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Extremal Properties of the First Eigenvalue of a Class
of Elliptic Eigenvalue Problems

HENRIK EGNELL

0. - Introduction

In this paper we will study the following

PROBLEM: Find

1/p
qEBy = f:( |f|”k2) <A
/

maximizing the first eigenvalue A; of

0.1 {Eu+qu=)\hu in Q,

u=0 on 0Q,
where
(i) Q is an open, bounded and connected domain in R", n > 1.
(ii) Eu = —09;(a;j0ju) () -convention)
is a symmetric uniformly elliptic operator with coefficients in L'(Q), that is
a;; = aj; for all 1<14,j<n, {ai]’} C LI(Q)
and there exists a v > 0 such that
aij(2)&:€; > v|€)* for all (z,€) € Q x R™.
We will call v the ellipticity constant of E. .
(iii) h e L*, k is measurable, h > 0 and k > 0 a.e. in Q.

(iv) 1<p<ooand 0< A < oco.

Pervenuto alla redazione il 5 Settembre 1985 ed in forma definitiva il 29 Gennaio 1986
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REMARK: The case p = oo has been excluded, since it has the trivial
solution g = A/k? if we take By ={f : ||fk*|l < A}.

This problem has its origin in a question posed by A. Ramm [RA]. His
formulation is a special case of our problem with

Q=[-L,LICR', E=-A, p=land k=h=1.

The problem has been solved in this special case by M. Essén [ES] and by G.
Talenti [TA]. E. Harrell [HA] has solved the problem when Q is a bounded
domain in R", however his proof is incorrect (cf. Example 5).

Essén obtained his solution using his earlier results (cf. [ES]). Harrell
used perturbation theory of self-adjoint operators. However, the approach of
this paper is closer to that of Talenti.

Let

a(u,u) + [ qu’?
Ry(u) = —Tath uz";
Q

be the Rayleigh quotient, where

a(u,v)zlaijaiuajv.
Q

Then the problem can be rewritten as:
Find ¢ and @ such that § € B4, @ =0 on 9Q and

supinf Ry(u) = inf Rj(u) = R4(@),
qg u u

where the infimum and supremum are taken over the appropriate classes of
functions.

The solution § of this problem solves the original problem and @ is the
first eigenfunction corresponding to g. We will say that (g, @) is an extremal
couple.

Let us take h = k =1 in the sequel for simplicity. The idea of Talenti is to
estimate the Rayleigh quotient from above by a functional which is independent

of q. To see this, we note that for any q € B,, Holder’s inequality gives

a(u,u)+A||u||%p,

[
Q

0.2) R,(u) < = J(u).

It will turn out that there exists a § € B4 such that

0.3) inf Rj(u) = inf J(u)
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and both sides attain their minima for the same function @. Hence (g, %) is an
extremal couple. It is remarkable that the minimizer @ of R; gives equality
in the Holder inequality (0.2), but that is the reason why this method works.
The equality (0.3) turns out to be useful when proving other properties of the
extremal couple.

The main results in this paper in the case k = h =1 are collected in the
following two theorems.

THEOREM I: Let p € (1,00) be given and assume that k = h = 1. Then
there exists an extremal couple (§,4) with the following properties:
(1) @ is the unique non-negative minimizer of J.
(i) @ is the first eigenfunction of the eigenvalue problem

[ Bur A2 P =
u=0 on 9Q.

Furthermore, the first eigenvalue u, is equal to both J (i) and the maximal

eigenvalue Xy of (0.1) (é + %) =1.

vy - 2 =g
(iii) g=Ala|7 @, .
(iv) g is unique.
p—1

. A\ 7
) Nl < A1 and il < (%) 7 iy < oo

(vi) If {ai;} € L*°(Q) then § and @ are locally Holder continuous. Furthermore,
if Q has the exterior cone property then @ and § are continuous in Q.
(vii) If {a;j} C C™'*(Q), then all derivatives of order less than or equal to
m+2 of 4 and § are locally Holder continuous in Q.
— o 1 1
(viii) If {a;j} C C™1(Q), 0Q € C™2 and if either m < P [ o P= §+—1
p— _
for some positive integer £, then i, § € C™>P(Q) for some .
(ix) ¢ and 4 have the same symmetries as Q and E.

THEOREM II: Let p = 1. Assume that k = h =1 and {a;;} C L>(Q). Then
there exists an extremal couple (q,4) with the following properties:
(i) @ is the unique minimizer of J.
(i) @ >0 and ||| = 1.
(iii) ¢ < \ix{I} with equality in the interior of I = {z € Q: i(z)=1}. Here
A1 = J(@) is the maximal first eigenvalue of (0.1).

(v) If {ai;} C CONQ) then §= m—fﬁx{z} and ), = E?T)‘

(V) q is unique.
(vi) § and @ have the same symmetries as Q and E.

Results similar to those mentioned above hold in the general case where
k and h are non-constant (see Section 5).
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In Section 6 we give some examples and point out some generalizations.
In this section we also consider the problem of minimizing the first eigenvalue
of (0.1) over By.

REMARK: After the completion of this manuscript I have received a preprint
from E. Harrell and M. Ashbaugh [AH]. They have studied the problem of
minimizing and maximizing the first eigenvalue of (0.1) over B4 when p > 1
and k = h = 1. Their paper also contains other related results.

1. - Some definitions and preliminary lemmas

In this section, we will construct a dense subspace of H(;(Q) on which
the bilinear form a(u,v) is well defined and we will show some lemmas about
functions in this subspace. These results will be used to prove some technical
lemmas that will be needed later.

We have to define what we mean by a solution of (0.1). If {a;;} C L*(Q)
there is no problem with the following standard definition

(1.1) uEH&(Q): a(u,v)+/quv=/)\uv, VUEH&(Q).
Q Q

However, if the coefficients {a;;} are supposed to be in L'(Q) only, then
the bilinear form a(u, v) is not well-defined on the whole of H}(Q). In this case
we have to find an appropriate definition of a solution of (0.1).

The bilinear form a(u,v) is well-defined on Hé’°°(Q) and (a, H(;’°°(Q)) is
a pre-Hilbert space. The completion of this space is a Hilbert space (@, H,(€2))
with the following properties:

(1.2) H&’°°(Q) is dense in H,(Q). Hence C}(Q) is also dense in H,(Q).
(1.3) If u,v € H(;'°°(Q) then @(u,v) = a(u,v) and a(u,u) > 1/||u||§1., where v is
the ellipticity constant.

Using this we can define a map
J: Ho(Q) — Hy(Q)
as follows: .
Take u € H,(Q) and {u,} C H(;’°°(Q) converging to u in H,(Q2). From
(1.3) above it follows that

u, — w in H(Q).

We define j(u) = w.
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Clearly j is a well defined continuous linear map. Furthermore, j(p) = ¢,
whenever ¢ € Hé’°°(Q).
LEMMA 1: If u, — u in H,(Q) and j(u,) — v in H}(Q), then j(u)=v.

REMARK: If follows that j is sequentially continuous w.r.t. the weak
topologies.

PROOF. Let j*: H{(Q) — H,(Q) be the Hilbert space adjoint of j defined
by the relation

(" (w), w) = (w, j(w)g, for all u € Hy() and all w € Hy(€.
From the assumptions, we get that for all w € H}(Q),

r}i_'rglo&(j*(w), Up) = a(J* (w), u),

Jim (w, j(wn))gy = (w, V).

Therefore (w, j(u))gy = (w,v)y; for all w € H}(Q). Hence j(u) = v.
LEMMA 2: The map j is injective.

PROOF. Take u € H,(Q) and {u;} C Hy™(Q) such that j(u) = 0 and
up — u in Hy(Q). Since u; — 0 in H}(Q) we can assume that d;u; — 0 a.e. in
Q for 1 =1,...,n. From Fatou’s lemma, we see that

aug, ug) = a(ug, ug) < M a(ur — Um, Uk — Unm).
m—00

The right-hand side tends to zero as k — oo. Hence u = 0.

From Lemma 2, it follows that we can use j to imbed H,(QQ) as a dense
subspace in H}(Q) and give j(H,(Q)) the topology induced by j. From the
open mapping theorem we get

J(H,(Q)) = H}(Q) algebraically <« JA such that
a(u,uw) < Allullzy, Vu € Ho(®.

From now on we will always regard H,(Q) as a subspace of Hg(Q).
DEFINITION: If the operator E corresponds to the bilinear form a(-,-) we

will say that u is a solution of (0.1) if

uec Hy,(Q): &(u,v)+/quv =/Auv, Vv € Hy(Q).
Q Q

REMARK: This definition is consistent with (1.1), since H,(Q) = H}(Q)
whenever {a;;} C L*(Q). We also see that the problem of finding the first
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eigenvalue of (0.1) is equivalent to the problem of minimizing the Rayleigh
quotient, provided q € L} (Q).

The method used to construct H,(2) above is closely related to the
standard procedure used to define a self-adjoint operator using bilinear forms.
Actually, it turns out that E can be represented as a self-adjoint operator with
domain D(E) dense in H,(Q2). For further information, see [WE], Chapter 5.

For functions in H}(Q) we have the following well-known facts.

LEMMA 3: If u € H'(Q), then u* € H\(Q) and

L+ _ [Oju on {z: u(x)>0}
O;u { 0 elsewhere.

If w € H)(Q) and {u,} is a sequence in H(Q) converging to u, then

(i) min(u,n) € H}(Q) for n = 0,1,2,... and min(u,n) — u in HN(Q) as
n — oo.

(ii)  min(u,,,n) — min(y,n) in H}(Q) as m — oo, for n=0,1,2,....

(ill) |um| € HI(Q) and |uy| — |u| in H{(Q) as m — oo.

A proof of the first statement in the lemma can be found in [GT], Chapter
7. The other statements follow easily from the first one.

LEMMA 4: If u € H,(Q) and n=0,1,2,..., then
(i) min(u,n) € Hy(Q) and min(u,n) — u in H,(Q) as n — oo.
(i) If £ =u—min(u,n) then a(u, &) = a(, §).
(iii) |u| € Ho(Q) and a(|ul, |u|) = @y, u).

