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Parametrix for a Characteristic Cauchy Problem.

A. BOVE - J. E. LEWIS - C. PARENTI

0. — Introduction, statement of the problem and main results.

In this paper we consider the following second order differential operator
with smooth coefficients defined in R*'= R, XR}:

01) P=1— 3 aylt, )28, + (o(t, 0) +1)2+ 3 b,(t, 0)2,, -+ bolt, 0.
i=1

iydi=1 J

We agsume that the functions a;; are real, a;= a;;, 4, =1,...,n and
that for some 6 > 0 we have

[\%E

' a;(t, ®)&:&; = 5[5]2

i,i=1

for every (¢, ) € R*+1, £ € R». For sake of simplicity we shall suppose that
all coefficients in (0.1) are constant outside of a compact set.
We are concerned with the Cauchy problem:

Put,2) =0, >0
(0.2)

U|,_y= g € &(R") .

One can prove that the Cauchy problem (0.2) is C®-well posed iff »(0, x)
+ 1¢{0,—1,— 2,...}, which we assume from now on.

We propose to construct a parametrix for pb. (0.2), i.e. an operator
E: &(Rr) — 0°([0, T]; D'(R?)) (for a suitable T' > 0) such that

PE: §'(R*)— C=([0, T] X Rr)
yE — I: & (R*) - C=(R")

(0.3)

where y denotes the restriction to the hyperplane ¢ = 0.

Pervenuto alla Redazione il 13 Aprile 1983.
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Actually, under some technical additional conditions, we shall construct
a parametrix F with the following properties:

(0.4) WF(yo*Eg)c WF(g), ge& (R, k=1,2,..
(0.5) For every ge &'(R*) and for every se[0, T[:
WE(Eg|,., = (A;\/; UA;\/;) o WE(g),

where Afc (T*R™\0) x(T*R"\0) are the two canonical relations defined
in the following way: for every (y, 7)€ T*R*™\0 let (a%(t; ¥, %), &£(t; ¥, 1))
be the integral curve of the Hamiltonian vector field H ia(t,,v’e)(w(t, x, &)
= (> au(s, w);-‘iéj)*) issued from (y,n), then

=1
(0.6) AF = {((#£(¢; 9, )y E5E5 9, ), (, ) (y, ) € T*R#N0} .

We point out that A;h are the usual canonical relations appearing in the

n

Cauchy problem for the wave operator 9:— > ay(t, 2) 02,0, (seee.g. J.J.
Duistermaat [3]). 1

Then, modulo uniqueness for pb. (0.2), we obtain from (0.5) a precise
description of the singularities of the solutions w € C=(E;; D'(R?)) of pb. (0.2),
while (0.4) implies that singularities do not scatter along the boundary.

The construction of ¥ is quite long and technical since the usual methods
of geometrical optics cannot be applied.

To motivate such a construction consider the following particular
case of (0.1)

(0.1’ Po=1— A,+ o+ 1)3, »eC.

To solve (0.2) for P, we take the Fourier transform 4(t, &) = f exp [— iz &]
-u(t, #)dr of v and obtain

1024(t, &) + (vo+ 1) 0,4(t, &) + [P, £) =0, t>0

(0.7)
4(0, &) = §(¢) -

Putting z = 2V/7 |§| and writing 4(, &) = t7""v(z, £), it can be easily
seen that v satisfies the Bessel equation

(0.8) #20%0(2, &) + 20,0(2, &) + (22— v3)v(2, &) = 0.
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(1/”"(2\/?; Y, "7)

t>0

z(2Vi;9,1)

Fig. 1 — The characteristics xi(2 V' i, n) are tangent to ¢{= 0.

Since we are looking for solutions which are smooth in the ¢ variable
up to ¢t = 0, taking into account the initial condition, we get

(0.9)  u(t, x) = Eog(t, x)

= |exp [ia-£]J, (2VT E))§(&)dE,  (d& = (2m)"dE),

where

(0.10) J, (&) =T+ 1)([2)7"J, (), »¢{—1,—2,..},

J,,(?) being the usual Bessel function of the first kind.

It can be easily recognized that F, extends as a continuous operator
from &(R*) into C=(RF; D'(R")) and that PyH,g = 0, yHog = g.

Relation (0.4) is trivially verified. To prove (0.5) we split J, (2) into a
sum of the two Hankel functions J, (2) = 3 (HP(e) + H(2)) (see G. Wat-
son [7]).

The functions HP(z), HP(2) have the following asymptotic expansion
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for 2 - + oo:

(0:11)  HE(e)~ (2 exp | F i(s— %”‘f—ff)] Tk 2 =1,

(see G. Watson [7, Sec. 7.2 (5), (6)]).
By (0.11), for every ¢ > 0 the operator E, splits into a sum of two inde-
pendent elliptic Fourier integral operators of the form

(0.12) f exp [i(we + 2V |£)]b2(2 VT |£]) §(&) dt,

for some b*(z) € 8y " H(R}).

Relation (0.5) is now a straightforward consequence of (0.12) and the
caleulus of the wave front set (see L. Hérmander [5]).

We remark that the amplitude 17%(2\/? |€]) in (0.9) exhibits a rather
different behaviour in the two regions V7 |&| S const. More precisely, in
the region V¢ |£| < const. the parametrix E, behaves like a pseudo diffe-
rential operator (with non-classical symbol), while for V7 |§] — -+ oo B,
is essentially the sum of two elliptic Fourier integral operators whose phases
are hidden in the amplitude J »,- This remark suggests that, in the general
case (0.2), one should perform two different constructions in the regions
V1 |€| < const., VT |£| > const. respectively.

According to this strategy we collect in Ch. 1 all the formal ingredients
we need to construct the parametrix: in particular, in Sect.s 1.1-1.3 and
Sect.s 1.4-1.6 we construct a formal parametrix for (0.2) in the region
V1 €] S const. respectively, by using suitable integral representations for
Bessel’s functions. We point out that such a technique has been already
used in the literature (see e.g. 8. Alinhac [1]).

In Ch. 2 the two formal parametrices are glued together and a precise
operator calculus is developed.

CHAPTER 1

FORMAL THEORY

1.1. — Formal parametrix in the region /7 |£| < const.

The amplitude for the parametrix ¥, in (0.9) has the homogeneity property
J,2ViAIVIEl) = J,(2V7[§]), 2> 0. This suggests that the right homo-
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geneity involved in the problem is of the following type:
f(t/A, 2, VAE) = Amf(t, @, &), A>0.

‘We are thus led to consider operators of the form
[exp lia- E1a(t, @, £)9(&) &

where the amplitude ¢ is given by an « asymptotic sum » of functions homo-
geneous in the above sense.
The following definition will be convenient.

DEF. 1.1.1. Let m be a real number.

i) By O™ we denote the class of the functions

g(®, &) € C>(R" xR?)  such that
g(w, A&) = Ing(x, &), A>0.

ii) By Y™ we denote the class of the functions
f(t, @, &) € C=(Bf xB* XR?)  such that
1(t/2, 2, VAE) = Anf(t, 2, &), A>0.

It is easy to check that the operator ¢"9%0* ag maps P into Yr—h+k-lsl2
and that OF x¥Pm 35 (9, ) —gfe Pm+k/2,
We consider, formally, the following operator:

(L11) Byt @) = [explio-Elgt, z, §EE, ge CFRD,

where
q(t, 2, &) ~ z q-ina(ty @, &)
20

g€ P92, 1=0,1,2,..

(1.1.2)

Imposing that Eg satisfies (0.2), we obtain
PHg(t, a) = [exp [ia-£13(t, @, £)§(6) &

(1.1.3) §(t, @, &) = exp[— iw-&]P(exp [iw-&lq(t, @, £)) ~ 0

5(07 Z, ‘f)"’l .



6 A. BOVE - J. E. LEWIS - C. PARENTI

To implement (1.1.3) we write §~ 291—9127 with §;_,, € ¥'~ i j>0.,
To compute the formal series Z G1—jj2 I terms of the ¢’s we replace the coef-

ficients of P by their formal Taylor expansions and collect in exp [— ix-&]
- P(exp [tx+£]q) all the terms with the same homogeneity degree in the sense
of Def. 1.1.1. It is convenient to introduce the following notation

» (1
Al 2 = 3 (ﬁ 8{“a,~,~|t=.,) 82,0,

iyd=

2 (1
Bi(w, 0,) = X, (ﬁ 6é°b,~lt=o) 0a, 5

1
bo,k(w) = m aﬂ’olt=o
(1.1.4) . k=0

}_a

(@) h ?]4=0

=
a(@, &) = VA, £)

2 2 (1
M, 6,00 =3 3 (fob0ul 1) 60,

1,0=1

Using (1.1.4) we define the differential operators:

L, = tai -+ (7’0(3’;) + 1)at+ Aq(z, §)

L, = t"[M(x, & 0;) + iBy(x, )], k=0
(1.1.5)

L_, =t 4,4, (, &) + t*[— A2, 9.) + By, 0.)
+ bo,k(w)] + 1y (2) 0, , k=0.

