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LOCAL BEHAVIOUR OF SINGULAR SOLUTIONS
OF ELLIPTIC EQUATIONS

MosHE MAROUS

1. Introduction.

Let L (x, D,) be a differential operator of order m, defined in a domain
of the n-dimensional Euclidean space F,, of the form :

(1.1) L(w,D,)=| IZ; a, () Dz, T = (&, . X0,

where o = (2, ,..,,) i8 a multi-index (x; being a non-negative integer,

|a| = a, + ... + @u, and Dz is the partial derivative:
o 13 ay 8
(1.2) Dy = ,,i Dy Dp= pl

The coefficients a, (x) are in general complex functions of .

Suppose that L is elliptic in a sphere |x — a°| < R. Then if > 2,
L is necessarily of even order. We shall suppose that m is even also in
the case n = 2.

Let u (x) be a solution of Lu =0 in the deleted sphere 0 < |o— 2| <R,
with a singularity of finite order at 2°.

In the case that the coefficients of L are analytic at x% F. John [6]
proved the following results :
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(i) If u (x) satisfies the condition :

(1.3) Diu(@)=o0@"7), (r=|z—a’|—0).

for every a such that |« |=m — 1,j being a non-negative integer, then in
a neighborhood of 2% wu(x) may be represented as the sum of a linear
combination of derivatives of a fundamental solution of L, up to order j,
and a function which is analytic at 2°. :

(ii) If (1.3) holds with j= — 1 then w(x) is regular analytic at z°,
i. e. the singularity is removable.

Later L. Bers [2] studied the local behaviour of u () in the neighbo-
rhood of z°, assuming only that the coefficients of L are Hdlder continuous
with exponent &) in |x — 2°| < R. He obtained the following results :

(iii) If u (x) satisfies the condition :

(1.4) (@)= 0 ("=, (r=|z—ai"|—>0),
where 0 < d < ¢, then u (x) is asymptotic to ¢J (x — a°), where ¢ is a cons-

tant and J(x) is a fundamental solution of the osculating operator :

(1.5) LY@, D)= X a, () D2.

lal=m

Moreover, the derivatives of u(x) up to order m are asymptotic to the
corresponding derivatives of ¢J (x — z°).
(iv) If u (x) satisfies the condition:

(1.6) u (@) = o (1),

then the singularity at x° is removable. If the coefficients of L are real,
then in the case that » is even and = <<m, (1.6) may be replaced by the
weaker condition :

(1.6 w (@) = o (™| log 7 |) (')

Using a theorem of Douglis and Nirenberg [4] it may be shown that, as
a result of (1.4), the solution u (x) in (iii) satisfies also the following coundition:

(1.4) Diu@y= 00" =00"), laj=m—1.
Therefore it is seen that (iii) is parallel to (i) with j = 0.
() In [2] L. Bers dealt with real elliptic equations. But it is easily verified that

regult (iii) and the first part of (iv) remain valid for elliptic equation with complex
coellicients.
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In the present paper we generalize result (iii) to solutions wu (x) with
singularities of any finite order. More precisely we obtain :
(v) Let L be an elliptic operator with Holder continuous coefficients
(with exponent &) in a sphere |# —a®| < R. Let wu(x) be a solution of
Lu=0in 0 < |2z — 2°| < R such that:

(1.7) u (x) = O (r"m—r—i—9), (r=|x—a°| —0),

where 0 <<j is an integer and 0 < d <e.

Then u (x) is asymptotic to a linear combination of derivatives of order
j of the function J (x — 2°), where J (x) is a fundamental solution of (1.5).
Moreover, the derivatives of u (r) up to order m are asymptotic to the
corresponding derivatives of this linear combination.

A similar result is obtained for solutions of the inhomogeneous equa-
tion Lu = f, where f(r) is a Holder continuous function (with exponent &)
in 0 <|x—a°| < R which may have a certain singularity of finite order
at 0.

It is also shown that by imposing stronger regularity conditions on
the coefficients of L and the function f(r) the asympotic estimates may be
accordingly improved.

These results are further generalized to the case of an elliptic operator
L whose coefficients depend not only on x, but also on a vector-parameter
t=(t; ,..,t). This generalization will be needed for certain applications
in a paper [8] on the Dirichlet problem in a domain whose boundary is
partly degenerated. In order to obtain it, we have to find first the depen-
dance of the coefficients of the asymptotic formula and the remainder func-
tion on L, w(r) and f(x). To this purpose we derive explicit formulas of
the coefticients, and the remainder function in terms of L, u and f and
some other functions directly related to these.

2. Definitions, notations and basic results.

The study of the local behaviour of singular solutions of elliptic equa-
tions is closely related to the concept of a fundamental solution. In the
case of an elliptic operator with analytic coefficients, the local existence of
a fundamental solution and its basic properties were proved by F. John
[6,7]. These results will be summed up in this section since they will be
frequently required in the sequel. But first we need some definitions and
notations.
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Let ¢ be a domain in E,. We shall denote its boundary by 69 and
its closure by . If K is a bounded set such that K c Q, we shall write
KccD.

Let «° be a fixed point and R a positive number. We shall denote by
Z (1% R) the sphere |z — 2°| << B and by Z’(z° R) the deleted sphere
0 <|x — 2°| < R. We shall also write Z (0, R) = Z (R) and %’ (0, R)= Z’ (R).

The family of real or complex functions {f(x)}, such that f(x) together
with its partial derivatives up to order j are continuous in ¢ will be
denoted as usual by C; (D). The set of Holder continuous functions with
exponent ¢ (0 << e << 1) in D will be denoted by C, (D). Finally, the family
of functions {f(x)} such that f(z)€ C; (D) and D; f(x)€ C, (D) for |a|=j
will be denoted by Cji. (D).

If f(x)€ C; (D) we define :

(2.1) My(fl= L uwb |Dif(x))
€D, |a|=

and if f(x)€ Cj4¢ (D) we define also:
(2.2) HY [ f]= 1. u. b, Dz f@)— Dy fp]-le—y —°.
|la|=j;z,yeD

Suppose that the coefficients of the operator L defined in (1.1) belong
to C,. (D). Then the operator

(2.3) Lu= 3 (— )" D (aq () w)

is defined in Q. L is the formally adjoint differential operator of L.

Let w,v€ 0, (D) and let )’ be a compact subdomain of @ whose
boundary is sufficiently smooth according to the conditions of Green’s
theorem. Then by this theorem we have:

(2.4) f(uLv — v Lu)dx = jM [, v} dS;,
' 09’

where dS, is a surface element of 670’ and M [u, v] is a bilinear form :

(2.5) M [u, v] = b an g (7, mz) Diubbv, we oy,
lal+|B1<m—1

;e_,, being the unit normal vector on 947" at the point x, directed to the

outside of @’. This bilinear form is not unique, but for every operator I,

we choose one of the possible forms, which will be fixed throughout the

discussion.
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DEFINITION 1.

Let v(x) be a solution of Lv = 0 with an isolated singular point y in
the domain ). We shall say that v (x) is a fundamental solution of L with
pole y in @ if for every function wu(x)€ C,, (D) and any open sphere
Z cc D such that y € Z, we have

(2.6) u (y) =fv(m) Zu(.r)dx+fM [, 2] A8, .

Z YA

Suppose that V (x,y) (as a function of x) is a fundamental solution of L
with pole y in €D, for every ye(D. Then we shall say that V(x,y) is a
general fundamental solution of I in (). (Here we shall use the abbrevia-
tion: V(x,y) is a g.f.s. of L in ). If moreover V (r,y) is analytic in the
domain {(x,y): 2,y €D, x & y} then we shall say that it is an analytic g.f.s.
of L in CD.

EXISTENCE THEOREM FOR FUNDAMENTAL SOLUTIONS, (F.John [7], ch. I1I).

Suppose that (1.1) is an elliptic operator with analytic coefficients in
a sphere Z (x% Ry). Let j be a positive integer such that n -1-j is even.
Then, there exists a function Wj(x,y) and a sphere Z (1% R,), 0 < R, < R,,
such that W,(x,y) is analytic in the domain

(0,95 2,5 € 20, By @ 4 )
and the function
(2.7) If} (o, y) = A;H—]HZ ‘Vj (@, )

is a g.f.s. of L in Z(x°% R,).
Let 0 < R, < E,. Then the function W;(x,y) satisfies the following
inequalities for x,y € Z (% R,):

) ‘con. pmt— (n odd),
(2.8) | Dzy W, y)| <! -
( con. r+i=i(1 4 [log »|), (n even),

where » =" x — y| and the constant depends on E,,j and . (Df,y W; repre-
sents any partial derivative with respect to (L, y .. y @0y Yy y oo 5 Yu) of order 2).
The fundamental solutions (2.7) depend on j, but they are essentially
equivalent as it is seen from statement IV below. In the following we shall
write K (r, y) for any fundamental solution of the type (2.7).
Tn addition to the above it may be shown that K (x,y) possesses the
following property :
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I Denote [=£x_yl and §=(x-—y)/_r. Then for » and ly-—xol
sufficiently small we have:

(2.9) K (x,9) = r"=" 3 ¢, (y, & " -+ w (z,3) log 7,
™ Z oy, 6)) r

where the coefficients ¢, are analytic functions of (y, &) and w (»,y) is ana-
Iytic in (v, y) and satisfies the equation L (z, D;)w (x, y) = 0. Moreover if n
is odd then 1w (r,y)=0. If n is even and n < m then the limit

(2.10) lim r"="w (2, y) = ¢ (y, §)

exists and is attained uniformly with respect to & In the case that L is real
or, more generally, strongly elliptic, it may be shown that c(y, &) 5= 0.
(John [7], pp. 61-65).

