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An Optimization Problem in Heat Conduction

N.E. AGUILERA (*) - L.A. CAFFARELLI (**) - J. SPRUCK (*¥)

In this paper we discuss a classical optimization problem in heat
conduction that may briefly be described as follows (see for instance [D].)
Given a surface 90 in R3, with prescribed temperature distribution ¢, we
want to surround 9} with a prescribed volume of insulating material so as to
minimize the loss of heat in a stationary situation.

Mathematically, we seek a function u, (the temperature in 2), which is
harmonic along the insulating material and vanishes outside of it. The quantity
to be minimized (the flow of heat) is proportional to «, along 981}, or, what
amounts to the same thing, to the total mass of Auw.

Our problem was inspired by the papers [A-C] and [A-A-C], which treat
the case ¢ = constant temperature distribution on 8Q. The quantity to be
minimized then reduces to the Dirichlet integral. The case of prescribed ¢
presents several new difficulties due to the fact that the free boundary condition
now has a non-local character. This forces us to use non-local perturbations
to study the free boundary. Furthermore, once initial regularity of the free
boundary is’ established, the free boundary condition being non-local presents
a novel type of higher regularity in the spirit of [K-N-S].

In order to overcome the difficulties of the problem, we make essential
use of powerful new results of Jerison and Kenig ([J- K]) on the behavior
of harmonic functions in domains with some irregular geometry, and also a
monotonicity formula introduced in [A-C-F]. These are used to establish the
Holder continuity of u, along the (reduced) free boundary.

Although the problem presented here is for bounded (1, there are no major
changes in solving it for unbounded (2, perhaps a more interesting geometry
from the physical point of view.

It seems that the natural framework for our approach would be to
minimize, instead of the flux of heat, a general monotone operator A(u,),
like [u® or infu, along Q. We hope to expand this idea in future research

(*)  Supported by CONICET, Argentina.
(**) Partially supported by N.S.F.
Pervenuto alla Redazione il 14 maggio 1986.
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since these problems arise in questions of domain optimization for electrostatic
configurations.

An outline of the paper is as follows. In Section 1 we formulate the
variational problem for the temperature w and in Section 2 we show the
existehce of a weak solution to the variational problem Section 3 contains
the preliminary regularity properties of the minimizer « in the spirit of [A-C].
In patticular, it is shown (Corollary 3.9) that u is Lipschitz in ), regular near

o0 and
/Audz— /uuda'

an

Denoting U = {z € Q : u(z) > 0} and F = Q — U, we prove preliminary
regularity properties of the free boundary 0F in Corollary 3.21. Section 4
contains a proof that U is a non-tangentially accessible domain in the sense of
[JK]. In section 5 we make non-local perturbations to show that v, is Holder
continuous on the “reduced boundary” R of 8F (Theorem 5.4). In the process
we derive the so-called free boundary relations (Theorem 5.5 and 5.5'). We
then go on to show in Section 7 that R is analytic.

1. - Statement of the problem
Sﬁppose we are given

1) a bounded domain €2 in R™ whose boundary, 812, is smooth
2) a function ¢ defined on 90 positive and smooth and
3) a number g,0 < p < |Q2] (Where |Q2] denotes the Lebesgue measure of (2).

Our purpose is to study the problem:

(P) Minimize
J(v) = / Avdz
Q

among all functions v that satisfy

i) veH!(Q),v>0in Q and v=¢ on 90 (in the H'(Q2) sense).
ii) Awv >0 in the distribution sense in ().

iii) [{z€Q:v(z) >0} < p.

We recall that if v satisfies ii) then we can interpret Avdz as a non-
negative measure, so that J(v) makes sense.

We will show that a solution to P exists and we will study regularity
properties of the solution and the corresponding free boundary, i.e. the boundary
of the set where the solution vanishes.

However, we will not directly solve this problem but use a penalized
version, showing laLer (in section 6) that for small values of the penalization
parameter we have a solution to P.

The penalized problem is stated as follows:
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(P.) Minimize
Ju(v) = / Avdz + fo(|{z € 0 : v(z) > 0}])
Q

among all functions v satisfying i) and ii) above where f, is defined as

. 1 .
ptet—-p)ift<p

and € > 0 is a small number.

2. - Existence of a solution to problem P,

It is not difficult to obtain an a priori bound on the H! norm of competing
functions:

LEMMA 2.1 Let v satisfy properties (1.1) i, ii. Then
/ Voltdz < / Vw|2dz + MJ(v)
0 0 :

where w is the harmonic function in )} with boundary values ¢, and
M = supaq ¢.

PRO®F. By the maximum principle 0 < v < w < M. Since

/[Vv -V(v-—w)+ (v—w)Avjdz =0
a
/Vw-V(w—v)dz:O
a
we have

/ |Vv|?dz = / |Vw|?dz + /(w —v)Avdz < / |Vw|?dz + M J(v)
a a a a

as required.

Since the function w of Lemma 2.1 satisfies (1.1) i, ii problem P, is well
posed and if we set
de = inf J,(v)
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among all admissible functions v for P, then d, < oo. Using lemma 2.1 we
can find a minimizing sequence {v;} of admissible functions and a function
us € H'(02) so that

Je (vk) \. de
@1 vx — u, weakly in H'(Q), strongly in L?(2) and
almost everywhere in Q.

We conclude from (2.1) that u, > 0, u, = ¢ 'on 90 (in the sense of H!) and
Au, > 0 in the distribution sense. Moreover,

Q2 / |Vu,|2dz < lim / |V |2dz
Q (93

{z € Q: ue(z) > 0} < lim|{z € Q : v(z) > 0}

by the well known semicontinuity properties of these functionals. It follows
from (2.2) that

THEOREM 2.1. Given € > 0, there exists a solution u, to problem P,, i.e

de = min J,(v) = Je(ue).

3. - Regularity properties of solutions to P,

In this section we derive regularity properties of minimizers analogous to
those in [A-C,§4] using similar techniques.

We use the notation B(z,r) for the open ball of radius r and center =z
and B(z,r) for its closure.

We will keep € > 0 fixed and write, for simplicity, u = u,.

LEMMA 3.1. For z € Q and r > 0 such that B(z,r) C (Q, the average

][udyzm / udy

B(=z,r) B(z,r)
is a increasing function of r for fixed z.