PROOF: Take {u;} C Hy®(Q) so that u; — u in H,(Q) as j — oo. Then
min(uj,n) € Hy™(Q) and Lemma 3 above gives

l| min(uj,n)”%{a = a(min(u;, n), min(u;, n)) < a(u;, u;) = ”“JH%I,;

The right-hand side is bounded and we know that min(u;,n) — min(u,n) in
H}(€Q). Hence a compactness argument and Lemma 1 yield

min(u;,n) — min(u, n) in H,(Q) as j — oo.

Furthermore,
|| min(u, n)||g, < ||ul|z,

since the weak limit must be in the convex set
{w: ol < fim sl |
Jj—oo
The same argument as above gives

min(u,n) — u in H,(Q) as n — oo and
H, < ||yl

lim || min(u, n)| H,-
n—oo



EXTREMAL PROPERTIES OF THE FIRST EIGENVALUE, ETC. 7

Now (i) follows from the fact that the norm is lower semicontinuous w.r.t. the
weak topology.

To prove (ii) take {u;} as above and define &; = u; — min(u;,n). Then
a(uj, &) = a(&;, &) and & — £ in Hy,(Q) by (i). This proves (ii).

The last statement (iii) is proved using the same argument as above.

From now on we will always write a(u,v) instead of a(u,v).

By the Rellich compactness theorem we know that the inclusion map
i Hy(Q) — LA(Q)
is compact. Hence the inclusion map
i Hy(Q) - L*(Q)

is also compact.

PROPOSITION 5: If g > 0 then both Ry and J, as defined in Section 0,
attain their minima in H,(Q). Furthermore, we can assume that the minimizers
are non-negative.

REMARK: The condition ¢ > 0 is always satisfied in the interesting cases,
since the function ¢ maximizing the first eigenvalue of (0.1) can be assumed
to be non-negative.

PROOF. This proof is standard and we only prove the existence of a
minimizer of J. Let {u,} C H,(Q) be a minimizing sequence normalized so
that ||u,|l> = 1. Then {u,} is bounded in H,(Q) and in L?(Q). Therefore,
assuming a subsequence has been selected, we have Un—i in H,(Q) and in
L¥(Q). Furthermore, we have strong convergence in L?*(Q). A semicontinuity
argument yields that J (&) < ‘n!l)ngo J(uy,). Hence @& € H,(Q) is a minimizer. Finally,

Lemma 4 shows that J(&#) = J(|&|), so the minimizer can be assumed to be
non-negative.
The following lemma will be useful later on.

LEMMA 6: Let 4 be a non-negative minimizer of J and put \ = J(@).
Assume that there exists a non-negative function § € By (k =1) such that

ess supp g C ess supp @ and Ed + §i = Ail.

Then inf Rj(u)= R4(a)= ), and (§,%) is an extremal couple.
u€H,(Q)

REMARK: The existence of a function § with the properties in the lemma
will be proved later.
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PROOF. We can assume that ||i||oy = 1. Let v be a non-negative minimizer
of R; and assume that Rj(v) =’ < A. Then we get

Ea + §i = \d,
Ev+gv=2XNv.

This shows that (A — \') [ 4v = 0. Hence
Q
(1.4) 4v =0 and gv =0 a.e. in Q.

1 .
Put v, = — min(v,n) and
n

A, = a(Vp, Vn)
S
Q

From Lemma 4 we have nv, — v in H,(Q) which shows that X, — ) as
n — oo. We note that [ v,@ =0 and that a(@,v,) = 0.
Q

If p=1 we get, using ||@ + vp||eo = ||%]|e = 1, that
Afa2+x, [o?

Q Q
[av [z <2
Q Q

J(@@+v,) =

if n is large enough. This is a contradiction and hence A = X' if p=1.
If p > 1, we argue in the following way. We choose n so large that
An < A and consider

MA@ +e2X, [V + A(l|a+evnll3, — ||a]|5y)
Q Q
Ju?+e? [l
Q Q
J v

=X — 20— A2 — +0(?) < A,

J#
Q

J(U +evy,) =

where the last relation holds if ¢ is small enough.

REMARK: If {a;;} C L*°(Q2), then (1.4) gives us Ev = X'v > 0. We can use
the strong maximum principle for weak solutions [GT] to conclude that v > 0
a.e. in Q. In this case, the proof is less complicated.

Finally, we have the following approximation lemma.

_ LEMMA 7: Let {a;;} C LP(Q) where 1 < p < oco. Then there exists
{a§;} € C=(Q) with the following properties:
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(i) They fulfil the uniform ellipticity condition with the same constant as
{aij}.
(1) af; — a;; in LY as € — 0, where ¢ =p if p < oo and g can be any number
in [1,00) if p=oo.
PROOF. Extend {a;;} to functions on R" by letting a;; = v if ¢ = j and
a;; = 0 if © # j outside Q. Let ¢, be a smooth non-negative approximative
identity. Then af; = a;; * . has the desired properties.

2. - Solution of the problem when 1 <p< oo and k=h=1

Because the problem is easier to solve when p > 1 we will deal with
this case first to demonstrate the use of the lemmas in Section 1. We believe,
however, that the problem is more interesting when p = 1.

If ue H,(Q)N L¥(Q) then J is Gateaux-differentiable at » and we have
with ¢ € CH(Q)

2 —p ’
Jo,(u) = W (a(u, <p)+A||u2||;), r / |u]?P Dy — J(u)/wp
Q Q

Q

Hence the non-negative minimizer i solves the equation
u€ Hy(Q): Eu+du=Au

where ,
A= J(@) and § = Al|@?||,; F a*® V.

A direct calculation yields ||g||, = A and hence § € B4. Now, Lemma 6 shows
that (g, @) is an extremal couple and )\, = J(@) is the maximal first eigenvalue.
Note that 4 is the first eigenfunction of the eigenvalue problem

Q.1 u € Ho(Q) 1 Bu+ Allu?||, P [u?Du = pu

and the first eigenvalue u, is equal to ).
Thus we have proved the following resuit.

THEOREM 8: Let 1 < p < oo. Then there exists an extremal couple (g, )
which solves the problem and which has the following properties:
(1) @ is a non-negative minimizer of J and the first eigenfunction of (2.1)
with eigenvalue J(i).
) g=Aa¥ e, ™

(ili) Rj(@) = J(@) = Ai. Here X\, is the maximal first eigenvalue.
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COROLLARY 9: We have the following estimates:

oot
Al

2
Jalle < (5) " il < oo

tl
A 2
PROOF. We can assume that @ > 0 and ||@||,y = 1. Put ¢ = (zl) and

¢ = 4 — min(a,c). Then &€ € H,(Q) and £ > 0. Lemma 4 (ii) and Theorem 8
give

a(€, €) = a(d, €) = / O — AlaDyag <0,
Q

since the integrand is negative if £ > 0. Hence £ = 0, that is @ < ¢. The estimate
for G follows directly from the estimate of & and Theorem 8.

From Theorem 8 and Corollary 9 we see that Ed € L*(Q). Hence we
can apply the regularity theory for elliptic operators with bounded measurable
coefficients.

COROLLARY 10: If {a;;} C L*(Q) then i and hence also G is locally
Hélder continuous in Q. If the boundary 0Q satisfies the (uniform) exterior
cone condition, then both 4 and § are in C(Q2) (C*(Q)).

For a proof of this regularity result see for example [GT], Chapter 8.

REMARK: Q is said to satisfy the exterior cone condition if for every
z € OQ there exists a finite circular cone V, with vertex z such that QNV, = z.
For the uniform exterior cone condition we also need that the cones V, are all
congruent to some fix cone.

Higher regularity can now be deduced using the regularity theory for
PD.E.’s with Holder continuous coefficients.

Write (2.1) as Eu = f(u) and assume that {a;;} C L*(Q) and that ¢
is a non-negative solution normalized so that ||i||»y = 1. Since f(#) > 0 by
Corollary 9, the strong maximum principle shows that @ does not have any
interior minima. Hence 4 > 0 in Q. Using this fact, it is easy to verify that
f@@) € C™*(Q) is @ € C™*Q). If we replace Q by Q, we can still deduce the
following result.

If & € C™*(Q) and if either m < ﬁ’t—'] or p= £k for some positive integer

¢
¢, then f(@) € C™P(Q) for some S.
Now, we can apply the regularity theorems in [GT], Chapter 6.

COROLLARY 11: If {8"a,;} are locally Hélder continuous for all |y| < m+1
then 874 and 87§ are locally Hélder continuous for all |y| < m+2. If
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_ 1
{ai;j} € C™'(Q), 8Q € C™?**, and if either m < p—‘t—l or p = 5+ll for
D _

some integer ¢, then i,§ e C™>P(Q) for some B.

REMARK: In the discussion above we saw that if {a;;} C L*(Q) then both
% and § are strictly positive in Q.

3. - Solution of the problem when p=1and k=h=1

Since J is not Gateaux-differentiable for p = 1, we have to use a method
different from the one given in Section 2. We shall transform the problem into
a variational inequality and use the regularity theory which is available here.

Define K = {u € H,(Q): ||u|lc <1} and

a(u,u)+ A
Q
Then
inf J(u)= inf T'(u).
ueH,(Q) ueK
If % is a minimizer of J normalized so that ||4|| = 1, then @ is also a minimizer
of T over K.

PROPOSITION 12: If 4 is a minimizer of J such that ||i|| = 1, then @
solves the variational inequality

3.1 ue K : a(u,v—u)—J(ﬁ)/u(v—u)EO, Yv e K,
Q

where K ={u € H,(Q): |u| <1}

PROOF. Take v € K and t € (0, 1), then @ +t(v — 4) € K by convexity and
we get
0<T+tlv—1a)—T@) =
2
—f—(a(ﬂ, v—1U)— T(ﬁ)/ (v — @) + o(t).
J @
Q

Q

The result follows.

REMARK: If we take @ to be a non-negative minimizer then Proposition
12 holds with K = {u € Ho(Q): u < 1}.

The operator in the variational inequality (3.1) is not monotone, but it is
still possible to apply the standard technique to obtain the following regularity
result.



12 HENRIK EGNELL

THEOREM 13: If 3Q € C?, {aij} ¢ C*(Q) and u is a non-negative
solution of (3.1), then

we H»*QNC"Q), a=1- g for all s € (n, 00).

The proof will be given in the Appendix.