We note that F. John dealt in his works with a real elliptic operator.
But his treatment is valid also for general elliptic equations with complex
analytic coefficients. An exception is the last statement of result I, the
proof of which is valid only for strongly elliptic equations.

As a consequence of (2.7) and (2.8) we obtain:

II Let 0 << R, < R,. Then, for x,y€Z % R,), K (r,y) satisfies the
inequalities :
) con, rm—n——i , (n Odd),
(2.11) | Doy K (2, 9) | < B

con, rm—n=i(1 -k |log+!) , (n even),

where the constant depends on R, and i.
The following property of K (x,y) follows from those already mentio-
ned above:
III Let 9’ be a compact subdomain of Z (2% R,). If f(x)€ C, (D) N

N C,(D’), then:

(2.12) L (@, D) [ f K @, 9)/ ) dy] —F @), vED,

(John [7] pp. 54-55).
An analytic g.f.s. of L is essentially unique in the following sense:
IV Let V (x,y) [respectively ff_(w, y)] be an analytic g.f.s. of L [re-
spectively L] in a domain in which I is elliptic with analytic coefficients.
Then we have:

(2.13) Vr,y)=V(@y,a)+ply,r



solutions of elliptic equations 525

where u (y,2) is analytic in D >< D. If Z («°, R) cc D then for z,y € Z («°, R)
©(y, x) is given by the formula :

(2.14) oy, @) = f MV (&), V(& 2)] a5 .
l§—m|=R

From this result and the existence theorem we conclude that two analytic
g.f.8. of L in @ differ only by a function w*(r,y) which is analytic in
@D >< D and satisfies the equation L (x, D) w* (x,y) = 0. (John [6], pp. 297).
The following two results of John [6] will also be needed in the

sequel.

V Let L and Q) be as above. Then every solution wu (x)€ Oy, (D) of
Lu =0 in @ is analytic in .

VI Let L be the operator mentioned in the existence theorem. Sup-
pose that u(z) is a solution of Luw =0 in the deleted sphere Z’(«°, R),
such that (1.3) holds. Then for x € Z (2%, R,) we have:

(2.15) w@)= 3 ez [Dh K (2, 9))y—z + 2 (),
181=7.

where c¢; are constants and w (x) is analytic in Z (2% R,). (This is the com-
plete formulation of result (i) of section 1.).

In connection with result III we note that formula (2.9) holds also
under the following weaker assumptions :

(2.16) f@E€C(D)n L (D).

Indeed, using some well-known lemmas of potential theory, (see Appendix
A), it follows from (2.11) and (2.16) that the function

(2.17) F(x) =flf(w, y)f () dy,
P
belongs to C,, (D7) and

(21%) DEF(@)— f D% K (&, 9) [/ () — /)] dy + F (@) DS f E (&, ) dy,
o8 2
for |a|<< m. Ience:

(2.19) L(w, D) F (@) =/ (@) Lz, Dy) f K (¢, 5) dy = J (@),
@’
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We note also that inequality (2.11) may be slightly improved in the
case that »n is even and m < n 4 i. It follows from results II and IV, that
in this case, the factor (1 + |logr|) on the right side of (2.11) may be
deleted. B

Another basic result that we shall need in the sequel is a theorem on
interior estimates for elliptic equations of Douglis and Nirenberg [4]. We
shall refer to Theorems 1 and 4 of [4] (pp. 517 and 529) as the Douglis-
Nirenberg theorem.

Let Lu = f be an uniformly elliptic equation of order m in <, such
that the coefficients of I and the function f belong to Cpy. (D), where
0 <<p is an integer and 0 < ¢ < 1. Suppose that u ()€ C, 4. (D). Then the
Douglis-Nirenberg theorem asserts that u (x)€ Cpipt.(D) and it provides
estimates for the derivatives of u (x) up to order m 4 p at interior points
of Q.

It was shown later, in the paper of Agmon-Douglis-Nirenberg [1], (pp-
719), that under the above mentioned assumptions on L and f, if u (x)€
€ C,n (D) then it follows already that u (x)€ Cpy. (D).

The following lemma is a consequence of the Douglis-Nirenberg theorem.

LEMMA 1.

Suppose that (1.1) is an uniformly elliptic operator in the sphere Z(E,)
and let u (x) be a solution of Lu=f in the deleted sphere Z’(R,) such
that u (x) € C,n (Z’ (Ry)). If the coefficients of L belong to Cp4.(Z (R,) and
if f(x)€ Cpys(Z’ (R,)), where 0 =< p is an integer and 0 < ¢ <1, then:

(i) u(x)€ Cm+?+c (z' (Ro))-
(ii) Let K, = {y:7/2<|y|<<3r/2} and denote

(2.20) A(r)= Mg, [u] + 'zporf ME [f1 4P 0L ()]
iz

‘With this notation we have:

(2.21) | Diu@) | e r™' "M A (),

for |a|<<m +4p and 0 < |x|=7r<Ry/2, and

(2.22) Hg? [u] < e v " 777 A, (0 < r < Ry2),

where K, = {y:3r/4 <|y|<<5r/4}.

The constant c_1 depends only on n, m, p, ¢, on the ellipticity constant
of L in Z; and on certain norms u, of the coefficients a, (x) of L. These
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norms may be defined as follows:
¥4 2 N

(2.23) pa =Ry 3 BRI M, (@) + REY HY, [0,
=0

where Z, = Z (3R,/4).

This lemma is obtained by applying the Douglis-Nirenberg theorem to
the equation Lu = f in the domain r/2 <|x|<C3r/2.

We end this section with a few additional notations which will be
required in the following sections.

If g(x)€ C;(Z’ (R)) then the notation:

(2.24) g (@) = 0;(r*|log »|°)
where | |=r, means that:
(2.25) Dig (@)= 00" " 10g r|), (r—0), |a|<j.

Similarly if ¢ (x) € Cj4.(Z’ (R)), 0 < ¢ <1, then the notation
(2.24) g (@) = Ot (" | log 7 [7)

means that:
g @)= 0;(r|logr )
(2.25)

Hio lg) = 0; 0777 | log » Io),

where K, is defined as in (2.22).
In a similar way we define o; and o;..
Finally, if g ()€ C; in a neighborhood of the origin we define:

1 a a
(2.26) 0= = [—, bxg(m]w ,
la|<jlo:
where a!=oa!..a,! and &° = ! ... 2"
The following is an immediate consequence of Lemma 1:
LEMMA 2.

In addition to the assumptions of Lemma 1, suppose that:
(2.27) u (@) = 0 (1| log r|°),

(2.28) _f (1') —_ ()p-l-z (,'.s—m l Iog r I(I)’
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where ¢ is positive and s is any real number. Then:
(2.29) w (@) = Opypyc (r* | log v [°).

These results hold also if O is replaced everywhere by o.

3. Existence of special singular solutions.

Suppose that the differential operator (1.1) is elliptic with analytic
coefficients in a neighborhood of the origin.
Let f(x) be a function with a finite singularity at the origin, such that

(3.1) S (@)= 0q(r=*|log r|%), |z|=r—0,

where 0 < a is not an integer, 0 <C s is an arbitrary real number and 0 << ¢
is an integer.

In this section we shall construct a solution u () of Lu = f in a dele-
ted neighborhood of the origin, such that:

(3.2) w(x) = Opga (3| log » ") 4 P (x),

where P (x) is a polynomial.
The main result is based on a number of lemmas which we now pro-
ceed to proove. In the following we shall denote by I)] a general deriva-

tive of the form D},|a|=_j, and similarly by D}, a derivative of the form
D Dy with |a|+]|e’ | =j.

LEMMA 3.

Let @ (#,y) be an analytic function of 2n variables (1, .., @n, Y1y ooy ¥0)
in the domain

(3.3) {(xy) : x, y € Z (Ry), = = y),
and suppose that it satisfies there the inequalities:
(3.4) | Diy @ (@, y) | << con. v* (1 4 |logr[7), i=0,1,2,..

where 1 —n <p’ and 0 < ¢’ are integers and r=|x —y|.
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Let ¢ be an integer, 0 << q <p’+ n—1 and put p=p’'+n—(1+ q).
Let f(x) be a function belonging to C,1.(Z’ (Ry)), 0 < & < 1, such that:

(3.5) S @) = Ogys(r=*|logr|s), |x|=r—0,

s being a real number, — ¢ << $ <n, and o a non-negative integer.

Denote
(3.6) F@,y)=D, Gy, (B]=a+1)
and
(3.2 w (@) = f Fle,)f@)dy, (0<R< Ry

Z(R)

Then u (x) € Cpiq(Z’ (R)) and if s <p then wu (x) belongs also to Oy (Z (R)), s
being the greatest integer which is smaller than p — s. Moreover we have:

(3.8) (&) = Opgq (rP=*|log r

)+ P (x),

where ¢”" =0+ ¢’ 4+ 1 if s in an integer and ¢” = o 4 o’ otherwise, an

(w)y , if s <p,
0 if s >p.

