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ON RELATIONS OF CURVATURE TENSORS OVER
SEN'S SYSTEM OF AFFINE CONNEOTIONS

RANJAN KUMAR GARAI

In a paper Sen (Sen, 1959) obtained some relations of curvature tensors
over Sen’s system of affine connections. In this paper we obtain some other
relations of this nature.

Sen’s system of affine connections (Sen, 1950 a) may briefly be described
as follows : Let I'j be an arbitrary affine connection and g; the fundamental
tensor in a Riemannian space. Denoting I by a, let a* =T%+ " g,
where comma denotes covariant derivative with respect to I'j and o’ = I;.
a* and &’ are called respectively the associate and conjugate of a. The af-
fine connection a is self associate if @ = a* and is self conjugate if a =a’.

It is seen that these affine connections have involutory property a**=a’/= a.

— —_ ¥ — ¥ — g N*
If we put a, = a, a, = a*, a3 =a"*, a, =a"", ...,

a=g%aji, %=0"9ni, v=0"G1,

B=9"gim (I§" — I3, fo=g" g (" — TT),
we obtain the following cyclic sequence of 12 terms (if they are all distinct)
a,=a, ap=a-+a ag=20 + a, ay=a-+a-+f—7,
=0+ ot fo—7, Gg=a-+ o+ a4+ fo —7,
(1L1) (=0 +atoa+pf+p—y, ag=0a" Fa+p+ f — 7,
ag=a-+ a4+ g4 pf.—7, a,p=20" 4 @+ B,

ay=a-+ o+ B a,=da’.

Pervenuto alla Redazione il 4 Luglio 1970.



192 RaNJAN KuMar Garar: On Relations of

The sequence (1.1) is then used to construct the following coefficients of
affine connections :

* 1 1 1
12 (@t a) =gt (5o+a)=g -+

where a, and a, belong to the sequence (1.1). Sen’s system of affine con-
nections generated by a is finally formed to consist of all affine connections
which are generated by repeated applications of *, / on the set (1.2). In
this system, the Christoffel symbols (which define the Levi-Civita parallelism)
are given by

t 1
(1.3) %'Jl = —Z—(ap + apye), p=12,..

The Levi-Civita parallelism is the only parallelism in Sen’s system which
is both self-associate and self conjugate.

In another paper Sen (Sen, 1950 b) obtained some fundamental relations
connecting curvature tensors formed by the coefficients of affine connections
of the system. We state the following results from his work as we shall
use them frequently in our discussion.

Let 1";; and Lﬁ,- correspond to two arbitrary connections and let
Tt — It ¢ Al — 1 J g
v=T4— Ly, A= L5+ Ly

If Iy, Li and 4f, be the curvature temsors formed with I, Lj and Aj
respectively, then

1
4

¢ 1

(1.4) Aige — — (i + Lige) = — (Toe T — Tsj T,

Consequently if a = I‘i;, b= L:j, ¢c= A:j, d= .ij correspond to any four
affine connections such that

la—b|=|c—adl,
then

15 @+ om—0cw—0@=2|o(za+n)—o[Fe+ )|,
where

. _ ol ol

(1.6) C(a) =Ty = i 92 +Fifjri;:—rhtkri}l,
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and similarly for the other curvature tensors in (1.5). Since, by (1.3)

1 1
o (ap + apte) = ?(aq + ay16)

it follows immediately from (1.5) that

(1.7)  Clay) + C(ag) — O (apte) — O (ag4e) =

= 2

0(% (ap + aq)) —C (% (apye + a,H_G))] .

We shall also use the following relation obtained by Sen (Sen, 1959)

(1.8) 20 (u) = 20 (% (ap + aq)) — C(ap) — C(ag) +

+C (—é— (apte + aq)) + C (% (g6 + ap)) .

where

1 1 b
U= 7(% + apie) = D} (g + agy6) = g’]i :

We know that the Riemannian curvature tensor Ry satisfies the fol-
lowing relations with regard to indices.