Let us assume that the conditions in Theorem 13 hold and let % be a non-
negative minimizer of J normalized so that ||i||., = 1. Define the coincidence
set as I = {z € Q: i(z) =1}, which is obviously closed. Since 4 € H*>(Q), a
variation outside I in the variational inequality (3.1) yields E4 = MA@ pointwise
a.e. in Q\ I, where A = J(@). In the coincidence set I, we can apply Lemma
7.7 [GT] twice to obtain Ed =0 pointwise a.e. in I. Hence Ei+ A\ i = Ai
holds a.e. in Q. If we multiply this equation with 4 and integrate we get

a(t, i)+ Am(I)

X=J@) = -
S{u

This shows that Am(I) = A. Thus it follows from Lemma 6 that (q,a) is
oy A . .
an extremal couple, with ¢ = —(I—)X{I } and maximal eigenvalue A, =
m
However, the conditions on {a;;} and dQ can be relaxed.
First we will prove a result when {a;;} C C%'(Q), then this result will be
extended to coefficients {a;;} C L*(Q).

m(I)’

THEOREM 14: If {a;;} C C%/(Q) then there exists an extremal couple (§, i)
which solves the problem and which has the following properties
(i) 4 is a minimizer of J.
(ii)) @>0 and |||l =1.
A

= —— = Q LU =1}
(i) ¢ m(I)X{I}’ where I = {z € a(z) =1}
(iv) The maximal first eigenvalue A\ = —A—

m(I)

(v) FEu+gu=M\a holds pointwise a.e. in Q.
(vi)  Rg(@) = J(@).

PROOF. According to Theorem 13 and the discussion above, the theorem

is true if we assume also that 9Q € C? and {a;;} C C*'(Q). To remove these
restrictions, let {€,} be smooth open domains in Q with the following properties

(3.2a) Q. ccQand Q,CQ,y, n=12,...,
(3.2b) VK cc Q, 3N such that K C Qp.

Such domains can easily be constructed with the aid of the regularized distance
[ST] and Sard’s Theorem [NI].
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Let (up, An, g») be the solution of the problem with Q replaced by Q,, and
assume that u, >0 and |ju,|| = 1. Here A, is the corresponding maximal first
eigenvalue. Since 0Q, € C* and {a,;} C C%'(Q,) we know that this solution
exists and that it has the properties given in the theorem. Furthermore, we can
extend u, and g, to functions in H(Q) and L*(Q) respectively, by letting them
be zero outside €,.

It is easy to see that A, \, A as n — oo, {g,} is bounded in L*°(2) and
that a(u,,u,) is bounded. Hence we have, assuming a subsequence has been
chosen,

ga— q in L¥(Q),
Up — U 1IN H(;(Q) and

u, — u in L*(Q) and pointwise a.e. in Q.

Using this we get

3.3) 0<u<land 0<g<Xae. in Q
(3.4) /q=1m1 g = A, /qﬁ=lm{/%mﬁ=A.
Q Q Q Q

Now, take ¢ € C}(€2) and by (3.2b) we can choose n so that supp ¢ C Q,.

Then
/aijaiunaj¢+/Qnun$0=)\n/un<p.

Q Q Q

Letting » — oo we obtain

(3.5) alu, ) + / qup = A / up, Vi € CH.
Q Q

By continuity, this equation holds also for all ¢ € H}(Q). If we put p =u
in (3.5) it is easy to establish the following equalities

A=Ryu)=J(@w)=lim inf J@)= inf J(v).
T we HY () veH}(Q)

Therefore, we conclude that « is a minimizer of J.
From (3.3) and (3.4) above we also get

q(1 — 4% >0 and /q(l —u?) =0,
Q

showing that
q(1 —u?)=0 ae. in Q.
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Therefore ¢ has its essential support in I = {z € Q: u(z) = 1}. Hence Lemma 6
shows that (¢, u) is an extremal couple, and A, = A is the maximal eigenvalue.
Since Eu € L*(Q) and {a;;} C C*/(Q) we find that u € HZ (Q), [GT],
Chapter 8. Therefore Eu =0 a.e. in I and by (3.5) Eu+qu = Au holds pointwise
a.e. in Q. Hence ¢ = Ay and by (3.4) A, = D)’
We can use an argument similar to the one given above to obtain the
following result.

THEOREM 15: If {a;;} C L™(Q) then there exists an extremal couple (§,%)
which solves the problem and which has the properties:
(i) 4 is a minimizer of J(u).
(i) @>0 and ||ii|le = 1.
(iii) ¢ < Aiyq1y with equality in the interior of I ={z € Q: (z)=1}.
(iv) The maximal first eigenvalue \y = J(i).

REMARK: Since Ei = A4 — gi € L*(QQ), @ is locally Holder continuous
in Q and hence the coincidence set I is relatively closed in Q. If Q satisfies
the exterior cone condition, then u € C(Q) and I is compact in Q.

PROOF. Let {af;} C C™(Q) be the sequence approximating {a;;}
constructed in Lemma 7 and let (ue,qe, A:) be the solution of the problem
with {a;;} replaced by {af;}. As before, we assume u. to be non-negative and
|[ue]lo = 1. A semicontinuity argument yields

(3.6) A=1lim)\, < inf J(u).
e=0 ueH(Q)

For all € > 0, {af;} has the same ellipticity constant as {a;;}. This shows
that {u.} is bounded in H}(€). Choosing a subsequence and arguing as in the
proof of Theorem 14, we see that

Aot — A

ge—gq in L®(Q),

Ug — u 1N Hd(Q) and

ue — u in L*(Q) and ae. in Q.

This implies as before

0<g<Xland 0<u<1ae. in Q,

/q=/qu2=A and g(u® — 1)=0 ae. in Q, and
Q Q

(3.7) au,v) + / quv = )\ / uv, Vv e Hy(Q)

Q Q
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We conclude that ¢ has its essential support in {z : wu(x) = 1}. Hence
|luljeo = 1. Combining this with (3.7), we obtain A = Rg(u) = J(u). It follows
from (3.6) that «w is a minimizer of J. From Lemma 6, we see that (g, ) is an
extremal couple and A, = X is the extremal first eigenvalue.

4. - Uniqueness and other properties of the extremal couple (g, @)

In this section we will discuss some properties of the extremal couple
constructed in Section 2 and 3. Unless stated otherwise, we will always assume
that (g, ) is one of the extremal couples constructed in Theorem 8, 14 or 15
respectively.

We recall that the following equalities hold for (g, @)

inf Rj(u) = Ry@)=J@) = inf J(u).
uEH,(Q) uEH,(Q)

Using these relations we can give a simple proof of the following
uniqueness theorem.

THEOREM 16: The function § is a unique maximizer of the first eigenvalue

of (0.1).

PROOF. Suppose that ¢ € B, is another maximizer, which can be assumed
to be non-negative. Then we have

inf R,(u) = J(@).
uEH,(Q)

But since Ry (i) < J(@) whenever q € By, 4 is a minimizer of R,. Hence @
solves the two equations

Ei +§i = M,
Ei + qi = M,

which shows that ¢ = § a.e. on the essential support of 4. But we know that
ess supp ¢ C ess supp @ and ||G||, = A. Hence §=q a.e. in Q.

An immediate consequence is

COROLLARY 17: If g: R™ — R"™ is a linear transformation such that both
Q and E are invariant under g, that is

g(Q) =Q and a;; = git(are © 9)g;¢

where g is represented by the matrix (g;;). Then G is invariant under g, § = Gog.
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PROOF. A change of coordinates gives
R,;(u) = Rq‘og(u o g)'

Thus both § and §o g are maximizers, and the result follows from uniqueness.
We have a similar result for .

PROPOSITION 18: Assume that either
p=1 and {a;;} C L*(Q)

or
1 < p<oo and {a;} C L'(Q).

Then i is the unique non-negative minimizer of J.

REMARK: Assume that {a;;} C L*(Q). Since E@ > 0, the strong maximum
principle shows that 4 > 0 in Q. Hence i is a unique minimizer of J.

PROOF. If 1 < p < oo the result follows from Theorem 8 and Theorem
16. We only need to prove the result for p = 1.

Suppose that v is another minimizer of J. We can assume that v > 0 and
[lvllo = 1. A direct calculation, using the properties of @ and ¢ yields

[ - A
Q

J(ﬁ)=/\§Rq(’a+’0)=)\+W
Q

showing that [ §v> > A. But
Q

/"v2_<_/(j=A.
Q Q

Hence f(jv2 = A, Rj(v) = J(w) = X and ess supp § C {z: v(z) = 1}. Using

this weQﬁnd that Rz(@ — v) = A, that is & — v is a minimizer of R; But then
w = |& — v| is also a minimizer and w = 0 on the essential support of § since
both v and @ are equal to one on the same set.

We conclude that Fw = Aw in Q, w > 0 and w =0 on ess supp ¢. But
the strong maximum principle [GT] then shows that w =0. Hence @ = v.

COROLLARY 19: Assume that g has the same properties as in Corollary
17 and that the assumptions in Proposition 18 hold. Then 4 =1 o g.

PROOF. This is an immediate consequence of the uniqueness and the fact
that J(@) = J(@ o g).
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We have seen that Ed > 0 and that Ed € L®(Q). If {a;;} C L*(Q) then
i is locally Holder continuous and the strong maximum principle yields the
following result.

PROPOSITION 20: If {a;;} C L™(Q) then the level sets Q. = {@ > c} and
Q, = {§ > ¢} have the properties that R"\ Q. and R™\ Q| have no components
contained in Q.

Using spherical symmetrization we can obtain an estimate from below of
the maximal first eigenvalue.
If » is a measurable function defined on Q then the spherical decreasing
symmetrization u* defined on Q* is given by
(i) Q* is a ball with center at the origin and with the same volume as Q.
(il) w*(z)=sup{t = 0: A@t) = wylz|"} for z € Q*, where A(t) = m({zr € Q:
|u(z)| > t}) and w, is the volume of the unit ball in R".
The spherical increasing symmetrization v** defined on Q* is defined as
follows:
(i) If we L*(Q) then u™ = ||u)|oo — (||ulloo — |u])*.
(ii) If uw is measurable then u** = 7}1&10 (min(n, |u|))**.
We will use the following properties:
(4.1a) |u|, v* and u** are equimeasurable.

