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Introduction.

Bishop [2] has stated : « It is thought that a manifold M»t! c (" has,
in general, the property that holomorphic functions in a neighborhood of
M extend to be holomorphic in some fixed open set ».

Historically the problem of extending holomorphic functions from a
neighborhood of a submanifold of C* has been considered by Levi, Hartogs,
and Bochner in the case of a hypersurface. More recently work has been
done by Lewy, Bishop, Weinstock, and Wells. (See [6] for a general intro-
duction and discussion).

Pervenuto alla Redazione 1’11 Dicembre 1967.

8. Annalt della Scuvla Norm. Sup. - Pisa.
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Certain submanifolds of C" are geometrically well-placed, and inherit
a C-R structure from O™ (see below). This makes it possible to define a
complex of differential operators on them (the § complex on (0, p) forms) which
has been used by J.J.Kohn [14] as a prototype in a study of sub elliptie
complexes, so these C-R structures are important objects to study in them-
selves. But it turns out that extendibility is closely related to simple in.
variants of the C-R structure.

Essentially this thesis is devoted to a discussion of Bishop’s statement.
Chapter I contains some necessary linear algebra. In II, we define the con-
cept of a C-R manifold, which is a pair (M, H (M)), where H (M) is a sub-
bundle of 7'(M) ) C (here and in the following, all tensor products are over
R) so that H (M) nH—(M) =0, and H (M) is involutive. Some examples are
given. A complex manifold M is a C-R manifold when H (M) is taken to be
its holomorphic tangent bundle. If N is a real submanifold of M, (N,
T(NYQCNnH(M)) is a C-R submanifold when the fiber dimension of
T(N)Q Cn H(M) is constant. When the dimension of that intersection in
minimal (as a function of the dimensions of M and N) N is called generic.
« Most » CO-R submanifolds are generic. An important invariant of the C-R
wmanifold (H, H(M)) is the Levi algebra of M, 2(M), the sub-algebra of vec-
tor fields generated by H (M) and H(M). We always assume that L(M) is
constant dimensional, and define the excess dimension of L(M), ex dim
L (M), to be the codimension of H (M)-+ H (M) in the bundle whose sections
are L(M).

In IIT we analyze the concepts of extendibility and holomorphic hull
for generic C-R submanifolds of (", and in particular we prove a theorem
suggested by H. Rossi about local triviality for such submanifolds when
ex dim L(M)=0. Later we give a general example (Reinhardt submani-
folds) of embedded C-R submanifolds of C® whose hull can be exactly const-
ructed. This leads to examples of M»+! in O™ having the property descri-
bed by Bishop.

Let M be a C-R submanifold of C*. If ex dim 2(M) > 0, we show in
IV that there is a non-trivial family of analytic dises with boundaries on
M. We use this in V to show that if M is a generic C-R submanifold of
C», and if e=-ex dim .2(M)> 0, then M is extendible (in the sense of
Bishop) to a subset of C" containing a manifold N with dim N = dim M 4 e.
‘We also show that if M is compact, it is always extendible to a manitold
N with dim N = dim M + 1. The same result is true if M is a submanifold
containing no complex submanifolds.

The following is substantially the text of a doctoral dissertation writ-
ten at Brandeis University under the direction of Professor Hugo Rossi.
1 would like to thank Professor Rossi for his help and constant encouragement.
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I. REAL SUBSPAOES OF A COMPLEX VECTOR SPACE

A. Complex Structure.

Let W be a finite-dimensional complex vector space. There is a real
linear map J : W — W so that J2 = — Iy. J is given by multiplication by i.
If V is a real vector space with a linear map J so that J? = — Iy
the V has the structure of a complex vector space V;y, if for any veV

1
(a 4 bi) is defined to be av + bjv. Then dimg VJ=? dimg V. J called a

complex structure on V.

If V is a real vector space, then V() C is a complex vector space,
called the complexification of V, obtained by defining J on an element
v@cof VRC as:

J(w@ec)=v @ ic, and extending .J linearly to all of V& 0. Then
J? = — I,,®C, and dim, L) C=dim, V. V@ C bhas an important au-

tomorphism of period two, — , defined by requiring that @ = v@? (e
is the complex conjugate of c).

There are maps re: V@QC—V and im: V@ C— V defined 'by
a + —a
2i

re (a) = (an element of V ()1, indentified to V) and by im (a) =

(again in V® 1, identified to V).

(Another way of obtaining the complexification of V is to consider the
vector space V < V, and define a J by J (v, w) = (— w, v). The complex
vector space so obtained is isomorphic to V &) C, and the isomorphism
I:V®C— V<V is just I(a)= (re(a),im(a). The important — automor-
phism becomes (v, ) = (v, — w)).

If V already has a complex structure given by a linear map K with
K? = — Iy, then V () C splits naturally into the sum of two complex sub-
spaces, Hg (V)4 Ax(V) with Hg (V)= Ak(V). Hg(V) (resp. Ax(V)) is
called the space of holomorphic vectors (depending on K) (resp. the space
of antiholomorphic vectors (depending on K)). Hy (V) is generated by vectors
of the form v@®@ 1 — (Kv) Qi (which can be read v — ikv), so Ag(V) con.
sists of vectors of the form v 4 ikv,v€V. If the linear map K is extended
to V@ C by requiring that K (v @ e) = (Kv) @ ¢, it is not hard to see that
Hyg (V) is the (-4 ¢) eigenspace of K and Ax (V) is the (— i) eigenspace of
K (and these are the only eigenspaces of K).
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On the other hand, if V ) C is written as the direct sum of two complex
subspaces H 4+ A and H = A, this splitting induces a linear map K on V
with K2 = — Iy, and H (resp. A)is just Hg (V) (resp. Ag(V)). If v @1 =
&+ h, with a€A and he H thena—h="h—a, so a —h=14(@m(a —h).
And Kv is just im (a — h).

Vx is naturally isomorphic (as a complex vector space)to Hg (V) (cor-
respond an element v€ V with v — iKve€ Hg (V).

If W is a complex vector space, H (W) (resp. A (W)) will denote Hg (W)
(resp. Ag(W)) where K in the «complex structure» of TV.

B. Subspaces and Generic Subspaces.

Let W be a complex vector space of complex dimension #, and V a
real subspace of W of real dimension k.

1. DEFINITION : m (V') is the maximal complex subspace of W contained
in V.

m (V) is just=1Je€ V|ixe V{

V@ C is canonically imbedded in W) C. Define H(V)=H(W)n(VR 0)

and A (V)= A(W)N(V @ C). Then H(V)=A(V) (ir V& C) and
H(V)NA(V)=0. Using A we get:

2. THEOREM : H(V)+ A(V)=T@Q C for a subspace T of V, and T
is a complex subspace of W; T is m(V)

m (V) and H (V) are naturally isomorphic.

k

3. THEOREM : max (0, k — )<< dimg (m (V) << —-.

1 k
Proof: dimg (m(V)) << > dimgp V = 5 And : dimp W = dimp V +4-

+ dimg i V — dimg (VY N ¢V), so that dimg(VNiV)=2k— 22, and
dimgm (V) =k —mn (for VNRiV=m(V)).#

Let GL (W) (resp. G§(W)) be the collection of p dimensional real (resp.
complex) vector subspaces of W. Then Gk(W) (resp. G§(W)) has the
structure of a compact C= (resp. complex-analytic) manifold (Steenrod [29],
p. 35). Put Go (W)= GH(W)+ Go(W) + ... GF(W). If V€ G#(W) then
m(V)eEGo(W).
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4. THEOREM: If p =max(0,k —n), then m: G}é(W)—-) Go(W) has
these properties : ’
1) m™' (GE(W)) is a dense open subset of G (W)
2) m|m~ (GE(W)) is a C* map.

Proof: A simple argument based on rank. The work of Sommer [28],
§§ 1-3, can be used to show this result. #

(Note that m™! (G§(W)) is the complement of a lower dimenstonal al-
gebraic set in G,’Q(W ), and m is, in fact, a fibration).

5. DEFINITION : Elements of m™"' (G§(W)) are called generic subspaces
of dimension %k, and other elements of G}Q(W) are called exceptional.

The concept of generic subspace is not really satisfactory categorically,
for the inverse image of a generic subspace V by a complex linear map
is generic if dim H (V) > 0 but need not be in other cases, and the image
of a generic subspace by a complex linear map need not be generic. Gene-
ricity is not preserved well by taking products; a proper complex subspace
of a complex vector space is not generic.

C. The C-R Vector Space Category.

We define the C-R vector space category by giving its objects and maps.

An object in the category is a pair (V, W), where V is a real vector space,
W is a subspace of V, and W has a complex vector space structure com-
patible with its real structure. (Equivalently we can give a subspace W
and linear map Jy: W— W with »Ify=—Iw. Or a subspace H of
V@ C can he given so that HN H =0. Then W is obtained by requiring
that W® C=H -+ H in V(). A map of the category is a pair of real
linear maps (fy, /,): (V, M)—(V’, W’) so that:

U fo: VoV and f,: W— W’

2y fi=fow.

3) fi: W— W’ is a complex linear map. (Other conditions equiva-
lent to (3) are: fyodw=JJy of,,0or [RQ1l: VRC— V’'Q C takes H
into H’.

1. REMARK: An example of an object in the C-R vector space category
is provided by (V, m(V)) where V is a real subspace of a complex vector
space. This is, in a sense, the most general example. If (V, W) is an object,

there is a complex vector space V and an injection j: V — V so that Jj(v)
is a generic subspace of i~’, and (V, W)= (j(V), m(G (V). And any map
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from (V, W) to (V’, W’) can be realized as the restriction of an appropriate
complex linear map from V to V.

2. DEFINITION : The C-R codimension of (V, W) is dimg (V/W).
An interpretation of this is apparent:

3. THEOREM : If V is a generic subspace of a complex vector space 1V,
and if m (V)= 0, then

C-R codim (V, m (V)) = codimg of V in W.

Proof. Examine B4 and Bb5. #

II. C R MANIFOLDS AND THE LEVI ALGEBRA.

A. Objects and Maps.

C-R manifolds are designed to look « tangentially » like the C-R vector
space category. There are many examples of such manifolds.
If V is a vector bundle, let I'(V') be the collection of C> sections of V.

1. DEFINITION: A C-R manifold is a pair (M, H(M)) where M is a
real differentiable manifold of dimension n + %k (n >%) and H (M) is a k-
dimensional complex subbundle of (T (M) C). The following two conditions
are satisfied :

a) If A(M)::L—IW), then H(M)N A (M)=0! (the zero-section).
b) H (M) is involutive. That is, if o, € I"(H (M)), 80 i8 [a, B] € I' (H (M )).

