciro be a positive
real number. Define f: C° — C° by

(25) fJ(A) = Z eroMra(A)i

(r.o)eT,

where f;(A) denotes the jth component of f(A). Assume that

2.6) Z Cjre = 1 for 1<j5<n.
(r.o)er,
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If m; : °.™ — o denotes the projection onto the ith component of a vector,
define
2.7 m; = Z ¢jromi(0)
(r.0)€r,
and assume that the n x n matrix M = (my;) is primitive. Let u (v a

column vector) denote the unique probability vector such that Mu = u and
let u; = m;(u). If, for A= (A1,A2, -, An) € C°, we write

(2.8) fk(A) = (A(lk)!A(Zk): T 1A£;k)) = A(k]

there exists E € K° such that

n
29 -1im " u; log(A™) = 10g E
29 sklmi;u g(4;") = log
and
(2.10) w-lliTm log(Afk)) =logE for 1<i<n.

If (r, o) and (p, 1) are both elements of T; for some 3, 1 <1 < n, then
(2.11) o lim [log M, ,(A™®)) — log M,, (A¥)] = 0.
(=)

If (r,0) € T; for some i and r > O, then for all p and q such that mp(c) >0
and n4(0) > 0 one has

(2.12) s- lim [log(ALF)) — log(Alk))] = .
If H is finite dimensional,
(2.13) Jlim |A® —E|=0for1<i<n.

If there exists (7,7) € T for some i such that ¥ > O and all components of G
are positive, then

(2.14) s-lim AY = F  for1<i<n
kToo

PROOF. If A = (A1, As, -, A,) € C° and B = (By, Ba,- -, By) = f(4)
and if we define Slj = SIJ(A) and Szj = SQJ‘(A) by

(2.15) S=1log( > cireMio(A) = D ciro log Myo(A)

(r.o)er, (r.o)€r,
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and

216)  Sy= > cirorlog(d_ mp(0) A7) — D mp(a)log(A])),
p=1 p=1

r#0 (r,0)€T,

we find that

(2.17) logBJ- - Z m;; log A; = Slj + 8a;.

The concavity of D — log D = ¢(D), for D € K°, implies that the right side of
(2.17) is positive semidefinite. It follows that if ®(A) is defined as in Theorem
1.1 and ¢ = log we have
(2.18) ®(f(4)) > e(A)M for all A € C°.

If A= (A, A2, -, A,) € C° and o and f§ are positive numbers such that
(2.19 al < A; < BI,
the spectral mapping theorem implies that for r > 0

"I <A LB

and
(loga)I < log 4; < (logB)1.

If o is any probability vector, it follows that
a"I<Y o;A5< B
=1

and
(loga)I < > o; log A; < (log )1,

J=1

and by applying the spectral mapping theorem again we conclude that
(2.20) al < M,,(4) <A1

A variant of this argument shows that (2.20) also holds if r < 0. We obtain
directly from (2.20) that

al < > ciroMo(A) < BI

(r.o)el,
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or
al<AM <pr for1<j<n

A simple induction now shows that if A satisfies (2.19) and the notation is as
in (2.8) then

(2.21) al < A® < g1 for 1<i<mnand k> 1,

and (2.21) implies that
(2.22) (loga)I < log A'® < (logB)I, 1<i<n and k> 1.

Inequalities (2.20) - (2.22) verify the hypotheses of Theorem 1.1, so
Theorem 1.1 gives (2.9) and (2.10). If H is finite dimensional, weak convergence

implies norm convergence and by applying the exponential map to (2.10) we
obtain (2.13).

If H is infinite dimensional, more care is necessary. If we replace A by
A%) = f*(A) and B by A%*+1) in (2.17) then

(2.23) log A¥TH = 3™ my; log A = 8,;(A)) 4 5,,(4).

By using (2.10) and the fact that ) m,; = 1, we conclude that the left side

of (2.23) converges to zero in the weak operator topology. Since Sl]'(A(k)) is
p.s.d. and all summands of Sy;(A(¥)) are p.s.d., (2.23) implies that

(2.24) w- %iTm Si;(A¥) =0, 1<k<n,

and

(2.25) w- lim [{og(z1 mp(0)(45°))7) ~ Zlvrp(o)log((AL"))')] =0,
p: p:

where (2.25) is satisfied if (r,0) € T; for some 7 and r > 0. We now apply
Theorem 1.2 (recalling that ¢(z) = logz satisfies the hypotheses of Theorem
1.2). Using Theorem 1.2 and (2.24) we find that (2.11) holds, and Theorem 1.2

and (2.25) imply (2.12). If there exists (7,5) as in the statement of the theorem,
we obtain from (2.12) that

(2.26) s- lim [log A% —log 41 < 0 for 1<i, j<n.
koo 7o
Combining (2.9) and (2.26) we obtain as in Theorem 1.2,

- Jim log A'®) = log E for 1< < n,
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and (2.14) now follows easily. [J

Theorem 2.1 provides insufficient information if H is infinite dimensional
and r = 0 for all (r,0) € T;, 1 < j < n. We consider this case separately in
the next theorem.

THEOREM 2.2. Let the notation and assumptions be as in Theorem 2.1.
For 1 £ < n, assume that if (r, o) €Ty, then r =0, so T; can be considered
a finite set of probability vectors and we can write

fi(A) = Z CidMOU(A): Cig = Cigo-
o€l

Let u be the unique probability vector such that Mu = u. Assume that there
are n — 1 pairs of probability vectors c\) and 19), 2 < j < n, such that ¢(9)
and 9 € Ty for some i depending on j and such that the n — 1 vectors,
ali) = o) — £4) 2 < j < n, are linearly independent. Then for any A € C°,
there exists E € K° such that

(2.27) s-lim f*(A) = (E,E, -, E).
kloo
If n =2 or if H is finite dimensional, (2.27) remains valid without the
assumption that there exist vectors o'7), 2 < § < n, as above.
PROOF. Theorem 2.1 implies that if o and 7 are any two probability vectors

inT;, 1<j<n, then

- Jim [log Mo, (4%)) — log Mo, (4%)] = 0,
[s ]
or equivalently
- (k)
(2.28) s lim ;(a.- — 7;)log(A;”’) = 0.

If v is the eigenvector of M in the statement of Theorem 2.1, let N be
the n x n matrix whose first column is v and whose jth column is a{?) for
2 < 7 < n. Equations (2.9) and (2.28) imply that, in the notation of Theorem
2.1,

(2.29) s- lim ®(AM)N = (log E,0,0, - -, 0),
koo
where
@(A(k]) — (lOgA:(lk), lOgA(Zk}, e ’IOgALk)).

Because the components of !9, 2 < 7 < n, sum to zero and the components
of u sum to one, it is easy to see that if we define a!l) = u, the n vectors
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al¥), 1 <7 < n, are linearly independent. This implies that N is invertible, and
since

‘D(E)N = (IOgE,O,O,-H,O),

we conclude that
s- ,liTm ®(A%)) = (log E,0,0,---,0)N~! = (logE, logE,---,log E),

which (with the aid of Lemma 1.2) gives (2.27).

If H is finite dimensional, (2.27) follows directly from Theorem 2.1
without any knowledge of the vectors a!?). If n = 2 and Ty or I'; contains
more than one element, there is a nonzero vector o!2) = o0 — 7 (o and 7 in
I; for ¢ = 1 or 2) and the theorem follows from our previous remarks. Thus
assume that n = 2 and that T'; and T'; each contains only one element, say
Ty = {0‘} and T'p = {7}. If 0 = (0’1,0’2) and 7 = (1‘1,7‘2), we find that

(log AT, log A¥+Y)) = (log A1, log 4% M,

M = 01 71
02 T2

and M is assumed primitive. It follows that

where

(log A(lk), log A(zk)) = (log A;, log A;)M*
and
n-lim log AF = p- lim log AP = u;log Ay + uglog A;

where the column vector (uy,u)T is the unique probability vector which is an

eigenvector for M. One obtains the norm convergence of A(lk) and A(;) from
the above equation. [J

REMARK 2.1. Theorems 2.1 and 2.2 are not sharp results if H is infinite
dimensional. It is possible that strong convergence of (Aﬁk)), 1<i<n,is

valid with only the assumption that M is primitive, but we have not been able
to prove this.

It is worth noting that the conclusions of Theorem 2.2 remain valid if
there exist n — 1 linearly independent vectors a(¥), 2 < 5 < n, such that

- 1i (4) (k) _
s ler;lo § o’ log A; 0

and
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The vectors a!?) do not have to arise as in Theorem 2.2.

REMARK 2.2. Let notation and assumptions be as in Theorem 2.2 but do
not assume the existence of probability vectors ¢(9) and r(¥) as in Theorem
2.2. Instead suppose that

(2.30) m;; = Z cjomi(o) =u; for 1<4,7< n.
o€l

Then the conclusion of Theorem 2.2 (in particular, (2.27)) still holds.
To see this, note that M = (m;;) is the matrix in Theorem 2.1 and that the

column vector u whose ith entry equals u; (u; as in (2.30)) satisfies Mu = u.
Theorem 2.1 implies that for all o, r€T;, 1<j5<n,

(2.31) s lim [log Mo, (A*)) — log My, (A*))] =0
and there exists £ € K° so that
- (k)
8_151123;[,21 u; log(4;")] = log E.
]:
Because m;; = u; we have

3" cjo log Mo (™) = 3" u; log(4!"),
o€r, i=1

S0

2.32 - ki : -(AF)] = log E.
( ) s igrorcl: [0§J Cjo log M, ( )] og

Combining (2.31) and (2.32) we obtain

s- lim log Mo, (A'®) = log E,
ktToo

so Lemma 1.2 implies

(233) S'I!iTm MOo(A(k)) = E.

