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THE SPACES 23 N3 AND INTERPOLATION ()

by GUIDO STAMPACOHIA

Recently properties of certain spaces of functions .2(»% (see definition
1.1) have been studied by various authors (F. John and L. Nirenberg [6],
Campanato [1], Meyers [7], Stampacchia [11], Peetre [9]) (see § 1). It has
been shown by Campanato [1] and Meyers [7] independently that the
classes of Holder continuous functions are contained in this family of
spaces; F. John and L. Nirenberg have given a characterization of the
functions belonging to L0 = ¢;.

Making use of these results the author has given in [11] some theo-
rems of interpolation for this family of spaces which permits us to collegate
the spaces L? with the spaces of Holder continuous functions. Successively
more general theorems have been proved by Campanato and Murthy [4],
Peetre (9], [9’] and Grisvard [5], [5'].

In the paper [11] the author established, among others, a theorem of
interpolation for linear operations whose image spaces vary from L? to ¢,
(see theorem 3.1 of [11]). However, the proof of this theorem was not
complete, as was indicated to the author by Campanato. Here our main
object is to give a complete proof of this theorem (see theorem 4.1, here).

We make use of a lemma due to F. John and L. Nirenberg [6] in
connection with the spaces N (?.%) defined in § 2.

In section 3 we introduce subclasses of the spaces .27 and we use
them in order to improve some inclusion properties of the Morrey’s spaces,
proved by Campanato in [3] (see Theorem 3.2.).

Pervenuto alla Redazione il 14 Giungno 1965.
(*) This research has been partially supported by the United States Air Force
under Contract AF EOAR Grant 65-42 through the European Office of Aerospace Research.
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In section 4 we give applications of the interpolation theorems of
[11] and of section 2.

In section 5 we indicate some simple results on functions which are Hol-
der continuous of strong type connecting them with the classical theorem of
Rademacher on the differentiability in the strong sense of Lipschitz functions.

In a paper in collaboration with Campanato we are going to apply
the interpolation theorem of section 2 together with some recent results
of Campanato [2] to the theory of partial differential equations of elliptic
type.

The author wishes to thank Nirenberg, Campanato and Murthy for
the discussions he had with them in connection with the results conside-
red here.

§ 1. The L(» 2.gpaces.

We shall always consider, for the sake of simplicity, real valued
(unless otherwise explicitely stated) integrable functions on a fixed bounded
cube @, in E™

A generic subcube of ¢, having its sides parallel to those of @, will
be denoted by ¢ and its measure by | ¢ [. The mean value on a subcube
of @, of a function » will be denoted by ug:

g = ,lmefu (x) du.

DEFINITION 1.1. A function % is said to belong to L(»3(Q) = L» .4
where p>1, — oo < 1 < 4 oo, if there exists a constant K (u) = K such
that

I3

(1.1) f| w—ug|Pdr < K?| Q]l— n
)

for every Q@ Q,.
A semi norm in 074 js given by

L3 —1 1/p
[Q" f[u——qul’da}.
¢

(1.2) (4], (p.2) = sup
e QS
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and a norm is obtained by setting
(1.3) I “”“L(IM) =|lu ”Lp'i‘[“]i(r. b

which renders 2(3 with the structure of a Banach space.
We recall some results.

LEMMA 1.1 [11). The Banach space L(»" is isomorphic to L?(Q,) and
(1.3) is equivalent to the morm || u|| p.

THEOREM 1.1 (Campanato [1] and Meyers [7]). If A < 0 then L(»4 ig
isomorphic to Co (@,) and the norm (1.3) is equivalent to the norm

i
7
lullo 1 =max|u@)|+[u]o 1
"= @ T

where, for 0 < a <1,
| w(2’) —u @]

ulg, = sup -
[ ] 0, a 2 7€ Qo {m’_m” |a

.

DEFINITION 1.2. A function » is said to belong to &, if there exist
positive constants H and g such that

meas (£ € Q;|u (@) —ug|>n) << He 1| Q|
for every QC @Q,.