2. THEOREM : If M is a real differentiable manifold of dimension nk,
then (a) of 1 is equivalent to either of the following :

1) There is a (2k)-dimensional subdbundle R of T (M) so that R is a
complex vector bundle (that is, there is a real bundle map: J: B — R with
J 2?2 = — Ip).

2) There is a reduction of the group to T (M) from GL(n + k, R) to

a linear group whose elements are of the form ((‘)4 2), where A€ GL (L, C),
B is a (2k) by (n — k) matrix and C€ GL(n — k, R).

Proof: a)— 1) It is clear that K =re(H (M) -+ A (M)), and J is ob-
tained as in I.
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1)— 2) We obtain this reduction by taking a covering of M by
charts which exhibit (R, J) as a complex subbundle.
2) — a) It is clear from I how to obtain H (M) from a knowledge
of R and its complex structure. #

REMARK : There is a reduction of the group of 7 (M) from GL (n -+ k, R)
to U{k) < 0(n — k) (which is a linear group whose elements are of the

0 .
form ((‘;1 B) with A € U(k), B€O0(n — k)). This is accomplished in the usual

way with a Riemannian metric (Nomizu [22], § 8).

3. THEOREM : If M is a real differentiable manifold of dimension n-Fk
satisfying (a) of 1, then (b) of 1 is equivalent to either of the following :
1) If n is any differential form annihilating I"(H (M)) then dy (a,f)=0
(for any o, f both in ' (H (M)).
2)If R=reH M)+ A M), and J is as in (2-1), then [a,f]+
+ J[Ja ]+ o, I B] — [Ja,JB] =0 for a, €' (R) (the Nijenhuis tensor
for C-R manifolds).

Proof: b)— 1) and 1) — b) are simple uses of the formula

2 dn (o, B) = a (n (B) — B (n (@) + 7 (o, SD:

b)— 2) Suppose a, f € I'(R). Then [a — iJa, f# —iJ f]=K — iJK
(for some K € I'(R)). But then K = [«,f] — [Ja,Jf], and —JK = — [Ja, f] —
— i [, JB]. And (2) follows.

2)— b) as above. #

REMARKS : If (M, H(M)) is a C-R manifold, we shall often say « M is
a C-R manifold ».

Note that (T (M),, B,) (p€ M) is an object in the C-R vector space
category.

(We follow Sweeney [30] in the following presentation). Consider the
exact sequence

O >HM)+AM)—>TMH)QC—>TM)QC/HM)+ A(M)—0
Taking duals we get:

(*) 00— HWM)+ AWM > (TM)QCHr— HM)+ AWM —0
—

'
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where (H (M))+ A (M)Y is the dual of T(M)® C/H(M)+ A (M), and con-
sists of all linear functionals which are 0 on H(M)+ A (M) in T(M)Q C.
Taking the m-th exterior product we obtain :

0> K—>A™(T(M)O)* — A™ H(M)* + A (M)*) =

= X APHMP*Q@ A1 AM*—0
ptg=m
where K consists of all linear combination 7 A..A#n where at least one
7€ (H (M) + A M)°.

If we choose a splitting map »: H(U)*+ A@Q*—> (T (M)QQ C)* o
the sequence (), then A™ r splits the sequence of m-th extermr products
If we define D79 =I"(A? H(M)* @ A1 A (M)*), we obtain a map 6: D7 —
—» D79t by composing the following sequence :

FATH M@ A1 A () 0" pgm (1 (g ) =225
exterior deriv restriction
— (A" (T(N)® C)) ———— (A (T (M) ® ) =

projection

— DA™ (H (M) + A ()

— [(A? H(MP* @ A1+ A (H)*).
So if e Dre, 3d is essentially the part of (dA™ ») @ in Dr 9+,
4. THEOREM : 6 : D" 9 — D%v+1 4 awell-defined.

Proof : If we choose another splitting +": H(M* 4+ A(M)* — (T(H)R ("
of the sequence (*), then +"'=r -k, with &: H(W)* + A (M)*— (H(M )+ A M)
6: DP9 — Dratl will be well defined if d(A™ ) D —d (A™ (r —+ k)) @ has
no (p,q+1) part. It @=C,A. AL,Q v A ATy, LED (M ¥, 1€ I *).
then (A™ r) @ — (A™ (r 4 k)) P consists of terms of the form L ==+ rJ A...
wAKLA LAY AT, AvT, . k must occur at least once on a term of , or
7; (since we are taking the difference with (4™ r), there are no « pure -
A™ r terms).

Then dL has terms like dr{, A..Ak{,..Arr, (which clearly has no
part in D? 9+ because of the k) and +{, A . AdkS A ... ArT,. But this
has no D#9+! part by 2-1). But we must assume also that p == 0 (for § to
be well-defined), otherwise dk could Lave (does in certain examples we must
include) some (1,1) terms. #

5. THEOREM : 6: D¢ — 0 7+l s q complex (that is, ¢* = 0) and this
statement can be added to the equivalences in theorem 2.
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Proof : The fact that 2= 0 is equivalent to the Nijenhuis tensor =0
(in 2-2)) is a routine computation. We just must examine the effects of 5
on functions (D °), then the coefficients of the (0, 2) forms involved consist
exactly of terms like the Nijenhuis tensor. i

REMARK : The cohomology groups defined by theorem 4 have been
investigated by Kohn |14], in the case of M compact and C-Rcodim =1,
and are important in themselves.

EXAMPLES : @) §* has no non-trivial C-R structure. For: S* has no
complex structure (eliminating = = 2, k = 2) and also its tangent bundle
has no two dimensional subbundle (eliminating n =3, k= 1).

b) It is not necessarily true that an object satisfying (1-a) can be
expanded to satisfy both requirements of 1. That is, given an H (M) satsfy-
ing (1-a), there need be no Ha[) with HaI)QH(M), and Ha[) satisfying
all of axiom 1. Take M = R® and an H which has global sections

o . 0 0
[ — X3 =
8% o¥s (7~"5
(80 k=2, h = 3).
6 . 0
1 — =
ox o, p

A
o

A

Then |«, f] = ¢ I'(H), and [«, 8] is real (sc any H containing H and in-

n
(4]

volutive would have €( Hnd ).

~

ox;

¢) Contact manifolds (studied by Gray [7] and Sasaki and Tanno [27],
etc.) have n =Lk 4+ 1. An almost contact manifold satisfies (1-a) only.

d) Let G be a Lie algebra, and G¢ its complexification. Let 9 be a
Lie subalgebra of G¢ so that 9 n H=0.If G is a Lie group with Lie al-
gebra G, then the collection ot left-invariant vector fields generated by at
the identity form a basis at each point of a homogeneous subbundle of
T(G)@ C which satisfies 1.

e) Complex manifolds have subbundles satisfying 1, their holomorphic
tangent bundles. (If only 1 a) is true, then the manifold is « almost complex »,
and (1-b), (3-1), (3-2), 5 are wellknown conditions for the integrability of an
almost complex manifold.)

f) At the opposite extreme from (¢) is the following situation : consi-

n
. e . ¢
der a partial differential operator P = X, 5z °B R*» where the a; are C®
1 ox



284 S. J. GrReeNFIELD ! Cauchy-Riemann

complex-valued functions. If, at each point of R" the span of the vectors
4y, ..,0a, of R? is two-dimensional, then P determines in the obvious way
a subbundle H of T (R*)@ C satisfying 1 (with k= 1). (Note that if the
span of the vectors a,,..,a, of R? is alwvays one dimensional, the situation
(solutions, etc.) is essentially completely handled by the Frobenius theorem).

g) Certain fibre bundles n: M — N used in the study of deformations
of complex structure have fiber a complex manifold (as in Kodaira and Spen-
cer [3]). Then the R of (2-1) is all of the vertical tangent bundle (a sub-
bundle of 7'(M)) and J is defined by using the complex structure of the
fiber. M is a C-R manifold equipped with this (R, J). (If #, the fibering map,
is a global product, we have the important example N >< T, a real manifold
product with a complex manifold. This is the «flat » case).

If (M, H(M)) is a C-R manifold, and N is a differentiable submanifold
of M, then (provided that the dimension of the fiber of (T(N)®& C)n H (M) |y
is constant over N) defining H(N)=(T(N)® C)n H (M )|y makes (N, H(N))
into a C-R manifold. This remark applied to example e¢), complex manifolds,
provides the objects which are the main source of our interest:

h) (Much of what is said here will be true also for real submanifolds
of Stein manifolds). C" is, of course, a C-E manifold. H (C"), is generated

by tangent vectors of the form X aqj ( %)p (where z; = x; -+ iy,), and A (C"),
consists of tangent vectors of the form X a; (;93——) If N is a real submanifold
2 /p

of C*, then H(N)=T(N)@ C)n H(O" |y is, atjp € N, all linear combinations
Z aj (;'9—3;),, which are also « tangent» to N. If the fiber dimension is con-
stant, (¥, H(N)) is a C-R manifold (and a C-R submanifold of (C*, H (C¥))).

Such N are also called embedded C-R manitolds. Not every C-R manifold
is embeddable. Example : in (g), consider the product N < T, with N any real
monifold and 7 any compact complex manifold. It is an open question whe-
ther any C-R manifold is locally embeddable. (A real analytic manifold with
real analytic C-R structure is locally embeddable. See VB).

If M is a real O~ submanifold of C", then p€ M is a generic point of
M if T (M), is a generic subspace of 7T'(C"), (in the sense of IB5, for 1'(M),
is naturally a real subvectorspace of 71'(C"),, which, by affine translstion of
C", has a complex structure). If p is a generic point of M, then there is an
open neighborhood N, of p in M so that if g€ N,, then ¢ is also a generic
point of M (just 1B4). Then (N,, H(N,)) is a C-R manifold, called a gene-
* ric submanifold of C". Any hypersurface of C™ is a generic submanifold.