PROOF. Let {¢x} be a sequence of C§°(R™) functions such that as k£ — oo,
¢x converges to the Dirac measure supported at the origin, in the sense of
distributions. Then u * ¢, the convolution of u and ¢, which is defined in an
appropriate subset of (Q, is a smooth subharmonic function, i.e. for ro > r; > 0

vadidy > ][ vadedy.
B(z,ra) B(z,r1)
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Since u * ¢ — u locally in L!(£2), the lemma follows.
The previous lemma allows us to redefine u on a set of Lebesgue measure
zero so that 1

udo = 4 / udo — u(z)
B(Eﬂ') aB(I,r) 8B(£vr)
as r\, 0, for any z € Q.

LEMMA 3.2 Let O be a smooth bounded domain. Let 1 be a smooth
function defined in O, which is positive in O, harmonic near 30 and vanishing
on 30. Then for any v € H'(0) subharmonic (in the distribution sense)

Avdr = lim - / v—da
§—0t
o 30;

where s = %min(np,&), Os ={z€N:0< s <1} and v is the outrward
normal. In the boundary integral, v is interpreted as its trace on 90s.

PROOF. Since 5 /1 as § \, 0, we have

3.1 /Avdz: lim /¢5Avda:.
§—0t
0 0

But
3.2) / s Avdz = / Vs - Vodz = / Vs Vvdz

o

/ da+ / vAysdz.

905 Os

The combination (3.1) (3.2) proves the lemma since Ays = 0 in O5 for § small
enough.

COROLLARY 3.3. Let B = B(z,r) and let v € H'(B) be subharmonic in
B. Then

(3.3) /Avdz = llm / [v(z+ ry) — v(z + (r — h)y)]do(y).

Iyl 1

PROOF. In the previous lemma we let B = O and ¢ = log%, if n=2,
P = —,.:2- —;1:2- if n > 3, (where p = p(y) = |y — z|) near B and ¥ smooth

in B. A simple change of variables gives (3.3).
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LEMMA 34. Let O and + be as in lemma 32. Let v € H*(0) be a
non-negative subharmonic function, and choose a representative so that

vdy \, v(z) as r\, 0

B(z,r)

everywhere in 0. Then [ vAvdz has a meaning and
o

2 9
2 = 1 p— — —
/vAvdx+/|Vv| dz—sgrg+ / 5 auzp&da.
o o 30;5

PROOF. For any compact subset K of 2, [ vAvdz has a meaning since v
K
can be approximated by a decreasing sequence of smooth functions. We have

/ vAvdz = lim / vsAvdz
6—0+
o o

and, as in lemma 3.2,

/v¢5Avdz = / V(vys) - Vvdz =
o

(o]

- /¢5|Vv|2d:c —/vV!/).s -Vvdz =
o

o
- /¢5|Vv|2dz - %/sz - Vipsda =
] Os

1 o
- Vvl?2dz — = 2_
/tbgl v|%dz 2/0 auda
(]

30;s

and the lemma follows.
We will also need the following result from [A-C]

LEMMA 3.5. Suppose v € H'(Q) is a non-negative semicontinuous
function. There exists a constant ¢ > 0, depending only on dimension, such that
whenever B(z,r) C 1,

& / vdo)? - [{y € B(a,7) : v(y) = 0}] < ¢ / Vo — hj2dy
3B(z,r) B(z,r)

where h is the harmonic function in B(z,r) taking boundary values equal to
v on 3B(z,r).
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We can now prove

THEOREM 3.6. There exists a constant M, > 0 such that if u is a solution
to P, and B(z,r) C Q with

udo > M,
8B(a,r)
then B(z,r) € {y € Q: u(y) > 0} and u is harmonic in B(z,r).

PROOF. Let B = B(z,r) and let v be the solution of the variational
problem

/ |Vo|?dz — min

among functions in H 1(Q) whlch equal ¢ on 91 and are nonpositive on
{z € @ : u(z) = 0}\B. Such a solution exists since u itself is a competing
function. The minimizer v has the following properties:

a. Av>0 (ihis follows by taking arbitrary § > 0 and non-negative
test functions 5, and comparing v and v — §7)
(3.4) b. v>0(compare v and max(v,—6) for § > 0), and actually v > u
(compare v and v + 6(u — v)4+ for § > 0)
v < = .
c.v<M s;x‘ycﬁ

It follows that v is admissible for the problem P, and so
Je(u) < Je(v).
We now use lemma 3.2 with 0 = () and a suitable 1 to obtain

(3.5) / Audz — / Avdz = lim, / (v— h)——da
Q

806

Since u = v on 4 and -a—fzoon s NQ,

oy oY / 1:2)
2 _,20\9%y _ — %4, < %40
(3.6) / (vP-u )3u do / (v+u)(v-u) auda <2M [ (v—u) aUda’
805 o015 80s
Using (3.5) (3.6) and lemma 3.4 we obtain

3.7) /Audz—/Audx>— 110+2 /(v

s

> % [/uAvdx—/vAt}dx+/(|Vv|2)dz]

a Qa
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But [uAudz >0 and [vAvdz =0 (since for any n € C(Q)), n > 0 and ||

0 !
small, the function v+ Aqv is nonpositive on {z € 2 : u(y) = 0} \ B and takes
the same values as v on 912, so that

/IVv]zdz < / |Vv|2dz+2A/anVudz+)\2/ |Vvn|?dz
Q Q Q a
and since A is arbitrary

0= /an -Vvdz = —/nvAvdz.
0 0
Letting n — 1 gives [ vAvdz = 0. Thus from (3.7) follows

Q
3.8) /Audz - / Avdz > % /(lvu|2 - |Vv[?)dz.
] 0 a

Consider now the harmonic function k& in B which equals « on 3B, and
extend h by u outside B. Then h € H'(Q?), h > 0, Ah > 0 so that h is
admissible for both P, and as a competitor against v. It follows that

u<h<v<M
and from (3.8)

3.9 /Auda: - /Avda: > Xll- /(|Vu|2 - |VA[})dz
Q 0 0

1 1
= o [(9ul - 98Pz = o [ 190 - h)Pes,
B B
Since J,(u) < J¢(v) we obtain from (3.9)
(3.10) - / V(= h)Pdz < Z|{z € B u(z) = 0}
B

Using lemma 3.5 (with v replaced by ) and (3.10) we obtain

Gy / [V~ h)Pds < <(- / udo)~2 / V(u— h)[2dz
B . 8B B

and so if 1 [ udo > ()1/2 = M,, we must have
oB

/ IV (u - h)Pdz = 0.

B
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This proves u is harmonic in B and thus « > 0 in B.
We will now show that the zeros of u stay away 952 using a resuk whose
proof is similar to that of lemma 3.5 and can be found in [A-A-C].