P(x)=

PRrOOF. In order to prove the lemma it is sufficient to show that:

(3.9) u (®) € Cprqa(Z’ (R))
and
(3.10) DI u@y= 00" logr["), r—>0,

where o* =040+ 1 if s+ ¢=0 and o* =0 4 ¢ otherwise. The re-
maining statements are easily obtained from (3.9) and (3.10) by integration.

Let 2°€Z’(R) and 0 <h < |«°|/4. We divide the sphere Z(R) into
three disjoint subsets :

Dy=1{y: |y|<h}y, Dy={y:|y—2a®|<2h |y| <R
(3.11)
Dy =7 (R) — (DyuDy);

o Aol dolla Sevola Norn Sup. - Pisa.
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and accordingly we write :

(3.12) we=| [%erﬂF(w,y)f(y)dy
D D

= I, () + I, (@) + I, (a).

Clearly, I, (r) and I;(x) belong to Cw(D,). Now, let 2k < (R — |2°|) and
denote

Dy=1{y: e <|y—a°| <<2h), (0 < &).
By (3.6) we have '

(3.13) F(x,y) = D; Dy, G (x,y) = Dy G* (x,y), ( l7]=a)

for suitable y and i. Hence, by integration by parts we obtain:

f Pz, 9)f () dy = (— 1y f 6* (2, %) D1 (9) dy
2t 2

4 f_mmeg— f<MmJM&

|y —a0|=2h ly—a|=¢

where N [G*, f] is a bilinear form in the derivatives of G* and f with re-
spect to y, such that the sum of the orders of the derivatives in each term
is << q— 1. If now we let ¢ tend to zero we get

(314  L@=(—1) f @@y Difmay+ | N6 7)as,
Dy ly—a®|=2h

=1I;(x) + I, (a).

Clearly I,' () is an analytic function in D,. Also, from (3.4) and (3.5) it
follows, by known lemmas of potential theory (see- Appendix A), that
I; (%) € Cpiq (D))

Summing up we conclude that wu(x)€ Cpyq(D,) and since z° was an
arbitrary point of Z’ (R), statement (3.9) is proved.

In order to prove (3.10) we again use the partition of Z (R) defined by

(3.11), with 0 < |a%| < % min. (1, K) and b= [a®|/4. For |® — a%| < I we
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have :

(3.15) DI, () = f DI F (2, 9)f (4) dy
2

@16 DIMI@=[DIMP@as 6
2,

(3.17) DY) () = [ N (DI G* (x,y), f (y)) 48,
ly—a0|=2h

and finally :

a8 DPL@= DIV e ) 0 — 1 @]

2,

+1* @) D2 f G* (z, y) dy,

Dy

where f* (y) = Dy f (y).
Estimating the first three integrals with the aid of (3.4) and (3.5) we
obtain (for |z — 2% | < h):

-
-

(3.19) | DXYI, (@)| + | D2 I (x)| + | DPY L (@) | < con. h T [log R | .

Similarly we obtain :

(3.20) ’ f DI G (0, 9) [£* (4) — F* ()] dy | < con. K™ | log h [+,
":’)!

Using integration by parts it is immediately seen that the function
fG" (@, y) dy = [Dy.-G(w,y) dy
Dy D,
is analytic for x € Q,. Therefore it follows, from (3.5) and (3.20), that
(3.21) | DY I (2) | < con. K" | log k[t (|@— 2| < ).
In conclusion we obtain the inequality :

(3.22) | DP* 0 (2" | < con. B | log b |,



532 MosEE MaRrcus : Local behaviour of singular

for |a%| < —;—min. (1, R), where h=|a°|/4 and the constant depends only

on @, f and n. This completes the proof of (3.10).
As a consequence of Lemma 3 we obtain the following result.

LEMMA 4.

Suppose that the differential operator (1.1) is elliptic with analytic
coefficients in a sphere Z(R,). Let f(x) be a function of C i, (2’ (R,)),
(0 <e<1, 0<<gq an integer) satisfying condition (3.5), with s and o as in
Lemma 3. )

Let K (x, y) be a g. f. 8. of L of the form (2.7), with n 4 j = 2([¢/2] 4+ 1),
in a sphere Z(R,), 0 < R, < E,. Define:

(3.23) " (@)= f K (@9 f @) dy, (0<R<R,).
Z(R)

Then u (x) is a solution of Lu =f in Z’(R), possessing the following pro-
perties :

(@) % (2) € Cpqie (% (R)).

() If 0 < m — 8 then wu(z)€ Cy(Z(R)), 8’ being the greatest integer
which is smaller than m — s.

(¢) (@) = Omyqte (r™*|logr|”) + P(x), where

(u)y, if s <<m,
P (x) =
0, if m=<s,

and o’ is an integer =o. (If % is odd and s is not an integer, then o =o’).

PrROOF. From the assumptions on f(r) it follows immediately that
f@eC.nL, in Z’ (R). Hence it follows that u (z) is a solution of Lu = f
in Z’(R).

Properties (a), (b) and (c), except for the Hoilder cantinuity of the deri-
vatives of u (x) of order m -} ¢, are a direct consequence of Lemma 3 and
the formulas (2.7) and (2.8) concerning K (z, y).

Let P’(x) be the polynom mentioned in (¢) and put vy (x) = DI (x) — P(a))
where | fi| = q. Using property (¢) and formula (3.5) it is easily verified that :

(3.24) Log(@) = DEf(@) — DELP @)+ @) =7, @), xeZ (k)
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where ff () = O, (r—*—tt1|log r|*"), so that:
(3.25) Sp @)= 0, (r—*"2|log r|*).

(We use also the fact that s + ¢ = 0).
Applying Lemma 2 to the equation Lvg = f; we find that vg€ Couy, (27 (R))
and

(3.26) vp (&) = Oy, (r™=2 | log r |).

Hence we obtain properties (a) and (¢) in the complete form.

In order to prove a similar result for functions f(x) satisfying (3.5)
with n <<s, we shall deal first with the special case L = 4;, (0 < ¥ an
integer). In this case we prove the following result:

LEMMA 5.

Let f(x) be a function of Cgy.(Z" (R), (0 < e < 1, ¢ a non-negative
integer) which satisfies condition (3.5) for a certain real number s = »n and
a non-negative integer o.

Let 0 << R < R, and let » be a positive integer. Then there exists a
solution wu, () of the equation A4ywu, (x)= f(z) in Z’ (R) possessing the pro-
perties (a), (b), (¢) of Lemma 4, with m = 2v.

PRroOOF. First we shall deal with the case » = 1. A fundamental solu-
tion of the operator 4 is given by:

|2 —y 2~ /(2 —n)bu, n>2

(3.27) J@w—y) =11 .
%log|x—y|, n =2,

where w, is the surface area of the n-dimensional unit sphere.
Let 0 be a fixed number, 0 << < 1. Then forz = 0 and |y|/|x|<
the function J (r — y) may be written in the following form :

kg . . x Y
51y e, (2 ) s,
j=0|y| | | 7 l'”' |y| ’ ’

* ; : x i 1
el 1 l——. L1 )4+ — —
vl T’<iw| )+ agtoelal, n=2

(3.28) J(x—y)=

Where P;(p) and T;(o) are the Legendre and Tchebysheff polynomials, res-
pectively. Every term of the above series is a harmonic function in x# and
y, provided # 5= 0, y &= 0. Also if —1<<p <1 then | Pj(o)|<<1,]| Tj(p)|<1.
Therefore it is clear that the series (3.25) converge absolutely and uniformly
inwand y for |y|/1x|<< 0 and »y < ||, r, being a fixed positive number.
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We now define the function :

» . . x Yy
J(x-y).._i‘)wp|x|—1—-ﬂ+2Pj(m-m>, n > 2,
(3.29) J* (2,9)= g )
. z oy
J(x —y) — 3 Y x—fT~(__.__)_.._]0 x|, n=2
( )] j=0|:‘/|| l j |.’L'| !yl [ gl |7 )

For x40 and |y|/|2| <6 we have:
1
(3.30) |72 @ 9) | < y— [y |7+ [ai=mr

J? (x,y) differs from J (x —y) by a function w (x,y) which is analytic in
(x, y), (provided x == 0, y &= 0) and harmonic in « (¢ == 0) for any fixed y 3= 0.
Therefore J?(z,y) is also an analytic g.f.s. of 4 in the whole space E,,
except for the origin.

Let us denote :

(8.31) u(x) = [ JP (x, y) f (y) dy, (p=[s] —n).
Z(R)

From (3.5) and (3.30) it follows that the integral converges absolutely for
0 < | x| <<R. We shall show that u (z) satisfies all the conditions which
are required in the case » = 1. First, we shall prove that u (x) is a solution
of Au=f in 0 < | # | < R. This statement is not evident in the present
case since, generally, f(x)¢ L, (Z (R)).