If (M, H (M)) is a C-R manifold, let R=re (HM) -+ A (M)), a subbundle of
T(M). If p€ M, we define the C-R codimension of M at p to be dimg ((T M),/R,)
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(see IC2). If this number is the same for all of M (as when M is connected)
it is called the C-R codimension of M. Using I1C3 we know: if M is a ge-
neric submanifold of ¢* with non-trivial holomorphic tangent bundle, then
C-R codim (M, H(M)) = codimg of M in C~

We can give a general example af non-trivial generic submanifolds of
C* with dimp =n -+ k. Let g, ... 0o—r be C= real-valued functions on ("
Suppose pE?Q}" (0), and do, (p)A...Adg.—x (p) &= 0. Then there is a neigh-

borhood N of p in C* so that N nf ¢;'(0)=M is a C= submanifold of C,
]

of codimension n — k. If, in addition, 8o, (p)A ... A don—k (p) == 0 (the g; are
holomorphically transverse at p) then N can be chosen so that M is a gene-
ric submanifold of C» (o, =,,0, =y, in (" is a submanifold which is not
generic, for 59' A 592 = 0).

6. DEFINITION : Let (M, H(M)), (N, H(.)) be C-R manifolds. Put R =
=re(H(M)+ A (M)) and @ =re(H(N)+ A (N). A differentiable map f:
M— Nis a C-R mapping if, for any peM, (dfy,dfp | Rp): (T (M)p, Rp)—
— (T (N p)y Qsp)) i8 @ map in the C-R vector space category.

When M and N are complex manifolds, such an f is a complex analy-
tic map - and the condition in 6 is equivalent to requiring that f satisfy
the Cauchy-Riemann equations.

We can read off from IC equivalent forms of the definition 6.

7. THEOREM : If f: (M, H(M))— (N, H(N)) is a differentiable map, the

Jollowing are equivalent :

1). f is a C-R mapping.

2). dfod g = Jgodf (Jr, Jg are the complex structures on K and @ of 2-1).

3. Af@1og: T(M)Q C—T(N)Q C does this: df Q1o(H(M)c H(N).

4). If Af: AN — A M is the map naturally indueed by f on the exte-
rior algebras, then 51[0 Af= A fo éx (wchere 5M,5N are the ;’9— maps of 4 on
M and N).

Proof: 1), 2), 3) are equivalences from IC. That (4) is equivalent is a
usual linear algebra argument. #
If M is a C-R submanifold of 0", and M NN @j—l (0) (as before) we have
j

the following further equivalences :
8. THEOREM: f: M — C is a C-R map only when there are C® fun-
ctions a; defined on M 8o that of A X aj50;=10. If further the o; are holo-

j
morphically transverse (so M is a generic submanifold of Cm™) this is the
same «s requiring that &f Ao, A...Adgu—i = 0.
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Proof : Trivial. #

Traditionally f is said to be «relatively holomorphic » (note that the
restriction to J of any function holomorphic in neighborhood of M is a C-R
map), and the partial differential equations of theorem 8 are the « induced »
or «tangential » (Cauchy-Riemann equations.

B. 0-Complex Manifolds.

1. THEOREM : Let (M, H(M)) be a C-R manifold. M is a complex mani-
Sold and H (M) its holomorphic tangent bundle only when T (M) = re(H (M) +
-+ A (M)).

Proof: If A is a complex manifold, then H (J) clearly has the desired
property. On the other hand, if 7'(M) is re(H (M)+ A (M), we have
exactly the hypotheses of the Newlander-Nirenberg theorem [19]so M is a
complex manifold. #

If (M, H(M)) is a C-R manifold, a submanitold N of M is a compler
submanifold if N is a C-R submanifold of M and 'R codim N = 0. Such
an N is, by 1, a complex manifold.

Certain C-E manifolds are very far away from having complex subma-
nifolds :

2. DEFINITION : A (pon-trivial) C-R manifold (M, I (M)) is O-complex it
no open subset of .}/ as a complex submanifold.

Examples : Any strictly pseudo-convex hypersurface of " is 0-complex.
The intersection in C" of transverse, holomorphically transverse strictly
pseudo-convex hyper-surfaces provides examples ot 0 complex manifolds of
any C-R codimens. (A sphere |z —«|=1r is the simplest example of a
strictly pseudo convex hypersurface). (See C 12).

(M, H(M)) is 0-complex only when: if N is any connected complex
manifold, f: N — M a non-constant C-R map, then dim N = 0. An alge
braic interpretation is provided by :

3. THEOREM : If (M, H (M)) is a C-R manifold, the following are equi-
valent :
1.) There is an open subset U of M possessing a complex submanifold.
2.) There is an open subset U of M, a submanifold N of U, and
a” -invariant subalgebra ¢ of I' (T (M) C) so that { |y € ' (N)+ A (N)).
3.) There is an open subset U of M, a submanifold N of U, and an
element w€I'(H (M) (with ue T (N)Q C) so that [u, Z] y=0.
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Proof: 1)— 2) If N is a complex submanifold of U, we can select {
so that |y = (H (N) 4+ A(N)) (by extending H (N) as a subbundle of H ()
over M, for example, and taking { to be the algebra of sections of the ex-
tended bundle).

2)— 1) On N, (is a~ -invariant subalgebra of I'(H (N) -+ A (N)). All
we must show is that there is a complex submanifold in some open set
of N. Let o be that open subset of N where the distribution { has maxi-
mal rank. So there { = I'(V'), for some bundle V. Then (by A and 10), {’ =
= I'(re V) is an involutive subalgebra of I'(T (N)|,). Hence, by the Fro-
benins theorem, there is a maximal integral submanifold S of {’, and
TO)QC=V=(VFnH(N),)+(VNAN)|,) Then (1) 8 is the desired
complex submanifold.

1) — 3) Take a coordinate z on the complex submanifold S8 of U.

Then extend the element Biz of I' (H(S)) to any element » of I" (H (U )). Since

{58;, %] = 0, we have [u, u)|s = 0.
3)— 2) Let ¢ be the subalgebra generated by w and w. 1f
The following result generalizes an interesting theorem of Bochner and
Martin ([4], Chap. 3,5) on analytic mappings carrying spherical surfaces onto
each other.

4. THEOREM : Let (M, H (M)) be a 0-complex C-R manifold, (N, H (N))
a C-R manifold, and suppose f: (M, H(M))— (N, H(N)) ts a surjective C-R
map. If C-R codim M = C-R codim N then dim M = dim N, and a dense
open subset of N is 0 complex.

Proof : By Sard’s theorem (Milnor [18], 2) we can find a regular value
Q€N of f with f (p) =g. Then df, is a surjective linear map from C¢ < R?
to C°¢ < R?% where 2a + b =dim M, 2¢+ d= dim N, C-R codim M =D,
and C-R codim N =d. Since T is onto, 2a 4+ b > 2¢ + d. Since b=d,
2a = 2¢. Then f—1(g) is a submanifold of M (since ¢ is a regular value)
and if 2a > 2¢ we see that f—l(q) is a non-trivial complex submanifold
of M. So 2a = 2¢. By further use of Sard’s theorem, df, is a C-R isomor-
phism for a dense open subset of f (p)’s. Since 0-complexity is local (by 3)
this dense open subset is 0-complex.

In particular, 4 states that if a strictly pseudo convex hypersurface H
of C™ is mapped onto a bypersurface H’ of C" by a C-R map, then m = n,
and a dense open subset of H’ is 0-complex (but there may be complex
submanifolds of H’).

REMARK: We can also define g-complex C-R manifolds, and prove a
result similar to 4.
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C. The Levi Algebra and Levi Forms.

Let (M, H (M)) be a C-R manifold. We know by Al that [I'(H(M)),
I HM))c I'(H(M)), and similarly for A (M). An important invariant of
(M, H (M)) is the Lie subalgebra of vector fields generated by sections of
H (M) -+ A (M), and how much it differs from just I' (H (M) 4+ A (M)). We
have already essentially worked with this in B (B3). So:

1. DEFINITION : 2 (M), the Levi algebra of (M, H (M)), is the subalgebra
of I'(T(M)@ C) generated by I'(H(M)+ A (M)).

Note that .2 (M) is~ -invariant. There is a dense open subset ¢ of M
which is the union of finitely many open sets ¢); (plus perhaps a lower
dimensional set) so that .2 (M )IQj = I'(V;), where V; is a~ -invariant complex
subbundle of T (M)@ C. From here on we make the assumption that M is
one of the ,. So 2(M)=I'(V), for V a~ -invariant subbundle of T (M) C
containing H (M) + A(M).

2. DEFINITION : The excess dimension of L (M) (ex dim L2 (M)) is
dimg (V/(H(M )+ A (M)).

Ex dim 2 (M) is an important invariant for the local study of embed-
ded C-R manifols.

There is also in hierarchy of Levi forms (suggested by H. Rossi and
the work of Hermann [10]) which expose the structure of the Levi algebra
— the first form is related to the classical Levi form of a hypersurface. But
first we need a lemma showing that a «relative » second fundamental form
for subbundles of T'(M)@) C is well-defined. (We will state and prove this
for T (M); the lemma and proof remain valid for 7 (M) C).

3. LEMMA: Let V&€ W, € W, be subbundles of T (M). Suppose
A: T(M)— T (M)/V, B: T(M)— T(M)/W,, and C: T(M)— T (M)/W,
are the natural projections, and in addition that B[I'(V), I'(W)]€ B(I'(W))).
Then there is a natural bilinear bundle map Sy, w,, w,: V><XB(Wy)— T'(M)/ W,
given by the following : if « € I'(V'), B € I'(W,), then Sv v, w,(2) p, B(f)p)=
= C([a, B)) p-

Proof : This in a local question, so we shall suppose that near p I'(V')
is generated by sections v;, I'(W,) is generated by sections ! ; and v,
I'(W,) is generated by sections w?, wly and v, and finally I'(T (M)) is
generated by sections t,, w?, w'j, v,. Then any elemeunt y€l'(T(M)) can
be written y =2 a,v, 4+ 2 b, wh + 2¢q w? 4 2 d, t,. Locally (up to isomor-
phism), 4 (y) =2 bw', + e w? + Zd t, and

By)=Xc u* 4+ 2d ¢,
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and
C (}') =d; t.

Using bilinearity of the bracket, it will suffice to check the proposition
on a=av,, and = by, + cw + dw?l. Then computation shows that
C ([, B)) (p) is just a(p)d(p)[vi,2"](p), which is a bilinear function of
a(p) = a(p) v,(p) and B (f)(p) = d(p)w’; (p)#.

‘We shall also need the following perhaps more familiar « second fun-

damental form » lemma (for T (M) — but again the result and proof are
good for T (M) O).

4, LEMMA: Let V be a subbundle of 7 (M), and A: T(M)—>T(M)|V
the natural projection. Then there is a natural skewsymmetric bilinear
bundle map 8y: V <X V— T (M)/V given by the following: if «, f€ I'(V),
then Sy: (x(p), f(p)) is just A ([« f]) (p).