THEOREM 1.2 (I. John and L. Nirenberg [6]). A function u belongs to
E,y if and only if u belongs to L9 for some p > 1.

LEMMA 1.2, If q=p and pu/q<<1/p then
L@ v = Llp ),

DEFINITION 1.3. A linear operation T on functions f defined over @,
is said to be of strong type .2[p,(q, u)] if there exists a constant K, inde-
pendent of f, such that

(1.4) (T e K|Sl »;

the smallest of the constants K in (1.4) is called the strong .2[p, (g, u)]
norm of 7. '
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We now introduce the following expression :
D, (u,0) = 328 [| @ |#"—! meas [x€ Q ;| u (x) — ug| > o}l
0

DEFINITION 1.3’. A linear operation T on functions defined over @, is
said to be of weak type L][p, (g, )] if there exists a constant K, indepen-
dent of f, such that

9

K
(1.5) ds/t (Ify o) < <JQJ'[£) ’

the smallest of the constants K in (1.5) is called the weak .2[p,(q, #)] norm
of T.

THEOREM 1.3 [11]. Let [pi, ¢i, p) be real numbers satisfying the conditions
p=Lp<q{E=1,2); p, F+p, and ¢ F 1.
For 0 <t<<1 let [p(t), g(t), u () =1[p,q pnl be defined by the relations

1 (1—t , t 1 _(Q—t ¢

(1.6) ) I3 P 4 1, s

bl

[t M~y it}
—_—=1—t— t— .
q ( ){I.+ qs

If T is a linear operation which is simultaneously of weak types Ll piy (qiy )]
with respective morms K;(i = 1,2) then T is of strong type L[p,(q,p)
Jor 0 <t<<1 and

[Tf]_g (q. ) = X Klu—t) K'zt ”fI“LP(Q‘,)

where K is a constant, independent of f, but depending on t,pi, g, p: and it is
bounded for t away from 0 and 1.

TaEOREM 1.4 (Campanato and Murthy [4]). Let [pi,qi,m) be rcal
numbers such that p;,q;=1(=1,2). If T is a linear operation (in general
on complex valued functions on ) which is simultaneously of strong types
Lpiy(gi y w)] with respective norms K;(i=1,2) then T 1is of strong type
L p, (g, w)] where p, g, u are defined for 0<<t<1 by (1.6) and Jurther the
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JSollowing estimate holds :

(W m= KT Ky ||u o

§ 2. The N (2 Y.spaces.

We fix a bounded cube in E* as in § 1. We shall denote by S the
family of systems S of a finite number of subcubes @; no two of which
have an interior point in common and having their sides parallel to those

of @, (L‘_J Qic Q)

For any (real or complex valued) function u€ L!(Q, and for any
1 <p<<+ oo we consider the expressions of the form

»
2| 1w =gt as | o
1 a }

where ; runs through a system S€S.
For 1<p<+ oo and — oo <1<+ oo set

» 1/p
[“]N(p. A= 8sup gz lf] U — Uug, | dz | @ |«l—p—l)%
i o

Ql=ses
and the following

DEFINITION 2.1. A function u is said to belong to N (3 (1 < p < 4+ oo,
— 0 <AL +00) if [u]y(p <4 co. We observe that [u],(p 1 defines
a semi norm in N(»# and we obtain a Banach space by taking

Fellyoon=lwllgn+ yen
as the norm in N (» 3,

REMARK. It can be verified that

| P 1/p
[u]y (p.ny = sup 12‘: J.] u—ug | de || Q |(1—1’—‘>;
jeif =2 i )
%5
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where 3 is any decomposition of the cube ¢, into an infinite number of
subcubes Q; no two of which have a common interior point and having
their sides parallel to those of @,.

LEMMA 2.1. If q=p and plg=1/p then N@wc N(». 4,
For the proof it is enough to apply Holder’s inequality.