Let R’ be a fixed number, 0 << R’ < R/4 and let us write:

(3.32) wu(x)= f J? (@, y) f (y) dy + J? (@, ) f(y) dy = I'(w) 4 1""(w).
1WI<® E<|v|<E

Clearly I’’(x)€ C, and
(3.33) 4, 1" () = f (2),
for R’ <|«| < R. Now, let y be a fixed point, 0 < |y|<<R’. Applying the
Douglis-Nirenberg theorem to the equation 4,J? (r,y) = 0 in the domain

3R’/2 < |#| <R, and using (3.30) we obtain:

’

) n—p [R\—F
(3.34) | Dy J? (x,y)|g3|y|p+l.(R')l P.(?) Ec|_.,|”“,
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for 2R’ < |#| < R — R’. Hence it follows that I’ () € Cs in the domain
2R’ < |#|< R — R’ and that the derivatives of I’ (x) are given by the
formula :

D:I'@)y= | D;J”(z,y)f ) dy.
ly | < B

Since 4,J? (xz,y) = 0 we conclude that:
(3.35) 4, I’ (x) = 0, 2R’ < || < R— R’

This together with (3.33) proves our statement.
It will now be shown that:

(3.36) w (@) € Copq (7 (R))
and
(3.37) u (@) = O (r2—* | log r |*),

where ¢, is an integer =o¢; (6, =0 if » > 2 and s is not an integer).
Let I'(x) and I’’(x) be the functions defined in (3.32) with 0 << R’ <

% min (1, R). We already know that I’ ()€ s for 2R’ < || < R — R’; it

is easily verified that

(3.38), | I’ () | < con. (R’)*~s |log R’ |,

1
for 2R’ < || <—2—min.(1,R)ER“‘.
By (3.29) the function I’ (x) (for » > 2) may be written i ~*-

I’ () = F(x) — ZI', | @ |~i—n+2 F; (x),
j=0
where

F(x)=f J (@ —y) fy)dy; Fj(w)=f |y|ij(|—jca‘|-|—ZT)f(y)dy-

R<|y|l<R R<|y|<E

(In the case n = 2 we have to replace P; by T; and to add a term containing
log |z |. All the following remarks hold also in this case.). It is easily ve-
rified, by the method employed in the proof of Lemma 3, that F(x)€ Coy,
for R < |#| < R and that

| F(x)]| < con. (R")*~*|log R’ |, (for 2R’ < |z | < R*).
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Clearly, F;(x) € Cy for x == 0 and
| Fj (x) | << con. (R")/—st" |log R’ |1 . (for = == 0)
Hence it follows that I”(x) € Cy4q for R’ < |z| < R and
(3.38), | I" (x) | << con.(R’)?*—*|log R’ |, (for 2R’ < |z| < R*).

Summing up these results we obtain (3.36) and (3.37). Hence it follows, by
Lemma 2, that the solution u (x) possesses properties (a) and (¢) with m = 2.
(in regard to (b) we remark that m — s = 2 — s << 0). This completes the
proof of the lemma in the case » = 1.

From this result it follows immediately, by induction, that the state-
ment of the lemma is valid for any positive integer » such that s—2y>n—2.

Suppose now that s — n -4 2 < 2» and putj=[8—2n]+ L

Then there exists a solution u;(x) of the equation

(3.39) Aiuj(@)=f(@), @€Z(RY), R<R"<ER,,

which satisfies properties (a), (b), (¢) (with m = 2j, R = R* and P(x)=0
in (¢)). Since n —2<<s — 2j<<n— 1, it follows by lemma 4, that there
exists a solution u (x) of the equation

(3.40) A= u (x) = u; (x), z €27’ (R),

which satisfies properties (a), (b), (¢) with m = 2».
This completes the proof of the lemma.
‘We come now to the main result of this section :

THEOREM 1.

Let (1.1) be an elliptic operator with analytic coefficients in a sphere
Z(R,). Let f(x) € C, (2’ (R,)) (where 0 <a is not an integer) and suppose
that :

(3.41) f(x)= 04(r=*|logr o), |z|=r—"0

with — [a] << s a real number and 0 << o an integer.
Let R, be a number in the open interval (o, B;) such that there exists
an analytic g.f.s. of L in Z(R,), and let 0 < R <R, .
Then there exists a solution u (x) of Lu = f in Z’(R) which satisfies
properties (a), (), (¢) of Lemma 4 with ¢ 4 ¢ =a.
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PRoOOF. The theorem has already been proved for the case 8 < n (Lem-
ma 4), therefore we have to deal now only with the case n < s. The proof
will be by induction on s. Suppose that the theorem was proved for — [a]
< 8<s,, where n < s, is an integer. We shall now prove the theorem for

8, <8 < s+ 1.
Let » = ? + 1. By Lemma 5 there exists a function wu, ()€

€ Oyt (2 (R'), R << R < R,, such that:

( 4" u, (x) = f(x), x€Z (R
(3.42) 3

U, (8) = Oypyq (r=* | log 7 |7),

where ¢ << o, is an integer and if » is odd and s is not an integer then
0y = 0.

Since n — 2 << s — 2» < n it follows by Lemma 4 that there exists a
function v ()€ Cmyoyta (2’ (R"), R << R”" < R’, such that:

Lo (x) = u, (x), ' w€Z (R"),
(3.43) ‘ :
v (@) = Omyzeta ("= [log v |77) + Dy (2),

where P, (r) is a polynom and ¢, < 0, is an integer. (Again if n is odd and
s is not an integer, then o, = o,).
Now we have:

(3.44) 4" Ly (x) = LA* v (x) + Av (),

where A is a linear differential operator of order 2m - 2» — 1 at most.
Therefore by (3.42) and (3.43) it follows that:

(3.45) L4 v (x) = f(x) — Av (x)

and

; Av (%) € Coyy (Z" (R")),
(3.46)
Av (@) = Ogyqq (r1—2]|log r |).

But by the assumption on which we based the induction there exists a
function v’ (x) € Cypyes1 (2’ (R)), such that:

Ly (x) = Av (), x €27 (R)
(3.47) 3

0 (8) = Omgays ("1 [log 7 |%) + Py (w),
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where P, (x) is a polynom and o, << o, is an integer; if » is odd and s is
not an integer then o, = o, .
Summing up it follows that the funection :

(3.48) w(x) = 4" v (x) + v (x)

satisfies all the required properties.
This completes the proof of the theorem.

4. Asymptotic estimates in the neighborhood of a singular point.

Using John’s theorem (V1, section 2) and Theorem 1 we shall obtain some
results concerning the behaviour of a solution u (r) of an elliptic equation
Lu = f whose coefficients are not necessarily analytic, in the neighborhood
of a singular point of finite order. For simplicity we shall suppose that the
differential operator L which is defined by (1.1) is elliptic in a sphere Z (R,)
and that the singular point of the solution is the origin.

First we need two definitions.

DEFINITION 2.

Let j be a non-negative integer and suppose that the coefficients of L,
defined by (1.1), satisfy the following regularity condition :

(4.1) Ao (X) € Cjppa|—m, m—j<|al.

We define :

(4.2) = 3 (@@)iai-nDi.
m—j<|a|l<m

LY is the osculating operator of L. Accordingly we shall say that L(J) is
the osculating operator of L of order j.

DEFINITION 3.

Let L be the operator (1.1). We shall say that L satisfies the condition
Ry, j+: (D), where p and j are non-negative integers and 0 << ¢ <1, if:

Ao (w) € Ov(a) ((D),
(4.3)
v (¢) = max. (|« | — 2m -+ j,p) + &

We prove now the following :
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LEMMA 6.

Let u(x)€ Cnypy. (Z7 (R)), where 0 <<p is an integer and 0 < e <1,
and suppose that :

(4.4) w ($) = 0m+11+e (T’),
s being any real number. Further, suppose that the operator L satisfies con-
dition Ry, j1.(Z (R)), (0 <j an integer).

Under these assumptions, if L{) is the osculating operator of order j,
then :

(4.5) (L — L) u (@) = Opy, (r—mtite),

ProOF. By Definition 2 we have:

(4.6) (L—LY = 3 b,(x) D3
laj=m
where
ba (.l‘) = 0y — (a’a)lal—m-}—j y m —'] = I o I,
(4.7)
b, (2) = a, , m—j>|al.

TFurther, by (4.7) and Definition 3 it follows that :

ba (J}) € C'v(m) (Z (R))7

ba (¥) = Ojaj—mjte,  (lel=mtiteym —j<|al.

(4.8)

Using (4.4) and (4.8) it is readily verified that

(4.9) ba (%) D w (x) = Opy, (P2,

for m —j<<|al.
In the case |a| < m —j, (4.9) follows immediately from the fact that
b, (x) € Cpte (Z (R)) and

(4.10) D§ u (&) = Opyjyy 7T

The required estimate follows from (4.6) and (4.9).
Using Theorem 1 and Lemma 6 we prove now the following asympto-
tic estimates :
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THEOREM 2.

Let L be an elliptic operator in Z(R,), defined by (1.1). Let u ()€
Cn(Z’ (R,)) be a solution of Lu==f in Z’(R,) such that:

(4.11) u () = 0 (r"™—*),

where # << s is a real number.

Let j be a non-negative integer. Put u=s —[s] and p = max. (0,1 +
-+ j — [5]). Suppose that L satisfies condition Ry, j+. (Z (R,)), with u<le < 1.
The osculating operator of order j, L{)), is elliptic in a neighborhood of the
origin. Therefore there exists an analytic g.f.s K/ (x,y) of L'# in a sphere
Z (R,) such that 0 < R, < R,.