We note that L,: ¥Pm— Pmtr L ,: Pn s Pnti-k L[ Pn s Pt ;> 0,
A straightforward computation yields:

(1.1.6) G~ L,qy+ (Lyq_y+ Lyq,)
4 (Lyq_y+ Lyg_y+ Logy) + oo = 2, G1-sp2

with:

i
(1.1.7) F1—ife =h§0I’1—h/2q—5l2+h/2 y Jj=0.
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Conditions (1.1.3) can thus be rewritten as the following sequence of
transport equations

Lg,=0 t>0
(1.1.8) 1do= "5
(0,2, &) =1
i
Lq-i.= —‘hzlLl—n/zQ-a‘/sz/z , >0,
(1.1.9); i=1
Q—a'/z(O, z, 5) =0.

1.2. — The first transport equation: L,q,= 0.

To solve the Cauchy problem (1.1.8) we reduce the equation L,q,= 0
to a Bessel equation. For this purpose we change the variables as follows:

(1.2.1) z = 2vVTa(z, &)

(1.2.2) 0(t, @, £) = 77 Pw(; a, £) .

Using the relations

at = 2A0 az
2
1 1
(1.2.3) 2442 (Z a0 )
1
tat: gzaz

we obtain the following Bessel equation for w(z):

—po/2—1

4

(1.2.4) Ligo= [220;w(2) + 20,w(2) + (2*—v5)w(2)] = 0.

The Bessel function

2\ @ & (—1) 2\
w2n  Twe=(3)" 35 o E T G) =>o.

is a solution of (1.2.4). Taking into account (1.2.1) and (1.2.2) we are led
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to define
2 — ()
(1‘2'6) qO(t7 w? 5) = T(vo(w) + 1) (5) J"o(w)(z)lz=2wa(x,5)’

which is well defined as an element of Y° satisfying (1.1.8) provided
(1.2.7) v(@) +1¢{0,—1,—2,..}, wxeR".

From now on we assume that (1.2.7) is satisfied.

1.3. — The other transport equations.

To solve the Cauchy problems (1.1.9); we shall use the following integral

representation for J, (2) (see G. Watson [7, p. 163 (1)]):
I'(3— o) (#\ f . s (5 1
1.3.1 » _ = 2__1)—% =
( ) J4,(?) v 5) |exp [#2z0](0* —1)"~*dg, | do ot do),
L

where L is the contour shown in fig. 2 and the argument of ¢ +1and o — 1
is chosen to be zero at the poiat A.

Fig. 2 — L is a contour symmetric with respect to the origin, enclosing the points 4-1.

The above representation makes sense provided
(1.3.2) vl(®)— 3¢ {0,1,2,..}, wxekR",

which is a technical condition we shall assume from now on.
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Putting
(1.3.3) Qole; @) = f exp [iza](0®— 1)@~ 4o,

we have proved in Sect. 1.2 that

I'(vo(@) + 1) I'(§ — wofw)
VT

(1.3.4) qlt, z, &) = ) d(2Vta(@, £); @) .

To state the main result of this Sect. we need some definitions.
DEF. 1.3.1. Let peZ, ge Z,_. Define

Py .dl#; @) = f exp [i20)(c® — 1)*@~?~¥(log (o — 1))*do
L

Pral?; @) = j exp [iz6]o(o” — 1)@~ }(log (¢* — 1)) do
L

(1.3.5)

Let «, f,j € Z,. By U*? we denote the class of all functions g of the form

x B
(1.3.6) 9@ 2, E) =3 3 6,4, E)p, o(25 @)
2=0 ¢=0
where ¢, ,€ 0.

Note that the functions ¢, , and @, , are holomorphic with respect to the
variable z and C® in «; moreover, because of the symmetry of the contour L,
the functions ¢,, are even functions of z.

From this remark it follows that given g(z; @, £) € U*f then g(2V?a(w, &));
@, &) e PTI2,

THEOREM 1.3.1. For every j = 0 there exists a function §_;(2; , &) € UY
such that the functions

4_;(t, @, &) = 4_,(2VTa(x, &); w, £) e PTII2
are solutions of the Cauchy problems (1.1.8), (1.1.9);.

Proor. By induction on j. For j = 0 the assertion follows from the
construction in Sect. 1.2 and from (1.3.3), (1.3.4).

Let us suppose that we have already found functions ¢y, d—y, -+ y §—ti-ny
j>1, with §_, e U, such that q_,,(t, @, £) = d_,(2V7a(x, §); x,£) satisfies
(1.1.8), if h =0, and (1.1.9), for =1, 2 wyj—1.
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Equation (1.1.9); can be rewritten as

(1.3.7)  Lyq_j=— Z Ly 14 G—sk—1y2— Z L_39_(—ax—2y2 -
k=0 £=0

2k +1=5 2k+2=i

Moreover, using (1.1.5) we can write

(1.3.8) Ly ;= tk[ Z ¢; (%, §) azj + o (@, E)] ’
i=1

for some ¢;;, ¢ € O
Analogously:

(1.3.9) L_,=1t3 a1 (@) 0y + AL (@ &) Py (@) 9,
where A;.,(w, &) is defined in (1.1.4) and ¢, are smooth functions of .

Since t* = 2%¢/(2a(x, £))* and t0,= %20,, (1.3.8) and the inductive hy-
pothesis imply that

1.3.10) — Z Ly 14 (—2k—1y2=
k=0 K20  0Sp=2(i—2k—1)
2k+1j 2k+1=5 0S0=2(i—2k—1)

: [%,q,k(w’ §)z2k%,a(z5 x) + > Ay o 11(@ &) z%ax,?’m,a(z; w)] ’
=1

—i+2
for some ¢, ., @, ., € v .

In the same way, using (1.3.9) we get

(1.3.11) - z L—kq~(j—2k—2)/2 =5 z
k=0 k=0 0=p=2(j—2k—2)
2k+2<j 2k+2<j 0se=2(i—2k—2)

: [cp,q,k(w? E)z2k+2(pz),q(z; w) _*—I (Z d]),(!,k,y(w? 5)2270 a:¢p,q(z; w) + z2k{ep,q,7c(w’ 5) (py,q(z; w)
y[=2
t a1l P14 @) F G0(® ) Poemny, F i aal® OPpran}]»

where the coefficients belong to O-7+2,

Taking into account the formula

0z,0(xz, &) .

1.3.12 02/0x,= 12020 5 =1,..,n
( ) / 7 a( w’ E) b 9 ) ) ’
it is easy to recognize that ax’zp,,,a is a linear combination of ¢,.+; and
#Ppq With coefficients in O°, while 9,0, @,, is a linear combination, with
coefficients in O°?, of Po,a+19 Poatey z¢ﬂ,a7 z¢p,a+1y z”‘Pv,q’ 22(]),,_1,«.
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Now we note that the operator L, written in the 2z variable becomes:

2vy(®) +1
2

(1.3.13) L= Az, £) [a: + 0, + 1].

Taking into account the preceding remark, formulas (1.3.10), (1.3.11)
and (1.3.13), it is easily seen that to solve eq. (1.1.9); it is enough to handle
the following equations:

sz+1¢p "

’ P,q=0

2%+2 !
2 ‘pm,a

. _
(1.3.14) (zaz + (2”0(w) + 1) %+ z)w(z) B 2HEG y p,9=0

P, p=—1,¢=0.

We look for a solution of (1.3.14) of the form

(1.3.15) w(z) = |exp [iz6](6®— 1)~ ¥(¢) do .
L
Since

(68 + (2nlo) +1) 8+ &) le) = 7 [oxp lizo (02 — 104 2 01 o,

L

we are reduced to solving the equations:

(1.3.16) (02— 1)@-+i gg (0)

0¥+ (02 — 1)vn—P—i‘(log (0-2—1))“ , s=k, kE+3%, p,¢=0
=1 05" 0(0® — 1)o7 H(log (0*—1))*, P,q=0
02+ (g2 — 1)vn—p—-—‘}(10g (0 — 1))0 , p=—1, ¢=0

As a preliminary remark we note that the integration of the second equa-
tion in (1.3.16) can be actually reduced to that of the first one in the above
formula (with s =%k and p,p + 1, ¢, (¢g— 1);).

Now, by induction, the following formula can be easily proved

(1.3.17)  9+(0®— 1)@~ Nlog (o2 — 1))],

= S 0;(@)20(0® — 1)@~ i(log (6*— 1))"~* m,heZ,, leZ,
h+1=<j=2h+1
0<i<min {m,2h+1}

for some smooth functions ¢;(x).
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Using (1.3.17) we conclude that eq. (1.3.16) can be reduced to the form:

(1.3.18) gﬁ— (o) = 20(c2 —1)~"(log (02 —1))°, rseZ, , r=1.

Equation (1.3.18) is immediately solved:

(0*— 1)~ 3 o,(log (0 — 1)), if r>1
(log (0—2 . 1))s+1
s +1 ?