Proof : In the same spirit as 3 #.

5. DEFINITION : L, the first Levi form of (M, H(M)), is a bilinear
wap L,: H (M) > H (M) > T(M)® C/(H (M) + A (M) given by I, (a,b) =
= SHWM)+AQL) (q, b) (where SHM)+AM) iy the map of 4, with V = H(M) +
— A (M),

6. REMARKS: Note that L, is skew-hermitian, so that L, (¢, a, ¢, b) =
= —c¢, ¢, L, (a,b) for complex numbers c,,c,. The information contained
in the map §= S§HOO+43. of (4) is completely given by L,, for, since
I'(H (M)) and I'(A (M)) are involutive, S|ganxaw) = 8|sanxam)=0.If
7 is any non-vanishing purely imaginary 1-form annihilating H (M) + A (M),
then (n o L,) is a bilinear hermitean map to C, more clearly recognized as
a4 « Levi form » (especially in the case of C-R codim = 1, see e.g. 11).

It is not necessarily true that the image of L, is a subbundle, but
when we use Levi forms in what follows, we will make the assumption
(without further remark) that the image of L, (and of other Levi forms
when used) will be subbundles.

We will define the k** Levi form in terms of the (k — 1)*Levi form,
k=2. Ly_,, the (k — 1)* Levi form, is a bilinear bundle map, and () Ly, :
(H(M)+ A (M) < imLg_y— T (M) Cf(imL;_;)* where (imLiio)* is a sub-
bundle of a quotient bundle T(M)Q C/Qi—2 of T (M) C, and, if D:
T(M)Q C— T(M)Q C/Qx—: is the usual projection, D! (imLy_s) = (imLy_o)*-
(If k=2, put imL_o=HM)+ AM), and Ly, = SEH)+4(M) of 4),
And D (I'(H M)+ A M), I' (imLi—2)")) € I' (imLe_;) Put (imLe_y)* =
= D (imLg—,). Then:

7. DEFINITION : Ly = SH‘Ml+A(M\ik‘"‘Lk—z)'x(imLk—l,* (in 3).
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8. REMARKS : Ly (H (M) + A(M)) < imLi_y — T (M) Q) C/(imLz_,)* is
a bilinear bundle map, imL;_, is a subbundle of a quotient bundle (7 (M)
& CitimLy_s)*), and D’ ((I' (H (M) + A (M), I' ((imLg_,)")]) € (imL;) if D’:
TM)QR C— T(M)Q C/(imLi_,)* is the natural quotient map (by 3). These
remarks show that the inductive hypotheses (*) for 7 are satisfied, and
therefore the definition can be «continued » to &k 4 1.

Ly : (H(M)+ A (M) < imLy—y — T(M) @ CliimT,_))* is essentially the
elements of 2 (M) which are obtained by bracketing & times projected on the
collection of elements of .2(M) (assumed to be sections of a bundle) obtai-
ned by bracketing fewer than k times. (For proof, examine 3, 4, 7.)

So L, provides a rough idea of the structure of .C (M), indeed :

9. THEOREM : 1) Ij Ly = 0, then Lk+j =0 (all j > 0).
2) If ex dim L(M)=t, then L4, = 0.
3) If L, =0, then ex dim L(M)=0.
4) If v = C-R codim M, then ex dim .L2(M)<<»
(80, by 1), Ly, =0.

Proof : Trivial from 1, 2, 8.

10. REMARKS : In M is 0-complex, then we see from 8,9, and B3 that
ex dim £2(M)> 0, and L, == 0 (but not conversely !

Note that the converse of (9-2) is not true: ex dim .2(M) can be large
even though L, = 0. .

The k** Levi farm of Hermann [10] is essentially a (k - 1)-linear map
Ly:HM) <...<xH(M)— T (M) ® C/Ny—1 where Ly (a, , ..., @x4,) i8S projection
into T(M) @ C/Nx—: of [a, [a, ... [ar, ax,]...]]], and Ni_, is a suitably chosen
subbundle (just the images of Ly, L,, .., Ly, |

When M is a hypersurface in C" (hence a generic submanifold, see
example () of A) then historically the Levi form L, (by 9-4) the only one
which is possibly non-trivial in this case) has long heen known, and has
a number of interpretations. Suppose 0 € M, then:

11. THEOREM : The following hermitean maps on H (M), are the same,
that is, they have the same number of non-zero eigenvalues and the same ub-
solute value of signature :

1) L) :H(M)y < HM)y— 1" (M)/(H (M), + A (M),

2) If n is a purely imaginary 1-form annihilating H (M) -+ A (M) and
if 5,0, we consider the map (a(0),)(0)) — (dn) (a,b~) \0) where
a,b eI’ (H(M)) from H(M), < H(M),— C.

3) If f: C*— R, and 0 is a regular value of f, and M = f~1(0), iet
{(CHY), be the complex hessian malrix of f «t 0 (that is, the entry
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2 —
in the (i,j) place is 86 f_ lo)- Then (S, T)— S(CHf),T' is the map
2i 0% :
considered (for S, T € H(M),, contained in T (C"), Q) C canonically).
4) If ' are linearly independent 1-forms gemerating A (H (M)) at 0,

the Levi form is a map whose matrix (c;) i8 given by :

S Ty = 20 fa+ 2 fo + 6ty
where n i8 any purely imaginary 1-form annihilating H (M) -+ A (M).

Proof. 1) — 2) is easy, using the formula 2dy (a, ) = « (y (8)) — B ( () +

+ 5 ([«, 8)) and the fact that if T (M) C is split near 0 into H (M)

+ A (M) + K, then K, is naturally isomorphic to T (M,) Q@ C/(H(M )+ A(M),),
and 7, is just a multiplication by a non-zero constant on a suitable K.

2)— 3) H (M) is just (ker df)N H(C"). Put @ = gf. This is a purely

imaginary 1-form on T (M) (for there it is %(af—ﬁf), since 9f = — 4f on

T (M) = ker df) which is non-vanishing and annihilates H (M) -} A (M). So
dQ (8, T) by 2) «is» the Levi form, but dQ = (5 4 4)(3f) = 8 4f, and the
coefficients of the 2-form § of in standard coordinates are just (CHY).

2) — 4) This method was given by Kohn [14] who also gave the ca-
racterization 2). If @ is a 1.-form, then f, is defined as (df, w) for a sui-
table (Hermitean) {,) An investigation in local coordinates on M easily
shows that ijct — S5 18 a first order operator, and so can be expressed by
Za'.]."f“ + Z‘b‘.j"fzk + ¢;.f,- But if n is purely imaginary, (T.-j_= ¢;;. The her-
mitean form c¢; is the Levi form, merely by using the proof of (2) again. #

REMARK : Hermann [9] has given still another characterization of the
Levi form, as the second fundamental form of M relative to a suitable (com-
plex structure-invariant) connection.

12. COROLLARY : M is 0 complex if 9 5] has all positive or all nega-
tive eigenvalues.

Proof: B3 and 11.

If o 37 has all positive or all negative eigenvalues, M is called strictly
pseudo-conver. But note that not every O0-complex hypersurface is strictly
pseudo-convex.

D. ex dim L(M)=0.

In the case that (3, H (M)) is the product of a real manifold N and
a complex manifold 7 (so that H (M) merely consists of the lolomorphic

W Adunali della Scuola Norine Sup. - Pwa.
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tangent vectors of T), we see that ex dim .2 (M)= 0. The converse is true
locally :

1. THEOREM : Let (M, H(M) be a C-R manifold with ex dim .2(M)= 0.
Then if p € M, there is an open neighborhood of p in M which is C-R isomorphic
to an open neighborhood of 0 in R? < (09, with the natural C-R structure on
M? < 01 (and with p = C-R codim M).

Proof. Perhaps one way to prove this would be to assert that re .2(M)
is an involutive subalgebra of I'(T'(M)) ( in fact, it is I'(re (H (M) -+ A (M)
and use the Frobenius theorem to find maximal integral submanifolds of
M for the distribution, each of which will be naturally equipped with a
complex structure by the splitting of re (H(M)+ A (M) C. However
one problem remains: how to guarantee that the complex structure varies
nicely along neighboring maximal integral manpifolds. This is the content,

1
of L. Nirenberg’s complex Frobenius theorem, with his k = 5N in Niren-

berg (20} See also Hormander [12]. #

In case M is an embedded C-R manifold, somewhat more can be said
(see ITI A).

1 shows that in some sense .2 (M) measures how different (M ,H(M)) is
from a product structure.

III. HULLS AND REINHARDT SUBMANIFOLDS.

A. Local flainess for generic C-R submanifolds.
Let K be a subset of C™

1. DEFINITION : f € H (K) if there is an open set U of C”* containing K
go that f: U — C is a holomorphic function.

2. DEFINITION : K is extendible to a connected subset K’ of (™ if
K gK’, and res: H (K’)— H({K) is onto (where res is the natural restric-
tion map).

3. DEFINITION : An open subset U of C" is a domain of holomorphy if
U is not extendible in any complex manifold.
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4. DEFINITION : If K is a subset of U, an open set in C", then III\U———,
= (p€U; | f(p)| <sup|f| all fe H(U)). Ky is the H (U)hull of k.
k

Note that if K is extendible to K’, then K’gk\gn .

5. THFOREM U is a domain of holomorphy only when K compact subset
of U— Kb compact subset of U.

Proof: Hormander [11], 2.5. #

6. DEFINITION : A subset L of an open set U is H (U) convex if: K

compact subset of L — Eu compact subset of L.

The important concepts of extendibility and convexity are measured
(at least locally, for generic C-R submanifolds of (") by ex dim of the Levi
algebra. First we show that if ex dim = 0, then the submanifold is locally
holomorphically convex, in a number of ways.

7. THEOREM : Let M be a generic C-R submanifold of C*. The following

are equivalent for p€ M :

a.) For sufficiently small open neighborhoods U of p€ M, ex dim
LU)=0.

b.) For sufficiently small open neighborhoods U of p€ M, U is C-R iso-
morphic to an open set in RP > (4, with p = C-R codim M.

c.) There is a fundamental sequence of open meighborhoods U of pe€M
so that U ZjDsz’ 8; domains of holomorphy in C*

d.) There is a fundamental sequence of open meighborhoods U of p€ M
so that U is not extendible.

e.) For sufficiently small open balls B of C" with center p, Bn M is
H (B) convex.