If f(x)€ Cpys (Z’ (R,)) and satisfies the condition :

(4.12) S (®) = Opy. (r—*tite),
then we have (for |z | << R < R,):

(4.13) w(r)= sﬁ;< ep D) KUY (2,0) + w0 (2) + Orgprc 07T log r ),
LA =1

where ¢ = [8] — n, q, = max. (0, g — j), ¢; are constants, w (x) is an analytic
function in Z (R), and o’ is a non-negative integer.

Proor. By Lemma 2 we have:
(4-14) u (w) = 0m+1)+e (‘)'m_').
Hence by Lemma 6:
(4.15) (D — L) u(@) = f’ (@) = Opy, (rms+i+e),
and therefore :
(4.16) LD w (@)= f(x) —f &) =Ff" (&) = Opy, (r—2Fite),

Since — s 4+j + ¢ < p, it follows, by Theorem 1, that there exists a
function v (x) € Cpypt: (Z’ (R)) such that:

(LU v @) =f" (@), ez’ (R),
(4.17)

——

V(%) = O ppte (P27t | log v |°) 4+ I (x),

where o’ is a non-negative integer and I’(x) is a polynom. Irom (4.14),
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(4.16) and (4.17) it follows that the function u* () = u () — v (x) is a solu-
tion of L{/) u* = 0 satisfying the condition:

(4.18) Dau*(x) = O (r—*+) = o (1), for|a|=m —1.
Hence, by John’s Theorem (VI, section 2) it follows that:

(4.19) W@ =u@—v@= 3 ¢ Di KDz, 0)+ v (@),
1Bl=4q

where q = [s] — =, ¢; are constants and w’ (x) is an analytic function in Z (R).

The required result follows now immediately from (4.17) and (4.19).
(If j < ¢, then the sum

3 ¢; DfEY (2, 0),
Bl <a

is covered by the last term on the right in formula (4.13).).

REMARK. If in addition to the assumptions of Theorem 2 we suppose
that s is an integer and

(4.20) u (&) = o (1™™3),
then by Lemma 2 it follows that:
(4.21) u (.l') = 0m+p+s (,rm—s)

and on the basis of John’s Theorem VI it may be shown, exactly as in the
proof of Theorem 2, that

(4.22) w(@= 3 s DJE (20)+ © (@) + Ouypye " |log [
n=sgi=q9—1

where ¢, q,, ¢z, w (x) and ¢’ are as in (4.13). If ¢ =0 or j = 0 then the first
term on the right must be deleted.

lence we obtain:

COROLLARY 2.1. Under the assumptions of Theorem 2, if n <<s is an
integer and if u (xr) satisfies condition (4.20), then:

U (1) = Oypigpte (e log r [),  (ifj = 0)
(4.23)

w(®) = Opppt. (2t log r|), (ifj =1).

If % is odd or n is even but m —s 41 < 0 then the factor |logr| in the
second formula may be deleted. "
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A further result of Theorem 2 is the following:

COROLLARY 2.2, Suppose that » is even. Let L, w and f be as in
Theorem 2, with » << s <<m +n/2+4+1 and j=0.

Under these assumptions, if the derivatives of u (x) of order » = m
-+ /2 — [s] belong to L, (Z(R,)), then:

(4.24) Diu(@)= 0@ """ |logr[”)y, (u=28—[s).

In the case that [8] << m, the derivatives of u (x) of order m — [8] are con-
tinuous at the origin.

ProOF. By Theorem 2 we have (for |x| < R < R,):

(4.25) u(x) = v (@) + W (@) 4 Ong. ™+ |log r |7),
where
(4.26) v@y= 3 ¢ DEE'"(x,0).

1Bl =[] —n

(AIl the notations above are exactly as in Theorem 2).

By (4.25) and the assumptions on u () it follows that Dz v (x) € Ly (Z(R,))
for |« | =». The derivatives D; v (x) are linear combinations of derivatives
of K© (x,y) of order m — n/2.

By (2.9) and (2.10):

(4.27) Dy K (2, y) = [l (&) 4 g (@) by (O]
+ O (r—"2+1|10g r ),

where r =|x|, { = ®/r; h, and h, are analytic functions for |{|=1 and
¢ (x) is an analytic function for |x| << R. Ilence:

(4.28) Dy KO (@,0) = (@) + g (0) by ()] r T O (r Y 1og 1 ),

and therefore:

(4.29) Dyv (@) =hs ()™ 4+ 0 ¢ 1og 7)),

where hy (£) is analytic for |{|=1.
Since D v () € Ly (Z (Ry)), it follows immediately from (4.29) that
hy (£) = 0. Hence we obtain, by integration:

(4.30) Dy v (@)= 0 (™ 1og # ),
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for ¢ =0,1, ..., min. —;L — 1, »}). Also if n/2 <<» it follows that the deriva-

tives of v (x) of order » — n/2 = m — [8] are continuous at the origin.
The assertions of Corollary 2.2 follow immediately from these results
together with (4.24).

5. Explicit formulas for the coefficients of the asymptotic estimate (4.13).

In this section we derive formulas for the coefficients ¢g and the re-
aainder function w (x) of (4.13), in terms of L, w and f and some other
‘unctions directly related, to these. These formulas will be required in the
. ext section in which we generalize the results of section 4 to the case of
:n elliptic operator L of the form (1.1), whose coefficients depend not only
.1 « but also on a parameter ¢ =(t,,..., ).

First we shall deal with the case of an operator L with analytic coef-

sients. It this case, instead of (4.13) we have the formula (2.15) of John’s
' heorem VI. We shall bring here a proof of this theorem, wich will
‘nable us to calculate the coefficients ef and the function w (x) of (2.15)
i1 terms of L, u(x) and K (x,y). For simplicity we shall suppose that the
oint 2% in VI is the origin.

As in the original proof of John [6] we begin with the following
lefinition:

DEFINITION 4.

Let v (xr) be an analytic function in the neighborhood of the origin such
that the following limit exists:

(5.1) lim f M [v, u] d8, = H [v],
r40|x|='r
where M [v, u] is the bilinear form of formula (2.4) and the normal on the
surface of the sphere |x|=r is directed outwards.
Denote by 3 = X (u) the space {v («)} of all functions satisfying the above
conditions. Clearly 2 is a linear space and H is a linear operator defined
on 2.

LEMMA 7.

If v(x) is an analytic function in the neighborhood of the origin, such
that:
(5.2) Div (0)=0
then H [v] = 0.

for | | <,

)
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Let v’ (x) be any function analytic in the neighborhood of the origin.
Then »" € 2 if and only if (v/);€ 3. 1f v/ €3 then

5.3) H[v') = H|[(v)].
Proor. From (1.3) it follows by integration that
o (r—r—jtm—1—i) m—1—n—j<i<m-—1,
(5.4) D u (@) = o(log ), i=m—1—n—j
0(1) o<<i<m—1—mn—j.
Therefore, if i+ + k<<m — 1 then:
(5.5) Diu(@) . DEv @) =00,

Hence it follows that H [v] = 0.
The second assertion of the lemma is an immediate consequence of the

first.
Denote by Z; the subspace of 2 which consist of all the polynomials

of order <<j belonging to 2.

LEMMA 8.

If 0<<j <m then 3 contains all the polynomials of order <<j. The-
refore if v(x) is any analytic function in the neighborhood of the origin,
then H [v] is defined and we have:

(5.6) Hp|= = i, H (") DE v (0).
181=j B!

PROOF. Let v(x) be an analytic function in the sphere |z|<< R < R,.
Then by formula (2.4), (with » and u interchanged) we have:
(5.7) — | w@) Lovde = f M [v, u]dS, — f M [v, u] dS,,
rl|z|<R lz| =R |z| =7
the normals on each sphere being directed outwards. From (5.7) it follows

that v ()€ 2 if and only if the integral

(5.8) u () L (x) dx
lz[< R
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exists and if this is the case then:
(5.9) H (v = f M[v,u|dS, + | uLvdx.
|z| =R lz|<R

Let v =af where |f| < j. Then:

(5.10) w(x) L (&%) dx = f { 2 au(@u(x) D;@h) dr,
r<|z| <R r<|z|<1€|a|s””

where a; (x) are linear combinations of derivatives of the coefficients a, (x)
of L, (see (2.3)). Using integration by parts we obtain:

(5.11) g (x) u (x) D% (@) dx =¥ — }M.Mg [ u, zf| s, ,
r<|e| <R |Z2|=R |&|=7r

where M, s is a differential bilinear form such that the sum of the orders

of the derivatives in each term is << (|a|—1). If i+ k<|a|—1 (a|<
=|B|=j) then by (5.4) it follows:

(5.12) D}, (") DE (aw) = o 07" .

Hence, if we let » tend to zero in (5.11) we obtain :

(5.13) al uDf (2" do= My, g [, xﬂ] ds,
lz| <R |z|=R

and therefore, by (5.10) it follows:

(5.14) ul () dx = Mg [u, «f) ds, ,
lz| <R |z =1
where
(5.15) Mp[u,2f) = 3 M, 4la;u, xf].
lal=1]81

6 Annali della Scuola Norm. Sup. - Pisa.
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Hence it follows that zf €3 (for | 8| < j) and

(5.16) Hz) = | Mxf,u]dS, + j uL (f) d
|z|=R lz|<R

= fM[wﬂ,u]dS,pl— Mg [u, 28] dS, .

|z]|=R lz| =R

This proves the first assertion of the lemma. The second assertion follows
immediately from the first together with Lemma 7.