(1.3.19) (o) =
if r=1,

where the ¢; are suitable constants.

From the above results it follows that eq. (1.3.7) has a solution which,
when written in the z-variable, is a linear combination with coefficients
in O-/ of functions ¢, .(2; #) with p, ¢ < 2j. Therefore we have proved that
there exists a function Q_,(2; @, &) € U for which

L1Q—5(2 W“(“’y &); , f) = _,élLl—h/2q—i/2+hI2(t7 %€, t>0.

Since L,poo(2VTa(, &); ) = 0 and Q_,(0; @, &) € 9, it is enough to put

(1.3.20) 4-5(2; @, &) = Q-;(2; @, &) — P00(0; @)

®o,0(2; @)
which proves the theorem. q.e.d.

REMARK. It is worthwhile to point out that if the coefficients a,; in
(0.1) are constants then Theorem 1.3.1 holds with §_;(z; »,&) e U*%, j=0.
This is a consequence of two remarks:

a) in L_, (see (1.1.5)) there is not the term #+14,.(z, &);
b) aa:,(pz),q= (amj'po)(pa),a+17 a:f,x,(pa),a: (aﬁ,x,vo)‘Pp,q-H"“ (ax,vo)(am,v0)¢p,a+2'
Then only the first equation in (1.3.14) must be solved.

1.4. — Formal parametrix in the region V7 |£| > const.

‘We shall use the notation

Aty @, &) Z'ﬁ: a;,;(ty @) & &5

id=1

(1.4.1) )
Blty 2, §) = 3 bilt, 0)%,
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Denote by ¥Y*(s,, £) the solution of the non-linear Cauchy problem

o+
(1.4.2) 0s
P(0, @, &) = £ .

(8, @y &) = + VA(s*[4, z, d,P=(s, «, £))

It is well known that pb. (1.4.2) has a unique solution Y#(s, z, &)
€ C=([0, 2VT] x RE x R})for a suitable T > 0.
Define

(1.4.3) @ty @, §) = P2V, 2,&), te[0,T].

Thus ¢* solves the eikonal equation:

dg:
\f t, @, VA{, , dg:(t, 4, E)), O0<t=T
@44 - (6@ §) = VA, 2, dp*(t, 2, £)) <

@ (0,90, §)=w&.

We explicitly note that ¢+ is not a smooth function of ¢ at { = 0.
Writing the formal Taylor series of ¥+ with respect to the s variable and
putting as in (1.2.1) 2 = 2V a(x, £), We can write

(1.4.5) ox(t, v, &) ~2-& & 2 + RE(z; @, &),
‘with
(1.4.6) Rx(2; o, & E ot ooy & ko acli_ke orkt k=2.

k=2
The following definition will be convenient.

DEFINITION 1.4.1. Let m be a real number.

i) By ¥ we denote the class of the functions f(t, z, £) € O°(R} X R® XR;‘)
such that

H(tAy 2, VAE) = Anf(t, 4, 8), A>0.

ii) By @™ we denote the class of the functions g(2, @, &) € C°(R} X R} XRZ)
such that
9z, ¢, AE) = Img(z, 2, &), A>0.

We note that the map
(1.4.7) Yn 5 f(t, x, &) — f(z, @, &) = f(¢[4a(w, §)?, x, &) € P

is a bijection.
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From now on we shall denote by o_,(@, &) (or o%,(w, £)) elements of O~ *
which we do not need to specify.
We are looking for an operator formally defined by

(148)  Fglt, o) =[{exp lig*(t, o, £)1p*(t, @, &) + exp [ig(t, 2, )lp~(t, 2, &)}
where p*(t, @, &) ~ X pE;(0, @, £), pE,,€ ¥~ j = 0, and such that PEg = 0
iz20

for ¢ > 0.
As usual we require that

(1.4.9) exp [— igt] P(exp [igt]p) ~ 0.
Using (1.4.4), (1.4.5), by a computation we obtain

(1.410)  exp [— ip*]P(exp [ip*]p*)

~[t0} + (o(t, @) + 1) 8, + 2i(td,p#)2,]pt - § X2 V@B D) 1)

z2

p:l:
+ i{[taf + ("’(ta x) + 1) at] R+— A(t, @, 0,)p* + B(t, , az)?’i} p*

1
+ 2’.':521‘%:1(% @) am,‘}?i 82410* + [— A, =, 0.) + B(t, , 9.) + bo(t, )1p*,

where 2 is given by (1.2.1).
We can write

[ ¥(t, @) ~ vo(@) +k§19—2kz“‘
2080,pt ~ 4 iz + 20, Rt~ + iz + > o (v, &)2*
=)

+ ia((t‘, £)2(2v(t, 2) + 1) ~ :I:ia(w’ £)*(2w(x) + 1)
(1.4.11) | & ?

+ E Qa2 (@ £)2%1
¥=1

i[to; + (v(t, @) + 1) at]Ringlg’f_k(x, &)et

— GA(t) @, 0.)pE~ 3 oiu(@, §)2*
k=1
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iB(t, @, 0z)pE~ 2 Qi’:—k(wa &)e
k=1

2i_ z a;;(t, @) ax;‘Piam,N 2 z oix(, &2 am,

i,0=1

~ 2
(1.4.11) A(t, @, 0,) ”zl Ze—zk(w,f)zkam,

B(t’ y ax) ~ z gz Q—zk(m7 ‘E)zzkam;

i=1k20

b(ty ) ngoQ—-zk(% &)z,

Substituting (1.4.11) into (1.4.10) and replacing p=(t, z, &) by §+(2, x, &)
according to (1.4.7), yields

(1.412)  exp [— ip*]P(exp [ip*]p*)
BRI P CRSER BN
—+ z Q-—zk(wy &) z2kt1 0, ﬁi + z @f—k(wy £) a2t 0, ﬁi
k=0 k=0

-+ z @f—k(‘”’ §)er Pt - z 0—2x(®, &) 22 P 4 z Qd—:k(x, £k t1pE
k=0 k=0
+ 3 ( S ettt .)p= + 3 (3 ol 6120,
+ z Q_zk(x, §)z2k+2 azﬁi + z ( Z Q(i;k(w § 22k +1 81 ) P
k=0 k=0

+ 3 (3 oo, 2m0,) b

k=20 \,j=1
Let us define the following operators:

290(2) + 1 4 2i2 o+

k4 k4

(1.413) £, @, & 8,) — a(a, &) {a; n - 20y(@) + 1}

(1.4.14) (k)’i(zy @y &5 04y 04) = Ql—k(w7 §)a+10, + z [t i (, &)2* az, +
+ ot i(a, £)2", kE=0,1,..
(1.4015) £(k),:l:(z, @, 5’ » 85) — Q—k(“’: ) k+2az + z Q(l)k(w E)zk+1 iz

+ 2 0@, £)2" 2, + o_,(w, £)2" 110,

id=1

+ 3 W@, £)F0,,+ oy, &)k + oy, £)FTT, k=0,1,2,..
=1
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We explicitly note that when k is odd, in £{»* all the coefficients vanish
except for oF,(w, &)2"*1.
It is worth remarking that

Lk s U2, LE; Py I eWE Grs gUE L >0,

Using (1.4.13)-(1.4.15) and writing ﬁi~2ﬁfﬂ2, we can put (1.4.12)
in the final form izo0

(1.4.16) exp [— ip*t] P(exp [ip+]p*)
~3 [ PRt 3 PEE 3 .

k=0 i,h20 i,h20

j+h=k—1 ith=k—2

In (1.4.16) we use the convention that a sum over negative integers is zero.
To implement (1.4.9) we are forced to solve the following sequence of
transport equations:

1.417) £EpE =0, 2>0,

(1.4.18) LEpE, =—eFpE, 2>0
(419), CEpE,=—( 3 tPEpE.+ 3 o),
i,h=0 i,h20
i+h=k+1 ith=k—2 2>0, k=2.

1.5. — The first transport equation £IFi = 0.

The following transmutation formula will play a crucial role in the sequel:

(1.5.1) exp [+ iz]L¥(exp [F #2]G(2)) = a®, &)* Mz, x; 0,)G(?) ,
where
(1.5.2) M(z, ;5 0,) = 202 + (2n5(x) +1)0,+ 2.

Under the hypothesis (1.3.2) the equation MG(z) = 0, 2> 0, has two
independent solutions given by:

(1.5.3) I:(w; 2) = I3 —»(@) exp [iz0](0* — 1)@ do,

V4

L*

where L+ are the contours shown in fig. 3.
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4
I- L

®
[

Fig. 3 — The contours L*; arg (¢ + 1) and arg (c— 1) is chosen to be 0 in A
and — x in B.

From G. Watson [7, p. 167, (6), (7)] it follows that

I (@5 2) = (2[2) 7" H{,(2)

(1.5.4) I, (%5 2) z/2)_1'o(w)H(2) )
LY+ I, = (2/2)7"®J(2),,s) »

where HY, H® are the Hankel functions and J, ,(2) is given by (1.2.5).
Using (1.5.1) we solve the first transport equation (1.4.17) putting:

Py (2, 4, &) = I'(vy(w) 4 1) exp[— 2] L (x; 2)

(1.5.5)
Py (2, @, &) = I'(vy(a) + 1) exp [z]1, (5 2) .