LEMMA 3.7. There exists a positive constant c, depending on the
smoothness of ¢ and 01 but not on e, such that for any 6 > 0 small enough,

—612-|{a: €N :ufz) =0}NDs| < c/ |V(u - h)|*d=z
Ds

where Ds = {y € Q : d(y,00) < 8} and h is the harmonic function in Ds
taking boundary values u on dD;.

As a consequence we have

THEOREM 3.8. With the notation of the previous lemma, there exists a
6 = 6(¢g) such that

Ds c {z € Q:u(z) > 0}.

PROCF. If h is as in lemma 3.7, but extended to 2 by u outside Ds, we
have that

<u<h< = .
0<u<h<M S{}l&)qﬁ

Let us find v minimizing [ |Vv|?dz among v € H'(Q2) with v = ¢ on 9 and
0
v<0on {z € Q:u(z) =0}\ Ds. Then as in Theorem 3.6,

/ Audz ~ / Avdz > / (Vuf? - |VoP)dz > / (IVuf? - |VH]?)ds
Q Q 93 Ds

and the proof follows as in that theorem using now lemma 3.7 in place of
lemma 3.5.

Combining Theorems 3.6 and 3.8 we can state

COROLLARY 3.9. The set {z € Q1 : u(z) > 0} is open, u is harmonic there
and u is Lipschitz continuous in ). Also, u is regular near 3} and

/Audx: / u,do.

O ana

In the sequel, we will denote by U the set {z € Q : u(z) > 0} and by
F the set @ — U = {z € 0 : u(z) = 0}. We can now state a “non-degeneracy”
property of u, similar to that in [A-C]:
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THEOREM 3.10. For 0 < 1 < 1, there exists a constant m,(r) such that if
B(z,r) c Q and
% / udo < m,(r)
8B(z,r)
then B(z,rr) C F.
PROOF. Let us denote by v the function minimizing [ |Vv|?dz in H*(Q)
by

subject to the constraints v = ¢ on 80 and v < 0 on B(z,r) UF. Then Av >0,
0<v<wuand fvAvdz = 0. Since v competes with u in problem P,, we find
o}

(3.12) /Avdy - / Audy > €|U N B(z,rr))|.
0 ]
Also
3.13) / Avdy — / Audy < — / (|Vo|? — |Vul’dy
0 ] o

where m = infyq ¢. This follows as in the proof of Theorem 3.6.

Now define 0

log— if n=2
g9(p) = 1
ifn>3

(") n—2 2

and for y in B(z, /1)
(3.14) h(y) = min{u(y), g(—\;r_r) max{g(p),0}}

where s = _max u and p = p(y) = |y—z|. Extending h by u outside B(z,/7r),
B(z,rr)

we see that h = 0 in F UB(z,rr) and h = u on 9N. Therefore h competes
with v and so from (3.12) (3.13) we get
(3.15) €lU N Bz, r)| < — / (VAP = [Vul?)dy.

B(zv\/ﬁ)

Since h =0 on B(z,rr) we may rewrite (3.9) as

(3.16) / |Vu[2dy + me|U N Bz, )| < / (IVAP? - |Vul?)dy.
B(z'fr) 3(3,\/;)—3(3’"‘)
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Since |Vh|? — |Vu|2 = —2VAV(u— k) — |V(u — h)|? we may estimate the
right hand side of (3.16) by

-2 / V(max{u — h,0})Vhdy =2 / uVh-vdo < _c(n—,r)s / udo
r
B(z,\/77) 8B(z,rr) 8B(z,Tr)

by the definition of ~ (see (3.14)). Here ¢(n,) is constant depending only on
the dimension n and r. Therefore

(3.17) / |Vul|®*dy + m.|U N B(z,7r| < i:_’—Qs udo.
B(z,rr) B(z,7r)
On the other hand,

(3.18) / udaSc(n)(% / udy + / |Vu|dy
8B (=,Tr) B(=z,Tr) B(=,rr)

< ¢(n) (% +1)|U N B(z,7r)| + / |Vu|?dy

B(=z,Tr)
Since u is subharmonic,
(3.19) 5= lrgn\?:(_ru <¢(n,7) / udo

aB,

It follows from (3.17) (3.18) (3.19) that if

% / udo < m,(7)
8B(z,r)

and m,(r) is sufficiently small depending on n,e,r, then necessarily » = 0 on
B(z,rr) proving the theorem.

As a consequence AF has the following properties:

COROLLARY 3.11. There exists a constant c., 0 < ¢, < 1, such that for
any z € 9F and r > 0 with B(z,r) C (,
(3.20)

Moreover, given § > 0 and z € dF with B(z,§) C (Q there is a point y € U so
that |y — z| < 6, u(y) > ¢6 and in fact B(y,c'6) C U where ¢, c' are positive
constants depending on u,.
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PROOF. By Theorems 3.6, 3.8, 3.10, if z € dF, B(z,r) c Qand 0 < r < 1,
we always have 1
-

me(r) < udo < M,
8B(z,r)

so that for fixed r > 0 we may find y € dB(z,r/2) such that u(y) > m,(%)é.
If we now choose r small,

1 1 1 1
il = — > — -) >
/ udo 1_ru(y) > 2T1n,(2) > M,

Tr
B(y,rr)

and we obtain |y — z| < r, u(y) > cr and B(y,c'r) C U.
Turning now to the density property (3.20), the previous argument gives
an upper bound for
|B(z,r)NF

|B(z,7)|

To show the lower bound, let us use the notations of Theorem 3.6. Then
by (3.10)

(321) / 9w~ R)Pdy < X170 B,
B(”v")
By Poisson’s integral formula, we have for |y —z| < 7R, 0 <7 <1
h(y) £ (1 = ¢(n,7)) / udo.
8B(z,r)

Also u(y) = |u(y) — u(z)| £ Krr where K is the Lipschitz norm of u (Theorem
3.8). By Theorem 3.10 we may conclude

h(y) — u(z) > (1 - ¢(n,7)) / udo — Krr > [(1 — ¢(n,7))m¢(r) — Kr]r.
8B(z,r)

It should be clear that ¢(n,7) — 0 as + — 0 and m,(r) increases as 7 decreases,
so that for small r

(3.22) h(y) — u(y) > cr, y € B(z,1r)
where ¢ depends on u. Using Poincare’s inequality

:—; / |u — h|?dy < / |V(u— h)|*dy
B(z,r) B(z,r)
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and (3.21) (3.22) we obtain

S 21| B(z, )| < 4 F N Blzr)|
which is the remaining bound.