‘We now set

F[u,vys]=§J(u——uQi)vda¢.lQi’—A/p

for every ve L= (@) and for every SE¢€ s.

LEMMA 2.2. For every S€S we have
i 1p’
(2.1) | Fluyv, 8] | < [u]y(pny sup gZIvilp | @ |§
W.”ESES v

where v; = sup | v (z)|.

LEMMA 2.3. For any u € N (P4 we have

(ly (5.0 = 5up sup (| F[u,0,8]], 3 |vi|?| Q| =1}.
SeS velL™® i

PROOF. If u€ NP4, pe L® (@) and S€ S then

1—2

IF[u,v,S]ngqu—uQi]dM Qi|7_lvi]Qi
@

']/1,,

» 1/p , 1/p’
<lz| [1v—watas | toprf " iz o
+ Qi i

We observe that it is possible to choose a » in each ¢; in such a
manner that the first inequality above becomes actually an equality ; for
this purpose it is enough to take

v (#) = ¢;[sign (v — ug)] in @;

where ¢; are arbitrary constants.
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1t is possible to choose the constants ¢; in such a manner that in the
second inequality also we have an equality.

From these observations the lemma 2.3 follows.

A function is said to be simple if it assumes only a finite number of
values, We shall denote by & the set of simple functions on @,.

‘We observe that for simple functions equality holds in (2.1)., Therefore
the lemma 2.3 holds good also when the supremun is taken over simple
functions v € F

LEMMA 2.4. If u € L' (Q,), one has

lim [u] . (p,0) =[’ll«] (1,0) +
potoo D ) <

‘We have the following more general

LeMMA 2.5. If we L' (Q,), one has

lim [u - =|u
p_’_._m[ ]N("' p:(p)) [ ]_g(l,l)

where '
A(p)=4 and A(p)— 4 for p— -+ co.

PROOF. Let M = [u] ,, 5. If M = 0 then it follows that [u] (v, =2H2) )=0
NP =

and hence we can without loss of generality assume that M > 0. Let M’
be a number such that 0 < M’ << M. Then there exists at least one subcube
Q of @, for which

2
f|u—u0!dwiQ|” le'

¢
and hence

1 1
—+—(¥p)—1)
Vi = _ M’ p
(p) [“]N(p, p:m)z |Q|

consequently we see that

min lim & (p)= M.
»—+oo

Hence when M = -+ oo the lemma is proved. If, instead, M << -+ oo then

1+ 2 @p—2) )7
P(p)<M|Z|Q| "

PR )

< M| Q| | Ql"
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and therefore

max lim @ (p)<< M
p—+oo
proving the lemma.

REMARK. Lemma 2.5 enables us to put
(2.2) (] y 0.0 =[] pa1, 0

and as a consequence the lemmas 2.2 and 2.3 can be extended also to the
case where in p = -4 oo, 1 =0,

DEFINITION 2.2, A function u is said to belong to the space LP-weak
(p =1) if there exists a constant K such that for any ¢ >0

K\?

(2.3) meas {r€ Qg; | u(x)| > o) < (»;)

We shall denote this in notation by writing w € M?. The smallest con-

stant K in (2.3) is called the norm of » in M? and we denote it by |||, .

We have the following fundamental theorem due to F. John and L.
Nirenberg [6].

THEOREM 2.1. If u€ N0 (real) with p > 1 then

u— ug, € M?.
and
“ % — “Qo ”MP =4 [“IN(P‘ 0)

where the constant A depends only on n and p.