We point out that §F € @°, i.e. pF(t, @, &) = PF(2V7alx, &), 2, §) € P",
and §*+(0, z, &) 4+ 97(0, =, &) =1.
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1.6. — The other transport equations.

To solve eq. (1.4.18), (1.4.19),, we shall need the following definitions.
DEFINITION 1.6.1. Let
8° = {oe (]| |Reo| < 2,01y, y= 0}
St= 8, + 1
8y = {0 € 0| |Reo| < 2,00} .
By A, j,k€Z,, we denote the class of functions (o, 2, &)
€ 0°(8° X R} XRZ) such that:
i) (o, @, A8) = A *y(o, 4, &), 1> 0.

ii) For every o, f € 2", 9;0%y can be written in the form
Mag
0308y = > y;¥(o, @, £)(log 0)?,
1=0

where the y;’ are holomorphic functions of o in S, having a pole of order at most j
at ¢ = 0. Furthermore, for every K cc R and for every € 10, 1[ there exists
a non-negative integer N = N(wx, 8,1, K, 8) such that

(1.6.1) sup  |Im o|™|yf(0, 2, £)| < + oo

€K, & =1

|Reo]S1—08

|Im o|=1
(here log o is defined cutting C along the positive imaginary axis). By .ftfk’j
we denote che class of functions y(o, x, &) defined in 8* X R XRQ such that
Yo 1,3, 8) e A2, .

DEFINITION 1.6.2. Let p*(o, x, &) € A%, ;. We define

(1.62) I o, & m, p4) = [explizo] (6 F 1) ~Hyi(0; 2, 8) do,

L

where L* are the contours described in fig. 3.

We remark that, for yp+e A%, ;, I*(z, 3, £; v, yt) € O*.

Furthermore (1.5.3) can be rewritten as I%(z, @, &;v,, p*) with y*(c, , £)
= I(} — »(@)) 7 Ho £ 1)"DFe 4F,.

We have the following result.
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THEOREM 1.6.1. Let Py be defined as in (1.5.5). Then for every k=1 the
transport equations (1.4.18), (1.4.19), have a solution of the form

(1.6.3) f)fklz(z’ @, &) = exp [F 2]I*(z, @, &; vo, "P.:'.:k)

for suitable yp*, e A%, ..

ProOF. As we noted above the first transport equation (1.4.17) has al-
ready been solved by a function of the form (1.6.3); thus we can proceed
by induction on k. Suppose we have already constructed P, ..., 5E;_10
of the form (1.6.3); let us now try to find p*,, (the case §_,, is quite
analogous).

We look for $*,, of the form exp[— iz]G(s, @, §). Using (1.5.1) we
obtain '

(1.6.4) £ (exp [— i2]G) = a(x, £)? exp [— iz] % M(z, z, 0,)G(?) =

= — z £(11/)2,+(exp [— 2]t (2 @, &; 9o, "/Jih))
i,h=0
j+h=k—1
— > L (exp [— eIt (2, @, &; vo, ¥Ea))
ihZo
ith=k—2
where p*, e £, , are the functions appearing in $*;,, bh=0,1,..., k—1.

The last sum in (1.6.4) vanishes if k = 1.

A straightforward computation shows that the r.h.s. in (1.6.4) can be
written in the form exp [— ](I*(2, @, &; vo, %) + It(2, 2, &; vo, p)) for some
AE A pp1r BE AT o5 aC A 4 gy

We are thus reduced to solve the equation

(1.6.5) Mz, x5 0.)G(2) = I*(2, @, &5 90, )

where pe £AF, .
‘We look for a G in the form

(1.6.6) He, », &) = f exp [iz0](6* — 1)@t d(a, 2, &) do .

L*

For @ we obtain the equation

(1.6.7) ‘(11—? (0, @ &) = i(0* — 1)@ —}g — 1)@ty (g, a, £)

== f(dy &, & e Atk,k+1 .
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By Def. 1.6.1, f(o, 2, &) = g6 —1,, &) with ge A%, ,,; thus we can
write
m
(1.6.8) glo—1,,8) = IZng(o —1, &) (log (¢ —1))'=

_5

=03

(c:(w, f))’ (log (¢ — 1)) + > Oilo — 1, @, &)(log (0 — 1)),
- =0
for some ¢; € O—* and some functions 6,(Z, x, &) holomorphic in the strip
|Re | <2 and vanishing at { = 0.

It is now a trivial fact to recognize that eq. (1.6.7) can be solved within
the class A%, ,. q.e.d.

+1
=0

1.7. — Asymptotic expansions of some integrals.

In this Sect. we study the asymptotic expansion for 2 — 4 oo of integrals
of the following type:

(1.71)  I(2, @, &; v, p) = |exp [izo]d™ @ typ(0, @, &)do, 2>0),
L,

where y e #A°, ; and L, is the contour shown in fig. 4.

L,

|
I
I
I
I
I
I
I
|
+
|
I
I
|
|
|

— e e e - e e—— - e —— — — =

Fig. 4 — The contour L,.
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Here and in the sequel we shall always suppose that condition (1.3.2)
is satisfied.

Performing the change of variables o = iu/?, do = i/#du, since for
o € 8°log o = log (tu) — logz, we obtain

(L.7.2)  I(2y @, &; %, ) = iz—”a(@-*J-exp [— u](iu)”n(x)—hp(fg, x, 5) du,
Y

where y is the contour shown in fig. 5.

Y

\\

0

N

Fig. 5 — The contour y; the radius d(2) is chosen such that 0 <d(2) < 2/2.

Let us prove the following lemmas.

LevmA 1.7.1. Let ye £A2,,. Then, for every Kcc R, MeZ,, ¢>0,
there exists a constant C = C(M, ¢, K, p) > 0 such that

(1.7.3) II(Z, x, &3 v, UM"P(O'a z, 5))'
< QoRen@-imMbs (g £ e [1, 4 oo XE XS

PRrOOF. — For 2=1 we choose 6= 6(2) = }; then, by Def. 1.6.1,
I(2, @, &; v5, 0™ y) is linear combination of integrals of the type

. . P
,l:z-—vn(w)—%—‘ Mfexp [_ u] (iu)Vo(fC)-i-M-—‘}x (’;_u’ w7 E) (log (?’g)) Ju ’

14

where %(c, -) is holomorphic in Se,
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From the estimates

[x(tufz, @, &)| < const (1 + |u/z]|)¥
[log (iu/2)|' < const. (log |¢|)¥(|log [éu|| + 1),

which hold with a suitable N for z =1, (z, &) € K X871, it follows

le|~*[log (suf2)|' < const. ([log |iu]] + 1)1 .

Hence the lemma is proved. q.e.d.

LevmmA 1.7.2. For every ve€ C and every j € Z+ we have

fexp [izelo” 1 do = 27 10w —j). 2>0,
L,
where

0(6) = s oxp [i66 — DF| 1€ + DL — exp[— 2wt — ).

Proor. Both sides of the above relation are entire functions of & = »

— je 0. The equality is trivially proved when Re(— 1 > — 1; hence the
lemma. q.e.d.

LeMMA 1.7.3. For every ve C and le Z, we have

fexp [iz]o” ¥ (log o)t do = 27" "}9, — log2)'C(») =

Lo

_ z—v—i‘ é (;) (__ l)lhf(log z)l—j ai 0("’) ]
i=0

with the same C(v) as in the preceding lemma.

Proor. Straightforward. q.e.d.
We state now the main results of this Sections.

THEOREM 1.7.1. Let y € #£2, ; containing powers of log o of order at most L.
For every pair of integers (m, 1), m = — j, 1€ {0, ..., L}, there exist functions
o™ (w, £) € O such that for every K cc R, M =0, > 0, there is a con-
stant C > 0 for which:

M
[Z(2y , &; o, p) — Z

m=—j

TM

o, €)™ " (log 2) |
0
< Oz Revo@)—1—M—1+e , z2=>1, (@ &eK xS,
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Proor. — Using the representation

M
%

a" (@, &)om(log 0)' +

i

L
+ ot z b(i)’c(o" , £)(log 0)* , a(i";;')e O~k ’ b(i)ke A"_k,o ’
=0

(o, z, &) =

l m

The Theorem easily follows from Lemmas 1.7.1.-1.7.3.  q.e.d.