We can therefore apply the results in [A-C, §4] to obtain:

COROLLARY 3.21 i) If H"~*(A) denotes the (n—1) dimensional Hausdorff
measure of the set A, we have

H"1(3F) <
Moreover, for some positive constants c¢,Cg
c—er 1l < H"_I(FHB(z,r)) < C.r™
for all z € 8F and r > 0, B(z,r) C Q.

ii)  There exists a Borel function q = g, such that for any n € C§° ()

—/Vu-Vr;d:c:/r]qu"_:l

a aF

iii) There exists positive constants c, and C, such that

ce < g(z) < Ce
for H™™1 almost all points z in 9F.

iv)  For H™™' almost all points in F, an outward normal v = v(z) to 8F
is defined and furthermore

u(z+y)=q(z)y v+t +0(y)

— 0 as |y| = 0. This allows us to define q(z) = u,(z) at

where Oly
Yy

those points.

4. - Regularity of the free boundary

In this section we show that U = {z € 2 : u(z) > 0} is a non-tangentially
accessible domain and can therefore apply the results of [J-K].

Let us recall that u = u, in a solution to the problem P,, where € > 0 is
fixed but small. We introduce the notation

Fo={z€Q:u(z)<a}
and

U,={z€Q:u(z) > a}
for any a > 0.



368 NE. AGUILERA - L.A. CAFFARELLI - J. SPRUCK

THEOREM 4.1. There exist constants A =\, > 1 and o0 = 0, < 1 such that
whenever u(z) >0, § = d(z, F) and B(z,5) C Q, then if 6, = d(z, Fy y(z)), we
have

1) 06 <6, <6

2) For some y € dB(z,61), u(y) > Av(z)

PROOF. Let us denote by m the constant m,(%) appearing in Theorem
3.10 and by K the Lipschitz norm of u (recall Theorem 3.8). If we define o
by

1m

o=—-—

2K
then we have
mé < u(z) < K§

and for |y — z| < 0§, u(y) > %u(z) which proves 1).
Let us now take z € Fyz4(s) Such that 6; = |z — 2| If |y — 2| < %06,
1 1 3
<= - < Su(z).
u(y) < 2u(z) + 20K6 < 4u(z)

Since u is harmonic in B(z,5), we have with B, = B(z,6;) and
B= B(z,-%a&), that

u(z)/da: / udo + / uda$-3—u(z) / do + / udo.

3B, (3B1)nB (8B1)\B (8B1)nB  (8B1)\B

Let us denote by « the quotient

/] do
_ (8B1)\B
- [ do
4B,
Then 0 <a <1 and
1 31—« 1
_—— < — - = .
@y (G- Se < ——; [ o =ut)

(8B1)\B (8B1)\B

The constant on the left of (4.1) is kh-_gg = 215‘*"%’ a decreasing function
of a. Now 6; < 6 and o < 1, so « is bounded above by

g = / do

851 (aBl)\B(z,%dsl)
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which is a number less than 1, depending on the dimension ahd the constant
o but not on z,z,6 or §. We therefore obtain 2) with v = 2% +% > 1.

LEMMA 4.2. There exists constants v = v, and v = 1, such that whenever
%o € F, z € B(zo, %) NU and A is a connected component of Uy y(z) N B(zo,r)
containing z, then

1) For some yo € B(zo,r), B(yo,7r) C A
2) [|Vu|p*~"dy > 772 where p = p(y) = |y — zo|-
A

PROOF. Starting with z; = z, we use Theorem 4.1 to inductively define a
sequence of points z;,z2,...,Zk, Tk+1 SO that for 7 =1,...,k,

D) 2541 — 25 = 6; = d(z5, Fy(s;))
ii) B(zj,5j) C U%u(_,“)
iii) u(zj41) > Au(z;)

By iii) and the Lipschitz character of u, we know that we cannot continue
this process indefinitely without stepping out of B(z,,r), so we stop at the
first k for which B(zk+1,6k+1) ¢ B(zo,r). Notice also that by ii) and iii), and

since & < %, B(z;,8;) C A for j=1,...,k. By Theorem 4.1 we know that

1
5; <d(z;,F) < =5;
and therefore, with the notation of that theorem,
K
m6j < u(z,-) < 75]'.

Now since u(z;+e) > Au(z;), we must have (recall that o = %ar')

1 1 _ 1 _
6; < —u(aj) < —A""u(zs4e) < 552 G4

S0
k—1 .
a:k—zo|SIzk—zll+z1—x0|gz5j+§S.
i=1
k-1
1 r 1 .
<= A< — 5 4 —
_20_251;; +2_202()\—1)k+2
since A > 1.

AlSO 6k41 < 26k and B(zk41,0k+1) ¢ B(zo,r) and hence

r
r < |Tk41 — To| + k41 < |Tk — To| + 36k < 3 + cby
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from which we derive 1) with yo = z, and suitable ~.
Now we are going to use 1) in order to obtain 2). Since B(yo,vz) C
U N B(z0,r), we must have

a) myr < u(yo)
b) If |y — yo| < Jor then u(y) > Fu(yo).
Introducing polar coordinates centered at z,, we may describe any point

in the convex hull of B(yo,%a'yr) U {zo} by py' where 0 < p < po(y’) and ¥’

varies over a subset ¥ of the unit sphere (|y’| = 1) For each y' € £, consider
p1(y') so that the segment py’ is inside A for p, < p < po and either p; = or
or both p; > or and p,y' € A.

In either case we have

1 1 1
u(py') < max{zu(e1), Su(yo)} = Fu(yo)
and therefore
1 Po
Zu(yo) < u(poy’) — u(p1y’) < / |Vu(py')|dp
P1

and since p; > or
1 pPo
Foruw) < [ [Valey)lpdy.
P1
Integrating this inequality for y’ € ¥ we obtain

1 -n
zaru(yo)/dy' _<_/|Vu(y)|p2 dy.
) A

We now notice that the integral on the left is bounded below by a constant
depending only on the dimension and the quantity yo. Also u(yo) > mar, so
that for some 7 > 0 we have 2).

In [A-C-F] the following lemma is proved, although the statement there
differs slightly from ours.

LEMMA 4.3. Let v be a continuous function defined on B = B(zo, R).
Suppose that v is harmonic in the open set{z € B : v(z) # 0}. Let A; and A,
be two different connected components in B of the set {z € B : v(z) # 0} and
define for 0 < r < R

1 —-n 1 2 2-n
é(z) = = / |Vo|?p? d:z:)(r—2 / |[Vv|?p*~"dz
B(zo,r)NAy B(z0,r)NA3

where p = p(z) = |z — 20| Then
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1) ¢ is a non-decreasing function of r
2) For almost all 1,0 < r < R, ¢'(r) > 1g(a)$(r) where

H""1((9B(20,1)) \ (41U 4,))
H™=1(9B(zo,1))

a=a(r) =

and g(a) is a convex and increasing function of a taking positive values for
positive a.