Using (2.33) we see that

- hi (k+1) _ 1 . (k)y —
(2.34) o lim 43" = o lim ; ¢jo Moo (A¥) = E,
ocl,

which is the desired result.
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Although the assumptions on M in Remark 2.2 are restrictive, they
are satisfied in some important applications. Remark 2.2 also provides further
evidence that Theorem 2.2 is far from best possible.

It is useful in some applications to allow functions which are the
composition of functions like those in Theorems 2.1 or 2.2. One can give
analogues of Theorems 2.1 and 2.2 for such functions even if H is infinite

dimensional, but for simplicity we restrict ourselves to the finite dimensional
case.

THEOREM 2.3. Let K, H, C, ¢ and ® be as in Theorem 2.1 and suppose
that H is finite dimensional. Assume that f : C® — C° and g : C° — C° are

continuous maps and define h = gof. Assume that for every A € C° there exist
B € G and positive reals o and B such that

aB < h'(A) < BB

and
®(h7(A)) < ®(B)

for all § > 0. Assume that there exist n x n column-stochastic matrices M and
N with nonnegative entries such that for every A € C°

o(f(4)) 2 ®(A)M
and
2(9(4)) > ©(4)N

and MN is primitive. Then there exists E € K° such that, if h¥(4) =
(A(k) AR A(k))
1 42 3 4in ’

lim [¢(4{")) - g(B)| =0  for1<i<n.
k1oco
If ¢ is one-one, one also obtains
lim [|A® - E| = 0.
kT
PROOF. By using the hypotheses on f and g one finds
®(h(A)) > ®(f(A))N > ®(A)MN.

Thus h satisfies the hypotheses of Theorem 1.1, with MN replacing M in
Theorem 1.1, and Theorem 2.3 follows immediately from Theorem 1.1. (]

COROLLARY 2.1. Let K, C and H be as in Theorem 2.1 and assume that
H is finite dimensional. Let f be as in Theorem 2.1, but do not assume tl?at
the matrix M defined by (2.7) is primitive. Suppose that g : C° — C° is like
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f. More precisely, for 1 <t < n, let T; be a finite collection of ordered pairs
(s, 1) such that s is a nonnegative real and t is a probability vector. For each
(s, 7) € T, let d;y, be a positive real number. Define g: C°® — C° by

5(d)= D djM.,(4).

(s,7)€T,

Assume that
> dim=1  for1<j<n
(s.7)€T,
and define an n x n column-stochastic matrix P by

bij = Z dj.srﬂ'i (f)

(s, 7)ET,

If MP is primitive and h = gof, then for any A € C° there exists E ¢ K°
such that

im [A® —E|=0  for1<i<n,

kfoo

where
he(4) = (A0, 4. AR,
PROCF. If ¢ = log, the proof of Theorem 2.1 shows that

2(f(4)) 2 ®(A)M and &(g(4)) = 2(4)P

for all A € C°. Thus Corollary 2.1 follows easily from Theorem 2.3. Details
are left to the reader. [J

Theorems 2.1 and 2.2 provide no information if f is given as in (2.5) @d
r < 0 for some (r,o0) € T';. However, Theorems 1.1 and 1.2 provide information
about certain functions of this type also.

THEOREM 24. Let K, C and H be as in Theorem 2.1. For 1< j < n,
let T; be a finite collection of probability vectors and for each o € T'; let ¢j,
be a positive real number such that

Z Cjo = 1.

o€l ;

Define a map f:C° — C° by
filA) = Y cioMo10(4),

o€l

where f;(A) denotes the jth component of f(A) and

M_yo(4) = (Q_oia7")™
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for g = (0’1,0‘2,"',0‘,,) and A = (AI,AQ,"',An). Deﬁne m;, by

m;; = z ﬂ’,‘(O’)Cjo

o€T,

and assume the n x n column-stochastic matrix M = (my;) is primitive. Finally
assume that there are n—1 pairs of probability vectors o\9) and 119, 2 < j < n,
such that o'9) and 19) are in T; for some i = i(j) and the n — 1 vectors

o) = gl — 7) 2 < j < n, are linearly independent. Then for any A € C°,
there exists E € K° such that

s-lziTm f*(A) = (E,E, -, E).

PROOF. Define ¢(z) = —2z7! and notice that ¢(z) satisfies the conditions
of Theorem 1.2 and that B — —B~! (B € K°) is concave (see Section 1).

Using the concavity of ¢ one easily sees that if A € C° and B = f(A),

¢(B;) — Z mi;$(A:)

(2.35) =t

= ¢( Z CjaM~10(A)) - Z Cj0¢(M—10(A))
o€T, o€T,

and the right side of the above equation is positive semidefinite. The rest of

the proof follows from (2.35) by using Theorems 1.1 and 1.2 as in Theorem
2.2 and is left to the reader. O

REMARK 2.3. It is important to note that if ¢ is a probability vector, one
can write (for A € C9)

n n

Mio(4) = > _oidi = 3 0i( A7) 7! = 3 0iMoar(iy (4)

=1 i=1

where 7(z) is the probability vector with 1 at the sth position. Thus if f is
given as in (2.5) and r = 1 or r = —1 for each (r,0) € I';, then by relabelling
and redefining T'; one can assume that f is as in Theorem 2.4.

By using the above remark and Theorem 2.4 we obtain the following
corollary.

COROLLARY 2.2. Let the notation and assumptions be as in Theorem 2.4
except do not assume the existence of n— 1 pairs o'9) and %) as in Theorem

2.4. Assume that there exist n positive numbers d;, 1 < j < n, such that fi(A).
the first component of f(A), satisfies

fi(4) = fi(A1, A2, -+, An) = ZdeJ‘-
, i=1
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Then for any A € C°, there exists E € K° such that
s-éi& f*(A) = (E,E, - ,E).
PROOF. As noted in Remark 2.3, write

fil4) =" oMy, (4),

o€l

where T'y comprises the n probability vectors (5}, 1 < j < n, and 7(5) has 1
in the jth position. Then

o = (1) = 7(5), 2< 7 < n,

are n — 1 linearly independent vectors and the corollary follows from Theorem
24.0

A very special case of Corollary 2.2 is an arithmetic-harmonic mean (the
case o = f§ = 1/2 below) which has been considered by Fujii [19].

COROLLARY 2.3. Let H be a Hilbert space, K the cone of positive
semidefinite operators in L(H), and C = K x K. If « and B are real numbers
such that 0 < o, B < 1, define f:C° — C° by

f(A,B)=(aA+(1-a)B, (BA™'+(1—-B)B~1)7).
If (A, B) € C°, there exists E € K° such that
s- éle f*(A, B) = (E, E).

Although we shall not prove this here, one can prove convergence in the
operator norm under the assumptions of Corollary 2.3.

Similarly, as a direct corollary of Theorem 2.2 we obtain an operator
valued extension of the AGM of the type suggested by (2.1).

COROLLARY 2.4. Let K, C and H be as in Corollary 2.3. If o and § are
real numbers such that 0 < a, f < 1, define f:C° — C° by

f(A,B) = (@A + (1— a)B,exp(Blog A + (1~ B)log B)).
Then for any (A, B) € C°, there exists E € K° such that
s- lim f*(A, B) = (E, E).

PROOF. Since A can be written as exp(log A) and similarly for B, the
mapping f is of the form considered in Theorem 2.2 and (in the notation of
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Theorem 2.2) n = 2. One easily checks that

a [
M=1,"a 1—5]’

so M is primitive and the corollary follows from Theorem 2.2.

If A and B are positive real numbers in Corollary 2.4 and o = f = 1/2,
it was known classically (see [13]) that one can express the limit of f*(A, B)
in terms of an elliptic integral. However, as D. Borwein and P.B. Borwein have
pointed out [11], for general o and 8 (even if a = ) there is no known integral
formula for the limit of f*(A, B).

There are many other classical variants of the AGM. Carlson [13] gives
a unified treatment of some of these results. In one example, Carlson defines

(for a and b positive reals)
fila,8) = (a+8)/2, fa(a,b) = (ab)llz, fs(a,b) = [a(a + b)/2]1/2
and fy(a,b) = [b(a + b)/2]*/2.

He then defines a map f;;(a,b) by

fij(a,8) = (fila,b), f;(a,b)).

The case ¢+ = 1 and 5 = 3 is usually attributed to Borchardt (see [6], [9]). One
can prove that

Illt?o fila,b) = (c,¢), ¢= Lij(a,b),

and Carlson gives explicit integral formulas for L;;(a,b).

We wish to generalize the above convergence results to pairs of p.d.
bounded linear operators A and B on a Hilbert space. If A and B commute
or if, as in Section 4 below, one uses a different analogue of the square root
of the product of two positive numbers, one can also generalize the integral
formulas L;;(a,b). However, we shall only carry this out for the case of the
AGM in Sections 3 and 4 below. Thus let H be a Hilbert space and K the

cone of p.s.d. operators in L(H). If A,B € K° and r is a real number such
that 0 < r < 1, define

(2.36) h(A, B,r) = exp(r log(4) + (1—r) log(B)).
Define a map f of K° x K into itself by
(237) f(A, B) == (Al, Bl),

where

(2.38) Ay = coA+ 1B+ c2h(A, B,v3) + csh(A,C,v3) + cah(B, C,14),
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(239) By =doA+ di B + dah(A, B, 63) + dsh(A, C, 65) + dsh(B, C, 64),

(2.40) C=(A+B)/2

It will always be assumed that

4 4
(2.41) Y=Y d =1

COROLLARY 2.5. Let H be a Hilbert space and K the cone of p.s.d.
operators in L(H). Let c¢; and d;, 0 < j < 4, be nonnegative real numbers
which satisfy (2.41) and let y; and 6;, 2 < j < 4, be real numbers such that
0<1;, 6; <1 for 2 <j < 4. In addition assume that c; < 1 and d; < 1 for
1=0 and J = 1. Define a map f of K° x K° into itself by (2.36) - (2.40).
Then for any (A, B) € K° x K°, there exists E € K° such that

s'lgitrg fk(A) B) = (E, E).