Proof: We have already seen a)—b) (IID1). It remains to remark
that another proof can be given for embedded C-R manifolds, not using
the powerful complex Frobenius theorem of Nirenberg. For this, see Rossi
[26].

b) — ¢) Wells (see [33] and [35]) gives an explicit construction of T,
normal tubes over U of height ¢. These are then shown to be domain of
holomorphy. Take §; = Tyj.
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In the language of Rossi [24], U is called an S;.
e) — d) is obvious.
the results d) — a), ¢) -—»> a) will be proven by the theorems of VA.
b) — e) is all that remains. First, we observe that by choosing B
small enough in C® we can (since M is a submanifold) obtain Bn M = U K;,
where K; are increasing compact subsets of M. (This is an important step-
in the example M = {|2|= 1} c C. one must choose B small enough so
that BN M == M, for if BN M = M, Bn M would not be H (B) convex). It
is enough to show that IEB is a compact subset of BN M, or (since B is
a domain of holomorphy) that /K\,-Bg Bn M.
We can define 7, and §; as in b)— c). (In fact, 7. can be defined as
{2]| @ (2) < ¢} for a plurisubharmonic function @.) T, is a family of domains

1
of holomorphy decreasing to S; as ¢ —+J— Then (B, BN §;) is a Runge pair

in the sense of Behnke [1] (see also Bremermann [5]). Then EB.—_ ]/{:anj
{since (B, BN §;) is a Runge pair) but N §;= BN M (take U = B N M in b)).
So finally we obtain K;z € BN M as desired. #

REMARK : If M is not generic, all implications of 7 are true (with the
same proofs) except d)—- a), and ¢) — a), and e¢) — a).

7 above is a fairly full characterization of the case ex dim .2(M)=0.
When ex dim .2(M) > 0, we will obtain some information about the local
hull in IV and V. We will indicate a suggestion of this general result by
computing a particular class of examples in what follows.

B. Reinhardt Submanifolds.

If K is a subset of C», K* =}z¢ K| none of the coordinates of z is 0{ =
= Knjz|z 2,...2, 5= 0{. We define a differentiable map of maximal rank
at each point L: O™ — k™ by L((z;,..,2)) = (log |2, |,...,l0g |z, ")

If pe R*, L' (p) is a generic submanifold of C" of dimension =, and
hence has no complex tangent vectors. (Also note that L—!(p) is the mi-
nimal boundary of a polydise, and is thus an n-torus, 8' > ... ~ 8' (n times)).

1. LEMMA : If M is a submanifold of R of dimension %k, L—! (M) is a
generic ¢ — R submanifold of C*, of C — R codimension n — k.

Proof: Computation. #
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2. DEFINITION: A subset K of C" is a Reinhardt set if for any
k= (ky,.,ko) € K, then (¢ k,,..., e " k,)€ K (for any (6,,..,0,)€ R* K
is in gemeral position if K = K*.

K is a Reinhardt set in general position only when L—! (L (K*) = K*

If Nc R, let chN be the convex hull of N in R~

The remainder of this investigation depends on the following theorem :

3. THEOREM: Let U be an open connected Reinhardt subset of C™ in
general position. Then U is extendible to L' (ch(L(U)). And if U is
extendible to V, then V. L~ (ch (L(U))).)

Proof. If U is extendible to V, then V &€ L~ (ch (L (U))) (see Rossi [25]).
We need two lemmas to prove the reverse inclusion :

4. DEFINITION: A map A: R* < (C — }0{) — C" is a continuous family
of annuli if A is continuous, and A, (2) = A(p,2) is a complex analytic
map for I, <|z| <0, (I;, 0, real positive numbers varying continuously
with p). A is degenerate at p if A, (I, <<|z|<C0,) is constant.

5. LEMMA: Let N be a connected, simply connected neighborhood of 0
in R*, and suppose that A: N < (C —}0{)— C™ is a continuous family
of annuli, with A degenerate at 0. Then pLEJN A,(|z|=1I, or |2|=0,) is

extendible to U A, (0, < | 2| << I
be

Proof : This is the annulus Kontinuitétssatz. The proof for discs (Wells
[33]) goes through almost without change #.

6. LEMMA : Let y:|0,1]— R™ be a continuous curve. Suppose that
the straight line from y (0) to y (1) has relatively rational slope. Then
L1 (y ([0, 1])) is extendible to L~ (ch(y (|0, 1])).

Proof: First we consider an example in K2 Define y (t) = (0, 2t),

1
t<< —;— ,and y (1) = (2t — 1),2 — 2¢), ¢ > - If H, is a horizontal line going

through (0,t), then L—! of the segment of H, bounded by y is just an
annulus product with a circle in %, When ¢ =1, the annulus is degene-
rate. By applying 5, we obtain the conclusion of this lemma for this y.

(9,0
(0,t) Hy

(0,0 51,0)

Fig. 1
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Now consider the general case, y: [0, 1] — R", and let the straight line

4
connecting y (0) and y (1) be given by t—‘»(a, t+b,y..,a,t-by). Then
hypothesis that the slopes be relatively rational means that either a;=0,

or 2 is rational. We will assume that there is a continuous family of stright
a;
lmes A,, 0<<g<1, given, with A, parallel to 4,, and the endpomts of

A, on y. We assume also that 4, is a point. So 4, is given by : t-—>(a1 t 4
b, (Q)’ vy O t 4 bn ()
A
Aq
¥

yoT

Fig. 2

Congider T = L-1(4, ([0, 1])). Computation shows that T is an (n — 1)-
parameter family of Riemann surfaces, each with two boundary curves on
an n-torus (L—!(A4,4(0)) and L1 (4, (1)). Because of the « relatively rational »
assumption, these curves are just circles and T is an (» — 1)-parameter
family of annuli, and gives the conclusion of the lemma. 1

REMARK : We can also prove 6 directly without the assumption «rela-
tively rational slope». If %‘- is not rational, the Riemann surfaces are strips,

with two boundary lines, a,]nd the functions we must extend are almost pe-
riodic on the strip. But this can be done with a suitable version of 5, since
a Cauchy formula holds for almost periodic functions on a strip.

To return to the proof of 3; we apply 6, and note two things: each
point in ¢h L(U) can be obtained in the image of a finite number of con-
structions of the type of 6 (since U is open), and the extension by means
of the constructions of 6 is consistent, that is, whatever finite sequence is
used to obtain a point of ¢chL (U) leaves independent the values of the
functions extended.

Consider a curve 4 in R*, a l-dimensional submanifold given by
t—> (@, (2); ..oy @y (1) € R™ AP ig the j** derivative of A, and is the map
t—>(a, ) (¢), ..., a0 (t). We will make the assumption that for values of ¢
near any value under discussion, the dimension of the linear span of the
vectors AW (1), ..., AV (2), ..., (allj) remains constant and that if ad) () =0
for some ¢, ali)(t)= 0. (This last requirement appears rather strong. But it
is equivalent to domanding that the images of certain Levi forms be vec-
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tor bundles, as we always require. The reader can state the results corre-
sponding to 7, 8, and 10 if the last assumption is not made. Examine
=13 y=1 in R?.

7. THEOREM : The subset }A (t) | |t — t)| < ¢f has exactly a k-dimensional
convex hull (for small enough c) only when A® (t), A®=1 (1), ..., AV (&) are line-
arly independent for t near t,, and A*+Y) (1) is linearly dependent on A® (3),...,

k
AM (8) (80 that AMHD (t) = 3 v, (t) AD (t) for some differentiable functions v,).
g=1

Proof : Taylor’s theorem. 1}

The formula for A*+) appearing in 7 is, when suitably normalized,
called the Frenet formulas.

Consider now L—1(A)= M is a generic C — B submanifold ¢f C», of
C — R codimension » — 1. A coordinate map for this (» 4+ 1) dimensional
manifold is provided by :

e \a= e DB =" ¢
RM13(t, 0, ,...,0,)—
O G g
Then
and

aR (_"-> =i D et L
09; azj 32‘,’
We can explicitly find a single non-zero tangent vector field S gene-
rating I'(H (M)). 1t is:

d

s_.dle( )+z a,dfz(ag]

. ie; O
=9 ¢ % 40 O
) T

and S generates I'(A4 (M)).

8. THEOREM : 1.) If for small evough ¢, A, =34 (T)||t—t,| < ¢} has
exactly a k-dimensional convexr hull, then ex dim L(M)=k (where M,=
= L1 (4,)).

2.) If we suppose in addition that

k
AN ()= X v, (5) AD (t) for |[t—¢t)]<e
9=1
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_ q times
(a8 in T), then if we put L, (S, 8) =[S [... [S [8, 81]... ]|, we have: 8, 8, L2, (8, 8),
ey Loy (8, 8) are linearly independent, and

— — k —
L (Sy 8) = A (&) (8 —8) +- szp (t)Bq—-l (Sy S)
q=

(over p € L1 (A (t)). (Expucitly, £y1 = — 2idR (5 W 5 ) )
J

Proof: A computation with dR gives the form of £,_; of (2). The
other conclusions follow immediately. #

We might call the formula of (8-2) (in analogy with (7)) the complex
Frenet formulas.

‘We will need the following :

9. LEMMA : Let 9 be a Lie algebra generated by a and b, Define .5
by £, =[a,b], and L= [a, £:—,]. Suppose there is a Lie algebra map —
on 9 so that —2 is the identity, and ¢ = b and O, = — 2, . Then ¥ is
generated as a vector space by a,b, and all the 5 .

Proof: An induction argument based on the «length» (in brackets)
of a term. &

Assume (a8 before 7) that A4 has constant dimensional convex hull at
each point.

10. THEOREM : Let A be a curve in R", and M = L~ (A). The follow-

ing are equivalent for p = A (t)) € R™
' 1. For sufficiently small open neighborhoods of U of L= (p) in M, ex
dim 2(U) ="

2. For sufficiently small open neighborhoods of U of L—'(p) in M, U
is extendible to a subset containing a manifold ﬁ, with dim U = dim U + k.
When & is maximal with respect to this property, U can be chosen to be not
extendible.

3. The k* Levi form, Ly (of IIC), is non-zero, and Ly, is zero.

Proof : 1) — 3) We must notice two facts : first, that .2(U') is generated
by 8, S L, (8, S), s L% (8, §) as a vector space (by using 9 and 8-2)), and
that L,c_ 0 only When L (S, b) is linearly dependent on 8§, 8, .2, (S, 8), ...

vy Li—y (8,
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1) — 2 Use 9 and the explicit form for .2,_, (S, 8) given in (8-2) to
conclude that AM(t),..., A®(t) are linearly independent (but no more), then
use 7 and 3 applied to a neighborhood U. The U desxred contains the
(n 4+ k 4 1)-dimensional part of L—!(chL (U)). Then L(U) is convex, so U
is not extendible.