(1.9) Rpie + Banje = 0,

(1.10) B + Bijii + By = 0,

(1.11) Rije;i+ Rin,j + Raj, =0,

(1.12) Rpiji;1 + Brin; 5 + Braj; e =0,

(1.13) Rjit;m =+ Bijm v + Routi; j + Biomi; 1 = 0,
and

(1.14) Brjir; m + Brgjm; & + Brmie; j + Bremi; 1 = 0,

where semi colon denotes covariant derivatives with respect to Levi-Civita
parallelism. Prof. R. N. Sen (Sen, 1950 b) generalized the relation (1.9)
and Dr. H. Sen (Sen, 1959), the relations (1.10) to (1.12) over Sen’s system of
affine connections. In this paper we have done the same thing for the re-

13. Annali della Souola Norm. Sup. Pisa.
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lations (1.13) and (1.14). Some other relations are also obtained which can
be looked upon as another way of generalising (1.10).

2. We shall first prove a useful formula relating covariant derivatives
of curvature tensors. In order to do so, it seems convenient to use the
following notations. With reference to the sequence (1.1), put

1 4 s a s
?( ’ij - ﬂl}m) = ]m .

(2.1) a,= apFi,ti y ';—(alp]jn awlj’m) = ij ’

In what follows a solidus followed by an index indicates covariant dif-
ferentiation with respect to the affine connections with which the respective
curvature tensors are formed, whereas a semicolon, as before, denotes co-
variant differentiation with respect to the Christoffel symbol. The following
relations can be verified by straightforward calculations.

L (agtan) 5 (a6+ a-,) “6+a7

(2.2) 2 I;';cl/m - ]kl m + 2 ]kl Us:’n
1 1
L vetar) L (@star) @yt ap
— {2 ° 7Iskl U+ 2 ° 71331 Upn + 2 71}1:3 Ui
5 (@t e 5 @ta < (@rtan) ;
(2.3) ' “F,kz/m =2 uF]u m— 2 Ty Ugn
1
St g L @t (“ ta
+ {Z e Rkl U]m + El jsl Ukm + e ]ks Ulm}
1
(au+a ) — (a1z+az) (a +az)
(2.4) Dijm= " Diym— 2 T Vi
La e 2 (atan L @atan
+ T N Vi T T Vim A+ T ks Vi) -
! farl'ae\ L '“l-l-ae\ 2 (@1+-ac) i
(2.5) Tam = Tja;m+ Ity Vim

1
— (a1}-a) (@14ag) (a1—|-a )
2 "L Vim + B sF]sz Viem =+ z sfﬂcs Vim)-

— |
(2.6) “Dyim = “Ljit; m ~+ "It Vo — ("Lt Vi 4+ “Thit Viow ~+ “Tiis Vi)
— “Tjia Ugn + "L Upn 4+ “Tyt Uin + “Dits Uit

(2.7) “Tjiym= it m 4 “ia Ve — {“Toia Vim 4 “Tiat Vi 4+ © “Tits Vi)

g 8 T ag 1t s a i 8 a i 8
+ 6-ijkl Usm - ‘ 6I—'skl Ujm + 6]}31 Ukm + 61}1&9 Ulm}°
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(2.8) "Ly = “"Tit; m— “Lois Vom -+ (“Tia Vi + “ L Vil + “Iiks Vi)
+ it Upn — (Tt Ujen =+ “Tity Uy ++ “ Tty Ui
(2.9) “*Lieym = “"Tiur;m — “Dia Vo + ("Lt Vg + T Vit + Tk, Vi)

— "1 U+ ("Lt Upn + Tty Ui + Lk Uiha).
By (1.8) we have

(2.10) 20 (u) = zo( (ag + a7) C(a5) — O(a;) +

+ 0[5 0w+ a0) + 0 (5 @, + )

__20( a1+042) (1)—0(a12)—|-0( ,‘,+a7)>—]—0< a,—l-%))
Theaefore, using all the relations from (2.2) to (2.10), we get

(ao+ ap

i . (a +a ) (a “+ae) ¢
(2. 1 1) (2 2 I}kl/m - ae-l_ji;cl/m - ‘I‘ PR ]kl/m + e ['ﬂ::l/m)
(a +a9) : (a +a) (a+a)
4+ @2 iym — “Liapm— "Tham+ 2 Djgm 42 Tiym)
= 4R, m+ U Kjiy+ Vo Pits — {Ujn Kt + Vi P

+ Ui Kju~+ Vi P i+ Ui Kﬂtce + Vin P, j;;s},

where
1
i —(a +-az) - (mtaw) | v i
Kpu=22" F;kz— 2 ) — Fﬂcz— I}kz-l- al!ﬁcz-l- L
and
(a1+a ) (a1+a, ) e
Pjy=2(2 "I kL — " L) — iy + “ I i — jkl + .