PROOF. Define D = K x K x K and define a map g : D° — D° by
(2.42) 9(A, B,C) = (44, By, C1),

where C is now an arbitrary element K°, A; and B, are given by (2.38) and
(2.39) respectively and

(2.43) C1 = (1/2)(A1 + By).
If = projects D° onto K° x K° so that
n(A, B,C) = (4, B),

an easy induction argument shows that if (4,B,C) € D° and C = (A + B)/2
then

(2.44) m(9*(4, B,C)) = f*(A4, B) for all k > 1.

Thus to prove Corollary 2.5 it suffices to prove that for any (A, B,C) € D°
there exists £ € K° such that

(2.45) s- ’gm ¢*(A,B,C) = (E, E, E).
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The map ¢ is of the form in Theorem 2.2 (whereas f is not), and one could
try to apply Theorem 2.2 and Remark 2.1. Such an approach requires slightly

stronger assumptions than we have made, so we shall use a somewhat different
argument.

We first eliminate some trivial cases. If we have
(246) Co+61+62:1=d0+d1+d2,

S0 d3 =dy =c¢3 =c4 =0, (A1, B;) is a function of (A, B), the function being
of the type considered in Theorem 2.2. Thus we are in the case n = 2 of
Theorem 2.2. The assumption that ¢; < 1 and d; < 1 for 7 = 0 and 1 insures

that the corresponding 2 x 2 matrix M has all positive entries. Thus we are
done if (2.46) is satisfied.

Similarly, if
(2.47) do+ds=1=co+cs,

(A1,C4) is a function of (A, C) and the corollary follows easily from the case
n = 2 in Theorem 2.2. Also, if

(248) dl + d4 =1= ¢y + ¢4,

(B1,C4) is a function of (B,C) and we return to the case n = 2 in Theorem
2.2.

Thus we can assume that (2.46), (2.47) and (2.48) are all not satisfied.
Let M be the 3 x 3 column-stochastic matrix defined as in Theorem 2.2 for our
map g. One can easily check from the defining equations for g that the third
column of M is the arithmetic average of the first two columns. Because c; < 1
and d; < 1 for =0 and j = 1, each of the first two columns of M has at most
one zero entry. If the first entries of columns one and two of M are both zero,
then (2.48) is satisfied, contrary to assumption. Similarly, if the second entries
of both columns one and two of M are both zero, (2.47) is satisfied, contrary
to assumption. Finally, if the third entry of column one of M equals zero and
the third entry of column two of M equals zero, (2.46) is satisfied, contrary to
assumption. Thus the zero entry of column one of M (if it exists) is never in
the same position as the zero entry of column two, so the third column of M,
being the arithmetic average of columns one and two has all positive entries.
Using this information, one easily checks that M2 has all positive entries.

If u is the probability column vector such that Mu = u and if we write

gk(Al By C) = (Ak; Bka Ck);
Theorem 2.1 implies that there exists E € K° such that

(2.49) s- Ilem (u1log Ak + uzlog By + uslog Ci) = log E,
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and log Ax, log B, and log Cy converge weakly to log E. Because
w- 21110133 log Cx = w- 111121 log((Ax + Bx)/2) = log E,
we conclude that
(2.50) w- lim log((Ax + By)/2) ~ (log 44)/2 - (log By)/2] = 0.
Using (2.50) and Theorem 1.2 we conclude that

(2.51) s- lgm [log Ax — log Bi] = 0.

Because Ci = (Ax + Bi)/2 for k > 1, we have for k> 1

(log Ak+1, log Bryy, log Cry1) > (log Ag, log B, log Cy)M
> (log Ag, log By, (log Ax)/2+ (log By)/2)M.

Using the above inequality we find that for £ > 1
(log Ax+1, log Bxyi) > (log Ak, log Bi)P,
where P = (p,;) has elements
Pi; =mij+ms; /2, 1<4,5 <2
Because each of the first two columns of M has at most one zero entry, all
entries of P are positive, and P is obviously column-stochastic. If v is the

unique column probability vector such that Pv = v, Theorem 2.1 implies
(2.52) s- ’gm (v1log Ag + valog By) =log E
[o0]
for some E € K°. One obtains directly from (2.51) and (2.52) that
-1i = g- i l B = 1 E,
8 Igltrolza log Ay = s 131121; og By =log
so Lemma 1.2 implies
s- lim Ay = s- lim By = E = s- lim Cy. OJ
k1co kToo k1oo

There are many other classical generalizations of the AGM. For example,
G. Borchadt (see [6] and [9] for references) studied the map

f(a: b,C,d) = (al;blaclzdl)a
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where

ar = (a+b+c+d)/4, b= ([ab]'/? + [ed]'/?) /2,
(2.53)

¢ = ([ac]1/2 + [bd]1/2)/2’ dy = ([ad]l/Z + [66]1/2)/2

and a,b,c and d are (initially) positive reals. If f* denotes the nth iterate of f
and

f"(a: b,c, d) = (a,,, bn,cn, dn)
Borchardt proved (without great difficulty) that

(254) hTm fn(a,b,c,d) = ('71'71'77'7)1 4 > 0.

The number v = p(a,b,c,d) can be considered a generalized AGM.
Borchardt established many properties of this AGM. If ¢ = ¢ and b = d,
then a,, = ¢, and b, = d,, for all n > 1 and (2.53) reduces to the original
AGM.

As is pointed out in [6], Borchardt’s algorithm is a special case of a more
general construction, called a “monster algorithm” in [6]. Let G be a finite

group of order n. If ®; and ©; are real-valued functions from G to R, the
convolution of 8; and @,, 6, x 0., is defined by

(2.55) (81 %82)(8) =n~1 ) ©4(s)8,(ts™Y).

€G

(More generally, convolution can be defined with respect to a measure on
a locally compact topological group). Define C to be the set of functions

©:G — [0,00), s0 C can be identified with the standard cone in R", n = |G|.
Define F: C° — C° by

(2.56) F(8) = 02402, where (81/2)(s) = [0(s)]*/2.

It is proved in [6] (at least for G abelian) that, if F* denotes the kth iterate of
F, then for any © € C°

lim F*(8) = 8,,,
kfoco

where 8, is a positive, constant function. Borchardt’s algorithm corresponds
to G = Cy x C,, where C, is a group of order 2. Another interesting example
corresponds to a cyclic group of order 3 (see [6]).

We generalize this construction to operator-valued functions. Let K be the
cone of p.s.d., bounded linear operators on a Hilbert space H. Let G be a finite
group of order n. Let C denote the cone of maps 8 : G — K, so C = II K.

geEG
Define F: C° — C° by

(2.57) (F@)(t)=n"! Z exp((1/2) log(8(s)) + (1/2) log(8(ts™1)))-

8€G
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This reduces to (2.56) when © is a real-valued.
COROLLARY 2.6. Let the notation be as in the immediately preceding
paragraph. Then for any © € C°,
s- llle F¥(@) = 8, € C°,

where O, depends on © and ©., : G — K° is a constant function.

PROOF. The cone C can be considered as the n-fold Cartesian product
of K, and with this identification the map F is a special case of the maps
considered in Theorem 2.2. We shall derive Corollary 2.6 from Remark 2.2.

Define ¢ : K — X = L(H) by ¢(A) = log A and if Y denotes the Banach
space of maps from G to X, define @ :C° - Y by

(®(®))(t) = log(©(t)) for all t € G.
Applying ¢ to (2.57) and using the facts that
(2.58) > log(e(s)) = ) log(®(ts™?))
s€G EG
and ¢ is concave gives

259) log(F(8)(6) > n™* 3~ log(6(s))

or
o(F(0)) > 2(6)M,

where M is the doubly stochastic matrix with all entries equal to n~!. Thus
we are in the situation of Remark 2.2 and the corollary follows. [J

As already noted, we immediately obtain the operator analogue of
Borchardt’s algorithm from Corollary 2.6.

COROLLARY 2.7. Let K denote the cone of p.s.d., bounded self-adjoint
linear operators on a Hilbert space H. Define U = K x K x K x K. Define
f:00 - po by

f(A,B,C, D) = (A1, By, Cy, Dy)
where
A =(1/4)(A+B+C+ D),
By = (1/2)[exp((1/2) log A + (1/2) log B) + exp((1/2) log C + (1/2) log D)],
C: = (1/2)[exp((1/2) log A + (1/2) log C)
+exp((1/2) log B + (1/2) log D)], and
D1 = (1/2)[exp((1/2)log A + (1/2) log D) + exp((1/2)log B + (1/2)log C)].
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Then if f™(A,B,C,D) = (Am, Bm,Cm, Dy, there exists E € K° such that
s- im (Am, Bm,Cm, D) = (E, E, E, E).
mToo

Many other generalized means have operator-valued versions that can be
analyzed by our methods. We mention only two more examples. Borchardt and
Schwab (see [6]) considered the map

Fla,8) = (a1,b1), a1 = (a+b)/2, by = (a1b)'/?,
and the corresponding mean given by
'11111210 f™(a,b) = (6, 6).
Carlson [12] observed that the Borchardt-Schwab algorithm is naturally

embedded in an algorithm involving three variables. Given positive numbers
a,b and ¢, define o, and v by

a=(b+¢c)/2, B=(a+c)/2, y=(a+1b)/2
and define f(a,b,¢) = (ay,by,c1), where
ay = ()2, by = (a7)/? and ¢1 = (af)/%.
If f*(a,b,¢) = (an,bn,cy), Carlson proved that
,{"TTO(“"”’"»C") = (6,6,6).

