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CORRECTIONS TO MY PAPER
« ASTURM-LIOUVILLE THEOREM FOR NONLINEAR
ELLIPTIC PARTIAL DIFFERENTIAL EQUATIONS »

(Vol. XX, 1966, pp. 543-582)

By MELVYN S. BERGER

The author is grateful to Professor Colin Clark for pointing out a
number of omissions and incorrect statements in the above paper. In par-
ticular in order to obtain certain uniform estimates needed in the proofs of
Lemmas 1.3.2 and IV. 3.4 it should be explicitly assumed that all variational
operators A of the various classes considered satisfy a uniform Lipschitz
condition on bounded subsets of X, i.e.

| Az — Ay || < ¢ (K) ||z —y|| whenever |[z|,[ly| <K

where ¢(K) is a constant independent of x and y. Thus for the partial dif-

ferential operators considered we must assume throughout that 4, (x, 2) and

B, (x, 2) satisfy a local Lipschitz condition in the z variables for z € G.
Furthermore the following changes are also necessary :

Page 549 (Last line) The extra coerciveness assumption should be
1

(uy Au)—> oo as either ||u||—> oo orj(u, A (su)) ds — oo

0

Page 552 (Last line) add after on « compact subsets of »

Page 554 (Last line in Lemma 1.3.1) add «and R sufficiently large ».
In the subsequent proof read — a’(f) in place of a’ (Z).

Pervenuto alla Redazione il 6 Aprile 1968.
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Page 555 In the statement of I.3.2 replace 8§ by — 6 and K, by Ke.
The proof of the lemma is incorrect and should be altered as follows:
By virtue of Lemma 1.3.1

dav , _ (Cu, Av)
a’i‘—— C’u+a: (t)u—C@t-—-Wu

(M

v =u

defines an intial value problem for an ordinary differential equation in X
such that for u € Az, v(t) lies on dAg for |t| sufficiently small. As 4 is
locally Lipschitz continuous, a’ (f) is Lipschitz continuous in v for ||v —u| <¢
where ¢ is a small constant independent of € 04r. Hence by standard re-
sults for such equations (1) bas a solution v (t) = f (u, t), which is uniformly
continuous with respect to v (0)= u, belonging to the compact set a, and
with common domain of existence [—¢,,t] independent of € a. Then set
O(,uy=a(t)t"! - 0(tu) is a continuous function of ¢ and u; for at t =0,

. . (Cu, Au)
lim@(t,u)=limtla@t)=a (0) = — ————.
t-0 &) t—0 u ) (u, Au)

Furthermore, by the Mean Value Theorem and Lipschitz continuity of a’ (¢) :

(Cu, Au) _

O(t,u)-}-m =|a’(6) — a’(0)| where 0 <6 < 1
X .

< K||v(®)—(0)| < Ke
Page 557 in formulae (1) and (2) replace D* by (— 1)\«l D=,
Page 558 in the formulae for A, and B, omit the factor (— 1)i*l.

Page 562 in Lemma II. 3.1 the ellipticity: hypothesis (i) should be re-
placed by its algebraic analogue, namely

i" 2 {Aa (@, 2") — A4 (, z)) 2o — 2.} >0

lals=m
for all z,2’ with 2’ 2.

Page 563 in Lemma II. 3.2, the ellipticity bypothesis (iv) should be
replaced by its algebraic analogue

(iv") 2 (Ao (@,9,2)— Ay (@9, 2)} [2a — 2] > 0

la|=m
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for 2’ ==z where 2 = (2,, , ... , 2,,,) and
| @i| = m and furthermore for each fixed y, 2
and any s€[0,1], f(1) = f(s) where

f(8) = P {Aa ('1"7 8Y, 82) - Aa (-’l?, 8Y, 0)] %a

lal=m
Page 564 (Last equation) We add the details to prove

(%) lim Z A,(®, 8Up, ..., D™ su,) Du, = 2 A,(x,8u,...,D™su) D*u.

n—o0,/|la|j<m la|l=m
G G

First, from the abstract viewpoint, note that u, — » weakly in X implies
(R (8un)y ) —> (B (su), u) and (P (8un , 0), un) —> (P (8u, 0), u).
Thus (s) will hold if we show

(%) lim (P (su, , 8u,) — P (8uy , 0), u,) = (P (su, su) — P (su, 0), u).

n — oo

To demonstrate (xx) we remark that it Au, — Au strongly («x) holds for
s =1, i.e. for the elliptic operators under consideration

lim 3 | Aa (@ Uny ey D™ wy) — Ay (@, Uy oo, 0)) D* iy

n—-oo J|a|l=m
(4]

—_—f Z {Aa@ uy .., D™ u)— A, (2, u, ..., 0)} D= u,
la]=m
é

By the ellipticity hypothesis (iv’), the integrands in the above integrals
are positive and thus the associated integrals are uniformly absolutely con-
tinuous. Furthermore by (iv’) for 0 << s <1

0 I [(A.(@, 38Uy, ., D™ (su,)) — A, (2, $UUn .., 0)) D* 2y,

laj=m

< 3 {Aa@ Uny .o, D™ uy)— A, (€, Un o, 0)) D* 1y,

|a|=m

Hence the integrals associated with the expression (P (su, , su,) — P (su, , 0), u,)
are uniformly absolutely continuous for 0 <<s<_1, and so (#+) holds as
required.
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1
Page 574 Equation (ii) add f after lim. In the proof note that é can

n — 0o
0

be chosen independent of v € [v]y .
Page 576 (Last line) should be

1 —tu+ tPOu|=||Pu|24 (1 — 82| Pu

i2
= P> 0

. o N +2m . m
Page 579 Equation (i), in place of N —om substitute N om

any small ¢ > 0.

University of Minnesota

Minneapolis, Minnesota.

SANDRO FAEDO - Direttore responsabile. Finito di stamparer il 1 luglio 1968