We will also need the following result

LEMMA 4.4. With the notation of the previous lemma, suppose in addition
that for some constant ¢' > 0 and any r,0<r < R

|B(zo,7) \ (A1 U 43)| > ¢'|B(z0,r)|.

Then for some positive (8 depending only on the dimension and the constant

¢(r)

v
is a non-decreasing function of r.

PROOF. We are assuming now that for 0 <r < R
r
1 n—1 ’
— [ a(s)s""'ds > ¢
rn
0

where a(s) was defined in the previous lemma. Since 0 < a < 1, for small «
0 < k <1 we must have

r Kr r
1 -1 1 14 1 —1
< r—n/a(s)s" ds + ;;-/a(s)s" ds < r—n/a(s)s" ds + c, k"
Kr 0 Kr

or

(" —cnr™) < rin/a(s)s""lds.

Kr

Let us fix x so that ¢’ = 2¢,,k™. Then for some other constant ¢ > 0, and
for any r we must have

1 [ f ds

< — n—1 < —.

c< r”/a(s)s ds < /a(s) S
We want to show that for some 3, if 0 < r; < r; < R then
r7P¢(z1) < r3P¢(r2). So let us consider r; and r, fixed and assume that

¢(T1) # 0.
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We may choose k so that
kFt < Y < kF
T2
ie. k= log(f2
Then
/a(s)— > Z / a(s Esck> clog( 2).

T1
Opitip,

Since the functlon g in Lemma 4.3 is increasing,
1 d 1 T
S
IG [ als)—) < ——;—/g a(s
gy | 0% < gy [ o0
ry ri

plog(2) < [ gla(e) L.

ri

and so

Using now that ¢'(s) > 9_(%@_1).(}3(3) we have

ra
¢(r2) ¢'(s) / ds r2
> ds < — >log((=2)?
o8 = | o< J ST 2 s ())
ri
proving the lemma.

We would like to use now results concerning the boundary behavior of
non-tangentially accessible domains [J-K], so let us first introduce the pertinent
definition and results:

DEFINITION 4.5. Suppose k is fixed positive constant and let D be an
open set in R™. Then D satisfies a Harnack chain condition if for any 6 > 0
and any points z,y € D such that |z—y| < ¢ and B(z,§), B(y,6) are contained
in D, we can find points z,z3, ...,z for which

1) B;=B(z;,6)c D fori=1,...,¢

2) T, T =Yy and B,'nB,'_,_l ;é(ﬁ for 1:=1,...,£—1

3) £ (the length of the chain) may depend on ¢ but not on §.

DEFINITION 4.6. A bounded open set D C R™ is a non-tangentially
accessible domain if there exist M > 0 and ry > 0 such that

1) For any z € D and any r,0 < r < rp, there exists y € D such that
k~'r <|z—y| <r and B(y,k~!r) c D.

2) The Lebesgue density of R™ \ D at any of its points is bounded below
uniformly by a positive constant, i.e. there exists « > 0 such that for

z€ D,
|B(z,r)\ D|

im0 =Bz )]

<k.



AN OPTIMIZATION PROBLEM IN HEAT CONDUCTION 373

THEOREM 4.7. Let D be a non-tangentially accessible domain and let V
be an open set, V and D contained in R®. For any compact set K,K Cc V
there exists a constant o > 0 such that for any positive harmonic functions v

and w which vanish continuously on (D) NV, the quotient 2 is a Holder

continuous function of order o in K N|3dD. In particular for any zo € KNdD
the limit
v(z)
Y
z€D 0 w(z)
exists.

We can now state one of the most important results in this section:

THEOREM 4.8. Let u=1u, be a solutibn to the problem P,. Then the set
U = {z € Q:u(z) > 0} is a non-tangentially accessible domain.

PROOF. Since 902 is smooth, by Theorem 3.8 we see that it is enough to
study the properties of dF where F = {z € (1 : u(z) = 0}. By Corollary 3.11
we also know that the theorem will be proved if we can show that U satisfies
the Harnack chain condition.

Suppose then that z; and z, are such that for some ¢ > 0 and § > 0 we
have

1) |z1 - Zgl <

2) B(z,6) c U, B(z2,6) c U.

Suppose now that, without loss of generality, d(z,, F) < d(z2, F) = §. If
8o > 2¢6 then z; € B(z2,é6) c U and we can easily find the required chain.
Let us consider then only the case §, < 2¢6.

Let zo € F be such that |zo — 22| = &, and let ro = 4¢6. Then for R > ro,

z; and z, are in B(a:o,!z{-). Let d = %min{u(zl),u(zz)}.

We will presently show that if R > crg, where ¢ may depend on u but not
on z,zy, then the connected components A; of B(zo, R) N Uy which contain
z;, + = 1,2, are actually the same. (Recall that Uy = {z € Q : u(z) > d}).

Let us suppose that A; # A, and let us use Lemmas 4.3 and 4.4 with
v = (u—d)4+. We see that because of Corollary 3.11, for some exponent g > 0
depending on u, but not on the particular points or radius, '

r_ﬁ¢(r)

is non-decreasing, where ¢ is defined in lemma 4.3. We now apply Lemma
4.2 and Schwartz’s inequality to obtain

¢(r) > r?

if r 2 To.
Since u is Lipschitz, say with constant K, we also have the bound

#(r) <cK*=c
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and so
2r5? < r3Pd(ro) < RPH(R) < cR™*
or
R < Cro.
Hence we must have A; = A,. Since A; is open and connected we may

find a curve T inside A; having z; and z, as end point. For each y € T' we
know that

u(y) >D = %min{u(zl),u(zz)} > %m(S
where m is the constant of Lemma 4.1. Therefore if y € T, d(y, F) > d /m.
Let p= ?7(6 so that if y €T and |z — y| < p then u(z) > 0. Since

relJ B
yer

we may find a sequence yj,...,ye of points in I' such that ' C Uf=1 B(yi, p),
and we may further ask that no y in I belong to more than c¢(n) of the balls
B(y:, p)-

Furthermore, since p = 77?6 ro = 426 and y; € B(zo, cro) With ¢ depen-
" ding on u, £ must be bounded by a constant depending only on the dimension,
the function v and the constant ¢, but not on z;,z5 or é.