2) — 1) Suppose that U is extendible to at most a set containing a
manifold 1/7: with dim if\ = dim U + k, k maximal, and that ex dim 2(U)=.
If j >k, by 1)— 2), k is not maximal, So j < I.

If j<k, the convex hull of A just contains a j 4 1 dimensional set
by 8 and 7. Then L(ﬁ\) is not in the convex hull of L(U), since dim
L(/l}) =dim L(U)+ k=14 k (if dim L(U)=0,2)— 1) is trivial). So by
3 we have a contradiction- U cannot be extendible to /(}

Therefore j = k. #

A theorem completely analogous to 10 can be stated for higher dimen-
sional Reinhardt submanifolds :

11. THEOREM: Let A be a submanifold of R*,p€ A. Suppose that the
convex hull of open subsets of A has constant dimension near p. Put M = L~ (A).
The following are equivalent :

1.) For sufficiently small open neighborhoods U of L~ (p)in M, ex dim
LU)=rk.

2.) For sufficiently small open neuhborhoods Uof L (p)in M, U is

extendible to a subset containing a manifold L, mth dim U—— dim U + k.

When k is maximal with respect to this property, T can be chosen to be not
extendible.

Proof: It is not difficult to state and prove results corresponding to
7, 8, 9 in this more general case. Then the proof goes as in 10. (Or we
can just study families of curves on A, and apply 10.) #

12. REMARKS: Note that there is no (3) in 11. Such a result would be
false. For L, could be zero, but the first brackets (corresponding to second
derivatives of the coordinates of A) could be non-zero, and bring more than
one new dimension to .L(U)

Even (10-3) is not true for general C-R submanifolds of C" of dimension
n 4 1, because it is essential (9) that 2 = — 2. This is not always true
— it’s true here only because of the form of 2 given in (8-2).

We can find curves A in R® whose hulls contain an open subset of R".
This gives rise to generic (n 4 1)-dimensional submanifolds M of C* so that
M is extendible to an open subset of (» — we can even obtain M extendible
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to all of C* by choosing A4 correctly. (Example: n =2, A given by z =1,
=e¢tsint, has convex hull all of R?*. The ¢ equation induced on R3
(from M) is

<i_¢9i_"if__d(eulsmui)if_ 0).

10 forces us also to say that ex dim is only a local invariant for the
study of extension: in general, there may be p € A so that any small enough
neighborhood of L—1(p) in M will have ex dim = 0, but M = L~ (4) may
still be extendible to an open set. (Example: A () = (cos t,8int), 0 <<t <=,
A (t)=(cos t,0),n < t<2m, in R Let p be any point with = <t < 2n).

C. Osculating Manifolds.

Let M be a C-R manifold, and i: ¥ — C" a C-R map which embeds I/
generically in C*. We wish to construct a C-R manifold M o« approxima-
ting » M to first order, so that 171 (the first Levi form for ff) is nicely re-
lated to L,, the second Levi form for M. Let » (i) — M be the normal bun-
dle of the embedding i. There is a « natural » map, the exponential map
given by the usual straight-line metric in C*, E: » (i) — C*, so that E|zero-
section is the identity onto i (M), and E| U is a C~ isomorphism onto an
open neighborhood ¢ of ¢ (M) in C", for some neighborhood U of the zero-
section of w (i).

Consider now L,: H(M) <X H(M)— T (M) Q C/(H (M)+ A (M)). Let
P:TMQRQC— TM)Q C/(H (M)+ A (M) be the canonical projection, and
(imL)* =p—'(imL,). Put H* = (H (M) + (imL* 4+ i {imL)*)n H (C". If
L, 3= 0, then H" = H (M), and H* and A* = H* are subbundles of
T(C")® C over M.

If H* &= H (M), then re (H* 4+ A*) is not a subbundle of T (M) in-fact,
dimg (sz,) is dimpgj (re (H* 4+ A%), where j is part of the sequence :
0— T(M)——> (0 |u L (8f) — 0, all bundles over . In fact, j(re (H* 4+ A*))
will determine .

1. THEOREM : There is a generic C-E submanifold M of C™ having i (M)
as submanifold, with H (3) liary= H*, so that dimp M = dimz M + dimgimL, .

Let L,: H (M) < H(M)— T (M)Q C/(H (M) + A (J)) be the first Levi
form of M, and L,: (H(M) 4 A (M)) < (imL,) — T(M)® C/(imL,}* be the
second Levi form of M. If a€ H (M), and b € (imL,) * n H (C") with p (b)) = 1",
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then

L, (a, b) = L, (a, ") (by recognizing the isomorphism between
T(M) @ OfimLy)* and T () | a) @ C/H (M) s ar, + A (M) s ar))-

Proof : Put = E(UnNj(re H* + A"). Since i (M) is generic, we can
select U so that  will be a generic submanifold of C* . Then H (ﬂ Vo= H*,
and the other properties are easily checked merely from the definitions of
the Levi forms. 3

We call # the first order osculating C-R manifold to M. It (locally)
does not depend on i:

2. THEOREM: The germ of M oat M is independent of the embedding :

that is, let i: M — C* , k: M — C™ be two generic embeddings of M, ﬁi, .
the manifolds derived from i and k respectively by applying 2. Then the na-

tural isomorphism t:i(M)— k(M) extends to a C-R isommphism :U— U’
where U,U’ are neighborhoods of i (M) and k(M) in i and S, respectively.

Proof: Let E:»(i)— C", E’ : v (j)— C™ be respective exponential maps,
Then we observe that H;* and H;* are naturally isomorphic (both are just
H (M) + H (some complexification of imL,)).

Then re (H* 4+ A}) and re (Hf + A%) are isomorphic, as C-R manifolds.
That is, if 6: M — M is the isomorphism of zero sections, ¢ can be exten-
ded to o:re(H* + A¥)—> (H* + A}). (We may bave to change o slightly
to get a C-R isomorphism). But ;= E (6 nj(re (H* 4 A?})) and M= E’
(0’ nl(re (H 4+ A})) (if j, 1 are _the usual maps onto the normal bundle).
We can select O and 0’ to be o-invariant, so that B’ o ¢ o E—! is the de-
sired 7 extending = and U (respectively U’) is just the image of 6 N j(re
(H* + A¥) (respectively the image of 6’ N l(re (H: + A¥). I

3. REMARK : By iteration, 1 reduces the study of the higher order Levi
forms to the first form — but the relationship is not entirely clear.
Now consider an embedding I: R — R" of R in R*. I(R) is a curve,

A, in R*. As above we have a sequence 0 — T(R)d—1> T (R |a i) N(4)—0,
where N (4) is the normal bundle over A. Then there is an exponential
map E: N (A)-+ R* which is the identity on the zero-section and an isomor-
phism is a neighborhood U’ of the zero-section. Then I"(p)€ T (R"z(p 80
T"” determines, by composition with J, a subbundle R of dimension one of

N(d). We define ff, the osculating strip with center A, to be E(RNU’). ,
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S— Lo~
4. THEOREM : H (L~ (A))| = H (L= (A)| -1 4

L™ (4)

Proof: We merely must check (see B 8) that [8, 8] and d (L—")(I") ge-
nerate the same complex vector space in T*C")'L—I(A,®C- By (B8-2))
this is true. 3%

~ T—

Note that L—'(A) and L—'(4) are not the same, for any choice of U
and U’ in the above, but they agree to first order at M. We will see later
that if M extends to a manifold N with M € 4N, then H (N) IMQH(ﬁ) |ar,
but M need not be extendible to I itself.

So M —» M is a transition which reduces the orders of the Levi forms
by one (1), is natural (3,4), and helps to diagnose the first order direction
of extension.

Hermann [10] has also studied «holomorphic osculating spaces », and

essentially has the following result, which may help explain the role of i
in extension :

5. THEOREM : Let J' be a holomorphic function defined in a neighborhood
of M. Then the derivatives of f on M in any direction tangent to i are de-
termined by the derivatives of f on M in directions tangent to M.

Proof: We use the Cauchy Riemann equations and the fact that

M -directions are brackets of M directions.
This is exactly the computation in Hermann [10], theorem 2.1. I

I1V. GoiNnG Up ONE DIMENSION

The purpose of this section is to prove the following :

1. THEOREM: Let M be a generic C1 submanifold of C* of real dimen-
sion n -+ k (q finite, q sufficiently large). Suppose that ex dim L (M)=1t> 0.

If pe M, then for a sufficiently small ball B in C™ 1whith center at p,
there is a C9 generic submanifold M of B, of real dimension n 4k 41,
with ex dim L(N)=t—1 and MN B, c6N. And N will be given as a
subset of the regular set of a map F: Rti—1 5 {|z2]| << 1} —> C" so that

1.) F is analytic in the second factor.
2.) F(Nrtk=1c{lz|=1}) € M.

3.) F contains degenerate discs:.



equations in several variables 303

Proof : First put p = 0. Since ex dim .2(M) > 0, we can find v€['(H(M))
so that [u,E]OQ(H(M) + A (M)),. Then by arguments used by Wells [33),
Weinstock [32], also Hormander [11] (using 2, = a -} iyx) We can assume
there is a function ¢ and vector w € H (M), so that: M c ¢~ (0), do (0)= 0,

n 8%0(0)
op (0) (w) = 0, and)Z‘1 5% 07

0@ =yn+ A(¢) + 0(3) (0 (3) means terms vanishing to order 3 at 0), and
A (q) is the second-order Taylor series terms. 7 (M), @ C is a linear sub-
space of T (C"), @ C generated by

0 0 0 0 0 0
—1 > ' el IR s\ sy | —1 and ] g ey |3 .
le 0 020 02,/0 0zlo 0Ly /0 [ 20

0; w, < 0 by a linear change of variables,

6% 0(0) e (0)
Algg= 2 ——2; 2 re F 71
@ 1<j<k j=n 0%j 021 e+ 1<j 1<k 0% 0% i
1Ssisk, I=n Jyl=n

n=1 8% 0 (0) e (0) 8% 0(0)
1 2 i
(1) 51 023 By & l+ o7; 3yz Ty + ——— 3%, oY ziy+

"t 8% (0) 8% 0 (0) 8* 9(0) 0)
2 > S ———xx; .
) 1Sk, l=n j=k+1 OLj 0% vy + oz, 0Y; o }+33/1 Ty ’+8y 53/ !
8% 9(0)

Analysis of A(q): Put 2j=2; for j<k, and z, =2, + i —
sj sk 072502

(substitution of Hormander). Then A (¢q) = 2 A,z 2 iz (1) 4 (2).