REVARK. In the definition of the space N4 one can replace ug by
a constant ug associated to ¢ and linearly to u. Thus one obtains a diffe-
rent space which is contained in N (4, For,

f{u—qudwg2}’[u—z—¢—Q|dx.
Q Q

If, in particular, ;;Q = 0 then the hypothesis, in the theorem which
corresponds to theorem 2.1, reduces to those of a well known theorem due
to F. Riesz |8] whence the conclusion would be that not only € M? but
also to L2,
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§ 3. A theorem of interpolation in the space N(» %,

DEFINITION 3.1. A linear operation T defined on functions in F= F(Q,)

is said to be of strong type N [p,(q, u)] if there exists a cousmnt K such
that

(3.1) (Tuly g < K| ul|,, for every u€ F;

the smallest of the constants K for which the inequality (3.1) holds is cal-
led the strong N [p, (g, #)]-norm.
Then we prove the following

THEOREM 3.1. Let | p;,q:,pi| be real numbers such that p;, ;=1 (i=1,2).
If T 8 a linear operation which is simultaneously of strong types N [p;, (¢i, i)
with respective norms K;(i = 1,2) then T is of strong type N [p,(q, u)] where

11—t t 11—t ¢

)

R T

(3.2)

Mm My fat ]
—=1=t4t2E for 0<t<1.
p ( )q1 + 0 S

Movreover we have the inequality
(3.3) (Tuly.0 < K2~ Ky || ulip,

The theorem holds also in the limit cases p, = - co and —-—- pn=0.

This theorem is of the type of the Riesz-Thorin [12] and a theorem of
Campanato and Murthy [4].

PROOF, We fix a t€[0,1] and consequently the numbers p, ¢, u defined

by (3.2). We assume that w € F with ||/, , = 1. We set
1 1 1
—=a — = a;; — = — =8
S, o=wi o=h =h

and for complex 2z in the infinite strip

SO =fe=¢+igeQ; 0=<E<1, — o0 <y < + oo
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we define
a(z)= (1 —2)a, + 2a,,

B(z)= (1 —2)B, + 2B,
pRBER =0 —2)u B, + 2, By

We shall from now on consider only the class & of simple functions on @, .
For any w € F with ||« |z,=1 we define the function % depending on
the complex parameter 2 by

';l (y’ z) _— | m (y) Ia(z)a_‘ el arg u(y)

for y€Q, and 2€ 3 (0,1). It can be easily seen that for any z€ 3 (0,1) the

function u (y, 2) € F and therefore Tu is defined.
Since

|u(y,2)| =|u @y [[0-atéala=?

we have
~ . aa—! a,u—l
ey im =1 ™7, = ully =1

and analogously we have also

a,a_l

~ . agu—]
it 1 il = I = e =1

We note that these two relations are valid also when a; = 0. Let us fix a

gistem S€8 of a finite number of subcubes Q; of @), as defined in § 2.
We shall denote by g the class of simple functions v € F such that,
denoting sup |v| by v, we have
Q.

(ol | @l =1.
Now setting
v (Y, 2) = | v (y) [ 1—FOW ¢i are v W)
we obtain
| 5@, 2) | = | v (y) [i=0—Hh—tAis

and since
p— | vi [1—0=8) Ar—tmle’
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it follows that

(3.4) (2| %y, 22) |7 | Qs [)ok = (3 | oy [\ P09'% | @, |J1Iok

1 ]
”;; (1—Br)ek =1,

=(Z|ul" | &
1]
where k= 1,2 and 2z, = iy, 2z, =1 iy. _
For z€3 (0,1) and for a fixed system S€ 8§ of a finite number of sub-
cubes @; of @, as in section 2 we introduce

D(8,2) =2 f [T — (Tujg,) v de | Q; |4

where v€ Fg.

The function & (8,2) is holomorphic in the interior of 3 (0,1) and

continuous and bounded in X (0,1). In fact, if ¢; are the non zero values

assumed by u and y; is the caracteristic function of the set [« € Qy; u (@)= )
then

;‘ =3 es' arg c|-| C;Ia(z)/d P
and !
Tu

%. ei arg cjl ¢ !n(z)[a ij,
(Tug, = z ¢ "8 9| ¢ " (T yj)e; -

Therefore & (S, z) can be expressed as a finite sum of exponentials of the
form a* with a > 0.
Using now the lemma 2.2 we get

(3.5) | @ (8, in) | < [Tuly.m (2015 | @) < K,
and
(3.6) | P8, 14 in) | <|Tulyqm (Z]50% - | Q)< K,.