He related the limit to certain integrals. If b = ¢, then &, = ¢, for all n > 1
and one recovers the Borchardt-Schwab algorithm.

To generalize Carlson’s algorithm to operator-valued maps, let K denote
the cone of p.s.d., bounded self-adjoint linear maps of a Hilbert space H to
itself. Define E = K x K x K. Define f: E° — E° by
(260) f(A)BaC] = (AhBl)Cl)a

where

A1 = exp((1/2) log(B) + (1/2) log(v)), By = exp((1/2)log(a) + (1/2)log(7))
(2.61)

C1 = exp((1/2) log(a) + (1/2) log(8))
and

(2.62) a=(B+C)/2, f=(A+C)/2 and y= (A+ B)/2.



ARITHMETIC-GEOMETRIC MEAN FOR NONCOMMUTING LINEAR OPERATORS 281

COROLLARY 2.8. If f : E° — E° is defined by (2.60) - (2.62), then for
any (A,B,C) € E°,

(2.63) s-,}iTm f*(4,B,C) = (D, D, D),

where D € K©.

PROOF. Define ®(4,B,C) = (¢(4), #(B), ¢(C)) for (4,B,C) € E°,
where ¢(A4) = log A for A € K°. It follows easily from the concavity of log
that :

®(f(A4,B,C)) > ®(A, B,C)M,

(1/2 1/4 1/4)
M=|1/4 1/2 1/4].
1/4 1/4 1/2

The reader can easily verify that the other hypotheses of Theorem 1.1 hold, so
if f*(A, B, C) = (Ax, Bx, Ck), there exists D € K° such that

where

-l =w— lim log B
w k:‘?o log Ay = w leTo og By

(2.64)
= w- lim log C, =log D
k1oo
and
(2.65) 8- l}irm(l/3)(log Ay + log By + log C) = log D.

The defining equation for f gives

log Ak+1 — (1/2)log Ax — (1/4) log By — (1/4) log (Ck) =
(2.66) (1/2)[log((1/2)(Ax + Ci)) — (1/2) log Ak — (1/2)log(Cy)]

+(1/2)[log((1/2) (Ax + Bx)) — (1/2) log Ax — (1/2)log By].

The left side of (2.66) converges to zero in the weak operator topology, so
Theorem 1.2 and (2.66) imply

(2.67) s- éirm [log A — log Ci| = s- lgirm [log Bx —log Ci] = 0.

(2.65) and (2.67) give

2.68 -1 = s li =s-1i =
(2.68) s ’grorcl’ log A = s 1511{2 log By = s IPTTQ log Cx =log D
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and the corollary follows from (2.68) with the aid of Lemma 1.2. [

A final example is an algorithm of Meissel (see [6]). For positive real
numbers a, b, ¢ define

(2.69) Fla,b,¢) = (Ja+b+cl/3, ([ab+ ac+ bc]/3) /2, (abc)/).
If K is the cone of p.s.d., self-adjoint linear operators on a Hilbert space H

and E = K x K x K, one can define a map f: E° — E° which is an analogue
of the map in (2.69), namely,

(2.70) f(A,B,C) = (A1, By, (),
where

Q.71 + (1/3) exp(a + ) + (1/3) exp(B + 1)]*/?,
Cy=exp((a+B+1)/3), a=log A, =1log B and v =log C.

COROLLARY 2.9. If H and K are as above and f : E° — E° is defined
by (2.70)-(2.71), then for any (A, B,C) € E°, there exists D € K° such that

(2.72) s- lim f"(4,B,C) = (D, D, D).

PROOF. Corollary 2.9 follows by essentially the same argument used to
prove Corollary 2.8 and is left to the reader. []

3. - Some elementary properties of the arithmetic-geometric mean

In this section we shall establish some basic properties of

3.1 M(A,B) = ,liTg f*(A, B)
where
(3.2) f(A,B) = ((A+ B)/2, exp((1/2)log A + (1/2) log B)).

Much of what we say extends to the more general examples considered in
Section 2, but for simplicity we shall restrict ourselves to the above case of,
occasionally, the “monster algorithm” of Corollary 2.6.

We begin with some generalities. If X is a complex Banach space, G
is an open subset of X and f : G — X is continuous, f is called analytic
if, whenever B,(u) = {y : |y —u| <r} C G, ¥ € X* is a complex linear
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functional and v € X is such that ||v]| = 1, then A — ¥(f(u + Av)) is complex
analytic for all A € C such that |A] < r.

If X is a complex Banach space, let Y denote the n-fold Cartesian product
of X and for y = (y1,y2, -, y.) €Y, define a seminorm p(y) by

3.3) p(y) = max{|ly; —y;[ : 1< 4,5 <n}, y=(y1,92, , 9n)-
Then p(y) = 0 if and only if y € S, where
34) S={y=(y1,91, %) : 91 € X}.
LEMMA 3.1. Let X,Y,p and S be as above. For y* € S and § > 0 let
Bs(y°) ={y €Y : |ly—y°| < 6} = U and suppose that f : U — Y is an analytic

map such that f(y°) = y°. Assume that there exists ¢ < 1 and a constant k
such that

(3.5) p(f(y)) < cply)
and
(3.6) I £() — yll < kp(y)

Jor all y € U. Then there exists r > 0 such that f'"(y) € U for all m > 1
whenever y € B, (y0) and f™(y) converges uniformly in y € B,(y°) as m — oo
to a limit g(y) € S such that f(g(y)) = gly). The map y — g(y) is complex
analytic on B, (y°).

PROOF. For definiteness, define ||y| = max. |lyi |- If a sequence of analytic

functions converges uniformly on an open set G to a limit g, g is analytic on G.
Thus, in our case, to prove g is analytic on B, (y°) for some r > 0, it suffices
to prove that f™ (which is analytic) is defined and converges uniformly on

B, (y9).
Take rq > 0 such that
ro + 2’61‘0/(1 - c) <é

and note that p(y) < 27, for all y € B,,(y°). Define

and assume that if y € B,,(y°), then fi(y) € B, (y°) for 0 < 7 < m and
p(f7(y)) < ¢?(2ro) for 0 < 5 < m. Then (3.5) and (3.6) imply that

£ (y) = (o) < Ep(F™ () < ke™(2ro),
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w0 1™ () = 8% < 171 (@) = £ + 177 () — o

< ro + 2krg Z ¢t + 2kroc™ = rmai.
1=0

By mathematical induction we find that f7(y) € B, (y°) for all 7 > 1.
If y€ B,,(y°) and m and v are positive integers, m < v, then

176 = £ < Y 157 - )]

< kv_m m+i—1
37 <k plf (¥)

=1

v—m .
< k(2ro) ) cmHit
=1

< k(2r¢)c™ /(1 - ¢).
(3.7) shows that (f™(y)) is a Cauchy sequence with limit g(y). If v — oo in
(3.7), then
177" (¥) = (W) < 2rokc™ /(1 - ¢),

so the convergence is uniform in y € B, (y°). Obviously g(y) € U and

f(g(v)) = g(y), and because p(f(g(y))) = pla(y)) < cp(9(y)); pl9(y)) =0
and g(y) € S. O

Under the hypotheses of Lemma 3.1, convergence is “linear”, whereas
for the examples of interest to us, convergence is actually “quadratic” (see
[35], Chapter 12 for definitions) and hence extremely rapid. The next lemma
describes the situation we shall actually encounter.

LEMMA 3.2. Let the notation and assumptions be as in Lemma 3.1 except

instead of assuming that f satisfies inequality (3.5), suppose that there exists a
constant M such that

(3.8) p(f(v)) < M(p(y))?

for all y € U. Then the conclusions of Lemma 3.1 are still valid.
Furthermore, if § in Lemma 3.1 is so small that

3.9 sup Mp(y) <c <1,
then, setting u = u,, = 2™,

(3.10) 1™ (9) = o)l < (kM~1)e*(1 - )
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for all y € B, (y°) and m > 0.

PROOF. By decreasing § we can assume that (3.9) is satisfied on Bs(y°).
(3.8) then implies that (3.5) is satisfied, so the conclusions of Lemma 3.1 hold.
An easy induction shows that if we define u; = 27, then

@311 p(f™(y)) < M~ (Mp(y))“m < M~ tc¥m.

If we use (3.6) and (3.11) we find
177 (v) = g(w)ll = lim [|£™(y) = £* (4)]

(3.12) oo | -
S L IP  P Wl S kM S e

j=m
If we define p = ¢2", it is easy to see that

oo

(3.13) DY A =p(1-p)7"

J=m i=1

and (3.12) and (3.13) give (3.10). O
Next we establish a theorem which, as we shall see later, is applicable to
the “monster algorithm” of Corollary 2.6.

THEOREM 3.1. Let X be a complex Banach space and Y the n-fold
Cartesian product of X with itself. Let p and S be as defined in (3.3) and
3.4).

Suppose that V is an open subset of Y and f : V — Y is a complex
analytic map. Define W CV by

W={yeV:fm™(y) eV for all m> 1 and there exists
(3.14)
u €V NS such that liTm | F™(y) — u| = 0}.