Using Theorem 4.7 we can state

COROLLARY 4.9. Let u be a solution to the problem P,. Let U = {z € 0 :
u(z) > 0}. Then
a) A (negative) Green’s function for the Dirichlet problem exists in U, let
us denote it by G.
b) There exists an exponent o > 0 such that for any fixed y € U the quotient

é(z,y)
u(z)
is a C* function of z, for z away from y, taking values

C:',,(z, y)

u, (z)

at the regularity points of dU where the normal v is defined. (Recall
Corollary (3.12)).
¢) For any smooth function v we have

() = / Gl )b (@) + [ Gla9)Ad(

U

where v denotes the normal pointing to the outside of U.
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COROLLARY 4.10. Let h be harmonic in U, h=1 on 8, h =0 on 8F.
Then

a) ceu < h < Cqu for positive constants ce, Ce depending on u

b) The quotient % is a C* function on U, taking values %”5 at the regular

points of F.

5. - Regularity of the normal derivative and the free boundary conditions

In this section we will show, using suitable perturbations of the free
boundary, that the normal derivatives u, of a solution to P,, is Holder
continuous on most of the free boundary (Theorem 5.4). In the course of the
proof, we will also derive the so-called “free boundary conditions” (Theorem
5.5) that will be used in section 7 to prove higher regularity.

Recall that ¢ > 0 is fixed and small, v = u,, u, = g as defined in
Corollary 3.12, U= {z€Q:u(z) >0} and F=Q - U.

To fix the ideas, consider a function 1 defined on R"™ such that
1)  +(z) depends only on |z|,

2)  (r) is non-increasing,
3) P(r)=1ifr<i, p(r)=0ifr> 3,
4) ¢ e C>®(R").

We denote by I the integral, I = [  4(z)do, where z is in R™:
z=(Z1,...,Zn-1, Tn). {z:zn=0}
Consider for § small'and positive the domains
D={zeR":z,>0,|z| <1}
GAY) Dt ={ye R":y =1z — §¢(z)e, for some z € D}
D™ ={yeR":y =z+ 6yY(z)e, for some z € D}
where e, = (0,...,0,1).
The following lemma is a variant of the Hadamard variational formula;
we will prove it using “interior variations” (see e.g. [G, Chapter 15]).

LEMMA 5.1. Let v denote the harmonic function in D% (respectively D™)
taking boundary values z, on |z| =1 and zero otherwise. Then as § \, 0

1
= vdo — I

D+f‘l{:c:z,.=0}

(respectively %— f T,V ,dv — I where v, is the inward normal derivative

(6D-)nD
at 9D7).

PROOF. Let y = z — 6¢(z)e,. If 6 is small enough, the transforma-
tion z — y is a smooth change of variables. Let v*(z) = v(y(z)). Then (see
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[G, Chapter 15])
Ls(v*)=0in D

6—2 (Z kt%

where

and

_ 9y 0z Oz
Akl - IaxlzJ: ayJ ayj

Since v* and z,, vanish for z,, = 0, we may use Green’s theorem for the
operator Ls to obtain

/ (v* Ly (2n) — 2nLs(v*))dz = / (2,2

D (dD)N{=z:z,>0}

where v is the outward normal to dD.
Since Lsv* =0 and v* = v near dD N {z : z, > 0}, we can rewrite this
equation as
0z, dv

/v Ls(zp)dz = / (vw - znﬁ)da.
D (aD)N{z:xn>0}
Since z,, and v are harmonic in D , we find

/v*Lg(zn)dz= / vdo.

D aDN{z:z,>0}

On the other hand,
Ls(z,) =6A¢ + 0(62)

and v,v* converge uniformly to z, in D, as § — 0 by the maximum principle.
We conclude that
vdo = 6/:1:,,A¢dz +0(8%).

Dtn{z:z,=0} D
Finally, by Green’s theorem

znAtl)dz—/(:r,,Aw YAz, )dz = /(z,.n/),, Y(zn),)do

D aD
= /¢da =1
{z:z,=0}

proving the result for D*. The proof of the corresponding result for D~ follows
the same pattern.
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We will denote by R a subset of F consisting of points for which iii)
and iv) of Corollary 3.12 apply and for which, furthemore

= [ b - v o

(8F)nB(z,r)

as r — 0. We know that R can be chosen so that H*~1(dF \ R) = 0.

For z € R, it is possible to find now a function ¢ = ¢(r) defined for r > 0
so that ¢ is non-decreasing, and if v = v(z) is the outward normal direction
to Fatz

a) |u(z +y) —uu(z)(y - v)T| < (r) if y| < r
b) If y € B(z,r) and either y-» <0 and u(y) >0, or y-» > 0 and

u(y) =0, then |y -v| < ¢(r)

O [ ) - v ) < 1)

(8F)nB(=,r)
- 1
o) - (=) < L)
(8F)NB(=,r)

e) %¢(r)—»0as r—0

5.2)
1

rn—1

d)

Suppose now that z € R and r > 0. Without loss of generality we may
assume z =0 and v = v(z) = e,. We define the sets

Dt (z,r) ={y: y_ Zﬂr)—en € D*}
3 v, o0
D™ (z,r)={y: St 2—;—6,, e D™}

where Dt and D~ have the same meaning as in (5.1) and we take
5 =5(r) = (2{))1/2. Note that

l@=6~+0asr——»0
6 r

LEMMA 5.2. Let w be the harmonic function in S = (D% (z,r)UU)NB(z,r),
taking boundary values u in (dS)NAB(z,r) and zero otherwise. Then as r — 0,

11

5 / wdH™ ! > Iu,(z)

SNavu
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PROOF. Since u(y) =~ u,(z)y;} with error bounded by ¢(r) (recall (5.2)),
we have by regularity theory that w(y) = ru, (z)v(¥) with error bounded by
a constant (depending on the dimension n and +(z)) times ¢(r), where v
is the function defined in Lemma S5.1. Furthermore, since %qs—(rl)— — 0 and

H™"1(B(z,r) N dU) is bounded by Cr™~1 (Corollary 3.12), we only have to
study the limits as r — 0 of

11 y —
o [ vBaE)
snau
By dilations, and Lemma 5.1
11 y
iy v(:)da -1

B(z,r)N{y:yn=0}

Now |Vv| is bounded depending only on ¢ and the Hausdorff distance
from SNAF to B(z,r) N{y:yn, = 0} is bounded by ¢(r) (condition 5.2b).
Using that U had finite perimeter, we may “integrate by parts” to obtain

| / Vn(y)v(%)dH"_l(y)— / v(y/r)dH"_l(y)|gcr"'1.$
snau B(z,r)n{y:ya=0}

where v,(y) = e, - v(y). Since v is differentiable in the Lebesgue sense with
respect to the n — 1 dimensional Hausdorff measure restricted to U (5.2c), the
result follows.