‘We shall prove now formula (2.15) in the case of j < m.

Let K (@, y) be an analytic g.f.s. of L in a neighborhood of the origin
containing the sphere |z |<C R,. Then by Definition 1 we have:

(5.17) wu(y) = f f((ac,y)Lu(a:)dw-{— — %JTl[u(x),l?(x,y)]dSz
r<|z|<R lz]|=R |a|=7r

where M is a bilinear form which belongs to L in the sense of formula
(2.4). Clearly if M [u,v] is a linear form belonging to L then — M v, u] is
a bilinear form belonging to I_l, so that in (5.17) we may substitute — M [f, u]
for M [u, K]. Hence we obtain (remembering that Lu = 0):

(5.18) u(y)=§ '[ — f D [ 0,9 w 0 s,
|z =17

|2 | =B

For a fixed y (0 < |y|<C R,) the function K (z,y) is analytic at the origin
go that it belongs to 3. Now if we let » tend to zero in (5.18), we obtain
by (5.6):

1 —
(5.19) v = =2 ol [+") D I (0, y) + w, (),
where
(5.20) wy (y) = — | MK (2,y),u(x)] dS,*
|z | =1

is analytic in Z(R,).
Let K (x,y) be an analytic g.f.s. of L in Z(R,) and let 0 << R < min.
(R,, R,). Then by result IV of section 2 we have (for x,y € Z(R)):

(5.21) K (v, y) = K(y, 2) + p (y, %)
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where u (y, ) is analytic in Z (R) and:
(.22)  wa)= / ME ¢y, Eo)as, =yeZ®R).
[§]=R

Summing up these results we obtain (2.15) for || <R, in the case
Jj < m, with the following formulas for ¢; and w (x):

(5.23) c,,=%11 [mﬂ]=%g f M (&, u (8)] d8;

[§[=R

+ | Mplu(é), &]d8; ¢,
lEI=R

(5.24) w@)=w, @)+ = ¢5[D)ul@ 9o
181=4

=— | M[K @& 2),u(£)dS;
|é]|=R

s c,,z fM[l_( (& @), Df K (£, 9)] 48t 4o
o=y L

=— | M[EK @ a),w(£)]dS;.
1§|=R

We now proceed to the proof of (2.15) for m <<j. In this case we ob-
tain by integration :

(5.25) u (2) = O (rm—i-n—j),
and hence by Lemma 2 it follows:

(5.26) u (@) = O (r™1—").

Let y=[ﬁ7—+2——1]—%-+]. Then 2v»<< —m +1-+4n 44 and by Lemma 5
there exists a function wu, (x)€ Cw (2’ (R’)), 0 < R’ < R;, such that:

gA’u,(w)=u(m), x€Z' (R’
(5.27)

U, () = O (r"—1-n=342| log » |*).
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Denote by L* the operator LA” and let K*(x,y) be an analytic g.f.s. of L*
in a neighborhood of the origin containing the spere |z | < R* < R’.

The function u,(x) is a solution of L*u(x) =0 for x€Z’ (R’) and sati-
sfies the condition :

(5.28) DIy, (@) =0 (" TY) .
Moreover, since j -+ 1 << m 4 2», it follows by the first part of the proof
that :

(5.29) u, (@)= 3 ¢} DjK*(,0)+ w* (),
18l=i+1

in a certain sphere, say Z(R;), (0 << R; < R*), where w* (x) is an analytic
function. Hence we obtain :

(5.30) w@= I ¢ DiE (x0) 4+ o (2),
1B1=i+1

where K’ (x,y) = 4, K* (x,y) and w’ (x) = 4y «™* ().

It is easily verified that K’ (x,y) is a g.f. s. of L in Z(R;). Moreover
by result IV of section 2 it is clear that if K (x,y) is another analytic
g. f. 8. of L in Z(R,) a formula similar to (5.30), with K (x,y) instead of
K’ (2, y), holds.

By (5.30) and (1.3) we have:

(5.31) g@=D0;" = DK @0 =007
1Al=j+1

Now by (2.9) and (2.10) it follows that:

(5.32) g (@) = h (&) r—"—=i 4 O (r—n—3+),

where £ (£) is analytic for |£|=1. From these two estimates we conclude
that h(§) =0 and so:

(5.33) g(x) = 0 (—n—+).
ITence, by (5.30):

(5.34) Dy w@) = 0 (),

and by integration we obtain :

(5.35) w (x) = O (ym=r=i),
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If we replace (5.25) by (5.35) and repeat the argument (with v = ["?] —

m
)
argument, the formulas for ¢z and w (x) are easily derived on the basis of
(5.23) and (5.24). Of course these formulas will now depend not only on
L, K and » but also on L* K* and u,. We remark that by the proof of
Lemma 5, u,(x) may be constructed in terms of w (xr) and a fundamental
solution of 4.

It remains now to deal with the more general case described in
Theorem 2. But from the proof of this theorem it is clear that the coeffi
cients ¢z and the function w0 (r) of (4.13) may be calculated exactly as in
the former case with L(9) and K()(x,y) instead of L and K and u*(x) =
= u (%) — v (x) instead of u (x). Moreover by the proof of the Theorem 1 and
the lemmas leading to it, it is clear that the function v (x) mentioned in
Theorem 2, may be constructed in terms of L, L'/, K, u(x) and f(x).

-+ —;—) we obtain (2.15), which is the required result. IFollowing this

6. Operators whose coefficients depend on a parameter Z.

In this section we shall be concerned with an elliptic operator of the
form :

(6.1) Lz, D)= 3 a,(xtD?,
la]|<m

where t = (t;, ..., tx). We shall assume that the coefficients are defined in
a domain @D >< 7, D and I being domains in E, and E; respectively. We
shall also assume that the operator L is uniformly elliptic in D >< J i. e.
that L is elliptic in @ uniformly with respect to (x,t) in @D >< .

‘We begin with a few definitions and general remarks.
We denote by x,y points in E, and by ¢t a general point in K. Also we

denote by x = (ii, ,.i'n) a vector with complex components.

DEFINITION 5.

Let f(x,t)€ Oy (D >< ) and suppose that all the derivatives of the form
D; Df f(x,t) with |« |<"p and |p|<C ¢ exist and are continuons in PD><J.
Then we shall say that f(x, )€ 0, (x; 1) in D >< I

If moreover the derivatives of the form Dy Dff (%, 1), with |&|=p and
le|=q, are Holder continuous with exponent ¢ in <, uniformly with
respect to ¢ in every compact subdomain of I, we shall say that f(x,t)€
€ Cppey (x30) in D>< I
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If f(2,8)€ Cgq(x;2) in D><T, where a is a non-negative real number
and ¢ is a non-negative integer, and if ) contains the origin, then the
notation :

(6.2) @ t)y= 0,4 4(r*|logr|o), (€I, r=|z|—0)
means that for every fixed ¢ in J:

(6.3 Dif (@, t)= 0, (" |logr|), (r=|x|—0)

and that (6.3) is uniform with respect to ¢ in every compact subdomain of J.
The notation o, 4, is similarly defined.

DEFINITION 6.

Let f(4,%) € O, q(®;t) in D> I and suppose that the functions
Dif(x,t) (|| < gq), are analytic in @ for every fixed ¢ in J. Let 2°€D
and let f© (%) be the analytic continuation of DSf(x,?) (|o|=< g) for fixed
teJ, in a complex neighborhood of z% possibly depending on ¢. Suppose
that for every 2°€ () and every compact subset 9’ of J there exists a po-
sitive R such that the functions f(© (z,?)(|o|<g) satisfy the following
conditions :

(i) If t€S then f'@(s,t) is analytic in the complex domain |7; —af | <R,
(t=1,..,n).

(ii) @ (x,t) is continuous in (x,?) for # in the above complex domain
and te .

Then we shall say that f(x,t)€ of,(x;t) in D><I.

Let R (2% ) be the 1. u. b. of the set of numbers (R} for which con-
ditions (i) and (ii) are fulfilled. We shall say that R (2% 9) is the conver-
gence radius of f(x,t) about x° with respect to I'.

REMARKS.

(I) Let hi(x) and g;(?), (¢=1,...,») be two sets of functions such
that k;(x) is analytic in @ and g;(t)€ C,(9I). Then:

(6.4) £z, t)=ég.-(t) hi(@)€ oA, (@;) in D><I.

(I1) Suppose that f(x,t)€ A, (x;¢) in D>< T and let 2°€ D. Then we
may expand f(x,t) in a power series about x°.

65 Sle0= T DD @—a = 2 b —ad
: |

0=<|al t=|a
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Let 9 be a compact subset of Jand let 0 << R’ < R, where R = R (2%, )
is the convergence radius. Then by Cauchy’s formula :

(6.6) b)) = —— F..g L@ 45 4
(27! ,i)n K‘ Ky ('v —_— wO)a’

where K; is the circle | — ai|= (B + R')/2, a = (2, .., ) and o’ =
= (a; +1,..., ¢n + 1). From this formula and Definition 6 it is clear that
there exist fixed numbers B, such that:

(6.7) | ba(t) | << B. for ted,

and the series

(6.8) S B,(x — 2%
0=]al

converges in the complex domain |:5.-—w?|<R’, (¢=1,...,n). This series
will be called a majorant of f(x,t) at 2 with respect to J'.