THEOREM 1.7.2. Let PE,,(2,#,&) € D7 be the functions constructed in
Theorem 1.6.1. and L*(j) the mazimum order of powers of log o appearing in
the integral representation of P=,,. Then for every pair of integers (m, 1),
m=— j, 0 <1< L(j), there ewist functions o™+ (x, &) € O~ such that for
every Kcc R}, M =0,e>0,a,f€ 2" ,r€Z,there is a constant C, 5 5 >0
for which

ML)
(1.7.4) 020007 pE, p(2y 0, &) — 3 S g @i m(Jog 2)lolmiE (g, &)
m=—j 1=0

< Ca b z—Revﬂ(a:)—-%—r-—M—l+£|5{—5—|ﬁ| ,
= Ya,B,E,r

for 2=1, zxe K, §#0.
(1.7.4) will be wrilten briefly

L*(j5)

(1.75) Lz &)~ 3 z g @i m(log 2) M (g, £)

m=—j l=

ProoF A trivial consequence of Theorems 1.6.1. 1.7.1. q.e.d.
In the next theorcm we prove some kind of converse of the preceding
result.

THEOREM 1.7.3. Let %, ,(2,2,&) e @7, j= 0, be such that:
i) P (z, @, &) = I*x(z, @, &; vy, £), for some (e A

ii) For j=1, p%,,(z,,&) are solutions of the equations (1.4.18),
(1.4.19),:

iii) For every j=0 there exist Jx(j)e Z, L*(j)e Z+ and a sequence of
functions ™M *(x, &) € 077, m = — J(j), 0 < 1 < L*(j), such that

LG
(1.7.6); ﬁfm(z, &~ 3 z 2 r@—t=m(og 2)o (m D (g, £),

m=—J(j) 1=

where the ~ has the same meaning as in (1.7.5).
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Then there exist functions (o, @, &) € A% ;, j =0, for which
(1.7.7); ﬁfj/z(z’ @, &) = exp [T =]I*(z, @, &; v, %i) ’

where I are the integrals defined in (1.6.2).

ProoF. — By induction on j. When j = 0 there is nothing to prove since
by assumption i),

Pa(z, @, &) = exp [+ iz]Ii(Z, @y &5 o, "/"oi)

_ F('Vo(-’.v) "I‘ 1)]1(%_1}0(-”)) (O' :l: l)va(z)—i‘.

V7
Suppose that the assertion holds up to j— 1, j>1, and let us prove it
for p%,, (the case P, is quite analogous).
Write $7,,.(2, #, §) = exp[— iz]G(z, #, £). By the inductive hypothesis
we have

(L7.8)  MG() = (202 + (2w(@) + 1), + 2) Gz, @, £) = I*(2, @, &; %0, %) 5
with a suitable ye AF,,.

Since two independent solutions of the homogeneous equation MG(z) = 0,
2> 0, are given by I (x;2) (see (1.5.4)), by the proof of Theorem 1.6.1 there
exists a function (s, , &) € A%, such that

(1.7.9) G(2, @, &) = I*(2, @, &; vy, 9t) + ¢F(, &)1, (25 2) + ¢Z5(, )1, (w; 2) ,

for some functions ¢*; € 07’
From (1.7.6); and Lemma 1.7.1 we get

(1.7.10)  exp[— i&]I*(z, @, &; 7o, y*) + ¢X(@, §)I, (w; 2)

vy 12 l
~ &M log ) G, £)
m=min(0,—J*+(3)) 1=0

with some new ¢+ e 0™,
On the other hand

(1.7.11)  exp [ieleT (@, H)I,;(@; &) ~ 3 &~ @~4=m6= (@, £)b,,(30(2)) ,

m=0

for some suitable functions b,,, with by(v(2))0 (see W. Magnus - F.
Oberhettinger - R. P. Soni [6], p. 139).
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Comparing (1.7.10), (1.7.11) with (1.7.6); we conclude that ¢Z;,= 0.
Choosing in (1.7.9) ¢ =y* + ¢F,I'(} — »(®))7n }(o + 1)"®~* we prove the
theorem. q.e.d.

CHAPTER 2

THE RIGOROUS DISCUSSION

2.1. — Symbol classes and oscillatory integrals.

To put the formal series Xg_,, and Zp%,, constructed in Ch. 1 in a
rigorous framework we need to define some classes of symbols which are
closely connected with those considered by L. Boutet de Monvel [2]. In
the sequel by a cutoff function we mean any function ye Cy(R) which is
identically 1 in a mneighborhood of the origin.

DEFINITION 2.1.1. By 8=*0,T), m,k, TeR, 0<T=< -+ oo, we denote
the class of all functions p(t, x, &) € 0=([0, T] X R} X R}) such that for every
Kcc Ry, a,f€Z, reZ,, there exists a constant C, 5, x> 0 for which

@D [070208p(t, @, &)| = Ol 01 (Vf + %\)_

for |§|=2, ze K, 0 < ¢t<<min{}, T}.
We put 80, T) — ()840, T), m(0, T) — | S0, T).
m k
By 8m*(0, T) we denote the intersection () 8™+%+¢(0, T).

>0

S7%0, T) will denote the space of all symbols p(t, x, &) such that
1(t1E[2)p(t, @, ) € 8m* for every cutoff fumetion y. S™(0, T) will denote the
space of all symbols p(t, x, &) such that (1 — x(t[élz)) p(t, z, &) € §m* for every
cutoff function y. All these spaces are equipped with their natural topology.

ExaMprEs. 1) Letg(z, 2, &) € C=(R, X R? X R?) satisfy:

i) q(=, @, A8) = A"q(2, 2, &), A > 0;

ii) 2 —q(z, -) in an even analytic function of z. Then for every fixed
cutoff y, the symbol

at, @, &) = (1— ol E2) a(2V/Ta(a, €), @, €) € 850, + o).
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2) Let p(z, », &) € O=(R} XR2 xR?) satisfy:
i) p(z, @z, 25) = lmp(% @, f)’ A> 03

ii) for some € R and for every K cc R}, o,f€2”, reZ,, ¢>0
there is a constant € > 0 for which |(20,)"0%0ip(2, @, §)|< c|E|™ ' g#*e for
veK, £#0, 2= 1. Then for every fixed cutoff y, the symbol p,(t, z, &)
= (1— xo(|€[*)) p(2VTa(w, &), 2, §) €8 #:1(0, 4 o0).

In the next lemma some properties of the classes of symbols defined
above are collected. The proof, which follows along standard arguments
will be omitted (see e.g. L. Boutet de Monvel [2]).

LemMma 2.1.1.
i) 8m*(0, I') > 8" #(0, T) iff m = m' and m— k< m'— k'
ii) Let y be a cutoff function and A = 1. Define

@ity &) =1— y(|E]/2), @3t 2, &) = @i(t, @, &) g(A%1) .

Then:
a) 1€ 8% 1 — @;e 87 {Ipi|A=1} is a bonnded subset of S™°.
b) ¢5e 8% 1— ¢Fe 8%, {Ag5|A=1} is a bounded subset of 8% 1.

iii) Let p; € 8§~"*%0,T), j=0,1, ...; then there exists a symbol
P € 83750, T) such that p~ 3 p,, i.e.

i=0
M—1

p— > p,eSy R0, Ty, VYM=1.
i=0

iv) Let p;eS™*90,T), j=0,1,...; then there exists a symbol
p e 8™k0, T) such that P~ P, tee.

i=0
M-—1 o
p— > p;eSyitMo,T), YM=1.
i=0

True symbols can be recovered from the «formal» symbols of Chp. 1
using the following lemma.

LEMMA 2.1.2.

i) Let f(t, x, &) € W2, then for every cutoff y

(1 — 2(1€])) 7¢t, =, &) € 850, 4 o)
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ii) Let p*(o, », &) € A%, ; and define
P, vy &) = exp [F R]I%(2, @, &5 o, "/’i)lz=2\/t‘a(w’5)

Then for every cutoff y

(1 — x(1&D)p*(t, @, & € Buri=kati(0, + o),
where p = sup (— Rew,(z) —}).
2ER®

iii) Let fe 8™*0, T) and 5 any cutoff. Then, for every le Z,
Al(x(tIEP) 1ty @, &) € C([0, T; ST+ %Ry X RY)) .
iv) Let € 8™%0, T) and y any cutoff. Then, for every le Z,

CE2+9I([0, T; St *(Bz X BY)

e>0, if k—20=0

(1 — x(tlE) ft, @, &) €
0%([0’ T]; S;r’»;zz—kH(Rng?)) ,

if k—21<O0.

Proor. i) By Def. 1.1.1 f(t, , &) = |77 f(¢|£|%, @, £/|£]), thus the con-
clusion follows taking into account that v/ + 1/|§| ~1/|¢| on the support
of x(tlé]?).

ii) Is a trivial consequence of Theorem 1.7.1, of Example 2) and Lem-
ma 2.1.1 iv).
iii) Since 0,: 8% — Sp*®* it is enough to prove the assertion in the

case | = 0. Now, locally in v we have

0200l 10, 0, 0] = O (V7 + é—‘)

= O|gm—*-18l, él=2,te0,T] .

Moreover, locally in & we have

323’2[9t(x(tlélz)f(t,w,5))]l§ Clgm—r+e=lPl gl =2, te[0, T].

Thus the claim follows.
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iv) Suppose first ¥ — 21 = 0. Then for j = 0,1 locally in # we have

oi1azol[(1 — w(tigP) 1, o, )] | =
< Qg Blre(y/T)e2 ke L Ve 0, |§|=2, te[S,T].