Similarly the following lemma can be proved:

LEMMA 5.3. Let w denote the harmonic function in S = U N D~ (z,r)
taking boundary values u in (3S) N 0B and zero otherwise. Then as r — 0,

&L" / uw, dH""1 - Ju2(z)

UndD-(z,r)

where v is the inward normal to D~ (z,r).
We now state and prove the principal result of this section

THEOREM 5.4. u, is a Holder continuous function on R.

PROOF. Let z;,z2 be two points in R. Our plan is to perturb F so as
to obtain a bound for |u,(z1) — u,(z2)| in terms of |z; — z2|*, where a is the
exponent of Corollaries 4.9 and 4.10.

Associated to z,,z, we have functions ¢;, ¢, defined in (5.2); without
loss of generality we may suppose ¢; = ¢o = ¢. Suppose then that
0<r< -110|z1 — 23|, ¢(r) < 1 and consider the sets D*(z1,r), D™ (z2,r)

defined by (5.3).
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We denote by v,v,,v, Tespectively, the continuous functions defined in Q

by
Av =0 in Ag = (UUDY(z4,r)) \ B(zz,r)) U(UND (z2,r))
v=u on N
v=0o0n 0\ 4
Av; =0 in A; = UUD*¥(z4,7)
54 vy =u on 9N
1=0in Q\ 4,

Avy =0 in Ay = (U\ B(z2,r)) U (UN D™ (z2,7))
vg = u on 9N
v =0 in Q\Az

By the maximum principle, v < v, v < v;, and by the representation
formula of corollary 4.9:

(5.5) vi(z) — u(z) = /G z,y)v1(y)dH" " (y)
5.6) 2(z) - u(z) = f G(2,5) (v), (v)dH" (3)

where 'y = D*(z,,7) N (8U), 'y = B(z2,r) N (8(U) \ D~ (z2,r)) and v is the
outward normal.

Basic to our analysis is the harmonic function k in U with h =0 on dF
and h =1 on 91 (see Corollary 4.10). In terms of h we may express (here v
is the outward normal)

5.7 /(v,, —u,)do =/h,,dH""1 —/hv,,dH”"l.

an Ty T,

We will estimate from above, the terms on the right-hand side of (5.7).
From (5.6), for z € B(z1,r)NU, y € B(za,r) NU

| / Uz)u dH™™ 1

> —-c/u(vz),,dH"_

Y

(5.8) va(z) = u(z) > - sup|

by Corollary 4.9 (z; and z, will be kept fixed, as r — 0).
If w, denotes the harmonic function of Lemma 5.3 (with z = z;), we
have v < wy in U N D~ (z2,r). Therefore, (v2), < (wz2), on Iz, so from (5.8)
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and Lemma 5.3 we obtain
va(z) — u(z) > —cIbr™ul(z;) > —cbr™.

In particular, if w; denotes the harmonic function of Lemma 5.2 (with z = z,),
we have

v > w; —cbr” in D¥(zy,r) U (U N B(z1,r))
since v > vz and w; = u on (9B(z1,r)) NU. Therefore,

/ hyvdH™ 1 < /h.,wldH“‘l e / b, dH™ 1
r, 1 Iy
= —hy (21)uy (21) 167" + / (hu () — ho (1) wrdH™1 + 0(67").
Ty

From the proof of Lemma 5.2 we see that w; < c¢(r) on I'y, so that

(5.9) / hyvdHP1 < —hy (21)u, (21)I67™ + 0(67™).
) 5

We now estimate [ hv,dH™! from below.
r
Since v(z) < v1(x) <M= Supan ¢, we obtain from (5.5) that

‘v(z) <u(z)+ e in UN D™ (zg,1).
It follows that
(z) < wa(z) + er™ Yo(z) in UN D™ (z2,r)

where w, denotes the harmonic function of Lemma 5.3 (with z = z;)
and ®% is a non-negative harmonic function in S = U N D~(z,,r) taking
smooth non-negative boundary values equal to 1 on S N dB(zz,r) and 0
on (8S) N B(zz,r/2). Then v, > (wz), + cr®~ 1w, on [; by the maximum
principle and so

(5.10) / hv, dH™ ! > / h(wz), dH" 1 + cr™? / i, dH™*
T3 T, T,
= /h(wz),,dH"'1+0(5r").
s

Using Corollary 4.10 we may write

h,, (2}2)

b= (@)

u+ O(r*)u
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Inserting this into (5.10) and using Lemma 5.3 gives

(5.11) /hu,,dH"_1 > —h,(z2)u, (z2)I6r™ + o(67™)
Ta

combining (5.7) (5.9) (5.11) gives

/ (v — up)do < —I6r™ (hys (21) — hyu (22)) + 0(67™).
an

Since the volume added to U with D*(zy,r) is I6r™ with error O(r*~1¢(r)) =

0(6r™), and the volume taken away from U with D~ (z2,r) is I6r"~1 with the
same error, we conclude

0 < Je(v) — Je(u) < IS (hyuy (z1) — hyu(z2)) + 0(67™).
Dividing by 6r™ and letting » — 0 gives |
hyuy(z1) — hyuy (z2) > 0.
Reversing the roles of z;, z, we conclude
(5.12) h,u, = constant on R.
To prove Theorem 5.4 we write

0= hyuy(z1) — hpuy(z2)
h

= 2 )02 o) — ) + 2 2) (22 o) = 22 (a)

Recalling corollaries 4.10 and 3.12 we find
uy (21) = wy(22)] < Clzs — 22|

It follows from [A-C] that 3F is a C** surface in a neighborhood of any
point in R. The conclusion (5.12) is important enough to state as a separate

THEOREM 5.5. Let u, be a solution to P, and let h be harmonic in U
with h=1 on 0 and h =0 on OF. Then

uyh, = constant on R.

We can also restate Theorem 5.5 in an equivalent but possibly more glamorous
form:
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THEOREM 5.5'. Let G(z,y) be the (negative) Green’s function for
Laplace’s equation in Q. There exists a constant A such that for any interior
point y of F

G@Y) ypn-1(g) = 4,

u, (z)
aF

It is also possible to prove

THEOREM 5.6. Let zo € R and consider a suitable variation of OF near
xg. If U* denotes the set obtained from U and v is the harmonic function in
U* taking values u on 9Q) and 0 in )} — U*, then

/vu — u,)do = —hyu, (20) (IU*| - |U]) + o(|U*| - |U]).
an

6. - Relation between solutions of P and P,

So far we have considered ¢ > 0 small but fixed. Since we will not make
further perturbations of the free boundary, this is a good place to show that
for ¢ small enough a solution u to the problem P, is actually a solution to P,
although we could have obtained this result earlier. We only need to show that
for € small enough, |U| = p where p is the prescribed volume.