(4.1b) If w € HJ(Q) then u* € H}(Q") and [ |Vu'|> < [ |Vul®
Q* Q

4.1¢c) [u*v* < [|uv| < [ u*v*, whenever u and v are measurable.

Qo Q oy

Note that the first inequality in (4.1c) follows easily from the second one.
For a proof of these statements see [HL].

Define M(Q,E) = inf J(u), where we have introduced the domain Q
ueH,(Q)
and the operator E as parameters.

PROPOSITION 21: We have
AMQ*, —6A) < MQ, E),

where A is the Laplace operator and 6§ is the ellipticity constant of E. If E .
has constant coefficients then 6§ can be chosen as the geometric mean of the
eigenvalues of the matrix {a;;}, that is 6™ = pypy - ... - u,, where {u,} are the
eigenvalues.

PROOF. This is an easy consequence of the properties of spherical
symmetrization given in (4.1). We have

v [ [Vul? + Allull3, VQf |V + Aljw|3,

>
f u? - f u*2
Q Q*

J(u) =
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If E has constant coefficients, then we first make an orthogonal transformation so
that we can assume that a;; = diag(y, ... 4,). Then we make the transformation

[6 . L .
¥; =4/ —xi, t=1,...,n. This gives us a linear map g such that
Wi

a(u,u) = / a;j0iud;u =6 / Vu' - Vu'|det g|_l, W =uog .
Q 9(Q)

If we take § = (i - ... pyn)'/™ then the map g preserves volume, and we get

AQ, B) = A(g(Q), —6A) = A(Q7, —64).

REMARK: (i) If (g§,@) is an extremal couple, then the corresponding
maximal eigenvalue A, is given by A(Q,E) and it can be estimated from
below by A(Q*, —6A) which is easier to calculate. Actually, the problem with
Q =Q" and E = —6A is a one-dimensional problem since we have rotational
symmetry. At the end of this section we discuss this problem for p = 1.

(ii) If E = —A then we see that among all domains Q with given fixed volume,
the ball minimizes the maximal first eigenvalue A, = A(Q).

When p > 1 we have derived an explicit equation for the extremal couple
(¢, 1) in Section 2. To conclude this section we will discuss the problem of
evaluating § when p = 1.

Let us assume that {a;;} and 9Q are smooth. Then % € C"*(Q) and @
solves the following free boundary problem

Eu=J)uin Q\ I,

u =0 on 9Q,

4.2) u=1 and Vu=0 on 91,
0<u<l1inQ\I
m(l) = A,

where A, u and [ are unknown. This problem is difficult. However, if we have
symmetry, we can use Corollaries 17 and 19 to simplify (4.2).

Let Q be a ball with radius R centered at the origin. Let Fu = —3;(f9d;u)
where f is smooth, invariant under rotations and f > v > 0 in Q. Since E and
Q are invariant under rotations, we conclude that both ¢ and @ are spherically
symmetric. From Proposition 20 it follows that I = {z : @(z) =1} is a ball with
center at the origin. Let p denote the radius of I. Thus, (4.2) can in this case
be rewritten as the following one-dimensional problem:

n —

(fru) + " 1f(r)u'+/\u=0 if p<r<R,

u(R)=0, wu(p)=1 and v/(p) =0,
O<u<lif p<r<R,
wnp"A = A,
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where A, » and p are unknown.

If f(r) = 6 then the solution u can be expressed in terms of Bessel
functions. In this case p and X can easily be evaluated numerically. This gives
us an estimate of A\(Q*, —6A) in Proposition 21.

5. - Extensions to weighted L?-balls

In this section we will discuss the general problem where h and k are
non-constant. We will use the same technique as in Chapter 2, 3 and 4. There
are minor changes in many of the proofs and all details will not be given. We
will use the same numbering of the theorems, corollaries and lemmas as for
the special case k = h =1 but with primes.

As mentioned in the introduction we will always assume that
(i) h and k are measurable and h € L>(Q),

(i) h>0and k>0 ae. in Q.

Instead of the estimate (0.2) of the Rayleigh quotient given in Section 0

we now have

2
. .y )_a(u,u)+£qu < a(u,w)+ Al 255, e
' ST R S [uh -
Q Q

I/p
whenever ¢ € B, = {f: <j |fiPk2) < A}. The estimate (5.1) is obtained
Q

using Holder’s inequality. Since k& might be zero we have to use the following
conventions

0
0-00=0 d -=0
o0 an 0

to interpret (5.1) and we will do so in the rest of this section.
The Rayleigh quotient R, is Gateaux-differentiable in the directions of

functions in C}(Q) only if g€ LIIOC(Q). However, if we assume that

o
14

(5.2) k™' e L2 (),

loc
then Holder’s inequality gives B, C Lj (Q). The integrability condition (5.2)
turns out to be natural as we will see later. At the end of this section we will
study this problem, when (5.2) does not hold.

The results in Section 1 hold with the following changes in Proposition
5 and Lemma 6.
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PROPOSITION 5': If ¢ > 0 and if there exists a u € H,(Q) such that
J(u) < 0o (Ry(u) < 00), then there exists a minimizer of J (R,). Furthermore,
the minimizer can be assumed to be non-negative.

REMARK: If (5.2) holds and q € B, then the conclusion of the theorem
holds.

LEMMA 6': Let @ be a non-negative minimizer of J and put \ = J(@).
Assume that one of the following two conditions hold

) e LT @)
1 {a;;} € L®(Q) and k™' € LE:(Q).

If there exists a non-negative § € B, such that

€ss supp g C ess supp i,
Ed + §i = Aha,

then
inf Rj(u) = Rj(@) = J (@),
u€H,(Q)

that is (g,u) is an extremal couple.

PROOF. If condition (I) holds we can use the same argument as in the
proof of Lemma 6.

Under condition (II) we can argue as in the proof of Lemma 6 to obtain
(1.4). The result follows from the strong maximum principle (cf. the remark
after Lemma 6).

The case 1 < p < o0

The same argument as in the proof of Theorem 8 can be used to obtain
the following result.

THEOREM 8': Let 1 < p < oo and assume that one of the conditions (I)
and (I1) in Lemma 6' hold. Then there exists an extremal couple (G, %) which
solves the problem and which has the following properties:

(1) @ is a minimizer of J and the maximal first eigenvalue \| = J(@).
(il) 4 is the first eigenfunction of

2

=72/
veE H,(Q): Ev+ A l I v = phv
ke,

k

with eigenvalue = A;.
~o nl-p' 2p'p

k2/p

(iii)) g=A T

P
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(iv) Ry(@) = J(@).
If 1 < p < oo then the existence of a maximizer ¢ € B4 can also be

proved using the following standard argument.

Let Mg = inf Ry(u) and let {¢,} C B4 be a maximizing sequence.
uEC(I)(Q)

Since {g,} is bounded in LP(Q, k*dz) we can assume that g, — g in LP(Q, k*dzx)
and by convexity g € Ba.
Consider the functional on LP(Q, k>dz) given by

q—*/qu2=/q(%)2k2,
Q Q

where u € C}(Q). This is continuous w.r.t. the weak topology if and only if
(%)2 € LP(Q, k*dz). The last condition holds for all u € C}(Q) if and only if
k' e L*/P(Q). Hence if k~' € L?/P(Q) then the map By 5 q — A(q) is upper

loc loc
semicontinuous w.r.t. the weak topology and we find that g is a maximizer.

It is interesting to see that condition (5.2) turns up again.
To prove that 4 in Theorem 8’ is bounded we notice that E4d < Ah#é and
Theorem A3 in the Appendix gives us

li]leo < Clli|]2 < o0.

The same technique as in the proof of Corollary 9 can be used to obtain
a more precise estimate.

COROLLARY 9': We have the following estimates

i< () ]

a< DR,

i

kl/p

b
2y

where D is a constant. Furthermore, @& € L®(Q).

To prove regularity results for 4 and §, we have to impose further
conditions on k and h. There are no problems to obtain these results so we
leave it to the reader.

The case p=1

In this case we have a nice geometric interpretation. It will turn out that
the minimizer @ solves a variational inequality with the weight function k as
an obstacle.



22 HENRIK EGNELL

PROPOSITION 12': Assume that i is a minimizer of J, normalized so that
=1. Then

U
k
(i) @ solves the variational inequality

[e o]

(5.3) ue K: a(u,'v—u)—)\/hu(v—u)zo, Yve K,
Q

where A = J(@) and K ={u € H,(Q): |u| < k}.
(i) ||glleo < Cny Al|A|loo, v, m(Q)||E]]2 < oo.
(iii) If @ is non-negative, then 4 solves the variational inequality (5.3) with
K={ue H,(Q): u<k} and @ satisfies Eu < Ahi.
(iv) Assume that there exists a measurable function k such that k < k a.e. in
Qand k=k ae. in {xcQ: k(z)< |illw} Let J be the functional J with
k replaced by k. Then i is a minimizer of J. Furthermore, (i) and (iii) hold
with k replaced by k.

PROOF. The proof of (i) is the same as before and will be omitted.
Put f = Ahé and assume that @ is non-negative. Then @ is the unique
solution of

5.4) ue K : a(u,v—u)—/f(v—u)zO, Yv e K,
Q

where K is the convex set given in (i). The uniqueness follows since the
operator in (5.4) is strictly monotone.

It is easy to see that (5.4) is equivalent to the problem of finding the
minimizer of

F(u) = a(u,u) — Z/fu, u€e K.
Q
Let us be the unique solution of (5.4) with
K=Ks={u€ H,(Q): |u|<k+6} where 0<é< L.
Then u; also minimizes F' over Kj, and us is non-negative since F(|us|) < F(us).
The family {us} is bounded in H,(Q). Hence, for a subsequence we get

us — @ in Hy(Q) and us — @ in L*(Q) and a.e. in Q. Thus, 0 < @ < k.
We have

(5.5) a(us,v — ug) — / fw—us) >0, Vve Ks.
Q
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If we let 6 tend to zero in (5.5) and note that lim a(us, us) > a(u, %), we obtain
§—0

a(ﬁ,v—ﬁ)—/f(v——ﬁ)zo, Vv € K.
Q

Hence u solves (5.4) and u =4 by uniqueness.
To prove (iii), take ¢ € C}(Q) such that ¢ > 0, then v =us — ep € K; if
e > 0 is small enough. Hence (5.5) gives

a(us, p) — / Je <0, YpoeCyQ), ¢=>0.
Q

Letting é tend to zero yields Ed < Ahi.
Take v € H,(Q2) such that v < k. We have the decomposition v =v* —v~,
where v* € K and v~ € H,(Q). Thus

a(ﬂ,v—ﬂ)—/f(v—ﬂ):
Q

= at@, vt — @) - / f — @) — (al@, v ) — / fo-| =0
Q

Q

This proves (iii).
If @ is a minimizer of J, then |&| is also a minimizer. Now (iii) gives
E(|@|) < Ah|@| and Theorem A3 in the Appendix yields (ii).