But, by (1.7), we have Kj; = 0 and Pji = 0.
Hence, from (2.11), we obtain finally the relation

(%'l'a'/) (a1+am) ( a7+-ang)

(a +ag)
(2.12) 2[2 F]“/Wt‘*" 2 Jkl/m+ B o

I'jzl/m + I'jkl/m]

— "Lk + “Tipm - L + T j;.cl/m] = 4R}y, m-
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There are three such formulae over Sen’s sequence (1.1), Viz:

1 1
( tag) i - @yt 6tag46) vi 5 (@ptegt6) o, (a +ap )
(213) 2[F Ly T T Tt Sl
_[pﬂkl/m+ q[']kl/m + +6I}kl/m—|— q—l—(iI‘]kl m] = 4R]kl m

where (p,q) is any one of (1,12), (2,3) and (4,5).
‘We now proceed to generalise the identity (1.13) over Sen’s system of
affine connections. We put

(2.14) {apl}fczm} = 2lm + apﬂ;m/k + L + a"ﬂfmj/z .
Applying (2.12) and using the notation (2.14), we get

< (ag+ar) (ar-+a10) (“ 1+aas)

(2'15) 2 [{ 2 ijklml + { jklm} + {2 I};.clm} + {% ok ]klm}]

a, ag a; 27 ay+ )
T} - ") ("Tan] A+ (" Lfan]] = & (78,

. 1 1 1 .
Again, since - (ay 4 ay,), -2—(0»6 -+ a;) and —2—(ap + ay4¢) are self conjugate

(Eisenhart, 1927), we have

(a1+m.) (@tar) g % (ap+ap

) i
jklm} = [2 I‘jklm = { +e Dklm} = 0.

(2

Hence (2.15) reduces to

a,+a6\

{(“Tjhm) + (%F]klm} + {“Tjum) + (“*Fiam) — 2 H

Jklm}

(“1+au)

+ l2 I}';.clm” =0

Thus we have
(2.16) (2L} + (“Lim) + (P i) + ("9 i)

L
— 9 “2 +aq+a)1,1 }_*_ { (aq+wp+6)pklm}] —o0.

where (p, q) is any one of (1,12), (2,3) and (4,5).
The three equations (2.16) constitute the required generalisation of the
identity (1.13). Here we note that using the relation (2.13), putting {“Pﬂ-}“]
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for “PTifu + "PI}tk,/,- + * I and adopting the above process, one can obtain
another proof of the identities (5.9) obtained by Sen (Sen, 1959) which ge-
neralises the Bianchi’s identity (1.11) over Sen’s system of affine connections.

Now we proceed to generalise the identity (1.14). Denoting the cova-
riant derivative with respect to a, by the notation /,, and putting

a, a, a, a. a,
{2 Dnjram} = 21 Rhjkl/m + *I; hljm/k + 21 hmiky + 1, hkmjfl )
u,p a’p a

a,
we have ? ?

t
(217)  {"Thjuim} = Gy P+ G ““Tiim + 91 Ttk + 94y PTims
llp "’p . ap ap

+ gue {*PLjiam)-

Putting “ry— “”I}} == 1_7.-,’-, the following results are seen to hold. The co-
variant derivative of g;;

With respect to a,, ag is g, 1,

. r 8 1r 8
< gy Ay 18 Gy k — Gik, j — Gik, s — Fis Vg — Gis Viis

(2.18) ¢/
« Oy Qg is 9ij, % -+ Gis Vj‘;c +gjs Viskr

... ap and a,;, are negative of one another.

Now applying (2.17) and (2.18) and remembering the first of the equations
(2.16), we get,

(2.19) (" Thjam) + {* L hjrim) + (“ L hjiim) +

—~——

91 [ higim) —

1 (ar+a,)

)
Lhjam) + {2 hikim)]
= gne,m (“Ljar + ity — “Tjte — “Tia) + g, 6 (“Dim =+ Y — “ T i, — “ L im )

S

9 [{ (a1+as

t 1 t t t t t
+ gnt, 5 (Domte+ " Lonte— “"Domtke — “Tonii) + gt 1 (“"Timg + “*Dimg — “Tiomg— “Limg )

+ (arka )