LEMMA 6.1. With the notation of the previous sections, there exists a
positive constant c¢ independent of € such that

infu, <ec.
R
PROOF. Let K be a compact subset of 2 with smooth boundary so that
if A=0-K, |A| = p. Let w e H(Q) satisfy

1) w=u=4¢ in 0
2) w>0and Aw=0in £
3) w=0in K.

Then w is an admissible function for both P and P, and therefore

[ wdE 4 1.01) = Ju(w) < () = [wido+ s
aF an
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The right-hand side is independent of e where as both terms on the left
are positive (if € < 1), so for some ¢ > 0, independent of e,

/u,,,dH"_1 <c
aF

and
Je(lU]) <.
The last inequality implies that

. |U| <c+tp
so that if ¢ is chosen small |+
7
<
N
and 0
Pl =jo-v> 22k,

2

The isoperimetric inequality shows that H"~1(dF) > c;, for some c,;
independent of e and therefore

c igfu,, < /u,,aiH""1 <c
aF

proving the lemma.
COROLLARY 6.2. If ¢ is small enough then |U| < p.

PROOF. Let us suppose that |[U| > p and choose a point zo € R so that,
by the previous lemma, u,(z¢) < c. Let us decrease the size of U perturbing
the free boundary near z,. Using the notation and result of Theorem 5.6 we
have

[ 0 =)o = o) (20) (0] - 107 + (10| = (0.
N

Now the maximum principle yields nh, < uw, < Mh, on R where
m = mingg u, M = maxyq v and therefore

0 < Je(v) = Je(u) < (U] - |U) +§(IU*| — U +o(|U*| = 1U))

giving an upper bound for %
We now prove the converse inequality:

LEMMA 6.3. If € > 0 is small enough then |U| > p.

PROOF. Let us suppose that |[U| < p and let d be the distance from F to
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*

90 Let z* € OF and Y* € 9 be such that |y* —2*| = d, and let z* = £ 4",

Using a suitable barrier it is not difficult to show that u(z) > ¢ for z € B(2*, )

where ¢ is indipendent of ¢ since d < diam . If z is the point in the segment
[z*,2*] at distance §/2 from 2* and § is small, we have, by Lemma 3.5,

d+ 6 2u(z 6+d
ol 0Bl 50) < GRAPIP 0BG 5 <o [ (VP - VuP)ae
B(s,442)

where w is the harmonic function in B(z, ‘le'—s) taking boundary values w.

If v is the harmonic function in U N B(z, ‘—ii—‘i) with boundary values u,
the techniques in the proof of Theorem 3.6 show that

/(u,, —v)do>c / (IVu|® = [Vw|?) > ¢|F N B(z, dL26)|
B(z,i#)

Since Je(u) < J.(v) we have (recall we assume |U| < p)

/(u,, —v,)do < €|F N B(z, d+6)|

from which the lemma follows.
Summing up the two previous results we obtain

THEOREM 6.4. If € is small enough, depending on the data, then any
solution to problem P, is a solution to problem P.

7. - Analyticity of the free boundary

In section 5, we have shown that there is a subset R of the free boundary
dF (H™ '(8F \ R) = 0) so that near any point of R, dF can be represented
as a CY* graph I'. Using the “free boundary condition” Theorem 5.5, we now
show that I' is analytic.

Introduce coordinates z = (zy,...,2za) = (z',2,) with the origin 0 € T, so
that the positive z,, direction is normal to I at 0, and points into U = {u > 0}.
We will work locally in a small ball B about 0, and let B* = BN U. Our
free boundary condition says that there is positive harmonic function h in B+
satisfying h =0, h, -u, =c on I'.

THEOREM 7.1. Let u, h be positive harmonic functions in B satisfying
u=h=0, uyh, =conT, T € C“% Then T is analytic.
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PROOF. We follow the method of [K-N-S]. For z € B*NT, let y = (z',u).
The map z — y is then locally 1—1. We shrink B* (if necessary) and transform
B% into a region U in {y, > 0} and T into a flat boundary S c {y, = 0}.
The associated “partial Legendre transform” is z, = v(y), which defines the
inverse mapping. Then

(7.1) u,,:i,ua:—lp-ﬁ, a<n

] i o O 0 1 0
0%o OUa Y OUn 0T, Vn Oyn

Define ¢(y) by ¢(y) = u(z), y € U: Using (7.1), we find that 1, ¢ satisfy
the system 4

(1.2) Au—-—}/}"—"-i-z( ( + % ¢“) )=0in U
Z 5.9,
(3) Abs -G +Z(¢a—"’“¢n)a—§‘1(¢a——$“¢n) )=0
ﬂr a<n n n

To find boundary conditions for ¢, 1 we observe that since

Ty = ¢(y1)"' ’yn—lso)

parametrizes T,

v = (—¢1)-"_¢n—191).

¥2
a<ln
Hence 1
-1'1)— 1+ Z v2
a<n n a<ln
b= (6 - 2240)(- ¢m)+f2 = 143
a<ln ¢n a<ln

Therefore ¢, v satisfy the boundary conditions

(7.4) ¢=0, (1+Z¢2)_cons

a<ln

We claim that the system (7.2) (7.3) (7.4) is elliptic and coercive in the
sense of Agmon-Douglas-Nirenberg (with the obvious choice of weights). To
see this, we compute the principal part of the linearization at y = 0, using that
%4(0) =0, a < n. We find:

(7.5) Ly=0

15 =
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where L = —2-82 + 82, and
(0) a<n @

(7.6) $=0, E,,-2¢ ():p,, 0 on y, =0.

The system (7.5) is clearly elhptlc since it has uncoupled into Ly =0, L =0.
It is also coercive, for ¢ = 0 is coercive for L$ = 0, and ¢ = 0 is coercive'
for Ly =0.

To establish the analyticity of T : z, = ¥(y’,0) we need to satisfy the
initial regularity assumptions to apply [M, Th. 6.8.2]. For a nonlinear system
of the type (7.2) (7.3) (7.4), it is normally required that ¢, ¢ € C?(U U S).
However, our system can be written in divergence form:

1+ 3 ¥2)n
a<n + E(

a<n

’7’: n+ Z((¢a - :/):qsn)'bn)a +0.

a<n

Using the divergence structure, one may show that if ¢, ¢ are initially
CY*(UUS) (this is the case here since I' € C1:*), then ¢, ¢ are in C>*(UUS)
so that Morrey’s theorem can be applied (for more details see [K-N-S. pp. 112-
113]) and the analyticity of I" follows.
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