If kis as in (iv) then it is clear that @ is a minimizer of J since
J(w) < J(u) and J(@) = J(@). We can repeat the argument above to show that
(i) and (iii) hold with k replaced by k.

The following regularity result is proved in the Appendix.

THEOREM 13": Assume that {a;j} ¢ Co'(Q), 9Q € C?, k € H'(Q) and
that E(k) is a Radon measure such that E(k)~ € L°(Q) for some s > n. Let i
be a non-negative solution of the variational inequality (5.3). Then

i€ H*Q)NC"Q) where a=1- =,

S
Let us assume that the conditions in Theorem 13’ hold and that k is
continuous a.e. in Q. Define the coincidence set as I = {z € Q: 4 =k}. A
variation of (5.3) in Q\ I yields E4 = Ahi pointwise a.e. in Q\ I, where

A =J(@). Thus

E1i + gu = Aha holds pointwise a.e. in Q,
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where G = <Ah - ?) x{I}. From Proposition 12' it follows that § is non-

negative. If we multiply the equation by @ and integrate, we find that

a(ii, @) + [ g’
Q

I
Q

/fik2=/«i"2=A,
Q Q

which shows that § € B4. Hence, if we also assume that ke L{p (), Lemma
6’ shows that (G, @) is an extremal couple.

At the end of this section we will discuss the problem when k~! ¢ L5 ().

J(@) = Ry(u) =

Thus

THEOREM 14": Let p = 1 and {a;;} C C*'(Q). Assume that one of the
conditions (I) and (II) below hold.
I ke HYQ), k is continuous a.e. in Q, k™' € L3 (Q) and E(k) is a Radon
measure such that

E(k)” € L°(Q) for some s > n.

(I1) There exists a sequence of functions {k,} such that for each n, k, < k
ae.in Q, k,=k ae. in {z: k.(z) <n} and the assumptions in (I) holds
for each k,.

Then there exists an extremal couple which solves the problem and which has
the properties:

U

21 =1

.
(i) @€ L>®(Q).

i) = (,\,h - @) I} < (Alh - E%’“’) AT} and if k € HY\(Q), then

G= <,\,h - E—?) x{I}.

Here I ={z € Q: 4=k} and X\, = J(@) is the maximal first eigenvalue.
(iv) Ed+§a = A hd holds pointwise a.e. in Q,
(v)  Ry@) = J(@).

(i) @ is a non-negative minimizer of J, normalized so that

PROOF: First we conclude the proof of the theorem under the extra
conditions that k satisfies condition (I), {a;;} c C*'(Q) and 9Q € C*.
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From the discussion preceding the theorem it is clear that (i), (i), (iv)
and (v) hold. In (iii) the inequality

< (- T2) n

follows from Corollary A2 in the Appendix. The equality § = (Ah — E%k_)) x{I}
follows since E(k) = E(@) a.e. on I if & and k € H>'(Q), [GT], Chapter 7.
Under condition (II), the results follow easily from Proposition 12’ (iv).
To finish the proof, we have to remove the smoothness conditions on
{aij} and 9Q. To do this, we use the same method as in Theorem 14. We will
not give the proof here.

THEOREM 15": Let p = 1 and {a;;} C L™(Q). Assume that one of the
conditions (I) and (I) below hold.
(I)  There exists an s > n such that k € H'»(Q), k™' € L3 () and E(k) is
a Radon measure with negative part E(k)~ € L*(Q).
(II) There exists a sequence of functions {k,} such that for each n, k, < k
ae.in Q, k,=k ae. in {z: k,(x) <n} and the assumptions in (I) holds
for each k.
Then there exists an extremal couple (G, @) which solves the problem and which
has the properties
20 =1
il

.
(i) ¢ < (Alh——E%k—)> x{I} with equality in the interior of I. Here

(1) @ is a non-negative minimizer of J, normalized so that

(i) @€ L*(Q) and i is locally Holder continuous.

I={z: i(x)=k(x)} and X\ = J(@) is the maximal first eigenvalue.
(iv) Rg(a) = J(@).

REMARK: k is continuous in Q since k € H“(Q) where s > n, [GT],
Chapter 7.

PROOF: The proof is almost the same as the proof of Theorem 15. But
some new complications occur.

First we prove the theorem under condition (I). Let {af;} be the sequence
approximating {a;;} constructed in Lemma 7. Define k. as the solution of

w— k€ H)(Q): E.(w)=Ek),

where E. is the operator corresponding to {af-j}. We have k. € C(QQ) since
E(k) € H'5(Q) where s > n, [GT], Theorem 8.24.
From [GT], Theorem 8.16, we get the following estimate

(5.6) ke — Kljoo < %HE(k) — E(l)||gr-e,
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where ¢ does not depend on e. To see this we note that

k — k. € HY)(Q),
Ea(ke - k) = E(k) - Ee(k)

and that E, has the same ellipticity constant as E.

The right hand side of (5.6) tends to zero as € — 0. Hence k. — k in
L*(Q) as € — 0.

We can add a constant o(e) to k. so that k. > k ae. in Q. Then k.
fulfils the conditions in Theorem 14'. Thus, we have a solution (g.,u., A¢) of
the problem with k and {a;;} replaced by k° and {af;}. Let u. be non-negative

Ue

and normalized so that =1.

€ lloo

A semicontinuity argument yields

u 2
wag]
a(u,u)+ % -

A =1lim), < inf
e—0

u [?
Q
Theorem 14’ (iii) gives
0<q < (Ah- E,j’”) ,

since E.(k;) = E(k). This shows that {¢.} is bounded in L*(Q') for every
Q' cc Q. It is also easy to see that {u.} is bounded in H}(Q). Hence, for a
subsequence, we have

Ae = A,
ge—q in L*(Q') for every Q' cc Q,
ue — u in HY(Q),

ue — u in L*(Q) and a.e. in Q.

The statement about the convergence of ¢, involves a diagonalization procedure.
It is easy to establish the following

+
5.7 Ogugkand()gqg()\h—E%k» a.e. in Q,

(5.8) /qk2 =/qu2 =A
Q Q
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and

5.9 a(u,v)+/quv=/\/huv, Yv € H(;(Q).
Q Q

Let us prove (5.8). Theorem 14' yields

/%ﬁ=/%ﬁ=&
Q Q

since u. = k. on the essential support of ¢.. From the above we see that qekg is
bounded from above by 2(Ahk? — kE(k))* € L'(Q), if € is small enough. Hence,
letting ¢ tend to zero yields (5.8). The proofs of (5.7) and (5.9) are also easy
and we omit the details.

From (5.8) and (5.9) we find that A = R¢(u) = J(u). Hence u is a minimizer
of J. Furthermore (5.7) and (5.8) show that

ess supp ¢C I ={z € Q: u(z)=k(z)}.

Now we can apply Lemma 6’ to conclude that (¢, ) is an extremal couple.

From the above it is also clear that (i), (iii) and (iv) hold.

To finish the proof of (ii) we only have to note that Eu € L*(Q2) which
follows from the fact that qu € L*(Q) and u € L*°(Q). Thus, the local Holder
continuity of u follows from [GT], Chapter 8.

To prove the theorem under condition (II) we argue as follows. Let @ be
a minimizer of J. Then ||@|| < oo by Proposition 12'. For each n > ||i|o, we
get a solution (§n,@,) to the problem with k replaced by k,. Furthermore, all
these solutions have the maximal first eigenvalue A\ = J(@) by Proposition 12’
and {ii,} is bounded in H{(Q). Proposition 12’ also yields that {@,} is bounded
in L>(Q). Hence, {z: @n(z) =kn(z)} = {z: dn(z) = k(z)} if n is large enough

and we get
Jak= [ k= 4
Q Q

That is (gn,@,) is an extremal couple and it is clear that properties (i) - (iv)
hold.

Often the family {k,} of functions in Theorems 14’ and 15’ can be
chosen as k, = min(k,n). To see this, let us assume that {a;;} and k are smooth
functions. Let ¢ € C}(Q) be non-negative. We have

Ekn)(p) = / aijaikaj(p =
{z: k<n}

= / aijaik(pdaj — / aj(a,‘jaik)@,
8{z: k<n} {z: k<n}
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provided Gauss Theorem holds for the set {z : k < n}. Since Vk and d&
have the same direction, it follows that the contribution from the truncation is
a positive measure and thus it does not affect E(k)~. This technique is used in
Chapter 6, Example 3.

For certain functions k¥ we can use the following method to obtain the
family {k,}.

Let Q, = {z k(z) > n}. Take n fix and assume that there exists an N
such that Qy CC Q,. Take ¢ € C§°(Q,) such that 0 < ¢ <1 and ¢ =1 on Q.
Put k, =(1 — p)k+en. Then k, =k on {z: k,(z) <n} and on Q we have

kn < (1 — @)k + ok = k.

This gives us a family {k,} with the desired properties.

Uniqueness and other properties of the extremal couple (g, %)

In this section we will extend the results obtained in Section 4. Throughout
we will assume that (g, @) is one of the extremal couples constructed in Theorems
8', 14’ and 15' respectively.

The following four results are proved as before.

PROPOSITION 16': The function § is a unique maximizer of the first
eigenvalue of (0.1).

COROLLARY 17": If g: R™ — R" is a linear transformation such that Q,
k, h and E are invariant under g, that is
gQ)=Q
k=kog, h=hog and

a;; = gix(are © 9)gje,
where g is represented by the matrix (g;;). Then § is invariant under g.

PROPOSITION 18': Assume that the conditions in either of Theorems 8,
14" or 15' hold. Then 4 is the unique non-negative minimizer of J.

COROLLARY 19': Assume that g has the same properties as in Corollary
17" and that the assumptions in Proposition 18' hold. Then @ is invariant under
g, that is i =dog.