Hence the first assertion follows. If k— 21 < 0, take £€>0 such that
1+ 21— k— &> 0. Then for j = 0,1 locally in & we have

|t iozal (1 — #(tleP)) 1t 0, 8)]| =

< Glflm—lﬁl+st&—it(k—2l—1+e)/2 < OI§|m+2z—k+1—lﬂ|t}—-i , Ifl =2, telo0,T].

Hence the second assertion follows. q.e.d.

We now turn to the discussion of some oscillatory integrals. Let
q(t, », &) € 82%0, T) and let y be any cutoff function. We consider the
following operator:

B: C2(R")— ([0, T]x R~

(2.1.2) ) .
By(t, ) = [exp ia-E1(t1E]") att, &, £)(&) de

The continuity of Z follows from Lemma 2.1.2 iii). We now show that ¥
can be continuously extended to an operator, still denoted by H, from &'(R*)
into C*([0, T'; D'(R")).

Take g€ Oy (R and f(t, x) € Oy ([0, T1xR"); then

T
[[@a)t, @) fit, @) atao = [gerENE

0
with

T
(8/)(&) = [ [exp lia E1(1lE]*) att, @, £)f(t, 0) Ao o
0

Integration by parts with respect to # shows that &f(§) is C* and rapidly
decreasing for & — oo.

Therefore, by the Paley-Wiener theorem we can define &'(R») € g — Hg
by the relation {Hg, f) =f§(5)(8f)(§) dg.

By an application of Lemma 2.1.2 iii) it follows that Ege C=([0, T1;
D'(R*)) and the map g — Hg is continuous.
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It is worthwhile to observe that for every j = 0 and for every s e [0, T]
the operator

& (R") 2 g —~ 0By, D'(R")

is a pseudo differential operator of order m — k 4 2j.

Operators of the form (2.1.2) will take care of the formal parametrix
in the region #|§|2=< const. constructed in Sects. 1.1-1.3.

To give meaning to the formal operators introduced in Sect. 1.4 let
o(t, #, &) denote any one of the two phase functions ¢*({, x, §) defined in
(1.4.3).

Let p(t, x, £) € 8™*(0, T) and let y be any cutoff function.

Consider the operator

(21.3) Bt o) = [exp [ig(t, a, )] (1 — #{tlé1))p(t, @, )46 de
ge OF(Rn) .

We now show that E maps continuously Cy°(R") into Cg,([0, T'7 X R")
where the latter denotes the subspace of ([0, T'] X R") whose elements
are flat functions at ¢ = 0.

It is easy to recognize that 903Hg(t, #) can be written as an sum of
integrals like (2.1.3) with new amplitudes in S™*2%0, T) and new cutoffs.
This proves that Ege C°([0, T]xXR*). To show that Eg is flat at t =0
consider t¥Eg(t, ), N=0. Locally in # we have the estimate

It—N(l - x(t[&]z))p(t, , 5); < Qg NHHZRei () L |g|mte
< O(tjgfp)~N+Hz+erz(1 4 |g|)n =k < O(1 + gk

it 2N— k> 0.

Therefore t¥Hg(t, ) -0, t -0 4, for N large enough.

Let us now show that the operator (2.1.3) can be continuously extended
as an operator from &'(R») into Cgy([0, T7; D'(R")).

Take g€ C5°(R") and fe 05°([0, T]1xR"); then

T
[[Egtt, ) ft, @) deao = [ger&N@ 3,
0
where

T
(61)(8) = [ [exp Lip(t, @, &) (1 — #(tlE1") 2, o, £) 111, @) dbde .
0
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As a consequence of (1.4.3) the following estimate holds for # in a com-
pact set:

2,9, @, &) = ClE], te[0,T], &+#0.
Consider the operator

dx;‘P“? w’ 5)

* 1
5= 3 a—0w) a0,

where 0 is a cutoff function.
Integrating by parts we get, for every N = 0:

T
(81)(8) = [ [exp ligt, @, &)1 (1 — #(2lé1) Lo, o, £) 1, o)) dtdo
0

It is easily verified that, for every &> 0 we have the estimate
|(1— x(2l€]) L¥Tp(t, @, &) f(t, @)]| < Oy (1 + |g[)mHemVimax(@mk=e),

The rapid decrease of (§f)(&) allows to define Eg, when g € &'(R*), accord-
ing to the formula

<Bg, > = [€)(6(&) & -

One can easily see that Hge 0=([0, T']; D'(R")). Moreover, arguing as
above, one can verify that 0/Hg|,_,= 0, Yj = 0. Of course, for every j= 0
and for every se]0, T[, the operator

&' (R € g — 0Byg|,_,€ D'(R")

is a Fourier integral operator with phase ¢(s, #, &) and amplitude in 87’ *~**°,

Ve > 0.

2.2, — Construction of the true parametrix.

Our first attempt to construct a parametrix for pb. (0.2) will be to con-
gider an operator of the form:

(221)  Hy(t, o) = [exp liw-E15(t15]2) alt, @, £)§(6) B +

+ [exp lip*(ty @, £0)(1 — #(1IE1) P70, o, £)6(6) 8 +
+ | exp Ligr(t, @, E)1 (1 — x(t67))p=t, @, E)G(E)dE, g€ OF(R") |
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where:
i) x is any cutoff function.
ii) q € 83°(0, 4 o0) with g~ > ¢_;., and the g_;, € Y72, j=0, are
the functions constructed in Sects. 153? 1.3. We recall that, for any cutoff y,,
(1— xo(lél))q_,.lz(t, z, &) € 85%°(0, + oo) according to Lemma 1.1.2 i).
iii) p* e §4#(0, T), p = sup (— Rewy(x) — §), with pt~ pr-a.,z and
the p%;, are those constructefiEI;; Sects. 1.5, 1.6. =

We recall that, for any cutoff y,, (1—— 7ol |5]))pfj,§e§ﬁ;"+"(0, T) ac-
cording to Lemma 2.1.2 ii).

iv) @*(t, », £) are the phases (defined for ¢ € [0, T']) constructed in (1.4.3).

First we observe that
Bl _g— g = [oxp[iw-£1(L — 4(0, @, &))d(&) de .

Since ¢(0, @, &) € 87 o(R") and

0 1, j=0
Q—ilz( 7“"75)” 0, j>0,

we conclude that 1— ¢(0, z, &) € 875° and thus the second condition in (0.3)
is fulfilled.

Now
(2.2.2)  PHy(t, ®) = |exp [iz-E]4(t[¢[*) [exp [ iz-E1 P(exp [iw-£1q)]14(£) dE
+ | exp [ig*(t, @, £)1(1 — £(¢[é]*)) [exp [— ip*]P(exp [iptIp+)14(8) d&
+ [exp lig(t, @, £)) (1 — #(tlé12)) [exp [— ig~1 P(exp lig~1p-)19(6) dé
+ [P, (tlels)] {exp Lio-E1at, 2, £)9() d&
— ([, w(tlel) 1 {exp lig (t, @, EpHt, @, &) + expLig~(t, o, Ep(t, @, )} §(&) de.

Now the following crucial remarks are in order:

N—-1
I) By construction ¢— 3 q_,,e 87", for large &, for every N = 1.
i=0



32 A. BOVE - J. E. LEWIS - C. PARENTI

Moreover, by the construction performed in Sect. 1.3 exp [— ix-&]P
-(exp [ix-£]q) € 8y° has, for large &, the asymptotic expansion

exp [— iz &1 P(exp [ix-&lq) ~ 2 G_j5, With
20

q_jp= le weld—iz+nzr J=0,

and the operators L, ,, are defined in (1.1.5).
From Theorem 1.3.1 it follows that exp[— iz-&]P(exp [iz-&]q)~ 0. As
a consequence the operator

g —[exp liw-£15(t]¢]*) [exp [ io-E1P(exp [iw-£10)14(6) d

is smoothing.
N-1

II) By construction p*— Z pE,,€ 84450, T), for large &, for every
N=1.

Now we claim that exp[— ig*]P(exp [ipt]p*) € 84F1#(0, T) with asymp-
totic expansion (1.4.15), for large & computed for z = 2v/ta(w, &).

To prove our claim, i.e. to show that the formal computations performed
in Sect. 1.4 have a meaning within the classes S we only need to show that
for large &, g*(t, x, &) € S1°(0, T) with the asymptotic expansion (1.4.4)
(computed for z = 2v/ta(, £)).

To prove this fact we recall (1.4.2); from the Taylor expansion

7/’*(8, &, §)~x-& + a(w, &)s 4 z (ak"l)ﬂ:)(o x, &)s*
we get the estimate:

a10%f [«pt(s, 2, &) — (@& - al@, £)s + z L

"’ (0, x, §)sk]
= 0(|&[*~1Pls¥+1-1) lE/=1, 0=<s<min{},2VT}.
Hence the estimate:
N
0;050¢ [qvi(t, @, §) — (w-f +2Va(0,§) + 3 0esla, (2 Via, g))k)]
= o(lﬂl—lﬂ](\/?)zvﬂ—zz) _ 0(l§|1-|ﬁ|(ﬂ + 1/|§I)N+1—21) ,

in any region t|£|*= const., |§|=1, 0<¢<min {}, T} and locally in .
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The claim on ¢* being proved, from the construction performed in
Theorem 1.6.1 it follows that exp [— ip*]P(exp [ip£]p*) € §.+1>(0, T).