(III) Clearly we have:

(6.9) Dif (@, t)= fl lDt’b..(t)(av—av")“, lel<4q
0 a

and these functions also possess a majorant at x° with respect to every
compact subset of J. It is now evident that the derivatives Dff (:7(;, t)

(le| = ¢) exist and are identical with the functions f(© (x, {) mentioned in
Definition 6.

(IV) Suppose that the coefficients of (6.1) belong to o, (¢;t) in D><JI
and let K (x,9,t) be a g. f. 8 of L(xt D,) in D, of the type constructed
by John (see section 2). John’s proof of the existence of a fundamental
solution depends strongly on the Cauchy-Kowalevsky theorem for systems
of linear partial differential equations. If we examine the proof of this
theorem in the case of a system whose coefficients depend not only on «
but also on a parameter ¢=(¢,,..,%), then in the light of the former
remarks we conclude the following :

If the coefficients of the system of equations mentioned above belong
to o, (x;t) in a domain D>< I and if 2°€ D, then the solution u (z,t) of
Cauchy’s problem for this system with initial conditions on a non-characte-
ristic hyperplane through % belongs to of, (x;t) in & domain @’ >< J where
@’ is some neighborhood of z°.
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If now we follow John’s construction of the fundamental solution, ta-
king into account the above remark we obtain:

THEOREM 3.

Let L be the operator defined by (6.1). Suppose that the coefficients
belong to oA, (xr;t) in D><J and that L is uniformly elliptic in @D >< J.
Let j be a positive integer tuch that n - j is even. Suppose that Z (2% R,)C D.
Then there exists a function Wj(z,y,?) and a sphere Z(z% R,), 0 < R, < R,,
such that W; belongs to A, (x,y;?) in the domain

(6.10) (@, y,t): a,y€ Z(‘Eoy R), x4y, te F]']

and possesses the following properties :
(i) If 9’ is a compact subset of J, there exists a number 0 < R* < R,
such that the function :

(6.11) K (x, y, t) = 43 W (2, 9, 1)

is an analytic g.f.s. of L in Z (2° R*) for every t¢ .
(ii) If 0 << R< R* x,y€Z (2% R) and t €7 then:

o, con. ymti—i, (n odd)
(6.12) | Doy D} Wj(2,y,t) | << -

con. ¥ +—i(1 4 |logr|), (n even)

where ¢ =0,1,..; ¥ =0,1,...,q; r=|2 —y|, and the constant depends
on i, i/, R, 7. B

As in section 2, we shall drop out the index j of Kj(x,y,t) and we
shall denote by K (x,y,t) any g.f.s. of the type (6.11).

In addition to the above it may be shown that:

(6.13) K (x,y,t) =1r""" 2 o, (y, &) r+ w(xy,1) log r,

- =0

where & = (x — y)/r. The series in (6.13) defines a function belonging to
A, (ryy, &5 t) for (r,_y, &) in a certain neighborhood of r =0, y = 2% and
|é/=1 and t€J. Therefore the coeflicients e, (y,¢,t)€ o, (y,&;¢) tor (y, &)
in a corresponding neighborhood of y=ua® and [&|=1 and t€J. The
function 1w (x, y,t) belongs to o, (x,y;t) for (r,y) in a neighborhood of
x=y=12" and ¢€J. Tor every fixed ¢, this function. has the properties
described in result I of section 2. In particular for » even and m = n the
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limit :
(6.14) lim =" qc (2, ¥, 8) = ¢o (y, &, 1)
-y =
exists and is attained uniformly with respect to & (for |&|=1) and ¢t in

every compact subset of J.

DEFINITION 7.

Let V(z,y,t)€ o, (x,y;¢t) in a domain :
(6.15) {(r,y,8): @, y€D, x £y, teT).

We shall say that V(x,y,t) is an o, g.f.8. of L in D >< T it for every
fixed ted, V(x,y,t) is a g.f.s. of L in Q.

By Theorem 3 and Definition 7 it is clear that results similar to III,
1V, V of section 2 hold also in the case treated here. The result parallel
to IV may be formulated as follows: ‘

Let V(x,y,t) [resp. V(x,9,t)] be an o, g.f.s. of L(a,t, D,) [resp.
L(x,t, D,)] in a domain @ >< J and suppose that the coefficients of L belong
to o, (x;t) in D >< I, Then:

(6.16) Va,y,t)=V(y,2,0) + n(y, 1)

where u(y,x, )€ oy, y;1) in D><D><I. If x, y€ Z(a° R)cc D then for
every t€7J we have:

(6.17) w(yy &y t) = f MV &y 1), V(& t)dS:.

(¢ —av|=R

From this result and Theorem 3 it follows that two «f, g.f. 8. of L in
D ><J differ only by a function w*(w,y,t) belonging to o, (x,y ;1) in
D><D><J.

On the basis of Lemma 1 we obtain the following :

LEMMA 9.

Suppose that the operator (6.1) is uniformly elliptic in Z(Ry) >< J. Let
u(x,t) be a solution of Lu(wx,t)= f(x,t) in Z’ (R, for every t€J, such
that w (&, 8) € Opqp, 4 (x5t) in Z7 (Ry) >< J. Suppose that the coefticients of L
belong to Cpp, y (@;t) in Z(Ry)><T and f(z, t) € Cpie, ,1(5:' t) in 7’ (Ry) >< .
Then : w (@) € Coppie, ¢ (X3 8) in 27 (Rg) >< T.
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If in addition to the above we assume :
(6.18) u(x, t) = O, ,(r*| log r |, (ted, r=|x|—0).
(6.19)  f(@,0) = Opye o (" |logr|”), (1€, r=|z|—0),
where 0 <o and s is any real number, then:
(6.20) U (@, ) = Ouyppe,q(r*|logr|),  (t€T).

PROOF. In the case ¢ = 0 this lemma is a direct consequence of Lem-
ma 1. For ¢ >0 we obtain the required result by induction, using the
formula :

(6.21) L, D} u (%, t) = D f(x,t) + A, u(x, t),
where 4, is a sum of terms of the form:
(6.22) D¢ ag (@, t). DY Diu(x, t),

with
la]<m o 4o =0 0" |<]|el

Using the results described in this section we obtain the following theorem,
which is parallel to Theorem 1:

THEOREM 4.

Let L (z,t, D,) be a uniformly elliptic operator in @ ><J whose coef-
ficients belong to of,(r;t) in this domain. Suppose that () contains
the sphere Z(R,. Let f(xr,t) be a function of C, , (x;t) in Z' (R) >< I
(where 0 < @ is not an integer) such that:

(6.23) S (@ t) = 0a q (r=* |log r[°),

with — [a] << s a real number and 0 << ¢ and integer.

Let 9’ be a compact subdomain of J and let R* be the number men-
tioned in Theorem 3 (i). Then, if 0 < R < R*, there exists a solution u (, ¢t)
of Lu (x,t) = f(», 1) in Z’(R)>< J’ such that:

(@) % (@, 1) € O, (@5 8) in 2 (B)>< T".
(b) If 0<<m —s and 8’ is defined as in Lemma 4, then u(w,t)€
Cy,q(®;t) in Z(R)><J".

(e) % (2, ) = Ouya, ¢ (r~*|log v ")+ I’ (2, t),
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where 0 << o’ is an integer (and if n is odd and s is not an integer then
¢ =o0’) and

0 ) m< 8,

z (Dﬁu(O,t)/ﬂ!)xﬁ, m>>s.

1l =&

Pz, t) =

This theorem is proved with the aid of three lemmas which are parallel to
lemmas 3,4,5 by which Theorem 1 is proved. (We shall denote them by
the numbers 3’,4’, 5’ respectively). We write here in detail only the first
of them :

LEMMA 3/
Let G (x,y,t)€ oA, (x,y;t) in the domain :

(6.24) {(x,y,f):m)yEZ(Ro)’ x:l:y,tsg},

and suppose that it satisfies there the inequalities :
(6.285) | Dy Vi G (@, 9,t)| < con. r” ™" (|logr | + 1)

where 1 < p’ and 0 <o’ are integers and r =|z —y|.

Let j be an integer, 0 <<j <<p’— 1 and p=p’ — (j + 1). Let
J@, )€ Ciqe qg@st) in 27 (R)>< T, 0<e<1, such that:
(6.26) S, t)= 0y, s(r=2|logr|°), |z|=r—0,teT

s being a real number, —j < s <n, and 0 << o an integer.

Denote
(6.27) F@yt)=Dj Gyt (B|l=j+1)
and
(6.28) wt)= | F,y,t)fly)dy (0 < B < Ry).