Proposition 20 has no natural counterpart here.

Define

AMQ,E h k)= inf J(u),
u€H,(Q)

where we have introduced Q, E, h and k as parameters.
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PROPOSITION 21': We have
)\(Q*v _6Aa h*’ k*) S /\(Q’ E’ h’a k)

where A is the Laplace operator and 6 is the ellipticity constant of E. If E
has constant coefficients, then 6 can be chosen as the geometric mean of the
eigenvalues of the matrix {a,;}. Here * is the spherical symmetrization defined
in Section 4.

PROOF. If we note that (k~')** = (k*)~!, the result follows easily from the
properties of spherical symmetrization and the proof of Proposition 21 given in
Chapter 4.

Since the problem of finding A(Q*, —6A, h*, k*) is one-dimensional and
therefore easier to solve, we can use Proposition 21’ to obtain an estimate from
below of the maximal first eigenvalue.

If Q is a ball, E = —A and h = h*, then Proposition 21’ shows:

Among all admissible equimeasurable weight functions k,
k* gives the smallest maximal first eigenvalue.

The same result holds with h and k interchanged. We can use similar
arguments to obtain related results.

The singular case where p=1 and k' ¢ L2 (Q)

loc

In the argument after Theorem 13' we arrived at the following conclusions.
Assume that the conditions in Theorem 13' hold and that k is continuous a.e.
in Q. Then the non-negative minimizer 4 of J satisfies

(5.10) E4+ §i = Ahii a.e. in Q,

where
0 < gk = (Ahk — E@)x{I},
X = J(@),
I={zeQ: u(z)=k(z)} and

/ka = A, that is § € By.
Q

Nothing in the result above is changed if we redefine ¢ to be co on the
set {z € Q: k(z)=0}. Actually, the zero set of k is negligable in our problem,
since it is obvious that the maximizing function ¢ can be assumed to be oo
there. Thus, the corresponding eigenfunction is zero a.e. on this set.

However, if k=' ¢ L (Q) we can not apply Lemma 6' to conclude that

loc
(g, @) is an extremal couple. But we have the following result.
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THEOREM 22: Let p = 1 and {a;;} C L®(Q). Assume that one of the
conditions (1) and (I1) below hold.
(1)  There exists an s > n such that k € H(Q) N H>'(Q) and Ek) is a
Radon measure with negative part E(k)~ € L°(Q).
(II)  There exists a sequence of functions {k,} such that for each n, k, < k
ae.in Q, k,=k ae.in {z: k,z)<n} and the assumptions in (I) hold
for each k,.
Then

(5.11) sup inf Ry(u)= inf J(u).
qEB,Y uEH(:(Q) uEH(],(Q)

There exists a couple (4, a) with the following properties:

(i) @ is a non-negative minimizer of J.

(i) Eua+q§a = Aha, where )\ = J(4).

(iil) @€ L*°(Q) and @ is locally Hélder continuous in Q.

(iv) 0< gk < (Ahk — E(k)*x{I}, with equality in the interior of I =
{z :d(z) = k(z)}.

(V) Ryi) = J(@).

If we also have {a;;} C C*(Q), then

(vi) gk = (\hk — E(k)x{I},

(vil) Ea+ g = Ah@ holds pointwise a.e. in Q.

If the supremum in (5.11) is attained at q € By, then q = G a.e. (k*dx) and

(g, ) is an extremal couple.

PROOF. First we prove the theorem under condition (I).
Let (gs,us) be the solution of the problem with ks =k+6, 0 < 6 < 1. The
existence of a solution is guaranteed by Theorem 15'. Assume that each us is

non-negative and normalized so that =1.

us
ks || oo

Let Js be the functional J with k replaced by ks;. We have the following
facts

(5.12) As = Ry, (us) = Js(us) < sup  inf Ry(uw) < inf J(w),
9€B4 ueH(Q) ueH)(Q)

Xs /A as 6\, 0,
(5.13) 0 < gsks < (Mh(k +6) — E(k))",

{us} is bounded in HJ(Q).
Here (5.13) follows from Theorem 15’ and the other statements are obvious.

For a subsequence we have
us — 4 in H(;(Q), us — @ in L*(Q) and ae. in Q,

(5.14) gsks—qk in L°(Q),
(5.15) 0<@<kand0< gk < (\hk— Ek))*,
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(5.16) /qk2=/(jﬁ2=A,

Q Q
ess supp § C {z: k(z)=1i(z)},

(5.17)
giv = / hiiv, Vv € H)(Q).
Q

(5.18) a(@,v) + /
Q

We will only prove (5.14) and (5.18). The other statements follow easily
from the properties of (gs,us) given in Theorem 15'.

To prove (5.14) we first note that {gsks} is bounded in L*(Q) by (5.13).
Hence, for a subsequence we have

gsks—f in L°(Q)

But (5.13) also gives that
0 < gsks < Ah6 on {z: k(z)=0},

since k € H>'(Q). Thus f =0 on the zero set of k, and (5.14) follows with

= % on {z: k(z) >0} and § = oo elsewere.

Take p € C{(Q), then

a(u&,<P)+/Q6u5<p=)\5/hu5<p
Q Q

by Theorem 15'. If we let § tend to zero we obtain

a('&,go)+/(jﬂ<p=)\/hﬂ<p.

(5.19)
Q Q

The only non-trivial term is [ gsuse. We argue as follows. Write
Q

/qauw = / qsusp + qsusp = I + Iy,
Q {z: k(z)>0} {z: k(z)=0}
Uus Uus u
—! <1 and — — — a.e. on
- k k

)

then I, — 0 by (5.13). If we note that .
s
{z : k(z) > 0}, then dominated convergence yields

U, N

I = / gsks — @ - / ik — o= | gap.
ks k

{z: k(z)>0} Q

{z:k(z)>0}
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This shows (5.19), and (5.18) follows by continuity.

If we put v =4 in (5.18) and use (5.16) we find that A = Ry(it) = J(@).
Then (5.11) follows from (5.12) and 4 is a minimizer of J.

From the above, it follows that Ei € L(Q) where s > n. Hence 4 is
locally Holder continuous. If {a;;} C C%Y(Q) then @ € HfOC(Q) and Eiu+§u = Aha
holds pointwise a.e. in Q.

We have proved the existence of a couple (g, @) satisfying (i) - (vii) above.
To see that this is the only possible maximizer we argue as follows.

Assume that the supremum in (5.11) is attained at ¢ € B4. Since R, (@) <
J(@), it follows that @ is a minimizer of R,. Clearly ¢ € L| .({z : k(z) > 0})
and we obtain

a(ﬁ,tp)+/qﬁ<p=/\/hil<p, Vo € Ci({z : k(z) > 0}).
Q Q

Combining this equation with (ii) yields that ¢ = § a.e. on the essential support
of 4. But then (5.16) shows that ¢ = § a.e. on the support of k. Hence § is the
only possible maximizer (k*dz).

To extend the result to hold under condition (II) we argue as in the proof
of Theorem 15'.

REMARK: The condition k € H>!(Q) was only needed to conclude that
E(k) =0 ae. on {z : k(z) = 0} (and (vi)). Clearly, this condition can be
weakened.

This section will be concluded with a discussion whether there exists a
maximizer ¢ € B4 in (5.11) or not. We do not have a definite solution of this
problem but we will give some partial answers.

Let (§,4) be the couple constructed in Theorem 22 and let v be a non-
negative minimizer of R;. Assume that there exists no maximizer of (5.11).
Then Rj(v) =) < A = Ryg(#). It is clear that R; is Gateaux-differentiable in the
direction of v at @ and viceversa. This gives us (A — X) [ 4v = 0. Hence

Q

4v =gv =0 a.e. in Q.

Let {Q;} be the components of Q\ {z : k(z) =0} and let § be oo on

the zero set of k. It is clear that 4 and v have their essential support in [JQ;
J
and that Ev = X'v holds in each component Q;. The strong maximum principle

yields that for each Q;, either @ =0 (v =0) in Q; or @ >0 (v > 0) in Q;. Thus
we have the following corollaries.

COROLLARY 23: Assume that the conditions in Theorem 22 hold and that
either Q\ {z : k(z) =0} is connected or @ is non identically zero in any of the
components {€;}, then there exists an extremal couple (§,u).

The proof follows from the discussion above.



EXTREMAL PROPERTIES OF THE FIRST EIGENVALUE, ETC. 33

COROLLARY 24: Assume that the conditions in Theorem 22 hold and that
there exists a minimizer v of Ry with the properties given above. If v is not
identically zero in a component Q; of Q\ {k: k(z)=0} and if v|q, € H)(Q;)),
then there exists an extremal couple (g, ).

PROOF. Assume that the conclusion is false. Take {w,} C C}(Q;) such

that w, — v and w, > 0. Let v, = €,w,, where g, > 0 is small enough so that
Un

— < 1. We have
Ap = a(fv"’;’)l") — X as n — oo.
vn
Q
Hence
)\fhﬂ2+)\nfhvﬁ
. _Q Q
J(@+vy,) = fhﬂ2+fhv,2, <A
Q Q

if n is large enough. This is a contradiction.

Assume that the components {Q;} satisfy d(€;,Q;) > 0 for all ¢ # j, and
that each 0Q; satisfies some “minimal” smoothness conditions. Then it can be
shown that the minimizer vlo, € H(€2;) for each component Q;, and hence
there exists an extremal couple (¢, %) by Corollary 24.

We do not have an example where (5.11) does not have a maximizer. But
what can occur is the following.

Let Q; and Q, be two components such that 8Q; N 9Q, # B. Although v
is zero a.e. on {z : k(z) = 0} it is clear that we cannot conclude that v € H}(;)
for ¢ = 1,2, and we might have R3(v) < Rg(uw). The inequality in (5.11) is
obtained by letting ¢ tend to a measure with mass on 9Q; N €.

6. - Examples and generalizations

In this section we will give some simple examples to illustrate the results
and to indicate some generalizations.

Let p=1, Q=(-1,1), A=1, E=—-A, h =1 and assume that k fulfils
the conditions in Theorem 14’ or Theorem 22. Furthermore, let (G, %) be an
extremal couple. We know that 4 € C'(Q) (Theorem 13'). If k is C? on the
coincidence set I = {z: k(z)=d(z)}, then @ solves the free boundary problem

u'+du=0in Q\ I,

W) =0, 0<u<kinQ\I,
u=k and ' =k' on 01,
/uv+wm=L

I
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Here A, I and u are the unknown. If we can solve this problem, we obtain the
"

maximizing function § = ()\1 + ?> x{I}.