As a consequence, it is easily verified that
(2.2.3)  (1— g(tl€])) exp [ ig*]P(exp [ig*]pt) = b*(t, @, £)

€ Cu([0, T1; Si3H(ERE X BY)) -
ITI) To control the symbol

[P, x(¢1€]*)]{exp [iz-&1q(t, @, &) — exp [igt(t, @, £)1p*(E, @, £)
— exp [ig~(t, @, &)1p~(, @, &)}
we need to prove the following assertion:
If R(t, », &) e 8220, T) and %€ OF(RY), % =1 on some interval, then:
Z(tER) R, @, &) € S~1(0, T).
ii) For every N>1

N1 (iR(t,
% (tI€1%) [exp [iR(t, @, &)] — 20 (7—’5))] € 8-¥2(0, T) .
i<

The proof of i) is obvious since /¢ ~ 1/|£| on the support of y. To prove
ii) we write

N=1 (3 R)/ I RYY .
exp [¢R] ’ZO (z?') = (l\(:f-) 01 f(l——o‘)N—l exp [ioR]do ,

0

and note that on the support of ¥ and locally in & we have the estimates:
01020fR = O(|&])~2- 1A= | 919% 08 exp [ioR] = O(1)

if |x| 4 8] + 1 =0 and = O(IEI“l"'ﬁ'_”) if Jo| + 18] +1>0.

Hence 7RY € 8~7°(0, T') and % f (1 — ¢)¥ ! exp [icR]do € 8%°(0, T').
This proves our assertion.
The commutator [P, x(¢|£[2)] can be written as

Ta(tIE]2) (8, @) 0, + Fa(t|E]2)B(t, @)  for suitable functions
%1 7:€ C5(RY)  and o, e C.
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Let us consider the symbol

(2.24)  Za(tlE|*) [exp [iz-£]q(t, , &) — exp [ip*(t, 2, £)]p*(t, @, £)
— exp [ip=(¢, @, &)1 p=(¢, =, 5)] -

We recall that in Theorem 1.3.1 the symbol ¢_;,(Z, #, £) was obtained as
q_jlty @, &) = d_;(=; @, 5)|z=2\/;a(w’§), where ¢_; has the form

q_@mé =3 o"Pw@ e 0, o™MPeo ™,
h,k=2j
with the ¢, ; given in (1.3.5).
Putting
pitde; @) =fexp liz(o F 1)](0*— 1)@~ 1 M(log (6 — 1))*do ,
L*
the contours L* being those of fig. 3, we define accordingly

4525 @, &) = 2 .Q(ﬁ}k)(a% &) Paalz; @)
h k=2

=29

+ — AL (-
q—j/2(t’ x’ E) - 4_7(2, m’ §)|z=2‘/ill(z,5) *

Thus
q_j5(8 @, &) = exp [iz]qi,-,z(t, @, &) + exp [— 2] 5(ty @, &, == 2\/t_a(w, ).

Let us fix a function 7 € C°(R*) with % =1 on supp %, U supp %.. By
Lemma 2.1.1 iii) we can construct two symbols ¢*(¢, 2, &) € 83°(0, + oo)
with gt~ g 2(t1E12) g%y

iZ0

It follows that (2.2.4) can be rewritten as
(2.2.5)  Z(tl€|2)[exp [i(x-& + 2)]gt + exp [i(z-& — 2)]¢”
— exp [ip*]p* — exp [ip~]p~] = exp [ig*] Zo(¢I€]?)
~{exp [— iR*]g* — p*} + exp [ig~] Za(t|E[*){exp [— iR-]1¢— p},

where R+ e S§3:%(0, T) are defined in (1.4.4).

Now we claim that we can modify the symbols pfjlz, j =1, constructed
in Theorem 1.6.1. in such a way that the new pf,-,z, j=1, satisfy the transport
equations (1.4.17), (1.4.18), keep the structure (1.6.3) and be such that

(2.2.6) 7a(t|€[?) {exp [— iR*]¢=— pt} € 870, T) .
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The proof of our claim is based on the remark that while py + p, satis-
fies the initial condition pg + p;|,_,=1, no initial condition has ever
. . T _ .
been imposed until now on Pt Pie for j = 1.

We deal only with the sign + and make a preliminary formal computa-
tion. From the definition of qf,.,z and the construction of Sect. 1.3, we have

exp[— ia-£]P(oxp [iw-£] exp [i] 3 ¢*,) ~ 0 ,
i=0

so that
(2.2.7) exp[— i<p+]P[exp [i(pﬂ(exp [— iRH]S qjm)] ~0.
i=0
On the other hand the construction in Sect. 1.6 yields

(2.2.8) exp[— i<p+]P[eXP [ig*] > Pi,-/z] ~0.

iz20

Hence
(2.2.9) exp[— ip*]P [exp [i<p+](exp [— iR Y ¢ y0— > pf,-,z)] ~0.
i=o i=0

Expanding exp [— ¢R*] as a sam of terms of decreasing homogeneity,
we write

(2.2.10)  exp[— iR 3 ¢t — D0 = P_;p, P_; e ¥, jz0.
i=0 i=0 i20

The symbols ®_;,, satisfy the transport equations (1.4.17), (1.4.18) and
have an asymptotic expansion as in Theorem 1.7.3; moreover, @, = 0, so
that we can apply Theorem 1.7.3 and conclude that there exists a funetion
y;" € #£F;; for which

—3,i
(2.2.11) ¢—j/2 = I*(2, , &; v, ’I’;r)lz=2~/¢7;(x,§)a j=1.
We define new symbols p*f, by

(2.2.12) Phla=pl+ Py, =1

For convenience we shall continue to denote by p¥;, the modified
symbols p*},. We emphasize that no modification is needed for p, .
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Let us now turn to the claim (2.2.6); we have

(2.2.18)  Fa(tlE]2) {exp [— iB*1g — p} = Tul(tlE]?) {exp [— iR+]
N-1

[z —quim] — [ —E}zt,.,z]} + Fa(tlgl) {exp [— Y goqif,z—gpim} :
Now |

- N—-1
ZOE) 0" — 3 ¢ € 85000, + o)
72(t|€])? exp [— iRt] € 8%°(0, T').

(2.2.14)

Hence, since %%, = 7.,

N—1
2.215)  7(tlEl) {exp [— iR+][q+— D qim]} e 8~¥%0, T) .
i=0
Furthermore, by definition:
N—1

(2.2.16) pt— > pt,,e 8440, T).
i=0

Hence, since v/t ~1/|&| on supp 7.,

N—-1
(2.2.17) Tlte)[pr— 3 p2ya] € 8770, 7).
i=0
Now
- . N—-1 N—1
Rl exp [— iR S e — 3 90}
JR+) N—1
=2 (3 S0 (S ) — 2t}

+ () (exp - im1— 3 L) (5 )

By Remark III, ii)

(2.2.18) 7.(¢|¢]?) (exp [—iRt] — ZO = ;{Z+))( > Q—flz) € 8—¥9(0, T) .
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Since Rte 8L? with asymptotic expansion Rt~ Y o .(z, £)e* (see
(1.4.5)), we have k=2

N
(2.2.19) Bt (Br— 3 af_kz") e 8390, T) .
k=2

Then

el (3

) (i)

=1§; (—;—,@)l [Zz(ﬂfl“)(kiaf—kz")l + a symbol of S—N=°] (Nzlq_m)

i=0

N—1
= (mod. §-¥°(0, T))= Z.(t|&]*) > (exp D> qi”z)—v )
i=0 k=0 "

By the modification of the p*;, performed above, we can conclude that

N—1

2200 %) (3 CL) (k) — 20t € 85000, 7).

0

As a consequence we have that claim (2.2.6) is proved. In the same way
one can prove that

(2.2.21) Z1(t1&]2) o {fexp [— iR*]gt— p*} e 870, T).
We summarize all the preceding remarks in the following theorem.
THEOREM 2.2.1. There exist a symbol q(t, x, &) € 8%°(0, + o) and two
symbols p*(t, x, £) € §#(0, T'), u = sup (— Rewy(x) — }), such that the oper-
xER™
ator E defined in (2.2.1) has the following properties:
i) PE = C + B++ B-,
where
(2.2.22) Cglt, @) = [exp [ia-Elett, @, () ,
with a symbol oft, v, &) € C°(RF; 875 (RyX RY)), and

(2.2.23) Bxg(t, x) fexp Lig*(t, =, &)]b(E, @, £)G(E) dE ,

with symbols b=(t, @, £) € Caoy([0, T; 841 (RL X RY)).
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ii) B — I is a smoothing operator.