+ (9ns Vim + 96 Vi) (D — “Tja 42 Tja — L)
1 1
— — y S — (ar+as) —(artag
+ (g0 Vi + g Vi) (“Lgm— "L+ 2 L — 2 Dijm)
1 1
= = L o @t 5 (artan)
+ (gns Vi + s Vip) (““Domtie — “Tonie -+ 2 T — 2 Law)
1 (a1+as) %(ar{"ha) t

+ (Gns Vit + Gis Vi) (" Fiing — “Lmj + 2 Lo Lemj).
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By (1.7) we have

a ot ta rt a ¢ 1 (artaya) ¢ % (astar) ¢
T+ "I — “Tijp — “Lijp = 22 L — L]
(2.20) ¢ and

L (rtae) 5 rtan) 2 (@t L astan

a t a, t
i — °Fqk - B Iy ik — I ik = [z I ik — 2 Liji).

Therefore the right hand side of (2.19) becomes

1
@utm —+ G Tin g0 Vi) (7 0y — 7t
Qi+ g0 T+ g0 T (FOH I — (“"*“”rJ,,,,)
+ (20ht, 5 4 Gns Vs -+ 9is Vi) (2 wH_amf mik %(%_I-WF mik)
+ (2gne.1 4 gns Va + 96 Vi) (2 (aIHMF omj — (a6+a7)1 i)

. . 1 1
Again, since 7((1,1 + ay,) and ?(a6 -+ a,) are self conjugate, we have from

(2.17) and (2.18)

(a2 +a;9)
2 |2 Sy wktm) == (208, m 4 Ins Ve = gis Viom] 2 k) ot ikl

(“1+'1u

+ [29h¢ k + Ghs Vtk + Gis th] E;m

(a.+am

+ (200, 5 + 9ns th + 9t V;.,] B lek

( +a12)
b 20kt 1 4 ghs Vi ges Vi) 2 O

Similarly for

— (ag+ay)
2 {2 ’ 7thklm)-

Hence (2.19) finally reduces to

("D hjram} + (%L njram) + (S Lhjpam} + {2 hjrim)

(¢1+ae) (av +a19) (a1+“le) , (“6+¢7)

—2[* Thjrim) + {2 Lhjum} + {* nikim) —+ {2 Thjim}] = 0.
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Thus we have

(2.21)  {*Diam} + (“Dhjram} + {21 hgam) -+ (“9F D hjiim)

(“’p‘l‘ “’q)

+a,4q L +
—2 [{2 “otiate Dogam) + {* R Dhjan} + {2 Lhjivn)

T @ptotagte
+ | Thjem}] = 0

where (p, q) is any one of (1,12), (2,3) and (4,5). The three equations (2.21)
constitute the required generalisation of the identity (1.14) over Sen’s sy-
stem of affine connections.

3. In this section we proceed to prove some relations connecting cur-
vature tensors which may be considered as generalisation of (1.10). For
this purpose we adopt the following notations. Put

a
(3 Il)Ahijlc Imk + hjln + hkz]
1) and

a
»
2Ahijk htjk l mch I kthj

Dr. H. Sen (Sen, 1959) generalised the identity (1.10) and obtained two
sets of relations which are as follows :

b7 %+6 %+6
(3.2) Am;k"' 1 hie — 1Ahijk lAhtjk 0,

where (p, g¢) is any one of (1,12), (2,3) and (4,5).

p+6 % +6
(3'3) Iu]k+ 2“ hijk 2Aht]k 2Ahzjk 0’

where (p, ¢) is any one of (2,11), (1,4) and (3,6).
We propose to obtain some other relations of this type.

It is known that pAm]k
the formula (1.8) directly, we have

= 0 if a, is self conjugate. Therefore, applying

(ap+aq) ayp ag ( p+6+aq) 7 (“p+¢q+6) —
(3'4) 22 Ahz]k lAhuk Ah‘l]k + B 1 htjk—l— Ahtjlc 0.