EXAMPLE 1: If k=1 we get § = A\ x{[—a,a]} where

2
n? (1 1 2 X
/\1—7<§+ Z+;(3> and (1—(2/\|) .

EXAMPLE 2: Take k = (z — b)*> +e, e > 0. Then

= (/\1 + x{[e, B1}.

)
(x — b +e

In the figures below we give some numerical solutions.

Fig. 1: $=0.6, e=0,1, A = 7.13 and I =~ [-0.148,0.548]

Fig. 2: =0, e=0, A ~ 26.88 and I =~ [—0.585,0.585]
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N ]

Fig. 3: 6=0.3, e=0, A = 15.42 and I ~ [—0.448,0.3]

The example in Figure 2 is interesting. Here the eigenspace corresponding
to the first eigenvalue is two-dimensional.

The solution 4@ in Figure 3 is zero in one of the components of Q\ I. But
we can show that (G, @) is an extremal by using the corollaries of Theorem 22.

EXAMPLE 3: Let us consider a problem where we have to truncate the
1
obstacle k. Take k = =i 1. As the family {k,} we take k, = min(k,n).

Clearly, this family satisfies the conditions of Theorem 14'. We get the following
numerical solution.

Fig. 4: A\; ~3.31 and I ~ [—1,-0.647] U [0.647, 1|

EXAMPLE 4: If we take k = 1+ |z|, then E(k) = —k" = 326. For k = 1 —|z|
we have E(k)” =0 and we obtain the following solution.
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Fig. 5: A=1, Ay =4.23 and I = [-1,-0.29]U[0.29, 1]

If k=1+|z|, then E(k)~ =26y and the assumptions in the theorems do
not hold. However, formally we have ¢ = (A\| +28)x{[—a,a]} if A > 2 and
G =Aby if A <?2. The graph of 4 is given below.

/]

Fig. 6: A=1 and A\ = 3.37

It can be shown that ¢ is a maximizer of the first eigenvalue. Furthermore,
there exists no maximizer of the first eigenvalue in L'(Q). Let us prove the last
statement. Assume that ¢ € L!(Q) is a maximizer. Then we have inf R,(u) = J(@).

u
But then 4 is a minimizer of R,. Hence —a" + qii = A4, and thus g cannot be
in L'(Q).

EXAMPLE 5: In this paper we have only considered the eigenvalue problem
with zero boundary data. However, the technique used in this paper can be used
to study the problem when we have mixed boundary data. By mixed boundary
data we mean the following.

Let 0Q = 9Q, U dQ, be a decomposition of the boundary. We take u =0
on 9Q; and d,u =0 on 0Q,, where 9, is the normal derivative.
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However, we have to be careful. For example, Theorems 13 (13') do not

always hold if we have mixed boundary data.
As an example, let us consider the following problem. Find

1
geEBs={f: /IfISA}
T

maximizing the first eigenvalue of

—u"+qu=M\u
u(—1)sin(a) + v'(—1)cosa =0
u(1)sin(B) + u'(1)cos 8 = 0.

We get the Rayleigh quotient

1
a(u,uw) + [ qu? +w(l)’tan B — @(—1)* tan
-1

Rq('ll.) = ] )

[
21
which is estimated from above by
_au,u)+ Aljul|%, +uw(1)®tan B — u(—1)* tan o

1
[
1

J(u)

If tana or tan 3 is unbounded, then the corresponding term is excluded in the
formulas for R, and J.

Let 4 be a non-negative minimizer of J normalized so that ||i]|e = 1.
Then 4 solves the variational inequality

1
6.1) ue K: a(u,v—u)— A / u(v — u) + u(l) tan B(v(1) — u(1))—

21
—u(—Dtana(v(—1) —u(-1)) >0, Vve K.

Here K = {v € H'(Q): v<1} and XA = J(%). If tana or tan B is unbounded,
then we impose zero boundary data at the corresponding boundary point.
Note that @ also solves the variational inequality above with K =
{v e H(Q) : |v| < 1 and v(z) = i(z) for z = £1}. Thus, we can make a
transformation in order to satisfy the hypothesis in Theorem A2. Hence

Ge H»®*QNCQ), a=1- % for all s € (n, 0o).
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Thus, @ solves
(6.2) —i" + qii = M\,

where G= Xy and I={z: a(z)=1}.
A variation of (6.1) at the boundary yields
@(1) +a(1) tan B < 0,
(6.3) o -
(=1 +a(-1)tana > 0,

with equality if the boundary point does not belong to the coincidence set I.
If we assume that tan8 > 0 and tana < 0, then it is easy to see that we
have equality in (6.3). Hence, if we combine this fact with (6.2), we get

1 1
/q:/q#:A.
1 1

This shows that § € By.

Using the same method as before, we can show that (¢, %) is an extremal
couple. Thus, we have proved that the problem has an extremal couple, provided
tanB >0 and tana < 0.

Now. let us consider the case where tan8 < 0 and u(—1) = 0. In this
case we do not have equality in the first inequality in (6.3). However, a simple
calculation shows that we have the following formal solution.

Case I: If A+tanB > O then § = —tanpB6, + A\;x{[m, 1]} where
w2 A+tang
m = C(C+4)—C—1,C—8(A+—tanﬂ) and/\]—m.
Case II: If —} < A+tanf < O then § = A5, and ), is the first positive
—VX
root of tan(2y/A) = m.

Case III: If A+tanf =—1 then §= A6 and A, =0.

Case IV: If A+tanf < —1 then §= A6, and X, is the negative root of

VA

tan h(v/—X2) = A+tanp

The same argument as in Example 4 shows that there is no maximizer in
B,. This shows that Harrell’s result [HA] is incorrect. He claims that whenever
we have a self-adjoint realization of —A+gq, then the maximizer § is the maximal
eigenvalue times a characteristic function.

Clearly, the arguments above can be extended to the general case, where
k and h are non-constant. However, we have to impose certain conditions on
k. We give two numerical solutions of the problem in the figures below.
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Fig. 7: a=—-%, B=15, A\ = 1.57, I ~ [-0.69,—0.05] and A =1

Fig. 8: a=8=0, k=(z —0.1)%, X\, ~ 6.86, I ~[—0.71,0.63] and A=1

1
If we take B4 ={f: [ |f|P < AP}, where 1 < p < oo, then a solution can
g
be obtained using the same technique as in Section 2.

EXAMPLE 6: In this paper we have assumed that Q is connected. However,
all results except Proposition 18 (18") hold if this condition is excluded.

Let us consider a simple example. Take k =h =1, p=1, E = —A and
Q= (-1,00U (r,1), where 0 < r < 1. We can argue as before to obtain an
extremal couple (g, @).
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If
w2 w? w2
. < — ) — - -
(6.4) r_<1+2A> 74 (2+2A>,
then
2 ac-n\
T —r
Al—m<l+ 1+ 2 > and
q=A|X{[a’ﬂ]U[7)6]})
e T T T
where o= — -1, f=———,y=——=+rand 6 =1 - —.
bW, S W, S, e i

The solution is illustrated in the following figure.

Fig. 9: A=10, r =0.3, A, ~24.0 and I ~ [-0.68, —0.32] U [0.62, 0.68]

If (6.4) does not hold, then % =0 in the component (r, 1). In this case we
obtain the same solution as in Example 1 in the component (—1,0).

This example also shows that Proposition 18 does not hold, if we have
equality in (6.4). On the other hand, if we do not have equality in (6.4) then
@ is the unique non-negative minimizer of J.

EXAMPLE 7: We have obtained several explicit solutions in the case where
p=1. In this example the case p =2 will be considered.

Take Q=(-1,1), k=h=1, A=1, and E = —A. In Section 2 we proved
that the extremal couple (§,#) exists and is in C*(Q). Furthermore, § and 4
are even non-negative functions and @ is the first eigenfunction of

{ — " + |33 |uffu = pu in Q,

u(—1)=u(1)=0.
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A straightforward calculation yields

a(z)

1
/______d” =_(z+1), -1<z<0,
o ‘/v4—%ﬁvz+C 2

C=—-a*0)+ 4—3’i @2(0) > 0,

0
2/a4=1.
-1

Since the level sets {z : ii(x) > ¢} are connected (Proposition 20), we also find
that 4'(z) < 0 for —1 < z < 0, with equality at £ =0.

The solution y;, %4 of these equations gives us the first maximal eigenvalue
A = u; and the maximizer § = @?. Thus § is the square of an elliptic function.
However, it seems difficult to find explicit expressions for @ and p;.

EXAMPLE 8: Consider the problem of finding q € B4, minimizing the first
eigenvalue of (0.1). This problem can be solved using the same technique as
in this paper. We will take k = h =1 for simplicity.

The Rayleigh quotient R, is estimated from below by

_a(u,u) — A||u||%p,

J 7 (u) 5
(j;u

To determine whether J~ is bounded from below or not, we need the following
result.

n . .
PROPOSITION 25: If p > 3 and Q is bounded, then there exists a constant
C such that for all € > O there exists a p. such that

(6.5) a3y < C (elullyy +uellull}) ,  Vu € HY@.

Furthermore, the following shows that the result is sharp.
1 Ifp< % or if n=2 and p =1, then (6.5) does not hold for any fix e.

(i) Ifp= g and n > 2, then (6.5) does not hold uniformly in ¢ > 0.

(if n =2, then let r < o0o0). The Sobolev imbedding

S|

1 1
PROOF. Take — = =
r 2

theorem yields

(6.6) lull, < Cllullg, Yu € Ho(€).
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For 2p' < r, we have the following interpolation inequality ([GT], Section

7.1)
l[ull3y < ellull? +e*lull3.
Combining this inequality with (6.6) gives the first part of the proposition.

If p< 72—1, then (i) follows by a dilatation argument. Actually (i) just states
that the Sobolev imbedding theorem is sharp. If n =2 and p = 1, then (i) follows
from [AD], Example 5.26.