The operator C is obviously a smocthing operator, precisely C: &'(R")
— C°(R} x R?). Therefore, to obtain a parametrix we need to exorcise the
terms B*. This will be done in the following theorem.

THEOREM 2.2.2. There exist two symbols

rE(t, @, &) € Ogay([0, T; S o(Ry X RY))

such that
(2.2.24)  exp[— ig=]P(exp [ig=]rE) + b* e Og([0, T1; 87 ¢° (R X RY)) .

PROOF. We prove the theorem in the case of the sign 4-, dropping for
simplicity the superscript. Putting s = 2v/¢ and I'= 2T we need to
prove that for a given symbol b(s, @, &) = b(s¥/4, z, §) € Cq([0, T'1; 8431)
there exists a symbol #(s,, &) belonging to Cgoy([0, T']; S;‘,o) for which
(2.2.25) exp [— iy(s, z, 5)]P[exp [iw(s, 2, §)]r(s, @, 5)]

+ b(s, », &) € Oqy(10, T'1; 85.5°)

where y = y*(s, , £) has been defined in (1.4.1) and P is the operator (0.1)
written in the new variables (s, x), i.e.

(2.2.26) P — o+ M&F”)‘H 2,

— A(s*/4, z, 0,)
+ B(s*[4, @, 02) + bo(s*[4, @) .
A computation yields:

n

2.2.27)  exp [— ip]P(exp [iy]F) = 2i[as¢a,+ a:5(s%/4, @) am,zpa,,] 7’
j 1
2v(s24, z) +1 5 )

ii=
r
s Y

+ (ai"/) — A(s*[4,2, 0.)y +

- 2v(32/4;w) +1

0,7 .

(2¢0,)/s and obtain the condition

(2.2.28) s(as+ i Ciol@, @5 §) %)f -+
i=1

+ do(s, @5 E)F + Qs, @, &5 9, 0,)7 + € Og([0, T']; 81.5°)
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where §(s, x, &) = (s/2ias‘zp)l~) € Ogoy([0, T'1; S;‘,O), c;o(8), do(s) € O° and @ is a
second order operator with smooth coefficients homogeneous of degree — 1
with respect to &; note that

n
Ciol8, @3 &) = 3 a4(5/4, @) 0,4, (8 @, §)(200,p(s, @, &), j=1,.ym
i=1
As a consequence, the following system:

d .
(2.2.29) 75 T8 Y) = (s, (55 9),€) ,  f=1,.5m

z;(0;9) =¥,

is a part of the Hamiltonian system for p so that the map [0, T'] X R" € (s, y)
— (8, #(s; y)) is a global diffeomorphism. Writing (2.2.28) in the new va-
riables (s, y) we obtain:

(2.2.30) [0, + do(s, y; &) + Q(8, ¥, &; 0, 0,)17(s, 9, &)
+ (s, y, &) € Ogae([0, T'1; 815°) 5

where, for simplicity, we continue to denote with the same notation the func-
tions written in the new variables.

Since Q(s, y, &5 9., 9,) maps Cgoy([0, T']; 8%,) into Cgei([0, T'1; 8% 3Y), to
prove the existence of 7e Cgo,([0, T']; 8 ,) satisfying (2.2.30) it will be
enough to show that for every m e R and every G(s, y, &) € Cgoi([0, T"1; 87,)
there exists a symbol h(s, y, &) € Og,([0, T"]; S7',) such that

(2.2.31) (58, + dols, 4, E))h =G, se[0, T'].

To prove this assertion consider the operator

1

HG(s, y, §) :fG(O" Y, &) %,g ’

0

which maps Cf;, into itself and satisfies the equation s0,HG = @. To solve
(2.2.31) we take b = H® and obtain the equation @ + dy(s, z, §) HD = G
which can be solved in Cg([0, 7"]; 87,) by the standard Picard’s approxi-
mation procedure.

Let us now turn to (2.2.30). Using the preceding result we can construct
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a formal series > 7; with:
i=o0

i) #i(s, 4, &) € Ogan([0, 115 8’14,35)7 j= 0.
Ny-1

i) [s2,+ do+ QU 3 7) + F e Og(10, T0; 855™), VN = 1.

i=0

By a standard argument one can find 7 e Cqy([0, T']; Si‘,o) such that
N-—-1

F— 3 7€ Onyl0, I'1; 8i5™), VN = 1.
i=0

This completes the proof of the theorem. gq.e.d.
As a final consequence of Theorems 2.2.1, 2.2.2 we have

COROLLARY 2.2.1. A parametriz for the Cauchy problem (0.2) is given by
E 4+ R+4+ R~ where B is given by (2.2.1) and

(2.2.32)  REgt, o) = [exp [ip:(t, o, )Ir(, @, HJE 3, te 0, T,

with the symbols r£ given by Theorem 2.2.2.

In the next theorem we list some microlocal properties of the constructed
parameterix ¥ ++ R++ R—= Q.

THEOREM 2.2.3. For every ge &(R}) we have:

i) WF(9¥Qg|,_,) c WF(g), k= 0,1, ...
ii) For every s e [0, T:

(2.2.33) WF(Qgl,_,) = (45 s Ud5,)oWE(g)
where A have been defined in (0.6).

PrOOF. We split ¥ into a sum F = E,+ Et-++ E— corresponding to
the three terms in (2.2.1). Then 9fQg|,_,= o' Eyg|,_,- As we have al-
ready remarked the operator g — 9*H,g|,_, is a pseudo-differential oper-
ator, and this proves i).

To prove ii) we observe that (2.2.33) is obvious when s = 0 since
AF = A(T*R™\0), the diagonal of T*R"\0 xT*R"\0. For s> 0 we have
WEF(Qq|,_,) = WF[(E+ 4 R*)g|,—,+ (E-+ R)g|,—,] since the operator
g— B, g,_, is smoothing. As we have already remarked g— (E+-- R¥)g|,_,
are Fourier integral operators with phases ¢=(s, 2, &) and amplitudes
pE(s, @, &) 4 1E(s, @, &) € 87 ((E, X R}); therefore by well known results on
the calculus of WF (see L. Hormander [5]) we have

WE((B*+ R5)gl,-,) c A /7o WE(g) .
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To prove the converse inclusion we recall that for every s AF Vs are the
graphs of the symplectomorphism

T*R™\0 3 (y, n) — (2*(28; y, 1), £5(28; 9, 1)) € T*R"\0

(see (0.6)). Moreover, p*(s, », §) + (s, », &) = Py (s, @, &) + r(s, ¢, &) mo-
dulo S;‘;‘. Now p7(s, @, £) is an elliptic symbol as follows from (1.5.6), i.e.
P (8, @, &) = I'(ny(@) +1) exp [i2,](2/2) " PHIP (@)= 2 5, Since r(s, z, &)
is flat at s = 0, we can conclude that for some ¢ > 0 the symbol p=(s, z, §)
+ r*(s, @, &) is invertible in ST§ for s=<e. As a consequence we obtain

WF((Ei—I— :Ri)gt=3) = /lziv;o WF(g), O0=s=<e¢.
To finish we observe that

(47 ;o WEF(g) N (A7 soWF(g) =6, s>0,
so that

WF(let=s) = WF((E++ “R'+)g|t=s) U W'F((E—"I_ ‘R_)glt=s) ’ 0 é S§ €.

The above equality holds then for all s € [0, T[. To see this we observe
that WF(0,Qg|,_,) c WF(Qg|,—,); and that for t>s>0, g - Qg solves a
Cauchy problem for the strictly hyperbolic operator P, with PQt+e C™.

Known results on the propagation of singularities for strictly hyperbolic
Cauchy problems yield our thesis (see e.g. J. J. Duistermaat [3]). q.e.d.

REMARKS. 1) The construction of the parametrix @ for pb. (0.2) has
been performed under the hypotheses »,(x) + 1 ¢ {0, — 1, — 2, ...}, »y(®) — %
¢ {0,1,2,...}. While the first condition on », is natural because of its neces-
sity for C~-well posedness of the Cauchy problem (0.2), the second one is,
in our opinion, only technical. We believe that by changing the integral
representation for Bessel functions one should provide a way to drop the
condition »,(x) — % ¢ {0,1, 2, ...}.

2) According to Theorem 2.2.3, the parametrix Q allows to describe
the singularities of solutions of the equation Pu e O*(Rj xR which are
normally regular, i.e. w€ C°(R}; D'(R%)) (at least when »,(x) satisfies con-
dition (1.2.7)). However, since t = 0 is characteristic for P, one can find
solutions of the equation Pw = 0, ¢ > 0, which are not normally regular
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distributions and with WF(u|,_,) = A4y ;o WF(g) or WF(ul|,_,)= A7+
oWF(g). Typical examples are the following ones;

wt(t, @) = exp [t[x E4-2 |§|] ___________ §(&) dt

\/ [2

which solve (t07 — 10, — A)u*(t, ) =0, t> 0.
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