Z(R)

Then u (a,t)€ Cpyj o (Z7 (R)) and if s <p then wu(x,t)€ Oy (Z (R)), (s’ as in
Lemma 3). Moreover we have:

(6.29) w (2, t) = Opyj , P~ |log r ") 4 P (x, t)
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¢” being defined as in Lemma 3 and
0 if s>=p
P = > (Dﬁ u (0,8) /B! o it s <p.
1Bl =&
The proof of this lemma is essentially the same as that of Lemma 3
since the following formula holds :

(6.30) DEu(a,t) = f DEF@y,0f w0)dy, lel<a
Zio, )

Lemmas 4” and 5’ stand exactly in the same relation to Lemmas 4 and
5 as Theorem 4 to Theorem 1. Their proofs are essentially the same as the
proofs of the last two lemmas. Of course, we have to replace I.emmas 2 and
3 by Lemmas 9 and 3’. In both cases the first step is the proof of the
existence and continuity of all derivatives of u(x,t) (respectively wu, (x,t))
mentioned in the formulation of the lemma (property (a;). In order to prove
the other properties of wu(x,t) (in Lemma 4’) we may first suppose that
q=0 and then obtain the general result by induction on ¢, (see formula
(6.21)). In Lemma 5’ this induction is trivial since the operator in this case
is a power of the Laplacian A4,.

The proof of Theorem 4 is exactly parallel to that ot Theorem 1.

By John’s Theorem (VI section 2) and the formulas obtained in the
preceding section we obtain :

THEOREM 5.

Suppose that the operator (G.1) is uniformly elliptic in D ><J with
coefficients belonging to o, (r;t) in D >< J. Suppose that Z(R)CD. Let
u (x,t) be a solution of Lu (x,t)=0 in Z’ (k) >< 7, such that u(x,t)e C, ,
(x;t) in this domain. Let I’ be a compact subdomain of I and let K (x,y,t)
be an o, g. f.8. of L in Z(R*)>< 5’ (R* being a certain number in the in-
terval (0, Ry)).

If u(x,t) has a finite singularity at x = 0, such that for ja|=m —1:
(6.31) Dy u (2, t) = o (r—J), |[xl=r—0
for any fixed point t€ Y, and in addition to this
(6.32) Din(e,t)=0, (=),  (teJ,|x|=1r—0)
j being a non negative integer, then we have:
(6.33) w(ry t) = IﬂlZ< K (6| Dy K (&, 0, 6)] + 16 (x, 1),

for (x,t)€ Z (R*) >< J’, where w(w,t)€ Ay (x;t) in Z(E*)>< T and ez (1) € C (T).
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In the case 0 << j < 2m the assumption (6.32) is not required. Moreover
using formula (6.33) it is seen that in this case (6.32) may be obtained as
a result of this theorem.

ProoF. Formula (6.33) follows by John’s Theorem on the basis of (6.31).
We have to prove here only the assertions concerning cg(f) and w (x, t).

In the case 0 << j < m these assertions follow immediately from formu-
las (5.23) and (5.24), taking into account the properties of K (x,y,t) and
the fact that u (x,t)€ Cp o (¢ ;t) in 2’ (Ry) >< I. The assumption (6.32) is not
needed in this case.

If m <<j the required results follow by an argument similar to that
described in the last part of section 5. I'or this argument we need also
estimate (6.32).

Since w (x,t) is a solution of Lu(x,t)= 0, and the coefficients of L
belong to ofy (®;t) it follows that u (w,t) € of, (r,t) in the domain Z’ (R;) >< I.
This result is parallel to V section 2 and it may be proved exactly in the
same way as result V, (John [7] pp. 57), using the properties of I (x,y,t).

From (6.32) we obtain by integration:

(6.34) w2, 1) = 0, 4 (12—, tedjae|=r—0)
and, since u (x,t)€ o (x;t) in Z’ (R)) >< I, by Lemma 9 it follows that:
(6.35) 1 (%, 1) = Oco, 4 (P™—1—1J), (ted, || =r—0).

From this point on the argument is exactly parallel to that of section 5
beginning with (5.26). Of course we shall use Lemma 5’ instead of Lemma 5,
and the results of the present theorem in the case j <<m.

On the basis of theorems 4 and 5 it is possible to obtain a generali-
zation of Theorem 2 to operators of the form (6.1) whose coefficients satisfy
certain regularity conditions. We shall formulate here only a special case
of this generalization, which will be needed later in the proof of some other
results.

THEOREM 6.

Suppose that the operator (6.1) is uniformly elliptic in Z (R,) >< J and
that his coefficients belong to C,,(x; t) in this domain, ¢ being a non-ne-
gative integer and 0 <<e < 1.

Let w(x,?) be a solution of Lu(x,t) = f(x,?) in Z’(Ry))><J belonging
to 'y, (x;t) in this domain, Suppose that w (r, ) has a singularity of finite
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order at x = 0 such that:
(6.36) u (2, 1) = Oy 4 (r™*), (ted, |z|=r—0)

where n << 8 is a real number and 0 < u =38 — [s] < e
Let L©® be the osculating operator :

(6.37) LO= 3 a,(0,t) D5,

la]l=2m

and let KO (x,y,t) be an o, g.f.s. of LO, (In this case K© will be an o,
g.f8. of LO in E,>< 9).
If f(w,t)€ Cog (5 t) in Z’' (Ry) >< I and satisfies the condition:

S (@ t)= 0.4 (r=*t9)

then we have, for || < B < R, and t€J:

(6.38) w@,t)= 3 cz(t) DEEY (x,0,¢) 4 1w, t)
18 v

+ 0m+e,q (rm—s—f-e I lOg r |ql))
where » = [8§] — n, ¢z (t) € Co(T), w (,t) € A, (x,t) inZ(R)>< T apd 0 < o’ is
an integer.
The proof is exactly parallel to that of Theorem 2 (in the special case
Jj=0). We have only to replace Lemma 2 by Lemma 9, Theorem 1 by Theo-

rem 4 and John’s Theorem (V section 2) by Theorem 5.
From Theorem 6 and the remark to Theorem 2 it follows :

COROLLARY 6.1.

Under the assumptions of Theorem 6, if »< s in an integer and if
u (x, t) satisfies the additional condition :

(6.39) u(®, t) = o (r™—?), (Je|=r—0)
for every fixed ¢ € J, then:

(6.40) w (@0, t) = 10 (@, 1) + Ompqq (™ | log 7 |*)
where w (¢,t) and o’ are as in (6.38). Hence we obtain :

(6.41) U (@) 1) = Ougeq (r™*+ [log r ), ted, x| =r—0)
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COROLLARY 6.2.

Suppose that » is even. Assume all the assumptions of Thorem 6 with
n<<s<m-+mn/2-+4+1 and in addition suppose that:

(6.42) Dz u(a,t) € Ly (Z(Ry) >< I),
for |a| = m -+ n/2 — [8] = ». Then:
(6.43) Diu (2, t) = Oy, (r—">~w+e |logr|*), (t€T,|x|=1r—0)

for | a|=». If moreover |s] << m, the derivatives D¢ D% u (2, t), with lol<gq
and | | = m — [s], are bounded in every compact subdomain of Z (R,) >< I.
Also these derivatives are continuous functions of « in Z (R, for every
fixed t€J.

The estimate (6.43) may be proved by an argument similar to that de-
seribed in the proof of Corollary 2.2. The last assertion of the present co-
rollary follow from (6.43) by mtegratnon

APPENDIX A.

We bring here, without proof, three lemmas of potential theory which
are frequently used in this paper. Although these lemmas are well known
they are usually formulated only for special cases. The essential ideas of
these lemmas may be found in the paper of E. Hopf [5].

LEMMA A.l.

Let ¢ and I be bounded domains in E, and Ej) respectively. Let
F (2, y, t) be a function of 2n - k variables which is continuos in the domain :

(A.1) (@ y,t): 2,y €D, x5y, teI)

Suppose that F (x,y,t) satisfies the following conditions :

(i) For every compact subset K of ¢) there exists a constant ¢, (K)
such that

(A.2) | F (2,9, t) | < ¢, (K)r—nte, (v, y€ K, t€J),

where r=|z—y|and 0 < pu < 1.

(ii) For every compact subset K of () and every positive 4 there
exists a constant ¢, (K,8) and a function Gy (y) belonging to I, (D), such
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that
(A.3) | F(x,y, 1) | < ¢, (K, 8) Gk (y)

in the set {(z,y,t): x€ K, yeD, |x —y|=06,te T}
Under these conditions the function

(A.4) yY(x,t)= [F(.r, Yy, t) dy
2

is continuous in D >< .

LEMMA A.2.

Let F(r,y,t) be the function mentioned in the preceding lemma. Sappose

that there exists a partial derivative 1) F(x,y, t)(where D representes an operator

of the form a—i or ait) which is continuous in the domain (A.1). Suppose
i )

also that F(x,y,t) and DF (x,y,t) satisfy condition (i) and (ii) of Lemma A.1.

Let v (x,t) be the function defined by (A.4). Then the partial derivative
Dy (x,t) exists and is continuous in @ >< . This derivative is given by the
formula :

(A.5) Dy (r, t) = fl)F(x, Y, t) dy.

D
LeEMMA A.3.

Let @ (x,y) be a function belonging to (', in the set {(x,y): |x|,|y|<<R,
x == y}, such that:

(A.6) | Dby G (2,9 | < con._r_"""”_i+1 , (i=1,2),

where 0 < u < 1. Put F(z,y)= D, G(x,y).
Suppose that f(x)€ C.N L, in Z’(R), where 1 — u < e << 1. Then the
function
(A7) @ () =[F(x, y) dy
()

belongs to C, (Z (R) while the function

(A.8) v (@) = [ Fe,9) /() dy
A(R)
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belongs to O, (Z’ (R)), and

(A9) Dyl = f Dy F (5, ) [f ) — £ @) dy + £ @) Dy, 9 (@),
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