Clearly, (6.5) holds for some € > 0, if p= g and n > 2. However, if we

assume that (6.5) holds uniformly in € > 0, then it follows that the inclusion

map
, 1 1 1
- 1 N 7 — = __=
v Hy(Q) — L7 (Q), w2 W

is compact. But this is a contradiction (cf. [AD], Example 6.11).

THEOREM 26: Let A (q) be the first eigenvalue of (0.1), where k =h =1.
Then the following hold:

M Ifp>1andp> g then there exist an extremal couple (4,4) such that
(i) G minimizes X\ over By, A\(§) > —oo and § = —A|ﬁ|%||ﬂ2||;,_pl.

(i) @ is a non-negative minimizer of J~ and 4 is the first eigenfunction

of
(6.7) u€ Hy(Q): Eu— Allu?|) " [ul*?Vu = pu,

where the eigenvalue u; = X (§).
Furthermore, if there exists an open set U C Q such that |a;j| is bounded
on U for 1 <1,j <mn then:

an Ifp< g or p=1 and n =2, then there exist functions {g,} C Ba such

that \\(gq,) — —oo0 as n — oo.

amn Ifp= g and n > 2, then there exists a positiv constant A* such that if

A < A* then (1) holds and if A > A* then (1) holds. If A = A* none of the
cases (1) and (I1) need to hold.

Part (I) and (II) in the theorem is proved using Proposition 25 and arguing
as in Section 2. The only new difficulty in part (III) is to prove that there exists
a minimizer of J~. Since Hj — L? is not compact we cannot use the standard
technique. However, the following lemma can be proved using a result of Brezis
and Lieb [BL].

LEMMA 27: If there exists a 6 > 0 such that J,,s is bounded from below
in Hy, then Jy attains its minimum.

The proof is omitted.
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If E =—A in Theorem 26 part (III), then we can show the following
results.
(i) A*=C"? where C is the best constant in ||lu|2y < C||Vull,.
(i) If n > 4, then inf J,.(u) =0 and the infimum is not attained. Thus in
uEH(:
this case there is no minimizer of the first eigenvalue and inf A (q) =0.
qEBy»

(iii) If n>4and Q={z € R*: 1< |z| <2} then the minimizer of J, is
nonradial if A is sufficiently close to A*. This shows that the minimizer
G is not unique and does not have the same symmetries as E and Q
(compare with Theorem 16 and Corollary 17).

These results are closely related to a paper by Brezis and Nirenberg [BN]
and the proof will be given in a later paper.

The minimizer in part (I) of the theorem is a bounded function and if
{a;;} € L™ then the same holds for the minimizer in part (III). Thus in this
case we can obtain the same regularity results for the extremal couple as in
Section 2.

The theorem does not include the case n = 1, p = 1. However, Talenti
[TA] has showed that if E = —A and Q = (=R, R), then § = —Aéy minimizes
the first eigenvalue over By.

If k£ and h are not assumed to be constant, we can obtain results similar
to Theorem 26.

Appendix
Here we shall prove two results used in this paper. The first theorem

concerns the regularity of solutions of the variational inequality.

(A.1) ue K : a(u,v~u)—)\/hu(v—u)20, Yve K
Q
where K = {u € Hy(Q): |u| < k}.

The second theorem states that if u is non-negative and satisfies
(A2) u € Hy(Q): Eu—lu<0,

then u is bounded.

The following theorem is proved using the same technique as in [KS],
Chapter 4.

THEOREM Al: Let {a;;} C C%'(Q) and 0Q € C?. Assume that h € L®(Q),
h>0ae. in Q ke H(Q), k>0 ae. in Q and E(k) is a Radon measure
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such that E(k)~ € L°(Q) for some s > n. Then the non-negative solution i of
(A.1) is in H>*(Q) c C"*(Q), where a=1— ~.
S

REMARK: The theorem does not state that there exists a solution of (A.1).

PROOF. First, we recall that 4 € L*(Q) and that % also solves (A.l) if
we take K = {u € H}(Q): u < k} (cf. Proposition 12'). Hence, @ is the unique
solution of the variational inequality

(A.3) ue K: a(u,v—u)Z/f(v~u), Yve K,
Q

where f = hiid € L*(Q) and
K={uc H)(Q): u<k}.

The uniqueness follows since the operator in (A.3) is strictly monotone.
Consider the penalized problem

(A4) uw€ H)(Q): Bu=—(Ek)— f) 0c(k —w+

where € > 0 and

1 ift<O
es(t)={l—t/5 fo<t<e
0 if t>e.

The operator L : H}(Q) — H '(Q) defined by

< Lu, € >=a(u, )+ / (E®) — ) 0.k —w) — NE,
Q

is coercive, strictly monotone .and continuous on finite dimensional subspaces.
Hence, (A.4) has a unique solution u., [KS], Chapter 3.

Our next step is to prove that {u.} C K. The non-negative function
& = i, — min(ue, k) € HJ(Q) and (A.4) yields

aue, &) = / (—(B() — 1) 0k — ue) + NE.
Q

By the assumptions, E'(k) is a Radon measure, thus

a(k, &) = / Ek)e.
Q
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If we subtract these two equations and note that

;€ = O:(ue — k) a.e. on {z: uc(z) > k(z)}
*> 7 1 0 elsewhere,

we obtain

al€, €) = / (f — E(k) — (Ek) — [))E.
Q

The right hand side is non-positive. Hence £ =0, that is u < k.
Applying the L? estimate ([MO], Section 5.6) on solutions of (A.4) yields

(A.5) [[uellze < Cs, & EX(|S]ls + [(ER) = N~ lo)-
Hence {u.} is bounded in H>*(Q). For a subsequence, we have

ue — % in H>*(Q) and
u, —» T in H¥@QNC"™@Q), a<1- %

If we combine Minty’s lemma [KS] and (A.4) we obtain

a(v,v — ug) + / (BR) - ) 0uk—v) — Do —u) >0, Vo€ HYQ).
Q

Let us assume that essﬂinf k > 0. Then we can choose 6§ >0 and v < k-6 in
the inequality above. Letting ¢ — 0 yields

a(v,v—m-/f(v—u)zo, Yo € HY(Q), v<k-6.
Q

Finally, if we let § — 0 and apply Minty’s lemma again, we find that u solves
(A.3). Hence, u = @ by uniqueness and we get i € H>*(Q).

To finish the proof we have to remove the condition ess infk > 0. Let
iis be the solution of (A.3), where we have replaced K by K; = {u € H}(Q) :
u < k+6}, 6 >0. Clearly, the L? estimate (A.5) holds for @s;. Hence {is} is
bounded in H>*(Q). The same arguments as above yield that @i — @ in H>*(Q)
as 6 — 0.

By the Sobolev imbedding theorem we have H?>*(Q) C C'*(Q), where
a=1- 7. This concludes the proof.

From (A.3) we obtain Ahii— E(@) > 0. Equation (A.4) yields Mhi— E(u.) <
(E(k) — Aha)~. Thus, if we let € — 0 we obtain

0 < Ahii — E(@) < (Ahi — E(k))*.
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Define the coincidence set I as the complement of {z € Q : Jp €
CJ(Q) such that o(z) > 0 and @+ < k}. A variation of (A.3) in Q\ I yields
Ei+Mhi=0 ae. in Q\ I.

Thus, we have proved the following corollary of Theorem Al.

COROLLARY A2: We have

0 < Ahii — E(@i) < (\hii — E(k))*x{I}.

REMARK: If k is continuous, then

I={ze€Q: a(x)=k()}.

THEOREM A3: Assume that Ev = —8,(a;j0;v), where {a;j} C L'(Q) and
a;j(2)&E& > v|€* for all (z,€) € Q x R". Let u be non-negative and satisfy
(A.2). Then )

[ulloc < Cm, Al|b|oo, v, m(Q)||u]l2.

If {a;;} C L®(Q), then H,(Q) = H}(Q) and the result is a special case of
[GT], Theorem 8.15.
We will need the following lemma.

LEMMA A4: If u € H,(Q), F € C'(R"), F(0)=0 and F' € L*(R"), then
F(u) € Hy(Q). If also F' >0, then a(F(u),u) > v [ |Vu|*F'(u).
Q

PROOF. If H,(Q) = H(i(Q), then the result follows from [GT], Section 7.4.

Take u € H,(Q) and {u,} C CH(Q) such that u, — u in H,(Q). Then
each F(u,) € H,(Q) and it is easy to verify that F(u,) — F(u) in H}(Q). If
we can show that {F(u,)} is bounded in H,(Q), then Lemma 1 yields that
F(u) € H,(Q).

The boundedness of {F(u)} follows from the estimate

a(F(uy), F(u,)) =/F’(un)2aij8iun6jun < || F'||% altn, uy).
Q

To prove the last part of the lemma, we observe that

s Pl = [ Fun)adiandyun 2 v [ [V F(w)

Q Q
Choose a subsequence such that u, — » and Vu, — Vu a.e. in Q as n — oo.
If we let n — oo and use Fatou’s lemma we finally obtain

a(u, F(u)) > 1// F'(u)[Vu|2.

Q
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PROOF OF THEOREM A3: Clearly, we can assume that k= 1. The proof
is the same as that Theorem 8.15 [GT] and goes as follows.

Let N be a positive integer and take § > 1. Define G € C'([0, 0)) by
G(s)=s? if 0< s < N and G is linear if s > N.

Using Lemma A4, we get

u

F(u) = / |G'(s))*ds € Hy(Q) and v / |Vul?F'(u) < X / uF(u),
0 Q Q

since u is non-negative and satisfies (A.2). If we also note that F(s) < sF'(s)
we obtain

/|Vu|2F'(u) < %/u2F'(u).
Q Q

Now, the Sobolev imbedding theorem and the definition of F' yield
G| 22, < Cn, A, v, m(Q)||G' (Wull2,

where we take n = 2.1 in the two-dimensional case.
Finally, letting N — oo gives us

(A.6) llullgy2 < (CBYYP||u) )26,
where x = 15 > 1.

If we note that (A.6) holds for any § > 1, we get by induction with
B=x" m=0,1,...,

N-1
l[ellxr < <H(Cx"‘)xm> l[ull2 < C7X |lull2,

m=0
N-1 N-1
where o = ) x ™and 7= ) myx ™. Hence, if N — oo we get ||ul|e < C|lull2,
m=0 m=0

where C = C(n, v, A\, m(Q)).
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