]Sj
7y l—n

hypothesis, (4;) is not positive semidefinite, so using a linear change of
coordinates we can obtain A,, << 0. If we follow this by a suitable unitary
coordinate change, we can even assume (4;) diagonal.

Term (1) is 0 (|2 |[*) + 0’ (] t|?), where « is a direction normal to M and
t is a direction tangent to M — but not a term involving z,.

Term (2) is :l "21 (812, + tiyy) + 0'(| 2| |z |), where s, are real, inde-
pendent of z, (the§+;re 0 (|«|), # normal to M), and 0'(|z]||«]|) contains
no term of the form ‘|z, || |’. (We will combine the terms 0’ (|¢|?) into
0' (2| |@|) — their treatment will be te same in what follows).

Then by using the inverse function theorem, M is given in a suitable
small neighborhood of 0 by :

Yet1 = fr41 (2, X)

Yn—1 =fn-—] (2, @)
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n—1
Yn=12%4 2 4|5 +0(z [2)+0(|2P)+03)+ 2 (w2, + 0y,
2<sjsk I=k+1

The functions (z;, ..., 2k, Li41, ... ; &,) are coordinates for M near 0.

We will now describe a family of discs with boundaries on M, whose
interiors will « fill up » a manifold N of dimension n 4+ &k + 1.

Let D =)z||2z|< 1! c C. Consider the map W: R < D x C*1— (;
given by W (g, t, w) = (ot,w). W is a C> function, and for g, w constant,
the partial map of W: D) — C* is analytic. Note that for p = 0, the disc
is degenerate, i.e., just a point. Under these conditions Bishop and Wein-
stock (using genericity of M) show that there is a map F defined in a
neighborhood of 0 in R"* > R > D > C*! with values in C" having the
following properites :

(i) F(a,0,—,w)is C?0n D and analytic on D.

(ii) F is C? (Actually, Weinstock asserts that F is €? on R"*
< R > gD < C*1 but by (i) F is analytic in the third variable — hence
we can use Cauchy’s formula and differentation under the integral to esta-
blish as much differentiability in D as on éD)

(iii) F (a,0,t, w) c M if |t|=1.

(iv) @p4jo F(a,p,0,1w)=a; for any a,9,w,1 <j<<n— £

(V) 250 F(a,o,t,w)=2,0 Wi(g,t,w) 1 <<j<k

Note that the domain space of F has exactly (n 4+ k 4 1) parameters.
We will show that for certain points in a neighborhood of 0, the Jacobian
has rank (» 4+ k + 1) — and this will display the desired N as a subset
of the image of F.

F;, F
Let Fj=12zjo F, so F =(F,,..., F,)€ C* By (v), M—_—), 2<l,j<k
d (z,,z)
. N 6 (re Fy) gl sln—k
has rank (2k — 2). Applying (iv) at (a, 9,0, w), oo iFl=j=n as

rank n — k (it is the (n — k) < (n — k) identity matrix). Note that at (a,0,t,20).
iﬂ%"fz is also the identity matrix (this uses the degeneracy of the discs at 0).

fI‘he Jacobian matrix is in upper triangular block form, with two of
the diagonal blocks the ones investigated above. So in any sufficiently small
neighborhood of 0, the Jacobian of F has renk at least (n—Fk) 4 (2k —2)=
=N + k — 2.

We now consider the map (Fy, Fa): R"* < R < D < C*1 — €2, which
is given by the first and last components of F, with all the variables except
o, t, and ¢, (the center of F,) held constant. We will show that this map
is injective in a suitably small neighborhood of 0.
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(In the following we imitate closely the methods of Bishop and
‘Weinstock.)

In C? described by (2,, #n, ya), « M » is given by

n—1
=P+ Zaumt+tuyp+ I LlgP+0(z][e)+0(z[})+ 0@
t=k+1 2<j=k

—_— ——

()

Let T (2) be the order 2 terms indicated. Relative to 2 ,x,,y., T (2)

is nothing but a constant 4 further 0 (3) terms |because the functions ap-

pearing in T (2) have first derivatives perpendicular to i. —a—, and 9 )
0z, oxp 0Ya

So yu=|# 2+ ”Zl 8z, + tiy, + const (depending on the nbd) 4 0 (3).

Let y, = h,,l(x,:-gl), and let ¢ (x,2) be the 0(3) term. Put A'(x,2z) =
= h(x,2) — g (x,2), so b’ is just the terms of order less than 3. Using pro-
perty (iii) of F, we can consider the functions on ¢ which have image in
M: (If f: D — R?, we define Tf: gD — R? to be the trace on gD of the
harmonic conjugate of f which vanishes at the origin). Then z,=¢,— Th(xc)
(e, is the real coordinate of the center of the disc). And x,=¢,—Th'(z,w)—
— Tg (®, w), 80 2, = ¢, — Th' (», 1)+ ih (x, 1) — Tg (x, w) + ig (x, w). Define
a’, 2’ by

@ = ¢, — Th' (x, w)

=" 4+ h’ (x, )

(As Bishop remarks, these discs approximate the given ones — we have
thrown away 0 (3) terms). Then (|| | is the Sobolev 1-norm on the boundary
curve) ||z || < ||o’ || 4 || Tg @ ) | < | o | + ]| g (2, 0) .
(The last inequality follows from Lemma 3.2 of Weinstock, essentially
NTZF < fll) <]« + R| (x,w)|* (by the corollary to Lemma 3.4 of
Weinstock — essentially because g is 0 (3) at 0 and we are taking the 1-norm.)
Take x, w small enough, so that ||z| + || w || << (9R)~'. Then the last

. L , 1 1

inequality gives ||z || < |2’ || + 5 | + 'y lwl, so ()| | << 9]|/(x’,w)].
Let us take another elemeut (c), o*, t*) of the domain space, with y, y’, Z, Z’
the functions corresponding to z,2’, 2, 2’. Then:

() || (2n — 20") — (Zn — Z)) ” <C ” In (€, W) — gu(y, w) ”g 0” (w '_3/70)1‘
(Il (@y2e) ]| + || @ , ) ]| )? (by the corollary to Weinstock’s Lemma 3.4) << C
| @ — yy || ()} @’y w) || 4 || (2, 1) || )¥ by (a) for some C.
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Let us consider F defined on the open set U, given by |c,|+ | L| <<
< @ <7, (any t€ D) (where | L| consists of the other variables which we
have «held constant »). Then we will show that for sufficiently small »,
F is 1-1 on U, with the « L » variables held constant.

So we suppose 2, = Z, . The following is the essential reasoning : using
the above (8), the Sobolev lemma (which shows that the 1-norm along the
1-dimensional curves forming the boundary dominate the uniform norm), and
the maximum modulus principle applied to our analytic dises, (if the uni-
form norm is dominated on the boundary, it is dominated on the whole disc)
we have :

(7)‘zall"‘Z;llgc(g“*'g*)g“xl—y,!-

(We have reduced the problem to the approximating quadratic model!) We
can compute &’ explicitly (pp. 41-43 of Weinstock) to get

Zn=1c, — (T8 y, + tix,) + i®> + (Zs, 2, + ¢, y,) -+ Const (L)
2z, = lp.

The « Const» term is constant relative to T (there are no first order z,,
y,,&, terms in 0’ (|z||x|) or O(|x 2)). Note also that s, t are bounded
by c|o| since they are, up to a constant, elements of L.

The same formulas hold true for Z,, Z,, with the variables ¢, , g, ¢ ha-
ving *'s on the right hand side (but the Const (L) term is the same). If we
show ¢} = c¢,, and ¢ = g% then (since z, = ot) we’ll have t = ¢*. We note
that ||’ —y’|| << CB, where B=|c¢, —¢¥| + (¢ + 0*) |0 — ¢*| (here we
use the charaeter of s;, t; terms).

Then apply () to see | o* — 0*2 << C(o + ¢**> B. Apply (y) to the real
parts ; we obtain similarly |c¢, — x| < C(o + ¢*?B. So B=|c,— ¢.*| +
+ e+ 0*]e—o"| < Clo+ ¢"? B < 4rl CB. This is impossible if r; is suf-
ficieutly small, unless B = 0. Therefore ¢, = ¢y, o = p*, and ¢ =t*, and we
are done.

The injectivity combined with the implicit function theorem gives the
additional three dimensions we need in the rank of the Jacobian, so we now
know that F| U, is a nontrivial family of analytic discs. When ¢ = 0, the
C¢ family contains degenerate discs. F (U,,) consists of discs whose bounda-
ries lie on M and whose interiors are not on M.

By the openness of the genericity condition (see ITA, example (h), also
IB4) there will be a simply connected open subset of U, , call it U, so
that F(U,) is generic. Put N = F(U,). Note that 1M n B*c N for small
enough balls B, .
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We must show ex dim L(N)>t—1.

Near 0, I'(T (M) @) C) is generated by {, , ..., (i € I'(H (M), ﬁmd_;'i y oo Th€
I' (A(M)), and @xy1,..,%s, the «other» vector fields on M. Since ex dim
L(M)=t, we assume that ¢ of the x, ’s are obtained by Lie operations from
the (/s and {/s: say &xy1,..,%r+:. Because M N B,c N, we can extend
all vector fields over N, preserving their linear independence and Lie rela-

tions ; a field v is extended to v. Then ;HIEB(N), 1<j<t But at most
one of the r;y; can be in I'(H (N)+ A (N)), for it is generated by Z,,...
,E}c, ?; y ooy a, and one other pair of vector fields, d and d (holomorphic
vectors fields along the disc structure of N). But only a 1-dimensional com-
bination of red and imd can be tangent to M (by the non-triviality of the
discs) so only a 1-dimensional linear combination of the ':;:'Hj can be in the
vector fields generated by red and imd. (Say it is the field generated by ?‘;k+1)~

Then ryy, ..., Tese are in L(N) but not in I'(H(N)+ A (N)), so ex
dim L(N)=t—1. #

(We do not know whether ex dim .2 (M) =t implies ex dim L(N)=t—1).