Then by applying the theorem of three lines [12, Vol. II, p. 93] we con-
clude that

(3.7 | D8, 1) < Ky ' K.

12. Annali della Scuola Norm. Sup. - Pisa.
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Then in view of the lemma 2.3
[T';]N @ = Kll_t Kf: [|w ”L"

which proves the required inequality (3.3).
. 1
In the limit cases where in p, = 4 co or rn = u, = 0 the proof can

1
be carried over in a perfectly analogous way by making use, in the latter

cage, of the remark following the lemma 2.5. Taking into account (2.2) the
semi-norm [u]N(.x,, o) i8 to be substituted by [u] ooy So, instead of (3.5), we

have

(3.8) D(8,in < [Tﬁ]iu.o) (Z]w]| Q)< K,

1
since (3.4) holds good for B, ==7 =0, ¢g=1. (3.8) together with (3.6)
gives (3.7) and so (3.3) follows.

§ 3. The spaces L% .

In this section we consider subclasses of functions of L2

DEFINITION 2.3. A function u is said to belong to the space L") if

w € L% and moreover setting, for any subcube @ of Q,, K (Q) to be the
norm

(u] £(4- 1))
of the function u restricted to @, there exists a number L = I, such that

K@)<L
for any system {@;} =8 of S introduced at the beginning of section 2.

LEMMA 3.1. If ue LY “ and 1 is a number such that 21 <1 — L and
ng

ny

o

P (1 —2A) =7 then

A
we N &H,
moreover

l"]pr, y= [“J_[ (@ p) ¢
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ProOOF. Since for any subcube @ of @, we have

I3

l_
ﬁu —ugllde < [K(Q)|Q| ™
Q
we obtain

ﬁu—-uq|dx,<_K(Q)|Q|"W.
Q

Hence, for any {@:) =8 of §, we have

N -
@

- k2
= Z|K@QFIK@)|> Q™

Eg

, L
Q< T E Q07| Q'

-2

ng

-2y
S,K(QOHP'IQOI

COROLLARY 3.1. If we L"™ = L1(Q,) with > 1 then u€ L™ and,
hence w € NTO with

(v y@ o0 <2|ul,q-

In fact, by Holder’s inequality we have that

1lq
/]u—uQ|de‘£(ﬁu—u9]’ldx) |Q|1—1/q
Q Q

1q
= Z(ﬁul‘ldx) | Q[i=vs .

Q
Now since the function

K(Q) =2 ( ﬁ w|? dm)w
Q

satisfies the condition that | K (Q)|¢ is additive it follows that uEJ}SI'?) .
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DEFINITION 3.2. The space H!(Q,) is the completion of the class C (Q,)
of once continuously differentiable functions on @, with respect to the norm

[ [l ayqy = Il % lloxen + Il %2 |lLxqy

where u, denotes the gradient of w.

LEMMA 3.2. Any function w€ H*'(Q,) satisfying the condition that, for
any subcube Q C @,

ﬁuzl"dwg C”]QII—”’" with 1 <glpu<n
Q

¥
(C being a positive constant independent of Q@ C Q,) belongs to B; ) where

1 =—1-——-l and 1=4.

a9 494 p q
As a consequence w€ N% and

#\1

(C%

[u}N(i. a=Cl%]| -

PRrROOF. Applying Holder’s inequality, the Poincaré inequality and using
the fact that ¢ > q we obtain

1
J1u—selas<([1u—uelras)| @t
Q Q

s( [ | ug |7 dx)uq| Q [1—tir+n
Q
1g Ye—lg 11
S(/Iu,]’ldx) (flu,,[qd.v) @ ¢ »
¢ @

Yia 11
g(/lzt,[qd$) Cir|Q 1

¢
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q g
K(Q= Oﬂ(fluzl"dw)
Q
1—£
|( ")

Now, in view of lemma 3.1, it follows that u€ N 9 and

Hence taking

we conclude that

LY

1,2
u€ .B; and [u] 0,9 < €| Qo

.