(The element w in (3.14) depends on y). For each w € V N S, assume there
exist positive constants ¢,§ and k (dependent on u) such that ¢ <1 and

(3.15) p(f(¥)) <ceply) and |f(y) — yl < kp(y)

for all y € Bs(u) = {y: ||y — u| < 6}. Then W is an open set and
9(y) = lim f™(y), yEW,

is an analytic function on W.
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PROOF. If y € W, select u € V NS such that f™(y) converges to u. If
¢,6 and k are as above, select rq as in Lemma 3.1, so that if w € B, (u), then
f’(w) € Bs(u) for all 7 > 1 and

lim £ (w) = g(w)

where g is an analytic function on B, (u). There exists an integer N so
that f¥(y) € B,,(u), and by continuity of fV, there exists §; > 0 so that
fN(z) € B,,(u) for all z such that ||z — y|| < & . It follows that if ||z —y|| < é1,

(3.16) 9(2) = '}liTrg ™(z) = g(fN(2)) € 8.

Thus we see that W is open. Also, because the restriction of g to B, (u) is
analytic (by Lemma 3.1) and f¥ is analytic, (3.16) implies that g is analytic
on an open neighborhood of y. [J

The argument of lemma 3.2 shows that to verify (3.15) in Theorem 3.1,

it suffices to verify (3.6) and (3.8). To accomplish this for the examples of
interest to us we need the next fact.

LEMMA 3.3. Let H be a Banach space and X = L(H). Suppose that
Ao € X and (A¢) N (—00,0] is empty. Then there exists § >0 and M > 0 such
that (1) for all A € Bs(Ao), the open § ball about Ay, o(A)N(—o0,0] is empty

and 2) if A, Ay, -,Ammare any elements of Bs(Ao) and ay, oz, -, am are
positive reals such that ) a; = 1, then
i=1
(3.17) I log(z a; A Za, log Al <M > [l4 - 4%
1<i<j<m

PROOF. By assumption, (1~ t)Aq + ¢I is invertible for 0 < ¢ < 1, and
by continuity of the map A — A~! on the set of invertible linear operators,
(1 —t)Ag + tI]7!| is uniformly bounded for 0 < ¢ < 1, say by a constant
M. If |A— Ao| < 6 and § < (2M;)~1, then writing Ag; = tA¢ + (1—¢)/ and
A;=tA+ (1-t)] for 0 <t <1, one has

Ar = Aoi[I + Al t(A — Ag)),

so A, is invertible (the product of invertible operators) and

0
47 < [14GH 1 D (6M1) < 2| Agt|| < 2My, 0<t<1.
84=0
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To prove (3.17), first assume that m = 2 and take A and B in B;(Ag)
and o so that 0 < a < 1. If C € Bs(Ao) and we write C, = I + ¢(C — I) for
0<t<1, we have

1 1
log C = / (d/dt) log(Cy)dt = / crY(C - Dt

(3.18) 0 0

1

= /t‘I[I— C;ldt.
0

If we take C = @A+ (1—a)B, C = A and C = B in (3.18), we find after
simplification that

log(aA+(1—a)B)—a log A—(1—a)log B

(3.19)
- /t—l{aA;I +(1—a)B — [ads + (1 a) By 1}dt,
(1]
where
(320 Ai=tA+(1—-t)] and B, =tA+ (1—¢)L.

By using Lemma 1.5 and (1.34) we obtain

(3.21) aA7 4 (1- o) Bt — [ad +(1-)B,] ™!

=a(l - a)By*(A; — B)A;! [(1-a)A;* + aB ™! B (A — B A
Using the identity
[(1-a)A7! +aB'|™" = A(1 - o) Be + ad] ™' B,
in (3.21) and simplifying we find
@A;' + (1-a)B ! — [ads + (1-a)B| " =D, =

(3.22)
a(1 — a)t2B; (B — A)|(1 - a) B, + aA:] ' (B — A)A; .

Since ||B; || < 2M;, ||A;7!| < 2M; and
l”(l - a)Bt + C!At]_l” S 2Ml:
we obtain from (3.22) (using also that a(1 — a) < (1/4)) that

ID|| < 2M7¢%|| B — A,
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Using this estimate in (3.19) yields

|l log(zA + (1 — @)B) — o log A— (1— a)log B|
(3.23)

1
< 2M}||B - A|? / tdt = M} || B — A%
0

Our argument actually shows that if U is an open neighborhood of Ao such
that ((1 —¢t)A+¢I)~! exists for all A€ U and 0<¢ <1 and

(1 —e)A+er)™| < 2My,

then (3.23) is satisfied.

We now proceed by induction. We have proved the lemma for m = 2, the
constant M in (3.17) being M7. Assume for some m > 2 that we have proved
the lemma for m — 1 and that the constant M in (3.17) can be taken to be M3.

Let A; and aj, 1< j < m, be as in the statement of Lemma 3.3 and define
A= AI’

B=(1—a))7')  a,A;
=2

and o = a;. Then A, B € Bs(Ag) and (3.23) gives

l10g(>_ @;4,) — a1 log A; — (1~ a;)log B
I=1

(3.24)

< M1B - AP = MPI 3o/ (1 - ) (4 — A

Using the Cauchy-Schwarz inequality,

1S (s /(1 = ax)) (A5 — A0)[2 < [3 oy /(1 = )45 — sl

j=2 =2

m
<D l45 - A2
2

On the other hand, the inductive assumption implies

(3.25)

“(1 — al) log B — (1 d al) f:(aj/(l - al))log AJ”

1=2

<S(-a)MP( D |lAi— A7)

2<i<j<m

3.26)
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Combining (3.24) - (3.26) we find that

m m
B27)  log(D as4;) - Y o log(4)) < MY D0 |l - 447
7=1 i=1 1<i<5<m
so the lemma has been proved by induction. (]
With these preliminaries we return to the “monster algorithm™ of Corollary
1.5.

THEOREM 3.2. Let H be a complex Banach space, let X = L(H) and let
U={4€ X :0(A)N(—00,0] is empty}, where o(A) denotes the spectrum of
A. If G is a finite group of order n > 2, let Y denote the Banach space of
maps from G to X, so Y can be identified with the n-fold Cartesian products
of X. Define V={@ Y :0(s) €U for all s€ G} and define F:V —Y by

(3.28) (F8)(t) =n"1 > exp((1/2)log ©(s) + (1/2) log O(ts™*)).

* 3EG
Define S to be the set of constant functions in Y and define W by
W={0ecV:Fm"®)ecV for all m > 1 and there exists
Y eV NS such that liTm |[F™(8) — ¥| = 0},

where F™ denotes the mth iterate of F and ¥ depends on ©. Then W is an
open subset of Y. If g(©) is defined by

(3.29) 9(6) = lim F™(6)

for ® € W, the map © — ¢(®©) is analytic. The convergence in (3.29) is
quadratic. If H is a finite dimensional Hilbert space, W contains Wy, where

Wi ={© €Y :0(s) is positive definite and self-adjoint for all s € G}.

PROOF. Select ¥ € V n S. By Theorem 3.1 it suffices to prove that
there exists § > 0 such that (3.6) and (3.8) are satisfied for all ® € Bs(¥) =
{eey: sup ©(s) — ®(s)| < 6}. The map A — exp(4) is C' with bounded
Fréchet derivative on bounded sets in X, so the map A — exp(A) is Lipschitzian
on bounded sets. Similarly, for § small enough, A — log A is Lipschitzian on
B5(W¥). Thus to prove that F' satisfies inequality (3.8) on Bs(¥) for some é > 0,
it suffices to prove that there exists M such that

(3.30) p(log F(©)) < M(p(log ©))?
for all ® € B;(¥), where, for a €Y,

(3.31) p(a) = sup  [a(s:) - afs2)ll.
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We know that for © € V

nt " (1/2)log ©(s) + (1/2) log ©(ts™?)

(3.32)
=n"! Z log ©(0).
0€EG

Using Lemma 3.3 we find that there exists § > 0 and a constant M; such that
for all @ € Bs(¥) one has

log F(©(t)) —n~1 " [(1/2)log ©(s) + (1/2) log O(ts™1)]|

(3.33) "€
<M, Z “ﬂ(sl:t) - ﬁ(sz,t)llz’
91.99€Q
where
(3.39) B(s,t) = exp((1/2)log ©(s) + (1/2) log O(ts™1)).

Because the map A — exp A is Lipschitzian on bounded sets, we find from
(3.32) - (3.34) that there exists a constant M, such that

(3.35) [log F(©(t)) —n™' D log ©(s)|| < Ma(p(log ©))?

for all ® € B;(¥). It follows from (3.35) and the triangle inequality that for
all ty,t, € G,

(3.36) | log F(©(t,)) —log F(®(t2))| < 2M;(p(log ©))?
)
p(log F(8)) < 2M,(p(log ©))2.
It remains to prove (3.6). By using the Lipschitz nature of A — exp A

and A — log A on appropriate sets, it suffices to prove that there exist § > 0
and a constant k£ such that

|[log F(©) —log O < kp(log ©)
for all ® € B;(¥). By using (3.35) and the triangle inequality we see that

|llog F(©(t)) —log ©(t)|| < ||log F(O(t)) — n* z log ©(s)||
(3.37) . %€¢

+n=* D (log ©(s) — log e(;:))u < M;(p(log ©))* + p(log ©).
s€CG
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If M; is chosen so that p(log ©) < M; for all © € B;(¥), (3.37) implies that
|[log F(©) —log 8| £ (M2M3 + 1)p(log 6).