Accordingly, from (3.4) we arrive at the following sets of formalae. .
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a Q)
llAhijlc + lem;k
(3.5a)
ag a
lAhijk + ;Ahijk -
a. a.
;Ahijlc + :Ahiﬂc -
(3.5b)
a a
;Ahijlc + :Ahijk -
a. a
;Ahijk + :Ahijk
(3.5¢)

a an
1Ahijk + 1Ahijk

The three formulae (

RANJAN KUMYR GARAI:

1
9 (ar+a19)
1 rije —

7 sta

7 (ostay

(au‘l'av)
Ahtjk

A
A4
A

(“5+aw\
Aht]lc

1
7 (@st+a10)
Ahl]k

the other from (3.5a), (3.5b) and (3.5¢).
The second member of (2.20) gives another relation

hijk

hijk

On Relations of

; (arl—aﬁ:Ahi]k =0,
%(al+a5; hijk 0,
%(a’-i-ag]).Ahijk =0,
% m2+a91)Ahijk =0,
(a,+au)Am]k 0,

; (a4+a“1)Ahijk = 0.

3.2) can be obtained by subtracting one equation from

o) __a ) (“1+“6] —(a7+a,,)
lAhijk 1Ahl]k + hljk - Aht]k 0
Similarly using the formula
1 1 1
(“7 +-a1) - (@+ag) — (a1+ay) — (@s+ar)
B i — 9L hije 4 2 Ly — 2 Lyijie = 2 Lhije — 2 AT
we get
(w7+an\ (al-l—ao)
51 ar P}
e — Ahtjk + lAhijk Amﬂc 0.
Thus we have
s as (014 o) (a7+a|,)
lAIu'jk 1A + A — A =0
(a7+a,,) (a1+ae\ !
a a
Ahl]k Am]k + : Ahijlc Ahljk O
1
(a3+a,,,) ~ (@sta9)
2] ag —_
(3 6) lAht]k Ahijk + Ahtjk Ahzjk - 07
as ay 5 (ar{'“s\ (as-l-as)
lAhl]k Alu]k _* Ahijk Aht]k 0
1
ay aw Z “m-l-“s - (@stan) .
lAhulc lAhzﬂc + hljk Ahijk - 0’
L ag an (“u+a4) (a10+a5)
\ lAhijlc Amﬂc +? Ahijk Am]k 0.
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Now writing gn O (a*) = I'y¥ix and using I + Life = 0 (Sen, 1950b), we
get

a.
'p oy
1 4 hijk A ihjk

and consequently all the equations of (3.5) and (3.6) reduce to

' as ag (an+as) (ab'l'“i)
i 2Ahijb + ZAhqk 2Ahljk 2Ah|]lc 0’
as an (“8+“ll) ? (a5+-a9) _
2Ahijlc + o i — 2Ahijk - oA pin = 0y
@ as _ ? (ar+aq) —(Ch+am)
2Ahijk + 2Ahijk 2Ahijk 2A hijk =0,
(3.7)
1
ar a0 (a,-i—a,) __ 5 (atan) .
Am;k + Ahzﬂc 2Ahijlc 2Ahijk =0,
as ag (as‘l’“u) (ae +ato)
2Ahijk + 2Ahwc ZAIujk - Aht]lc 0,
1
ayg (“3"'“12) > (ag+ag) .
\ 2 hijk + Ahcjk 2Ahijk - ZAhijk =0,
and
{ 1
/ (arl‘as) - (ag+an)
| en as — 2 —
2Ahijk Ahtjk + 2Ahijk 2Ahijlc =0,
1
- \ — (ag+as)
as g 3 (as+au 7 (@2 _
2A hijk — A}ujk + 2 m]k - 2Ahijk =0,
My ey 5 (a,-{-a,) (a1+‘lm) A =0
( 3 8) 27 hijk 2" hijk + 2 Rijk 2 hvk ’
¢ 1
ay a 7 (“1+“10\ ?(“74““4) -
ZAhtﬂf 2Ahljk + 2 hmk 2Ahijk - 0’
1
ay ag (a9+“6‘ 7 (ag+a;9) _
2Ahwc 2Aht]k + 2 2 hijk 2Ah|'jk =0,
ag a9 (alﬁ' aa\ (ae+“9)
\ 2Aln}k 2Ahuk + 2 2 hijk Ahs]lc 0.

respectively. The equations (3.5), (3.6), (3.7) and (3.8) may be considered as
the generalisation of (1.10). The three formulae (3.3) can be obtained by
adding two suitable equations from (3.7) or (3.8).

In conclusion, I beg to acknowledge my gratefulness to Dr. H. Sen
who suggested the problem and helped me in the preparation of the paper.

Department of Mathematics,
Shyamsundar College,
Burdwan, West Bengal, India.
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