1—£)173
[#ly5.0 = Cl € ‘( )

and this completes the proof of the lemma.
We have now the following result which is an improvement of a result
of Campanato [3] related to a well known result due to Morrey.

THEOREM 3.2. Let u€ H!(Q,) be such that for any subcube @ of @,

/]u,lqdzgovqu_" o<<u<n
@

with a constant C independent of Q. Then the following estimates hold for wu:

() If < p then u —uqueﬂl;zvhereéz-l——iand

q q I

1—=

( ”)l
lu—ualz=0lQl *7;
(ii) ¢f g = p then u € L9 gnd

lellpo.0=<<C;

(iii) if ¢ > p then we LA where }.=% and hence u€ Go (= ).
q N T e

Proo¥. From the lemmas 3.2 and 3.1 together with the theorem 2.1
the assertion (i) follows. The assertion (ii) is a consequence of Poincaré ine-
quality and the theorem 1.2 and finally, the assertion (iii) follows from the
Poincaré inequality and the theorem 1.1 (see [1], [7)].
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§ 4. Applications.

THEOREM 4.1. Let T be a linear operation defined on the class F of
(real valued) simple functions on €, such that

[T“]ir(l.o) = Ki ” w HLPH

[Tu]i’('h» p = K2 “ u I:LP:

where py Py ,qy =1 and r S —=. If p,q=1 are defined by
P2

— t 1 t
(4.1) 1 _1—-t, ¢ L .. )

’

p p, P, q gy N
then

| Tu — (T,

=X K™ Ky || w |,» for weF

where K is a constant which is bounded if t is away from 0 and 1.
The theorem is valid also for p, = - oo.

PRoo¥. From the remark following the lemma 2.5 we have 1. 0) =N (. 0)
and from the lemma 3.1 we have 2\"*) < N'mula.0) | lence the linear ope-
ration 7T is simultaneously of strong types N [p,, (o0, 0)] and N [p, , (ng,/u,,0))
and so by the theorem (3.1) it follows that T is of strong type N [p, (g, 0)]
for p and ¢ given by (4.1) for 0 <<t<<1. Now applying theorem 2.1 to
Tu€e N9 we see that

Tu — (Tu)y, € M
and

| Tw — (Tuw) < A |u]yi 0

oo s
whence for 0 <<t <<1 and p,q defined by (4.1)

| Tu — (T, |y < AK ™ Ky ||l -
Then using the theorem of Marcinkiewicz one obtains

|| Tw — (Tw) HL,,<")CK "Kylwll,

where <X is a constant which is bounded for ¢ in every closed subinterval
of (0,1) and this completes the proof of the theorem.
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The theorem 4.1 gives a proof of the theorem 3.1 of [11] when u,= n.
In the case u, < m the hypothesis that T is of weak type [ap, (B;,n,)] in
the theorem 3.1 of [11] will be replaced by the fact that 7 maps L% into
Py

L) ghere r < - introduced in this paper (see definition 2.3).

M
The theorem 4.2 of |[11] follows from these preceeding considerations if

the hypothesis (4.4) of [11] is replaced by the hypothesis that T transforms
nby
My

The theorem 4.3 of [11] subsists unaltered since we have, from the co-
rollary 2.1 of this paper, that 7 is of strong type N [«,, (f;,0)] and there-
fore the theorem 3.1 of this paper can be applied.

L™ into L") with » <<

§ 5. Holder continuous functions of strong type.

We have introduced, in the section 3, the function spaces 24 1n
view of the theorem 1.1 of Campanato-Meyers in the case when 1 <0 we
observe that the functions belonging to L A (4 < 0) coincide with functions
belonging to a subclass of Holder continuous functions and we call these
IIilder continuous functions of strong type.