The final assertion of Theorem 3.2 follows immediately from Corollary 2.6 and
the fact that strong convergence implies norm convergence in finite dimensions.
0O

The AGM of Section 1 is a special case of the monster algorithm when
the group is of order 2. Thus:

COROLLARY 3.1. Let H be a complex Banach space, X = L(H)
and ¥ = X x X. Lae U = {A € X : o(A) N (~00,0) = ¢} and let
V={(AB)eY: Aec U and B € U}. For (A, B) € V, define f(A,B)
by

f(A,B) = ((A+ B)/2, exp((1/2)log A+ (1/2)log B)).

Define W by
W={(A,B)eV :f™(A B)€V for all m > 1 and there exist
Ac € U and Bey € U such that lim ||f™ (4, B) = (Aes, Bo)| = 0}.

Then W is open and if g(A, B) is defined by
3(4,B) = lim 1™ (4, B)

for (A, B) € W, then (A, B) — g(A, B) is analytic. If H is a finite dimensional
Hilbert space, W contains Wy, where

Wi = {(A,B): A and B are positive definite, bounded and self adjoint}.

PROOF. Corollary 3.1 follows from Theorem 3.2 if one observes that
Aw = By, whenever

Jim |77 (4, B) ~ (Aco, Beo) | = 0
for some A, € U, By, € U. This is because the form of f implies

Aco = (Aco + Beo)/2. O

REMARK 3.1. It would be interesting to obtain more information about the
set W in Corollary 3.1, even for H finite dimensional. For instance, is it true
that almost every pair (4, B) € Y (with respect to Lebesgue measure) belongs
to W? Numerical studies for dim H = 2, 3,4, 5 suggest this may be true.

If H is a Hilbert space and A € L(H) = X, A is called accretive if
Re< Az,z > > 0 for all z € H, and A is strictly accretive if there exists
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a > 0 so that Re< Az,z > > al|z||2 for all z € H. It is natural to conjecture
that for almost every pair (A, B) such that A and B are strictly accretive one
has (4, B) € W. However, one can give an example of 2 x 2 upper triangular
accretive matrices A and B such that if (4, B1) = f(A, B), B; is not accretive.
This, of course, does not disprove the conjecture.

Because f is homogeneous of degree 1 and

f(S™tAS, S™1BS) = S"'f(A, B)S,

it is obvious that if (A,B) € W, then (A4,AB) € W for all A > 0 and
(S~*AS, S~'BS) € W for all invertible S. If H is finite dimensional and A
and B are both upper triangular matrices with spectrum strictly in the right half
plane, one can also prove that (4, B) € W, though we omit the proof.

There remains one easy case in which one can prove (4, B) € W, that
is, when AB = BA. Stickel [32] has discussed the commutative case when A
and B are matrices, but his argument seeems incomplete. We shall sketch an
approach which works when H is a complex Banach space.

Suppose that H is a complex Banach space and A,B € L(H) = X are
commuting linear operators. Consider the algebra 4 of complex-valued functions
g which are defined and analytic on U, xV,, where U, is an open neighborhood
of o(A) and V, is an open neighborhood of ¢(B). Two such functions g; and
g2 are identified if they agree on U x V, where U and V are some open sets
containing o(A) and o(B) respectively. If g € 4 is defined on U xV,let Iy C U
be a finite union of simple, closed rectifiable curves which contain o(A4) in the
union of their interiors, and similarly for T'y C V. Define g(A, B) € L(H) by

(3.38) 9(4A, B) = (2m)~? / / 9(21,22)(21 — A) (22 — B) ™" dzidas.

r,r,

The operator g(A, B) defined by (3.38) does not depend on the particular choice
of I'y and T'; as above. Furthermore, the map g — g(A, B) € £L(H) is an algebra
homomorphism from A to £(H). The proof of this fact is a minor variant of
the argument (see [33], [36]) for defining the functional calculus for a single
operator and will not be given here. In fact, the functional calculus summarized
by (3.38) is a special case of a much more subtle functional calculus developed
by Shilov, Waelbrock, Arens-Calderon and Arens: see [7] for references. If
gn : UxV —=C, n2>1, is a sequence of analytic functions and g,, converges
uniformly on U XV to g, then by using (3.38) one can easily see that g,,(4, B)
converges in norm to g(A4, B).

If U and V are as above and g : U x V — C is analytic, then by using
the fact that g — g(A, B) is an algebra homomorphism and that the function
identically equal to 1 goes to the identity in £L(H) one can see that

(3.39) o(g(4, B)) € g(o(4) x o(B)).
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Applying (3.39) to g(z,w) = (2 + w)/2 and g(z,w) = zw gives
o((A+ B)/2) C {(u+v)/2: u€0(A), veo(B)} and

(3.40)
o6(AB) C {uv:u€ o(A), veo(B)}

We can also use the composition of analytic functions. If g € 4 and h is
analytic on an open neighborhood of g(o(A) x o(B)) C C, then j =hoge 4
and (3.39) implies that h(g(A, B)) is defined and one can prove, as for the
functional calculus in one variable, that

If g(z,w) = (91 (z,w), gZ(Z:w))’ where g; € 4 for j = 1,2, one can define
g(Az B) = (gl(A)B)) gZ(A;B)) = (AI:BI):
and it is easy to see that A; and B; commute. If W; is an open neighborhood
of gj(o(4) x ¢(B)) and h : Wy x W, — C? is analytic, then j = hog is
defined on Uy x V,, where U, is an open neighborhood of o(A) and V, an
open neighborhood of o(B) and
(342) i(A, B) = (hog)(4, B) = h(g(4, B)).
Now define open subsets G C C and O C L(H) by
G ={z € C :Re(z) > 0} and
(3.43) = (=) :
O0={Ae L(H):0(A) CG}.
Let 2!/2 denote the standard single-valued branch of the square root function:
(3.44) 212 = p1/2.8/2 where z = pe'®, p>0and — 71 <O <.
It is easy to see that for z and w € G
1/2

exp((1/2) log z + (1/2) log w) = 2'/2w!/? = (zw)

Thus, using the properties of the functional calculus, we see that if (4, B) €
0 x 0 and AB = BA, then

(3.45) exp((1/2)log A + (1/2)log B) = (4B)'/2,

G ={zeC:2+#0 and z is not a negative real}, then if (4,B) € 0 x 0,
(3.40) implies that o(AB) C G;, and the spectral mapping theorem implies that

(3.46) o((AB)'?) c {22 :2€G1} =G.
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(3.40) also implies that o((A + B)/2) C G if (4,B) € 0 x 0. It follows that if
we define W = {(A,B)€ O x 0 : AB=BA} and if F: W — L(H) x L(H) is
defined by

3.47) F(A,B) = ((A+ B)/2, (AB)'/?),

then F(W) C W. Thus if (A, B) € W we can consider F™(A, B), where F™
is the mth iterate of F : W —» W.

On the other hand, if we define f(z,w) = ((z + w)/2, (2w)'/?), then
f(GxG) C GxG. For (A, B) € W, we have f(A, B) = F(A, B), where f(A, B)
is defined by (3.38). If f™ denotes the mth iterate of f : G X G — G x G,

the previously mentioned properties of the functional calculus (particularly the
rules of composition) imply that

(3.48) f™(A,B) = F™(A, B),

where the left side of (3.48) is defined by (3.38) with g = f™.
The classical theory of the AGM implies that for all (z,w) € G x G one

has

(3.49) dim ™ (2, w) = (x/2)(9(z, w) 7!, g(z,w)71),

where

(3:50) ole,w) = [(62 +22)72(e" + w?) 20,
0

and that the convergence in (3.49) is uniform on compact subsets of G x G. It
follows from (3.49) and (3.50) that

@3.51) Jlim F™(4,B) = (x/2)(9(4, B))~",

where g(A, B) in (3.51) is defined by (3.38) and g is as in (3.50). Finally, a
relatively simple argument (which we omit) shows that

(o)

(3.52) 9(4, B) = / (% + A%)71/2 (5% + B?)~/%ds,
0

where the right side of (3.52) is interpreted as an improper Riemann integral
with values in L(H). Thus:

PROPOSITION 3.1. Let H be a complex Banach space,
G = {z € C : Re(z) > 0},

Gy ={2€C :2#0 and z is not a negative real}
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and
W ={(A,B) € L(H)x L(H): AB = BA, o(A) C G and o(B) C G}.

If (A,B) e W, then o((A+ B)/2) C G, o(AB) C G, and if, for (A,B) e W,
F(A,B) is defined by

F(A,B) = ((A+B)/2, exp((1/2) log A+(1/2)log B)) = ((A+B)/2, (AB)I/Z),
then F(W) C W and

(3.53) n- lim F™(4,B) = (v/2)(s(A, B)™*, 9(4,B)7Y),

where g(A, B) is defined by (3.52).

4. - Alternate definitions of the AGM

In the previous section we have considered one type of generalization of the
classical AGM. However, there are many possible “reasonable” generalizations
of the AGM to pairs of bounded linear operators (A, B). In fact, as we shall
see later, there is a continum of arithmetic-geometric means, all of which are
defined when A and B are p.d. and self-adjoint, all of which give the same
value when AB = BA, but all of which in general give different values when
AB # BA.