2. EXAMPLE: An informative example to examine is given by the 3-
dimensional hypersurface of C® defined by the equation y,=z, |?, where
2y = % + 1yx . In this simple case a disc whose boundary is on M can be
given explicitly (for fixed ,). Then the boundary is |z, |> =y, > 0, and the
full map f (from R* to C?) is:

5 2, =R V;; i

(‘1"273/2)1379,"‘* .
fzz = x, + 1y,.

It is easy to see that F is the type of map satisfying (i)(v) above. In this
case it is even simple to see that F is injective, for its Jacobian is 2y, R.

2
Y2 = 1zl

a typical’disc —
YZ 'Z;l

N line of degenerate discs

X2

Fig. 3

(N = the union of the discs, the open set below the paraboloid.) This
gsection’s work was an 0 (3) perturbation of this.

10. Annali della Scucla Norm. Sup. - Pusa.
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'V. CONSEQUENCES AND CONJEOTURES

A, Principal Results.

The following Kontinuitiitssatz is proven by Wells [33].

1. THEOREM : Let U be a simply connected domain in R® and let F:
D < U—> C be a continuous family of analytic discs parameterized by U with
the property that for some point u, in U, F(D X {uy}) is a point (a degen-
erate disc). Then if f is holomorphic in a domain B containing F (6D < U),
there is a domain A SB such that A contains F (D < U), and there is a
holomorphic function g in A such that g| B =f.

Ag in the work of Wells and Weinstock, these hypotheses ase fulfilled
for a suitable U (see IV1 and IV2), and we obtain the following, which
are our main new results:

2. THEOREM : If M 18 a generic C-R submanifold of C", and L, == 0 then
M is extendible to a set containing a C-R submanifold N with dim N = dim
M+ 1.

3. THEOREM : If M is a generic C-R submanifald of C" and ¢ = ex dim
L(M)> 0, then M 18 extendible to a set containing a generic submanifold N
with dim N = dim M + e.

Proof: Apply IV1 and 1 inductively. #

‘We note 2 maximum principle: the maximum modulus of a function
on N is dominated by its maximum modulus on M.

The following result is analagous to the Bochner-Hartogs result that
the boundary of a C* relatively compact open subset of " must be exten-
dible to the interior of the set.

4. THEOREM: Let M be a compact non-trivial generic C-R submanifold
of C* (so dimg H (M) > 0). Then M is extendible to a set containing a sub-
manifold N with dim N = dim M + 1.

Proof : If for some open set U of M, ex dim .2(U) > 0, then (2) M is
extendible to such an N.

So we may assume ex dim.2(M)= 0. Then computation shows that
the distribution I'(re (H (M) -+ A (M)) is completely integrable and its
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maximal integral submanifolds possess the structure of a complex submanifold
of C™. Then the result desired follows from :

5. LEMMA : No compact subset of C™ is the union of the images of
non-constant analytic maps from complex submanifolds of dim¢ > 0.

Proof: Suppose K is compact, and K = APL U,, where f,: M; — U,

is a non-constant complex analytic map. There are three proofs now :

1.) Consider the function algebra D (K ) given as the uniform closure
on K of functions on K which are analytic on each U;. Then D(K) is a
closed, separating subalgebra of C(K), the continuous complex-valued func-
tion on K. By a theorem of Bishop [3], a point p of K is a peak point
for D(K): i.e., |g(p)|>|g(g9)| for q€ K, ¢+ p and some g€.D(K). But
p€ U, for some A,. So consider now an f€ H(K) close enough to g. Then
by the maximum modulus principle, f(U;) = f(p). Since f;, is non-constant,
this is a contradiction, for in the above take any q € U, .

2.) Put t = ii]f dim U;. Consider the function 2, : K —» C (the first .

coordinate in C"). Since K is compact, |2, | attains a maximum on K, say
when 2z, =1.

If U,Nni2 =t{ D, then U, &}z, =t{. This is also a consequence
of the maximum principle, for |2z,| must be constant on U, . Then put

K = Uy ey =¢tl. K’ is a compact subset of 2z, =1, an affine
U;‘OC zy=t}

translate of C»—1,
Continue the argument to obtain K’ as a compact subset of Ct!. But
then K’ is the union of open sets in Ct, a contradiction.

n
3.) The function X |#|*=g(2) is plurisubharmonic and attains a
=1

maximum value t on p€ K. If p€ U;, then by the maximum principle for

plurisubharmonic functions (Gunning and Rossi [3], IXC 3) used as above,
n

g~ ()2 U;. Then U, Cglz | &P = t}. But hyperspheres are 0-complex (see

i=1

IIB and IIC 12) hence dim U; = 0. This is false. #

6. REMARK : If M is compact as in 4, then M is probably extendible
to a manifold N with §N D> M and dim N = dim M -} 1. (There is (at least)
cobordism obstruction to having oN = M).

7. THEOREM : If M is a non-trivial 0-complex generic C-R submanifold
of C", then M is extendible to a set containing a submanifold N, with
dim N = dim M + 1.
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Proof : Since M is 0-complex, L, &= 0 (IIB 10), and so the result by 1. #

B. Conjectures.

If M is real analytic with a real analytic C-R structure, then certain
results are known (obtained by considering the complexification of M ).

1.) M is locally embeddable as a generic C-R submanifold of O*
(Rossi [26]).

2.) If M is a trivial C-R submanifold of C (so dim H (M) is 0),
then M is a holomorphically convex subset of C".

3.) If M is a C-R submanifold of C*, every C-R map f: M — C is
the restriction of an element of H (M) (see Tomassini |31]).

(As a result of the above, we see in particular that the differential
equation of IIIB 12 iif— — o M A =0 has as «solution »

ou,  Ouy du, Oug
all functions analytic in O%*).

If M is compact, Wells [34] has shown that if M is analytic and is a
trivial C-R manifold of C", then M is an §,. See also [21] for phrasing
of (2) for C> manifolds.

We conjecture that (1) is true without change for C* manifolds, and
that certain statements close to (3) should be true for ¢ manifolds. We
will describe the situation as it is now understood.

We would like to suggest a version of (3) for C>. (Let CR (M) be the
collection of complex-valued C-R functions on a C-R manifold M).

If M is a compact generic C-R submanifold of C», then there is a
generic C-R submanifold N with dim N = dim M + 1, and gN contains an
open subset of M, and each function f€¢ CR (M) determines a function
FeCR(N) in the sense that the « boundary values» of F on oN N M are
just f on 0NN M.

To attempt to prove this we would recall how we first obtained N in
IV as a union of disjoint discs in C® whose boundaries are in M. So if
v€N, v is in a certain disc D, with 6D, < M. The obvious way to try to
extend f is:

_ 1 [ f)
Fv) = 2ni |z —v "
oD,

Then F so constructed is analytic in the disc direction, but two results
remain to be proved:

i) FeCR(N)

ii) F assumes the correct « boundary values » in M.
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We were not able to prove either of these, but the following lemma
would probably be useful in proving (1): .

LEMMA: Let @ be an (n + p)-dimensional generic submanifold of C»,

p > 0. Then f€ CR (Q) iff d{ f 8t =0, for all compactly supported (n, p— 1)
forms z in C™.

Proof: A Stoke’s theorem computation, using the fact that f€ CR (Q)
only when &f = 0. #

To understand an «approximate» version of (3) suggested by R. Ni-
renberg, we begin with the description of some function algebras.

If K is a compact subset of C*, then H (K) is, as before, the collection
of functions holomorphic in a neighborhood of K, and C(K) is the uniform
algebra of continuous complex-valued functions of K. A (K) is the closed
subalgebra of C (K) generated by restrictions of functions in H (K). Finally,
let «{(K) be the topological algebra of germs of functions holomorphic
about K.

The natural restriction map of (K )—‘>A (K) is a continuous 1-1 map

onto a dense subset of A (K), so that the induced map o (A (K)) i>cS(A (K))
of maximal ideal spaces (with the usual topology) is a homeomorphism, for
S (A (K)) is compact. (If K is a point in C", we are asserting here that
the topological rings O.[[»,,...,®,]] (convergent power series) and C have
isomorphic duals).

If U; is a neighborhood of K, then there is a Riemann domain
n;: U;— O™ and U;~S (A (Up). But S(«A (K)) =1lim Uj if Uj is a sequence

of neighborhoods decreasing to K, where the inverse limit maps are the
natural restrictions. The n; commute with these maps, so there is induced

a continuous projection (4 (K )—"—> C™ by following the isomorphism to
J (A (K)) above by lim n;. (This projection agrees with the one given by
e

Rossi [24] and Wells [35]: if A (K,C") is the uniform subalgebra of C(K)
generated by restrictions to K of H(C"), there is an injection A (K, O™) —
—>A(K),50 S (4 (K)—S(4 (K, O™), but S (4 (K, (%)~ K, € C*. The map
from J (A (K)) to C™ obtained agrees with the one defined above). The inverse
limit description above has been used by Harvey and Wells [23] to obtain
information about sheaf cohomology on holomorphically convex subsets of C™.

Rename (A (K)) the envelope of holomorphy of K, E(K), and think
of it as a limit of Riemann domains over C”.
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E(K)L C*. Then n (E (K))= I’(\, the hull of K; Wells [35] has shown
that if K is extendible to K’, then K’ c K.

Return to the case of a compact C-R manifold M. Let D (M) be the
uniform closure of CR(M). R. Nirenberg’s version of (3) for C* is:

If M is a compact C-R submanifold of C*, f€ CR (M), then there is F
holomorphic in a neighborhood of M so that ||f— F |y <e.

If this is true, we can conclude that A (M)= D (M) (When M is a
trivial C-R submanifold (dim H(M)= 0) we would expect C(M)= A (M).
This has been shown — R. Nirenberg and Wells [21].)

Then we have the following situation: E (M )L C* with M c j[\ c ﬂm.
E(M) is the space of maximal ideals of A (M) or D (M) or o (M). And
this result is probably true:

a

Pl
M= , and M=
U domain of holo., TDOM M extendible to N

We conjecture: E (M) possesses the structure of a C > space, and so
does M. mis a C* space map, and A (E(M))=a* (4 (C") (anti-holomorphic
tangent bundle) is a « bundle» over E (M), and each f¢ CR (M) extends
to an f€ CR(E (M)): that is, on any pure-dimensional part of E (M),
df (A (E (M))) = 0. (And dim E (M) = dim M + ex dim .2 (M).)

We would hope that (1) would go over without change in the C*
case, and this fact would enable us to reduce the local analysis of «nice »
systems of first order partial differential equations with complex coefficients
to the local study of the inhomogeneous Cauchy-Riemann equations.

M.T1. T., Mathematics
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