DEFINITION 5.1. A function u defined on a cube @, is said to be
Holder continuous of strong type » with exponent 0 << a << 1 if the follo-
wing two conditions are satisfied :

(i) » is Holder continuous with exponent « in @ ;
(ii) there exists a constant L = L (u) > 0 such that, for any system §
of subeubes (; of § (see the beginning of § 2), one has

(6.1) JIKE@Q)] <L
where K (¢)) denotes the Holder coefticient (with exponent «) of the restric-

tion u/g to the subcube ¢ of u.
We now prove the following

TEOREM 5.1. Let @, be a bounded cube in E" and 0 < a < 1. A fune-

tion w is Holder continuous of strony type v with exponent o, where r << 1
—

if and only if w admits first dervivatives (in the strong sense) which are func-
n

tions belonging to l;‘:—“((‘)(,).
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To this end, we shall make use of a criterion for a function to admit
first derivatives (in the strong sense) which are functions belonging to L.
This criterion is a consequence of a criterion due to F. Riesz [8] which we
recall in the following.

LEMMA 6.1 [10]. A necessary and sufficient condition in order that a
Junction w€ C'(Q,) has its derivative u,, in LP (Qy) with

(5.2) (= /

is that for any system S€ S (system of finite number of subcubes Q; of Q, no
two of which have a common interior point) we have

(5.3) >

[u dz, ...(dz,)...dx, ¢ | QP L*.
00

The expression dr, ...{dz,) ... dz, means dz, ... d2,_; dZsy ... d2,

PROOF. Suppose (5.2) holds then, since

ou
ju dz, ...{dz,) ... dz, =fa—r—‘da:
OQ‘- bQI

the expression in the left hand side of (5.3) can be majorized by || u,, ”Lf”(@o)'
If, on the other hand, (5.2) holds then

> fldxplq,'l—pdxgjv
o, “ ’
Q%

and hence by the theorem of Riesz we obtain (5.3).

REMARK 5.1. The lemma 5.1 is valid also for functions which are con-
tinuous in @, and admit derivatives in the strong sense.

In fact, if {un.} is a sequence of functions in C!(¢,) which converges
uniformly to w then for any ¢ > 0 we have, for m > m,

= | f i Ay or () e iy | | Qs 172 < (L - &)
20,

and hence
” (um)z, "LP(Q',) < L + &
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from which it follows that » admits the derivatives u, in the strong sense
and is such that
Il 2z, llpoqy = L

PROOF OF THEOREM 5.1. Let v be a Holder continuous function of
strong type r with exponent « in the cube @Q,. Since

a n—1

<K@ |Q* ™

l [u dz, .. (dzs) ... dx,
09,

we have

)
| @[t

p. lfu dz, ... dx,) ... dz,
29,

1—. a | n—1
= 3|K@Q)| o (7 + 50

) < K(Q)r" S| K(Q) < K@) L

1 %

n—1
n

(1——p)+(%+ )p=0;

that is, if

Hence, from lemma 5.1, we deduce that

u;, € L? with p=1_'_"_

n
If, conversely w is such that u,€ Li—+ with 0 < & <1 then we have, from
Sobolev’s lemma, that

E@Q <03, g
where C does not depend on @, and hence, for any {Q:} = S¢€8 we have

SIE@IP <03 [l an
Q

This proves the theorem completely.
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REMARK 5.2. From theorem 5.1 we may obtain the classical theorem
of Rademacher for Lipschitz continuous functions.

If u is a Lipschitz continuous function then u admits first derivatives,
in the strong sense, which are functions belonging to L= (Q,).

In fact, if w is a Lipschitz function with Lipschitz coefficient L, then

it is Holder continuous of strong type
0 < a <1 and therefore

i " with exponent o« for any

luell » <L|Q|

Ll—ea
which on taking limite as o« — 1, implies that
I ug || oo < L.

Pisa, University
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