We begin with an observation which was made to the authors by the
referee of our earlier paper [14]. If A and B are n x n Hermitian, positive
definite matrices, define f(A, B) by

.1 f(A,B) = ((A+ B)/2, B(B~'A)'/?),

where (B~'A4)Y/2 is defined by (1.1). The referee remarked that, despite
appearances, the expression B(B~!'A)'/? is symmetric in A and B and is
positive definite and self-adjoint. Furthermore, he observed that for A and B

p.d. and self-adjoint, it is relatively easy to prove that

4.2) lim *(4,B) = (¢, 0),

where C is p.d. and self-adjoint.
If A and B are p.d., self-adjoint bounded linear maps of a Hilbert space
H to itself, J. Fujii [19] has defined a map g by

(43) g(A’ B) = ((A + B)/Z, A#B):
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where A#B is a “geometric mean” introduced by Pusz and Woronowicz [31].
Pusz and Woronowicz proved (see also Theorem 2 in [3]) that

44 A#B = A1/2(A—1/2BA—1/2)1/2A1/2.
Fujii proves that if A and B are p.d., self-adjoint operators in L£(H), then
@a.5) s lim ¢*(4, B) = (C,C),

where C is p.d. and self-adjoint.
We shall show first that

f(Ax B) = g(A,B),

where f(A, B) is defined by (4.1) and g(A, B) by (4.3) and (4.4). This will
imply of course that the limits defined in (4.2) and (4.5) are equal. We begin
with a trivial lemma.

LEMMA 4.1. Let H be a Hilbert space and suppose the A,B € L(H) and
A and B are p.d. and self-adjoint. Then o(AB) = spectrum of AB C (0, 00).

PROOF. Because o(AB) = o(A~!/2(AB)AY/2) = o(A'/?2BA'/?), and
AY/2BA'/? is p.d. and self-adjoint, the lemma is proved. O]

We now recall some basic fact about the functional calculus for linear
operators. If H is a Hilbert space, A € L(H) and f is analytic on an open
neighborhood U of o(A) U o(A*) and f(z) = f(z) for all z in U, then
f(A*) = (f(A))*. If H is a Banach space, A € £(H), f is analytic on an
open neighborhood of o(A) and § is invertible, then

4.6) f(ST1AS) = S71f(A)S.

We shall always use the standard single-valued branches of z* and logz. Thus
if

.7 Gy ={2z€C :2z%# 0 and 2 is not a negative real},

and z = re'®, |©| < m, r >0, then
A pAgir@

z and log z =log r+1©.

It follows that if H is a complex Banach space, A € L(H) and o(4) C Gy,
then for any real numbers X and u,

(4.8) AMAM = A 4y
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and if A and u are real numbers such that |A| < 1 (so 2* € G, for all z € Gy)
4.9) (AM)* = A A< 1.

LEMMA 4.2. Suppose H is a complex Banach space and A and B are in
L(H), B is invertible and o(B~*A) C Gy, where G, is as in (4.7). Then A
and BA™! are invertible and for any real number ),

o(B~*AB*"1) = o(B'A) C G, and
(4.10)
o(A"*BA* ') =0(4A"'B) C G,.

Furthermore, for all real A,

(411) BA(B—)«ABA—I)I/2B1—)« - B(B_IA)I/z,
(4_12) AA(A—ABAA—I)I/QAI—A — A(A-—IB)I/Z,
4.13) A(A"1B)Y/? = B(B~t4)'/2.

If H is a Hilbert space and A and B are p.d. and self-adjoint, B(B~!A)'/?
is p.d. and self-adjoint.

PROOF. Because B is invertible and B~!4 is invertible, A = B(B‘I{cl) is
invertible and A=!B and BA~! are invertible. By using (4.8), we can write

B 2 AB* "' = §(B~'4)s"!, §=B'"",

R ]
o(B~4) = o(S(B~'4)S™") C G1.

By interchanging the roles of A and B, we obtain the other part of (4.10).
If S= B!, (4.6) and (4.8) yield

BA(B )\AB)\ 1)1/2Bl A= BS™ (B—AABA—1)1/2S
= B(S~'B~*AB*~15)'/2 = B(B~14)'/?,

which is (4.11). (4.12) is obtained by a similar argument.
(4.13) is equivalent to

(4.14) (B~1A)(A"1B)Y/? = (B~14)Y/2.
However, (4.9) implies that

( 13)1/2—“3 IA) 1]1/2 (B lA) 1/2’
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which yields (4.14).

If H is a Hilbert space and A and B are p.d. and self-adjoint, Lemma 4.1
implies that o(B~1A) C (0, 00). Thus the first part of the lemma is applicable,
and taking A = 1/2 in (4.11) and (4.12) gives

B#A = B(B 1A)Y/? = A(A™'B)'/? = A#B.

It is easy to see that B#A is self-adjoint and p.d., so B(B~1A4)/2 is also. [J

Lemma 4.2 implies that the functions given by (4.1) and (4.3) respectively

are equal when A and B are p.d., so the fact that (4.2) is valid (in the strong
operator topology) follows from Fujii’s theorem.

We shall now show that a much stronger result than (4.2) is valid. Let H
be a complex Banach space and X = L(H). For k a positive integer, define

(4.15) Gy ={z=re®:r>0and |8] < n/2¥"'}

and

(4.16) Ux = {(A4,B) € X x X : B is invertible and o(B~'A4) C G}

LEMMA 4.3. Let H be a complex Banach space and let Uy be as in (4.16)
for positive integers k. For (A, B) € Uy, define f(A, B) by

(4.17) f(4,B) = ((A+ B)/2, B(B™'4)'/?).
If (A,B) [S Uk, then f(A,B) = (A].i'Bl) € Uk+l‘
PROOF. By assumption, o(B~!A) C Gy, so the spectral mapping theorem
implies that
0((B_IA)1/2) C {21/2 12 € G} = Gi1,
and (B~'A)'/2 is invertible. It is assumed that B is invertible, so
B, = B(B~1A)'/?

is invertible. Then
(4.18) B{'A; = (B™'A)"Y2B ((A+B)/2) = |(B~14)/2 +(B~'4)~'/%]/2.
It follows from (4.18) and the spectral mapping theorem that
o(Br'A1) C{(2*2 +27Y?)/2: 2z € 0(B *A)}

C{(z*2 +271%)/2: 2 € Gy}

(4.19)

If 2 € G, 2/2 € Gry1, and if w € Gk, w™! € Gy; also, Gi41 is convex for
k > 1. Thus we conclude from (4.19) that ¢(B71A;) C Gi+1- O
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LEMMA 4.4. Let Uy, f and H be as in Lemma 4.3. If C and D are
elements of L(H) and (A, B) € U,, define

C(A, B) = (CA,CB) and (A, B)D = (AD, BD).
If C and D are invertible and (A, B) € Uy, then C(A,B)D € U, and
(4.20) f™(C(A, B)D) = Cf™(A, B)D

for all m > 1.

PROOF. If (A, B) € Uy, B is invertible, so CBD is also invertible. Then
C(A,B)D = (CAD,CBD)
s0 (CBD)"!(CAD) = (D-*B~1C~!)(CAD) = D~*(B~'A)D and
o((CBD)"{(CAD)) = o(D™}(B~'A)D) = o(B~A4) C G:.
This shows that C(A,B)D C U;.
The above calculation also shows that ((CBD)~!(CAD))!/?

D=Y(B~1A)!/2D, so (CBD)((CBD)"}(CAD))/? = CB(B~'4)'?D. 1t
follows that

I

f(C(A, B)D) = C§(4,B)D,
and a simple mathematical induction (left to the reader) gives (4.20). O

With these preliminaries we can prove an extension of Fujii’s theorem.

 THEOREM 4.1. Let H be a complex Banach space, X = L(H), G, = {z =
ré®ecC:ir>0and |®| < 7}, and Uy = {(A,B) € X x X : B is invertible and
o(B~'A) C G,}. For (A, B) € Uy, define

f(A,B) = ((A+ B)/2, B(B"'A4)'/?).

Then f(Uy) C U, and for every (A,B) € U, there exists E € X, E invertible,
such that

(4.21) n- lim f*(A,B) = (E,E).

If H is a Hilbert space and A and B are p.d. and self-adjoint, then (A, B) € Uy,
and if (Ay, By) = f(A,B), A; and B, are p.d. and self-adjoint.

PROOF. Lemma 4.3 implies that f*(A, B) € Ux41 C Ui, where Uy is given
by (4.16). If we write f*(A, B) = (Ax, Bi), we obtain from Lemma 4.4 that

(4.22) f*(A,B) = A, f* (I, A{'By), k>2.
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If G5 is as in (4.15) and C and D are any commuting bounded linear
operators such that ¢(C) C G, and o(D) C G, the properties of the functional
calculus for commuting operators (see the end of Section 3) imply that

f(C, D) = ((C + D)/2, D(D~'C)*?) = ((C + D)/2, (CD)*/?) = (C1, D1).

Thus, for such C and D, Proposition 3.1 implies that there exists an invertible
E € X such that

(4.23) n- Lirm f¥=1(c, D) = (E, E).

Now take C = I and D = A7!B;. Lemma 4.3 implies that ¢(D) C G; and of
course these C and D commute. Thus we conclude from (4.22) and (4.23) that

lim || f*(4, B) - (B, B)| = 0.

The statements in Theorem 4.1 concerning the self-adjoint case follow
directly from lemmas 4.1 and 4.2. O]

REMARK 4.1. The above argument shows that
4.24) ’%iTm f*(A,B) = (n/2)A1(g(I, AT*By) ™Y, g(I, A7*B1)™Y),

where (A;, B;) = f(A,B) and g(A, B) is defined in (3.52). If o(A™!B) is

contained in the right half plane, one can replace A; by A and B; by B in
(4.24).

REMARK 4.2. Even if A and B are p.d. and self-adjoint, Theorem 4.1 gives
new information: the convergence in (4.21) is in the operator norm, whereas in
Fujii’s theorem convergence is in the strong operator topology.

Theorem 4.1 gives a reasonable definition of the AGM which does not
in general agree with the definition in Section 1. We now show that there is
a family of reasonable definitions of the AGM, parametrized by A > 1, which
reduce to the definition in Theorem 4.1 for A = 1 and give the definition in
Section 1 for A = co.

It is convenient to prove another lemma first.

LEMMA 45. Let H be a complex Hilbert space and suppose that
A, Be L(H) and A and B are p.d. and self-adjoint. Then for every A > 1

(4.25) B(B~'A)'2 < (A+ B)/2 < ((A* + B*)/2)*/>.
If B < A, then also

(4.26) B < B(B~!4)'/2,
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PROOF. The right inequality in (4.25) is inequality (1.43) and has already
been proved. By multiplying on the left and the right by B~1/2, one sees that
B(B~'A)'/? < (A + B)/2 if and only if

427) BY?(B-'A)/2B-1/2 = (B~/2AB~'/?)}/2 < (B~'2AB™'/? 1+ I)/2.

If we define
L= (B—1/2AB—1/2)1/2’

L is a p.d., self-adjoint operator, and (4.27) is equivalent to 2L < L2 + 1, which
is certainly true, because 0 < (L — )2 = L? - 2L+ I
If B< A, then I = B-1/2BB~/2 < B~'/2AB~*/? and
(4.28) 1< (B~Y2AB~Y/2)12,
Multiplying (4.28) on the left and right by B'/? and using Lemma 4.2 gives
B< B1/2(B—1/2AB—1/2)1/ZBI/2 _ B(B—-IA)I/z' O

If H is a complex Hilbert space and A, B are p.d., self-adjoint bounded
linear operators, define, for fixed A > 1,

(429)  fo(A,B) = ((A+ B)/2, |BYA(B7*AVA)/2P) = (A1, By).

Since A}/* and B'/* are p.d. and self-adjoint, Lemma 4.2 implies that By is
p.d. and self- adjoint.

THEOREM 4.2. Let H be a complex Hilbert space. For A,B € .£(H ), A
and B p.d. and self-adjoint, define f\(A, B) by (4.29). Then for any pair (A, B)
of p.d., bounded, self-adjoint linear operators,

(4.30) s- lim (4, B) = (B, E),

where E is p.d. and self-adjoint and f* denotes the kth iterate of fx.
PROOF. Define
(4, B) = ([(4* + B*)/2)'/*, B(B~'4)'/?),
0, (4, B) = (A%, BY*),

SO
51(A, B) = (A, BY).

A simple calculation shows that

fr= U510,
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SO
X =05tk e,

Thus it suffices to prove that if A and B are p.d. and self-adjoint, there exists
E such that E is p.d. and self-adjoint and g%¥(A4, B) — (E, E). If we define

95(4, B) = (Ax, B),
Lemma 4.5 implies that
“4.3D A > B, for k> 1.
Using (4.31) and Lemma 4.5 again,
4.32) Bi+1 = Bi(By ' Ax)'/? > By,

so (By) is monotonic increasing for k > 1.
Select positive constants o and 8 so that

al < Ay, B, <AL
Assume by mathematical induction that
(4.33) al < Ag, By < BI
for some k > 1. The spectral mapping theorem implies that
oI < Ay, By < B

and
ol < Ay = ((43 + BR)/2)'/* < L.
Also
al < By < Biy1 < Akqq < BI,

so (4.33) is satisfied for all k¥ > 1 by mathematical induction.

From (4.32) and (4.33), there exists E € £(H), E p.d. and self-adjoint so
that for all z € H,

’11112 |Bxz — Ez| = 0.

In particular, for all z € H
(434) llltm (Bk+1 hd Bk)a: =0.

Using (4.11) to write Bxy; in a different form, we see that (4.34) implies

(4.35) l%iTlZ: B;/zl(Bk—llekB’:l/z)l/z _ I]B::/2$ =0
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for all z € H. On the other hand, one can prove by using (4.33) that for k > 1
(4.36) | BL/2((B; Y2 Ak B )12 + 1B Y| < M,

where M is a constant independent of k > 1. Combining (4.35) and (4.36) we
see that for all z € H

@.37) lim (Ax — Bi)z = lim (HxG)(z) =0,
ktoo ktoo
where
Gy = BL?|(B;Y* Ay B; V%) — 11B}/?

and
Hy = BL2(B7Y? 4B Y?)/% + 11B]Y.

(4.37) implies that A; also converges to E in the strong operator topology. (]
The reason for considering the maps f, is:

THEOREM 4.3. Let H be a complex Hilbert space and let A,B € L(H)
be p.d., self-adjoint operators such that

(4.38) al <A, B<ZLBI,
where o and B are positive reals. Then, for fx as in (4.29),

A+ B
2

The convergence in (4.39) is uniform for pairs A, B which satisfy (4.38) for
fixed positive numbers o and S.

(4.39) n- lim £,(4, B) = ( , exp((%] log A+ (%) log B)).

PROOF. We shall use the standard “big oh” notation. Thus if R, € L(H)
is defined for all large A, we shall write

R, = O(A-p)
if there exists a constant M such that
(4.40) |IRx|| < MA™?

for all A > Ao. In our case R, will always depend on operators A and B which
satisfy (4.38), and the constant M in (4.40) and the number X can always be
chosen to depend only on o and B.
The properties of the functional calculus imply that
AY* = exp((1/2) log A),

B~1/* = exp((—1/)) log B).
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By using the Taylor series for the exponential one obtains

B~YA = I — (1/2)log B + O(x~2),
4.41)

AYX =T+ (1/2)log A+ O(X72).
(4.41) gives
(4.42) B~Y/2AY* = I 4 (1/))(log A - log B) + O(A~2).

The binomial theorem is applicable to (I + C)}/2 when C € L(H) satisfies
IC]l < 1, so for A large enouch (4.42) implies that

(4.43) (B~1/2AYX)1/2 = 1 — (1/]2A])(log B — log A4) + O(A72).
By using (4.43) and the formula
BY* =1+ (1/))log B+ O(x~2),
we obtain
(4.44) BY2(BTHXAYM2 = [ 4 (1/]2))(log A + log B) + O(A~2).

If C € L(H) and |C|| < 1, one has the Taylor series
(o8
log(I+0C) =3 (-1)k"*C* k.
k=1

By applying this formula to (4.44), one finds that for large A

(4.45) log(B*/*(B~/* 4M*)1/2) — (1/2))(log A + log B) + O(A~2).
The functional calculus implies that

(4.46) [BY/X(B™Y* A2 )2 < exp|Alog(BY/A (B> A1/2)12)],

and combining (4.45) and (4.46) yields
BB/ 42)1/2) = exp((1/2) log A + (1/2) log B + O(1/A))
“4.47)

= exp((1/2)log A + (1/2) log B) + O(1/X),
which completes the proof. [

REMARK 4.3. It is not hard to prove a direct analogue of Theorem 3.1 for
the maps fi, X > 1. In particular, one can prove that there exists a positive
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number e, independent of A

> 1, such that if C,D € L(H), ||C| < € and
|D||<eand A=1+C and B =

I+ D, then f\(A, B) is defined and
(4.48) n-lim f}(4, B) = (Mx(4, B), M (4, B)),

and M, (A, B) is an analytic function of (4, B). If we use the Lie bracket
notation,
[A,B] = AB - BA

for operators A and B in £(H) and if we define x = A1, then an unpleasant
calculation (which we omit) proves that for A=I+C and B=1+ D and ¢
sufficiently small (¢ independent of A > 1)

[BY/X(BY/X AYM2A = [+ (1/2)(C + D) - (1/8)(C - D)?
(449)  +(1/16)(C — D)(C + D)(C — D) + ({1 — 1)/24)([[C, D], C - D])
+((u—1)?/48)([[C, D], C - D]) + Ra(, C, D).
There exists a constant M independent of X > 1 such that

(4.50) [ Rs(p, C, D)|| < M(||C] + | DI)*,

where R4(u, C, D) is as in (4.49). By using (4.49), one can prove fairly easily
that

M, (A,B) = I+ (C + D)/2 — (1/16)(C — D)?
+ (1/32)(C - D)(C + D)(C — D)
+ ((» — 1)/48)(][C, D], € - D])
+ (s - 1)2/96)([[C, D], C - D]) + R(u, C, D),

(4.51)

where
| R(4, C,D)|| < My(||C|| + || DII)*

and M, is independent of A > 1. By using (4.51) one can see that in general
the operators M, (A, B) are different for all A > 1.

REMARK 44. If 0 = (01,02, -,0,) is a probability vector and
n
Ay, A, -, A, are positive reals, one can consider [] A7* = A?. This remark
i__‘l .« .
concerns what is a reasonable analogue of A° when Ay, Az, -, A, are positive

definite linear operators. One possibility is (0.7). However, if n = 2, another
possibility is

4.51) (A1,01)#(Az2,02) = A1 (A7 42)7%.
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Using the methods of this section, one can easily show that the right side of
(4.51) is positive definite and

(A1,01)#(A2,02) = (A2, 02)#(A1,01).

However, if n = 3, there are at least three possible reasonable analogues of
AT AZ? AZ®, where ¢ = (01,02,03) is a probability vector. One is

(452) (Bal+62a (251 + 02)#(A33 03)1
where B = (Ay,01/(01 + 02))#(A2,02/(01 + 02)). Another is
(453) (Alaal)#(coz+aafo'2 + 03)1

where C = (Az,02/(02+03))#(As, 03/(02+03)). The formulas (4.52) and (4.53)
define positive definite operators if Ay, A, and A; are positive definite, but
numerical examples show that they are different in the absence of commutativity
assumptions.

There does not appear to be a single “right” generalization of the AGM
to three or more positive definite operators.
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