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THE SPACES L(p,03BB), N(p,03BB) N(p, 03BB) AND INTERPOLATION 

by GUIDO STAMPACCHIA

Recently properties of certain spaces of functions 2cp, A) (see definition

1.1) have been studied by various authors (F. John and L. Nirenberg [6],
Campanato [1], Meyers [7], Stampacchia [11], Peetre [9]) (see § 1). It has

been shown by Campanato [1] and Meyers [7] independently that the

classes of Holder continuous functions are contained in this family of
spaces; F. John and L. Nirenberg have given a characterization of the

functions belonging to -P(P, 0) = ·

Making use of these results the author has given in [11] some theo-
rems of interpolation for this family of spaces which permits us to collegate
the spaces LP with the spaces of Holder continuous functions. Successively
more general theorems have been proved by Campanato and Murthy [4],
Peetre [9], [9’] and Grisvard [5], [5’].

In the paper [11] the author established, among others, a theorem of

interpolation for linear operations whose image spaces vary from LP to (fo
(see theorem 3.1 of [11]). However, the proof of this theorem was not

complete, as was indicated to the author by Campanato. Here our main

object is to give a complete proof of this theorem (see theorem 4.1, here).
We make use of a lemma due to F. John and L. Nirenberg [6] in

connection with the spaces N (p, Ä) defined in § 2.

In section 3 we introduce subclasses of the spaces .,C~ ~p~ ~) and we use
them in order to improve some inclusion properties of the Morrey’s spaces,
proved by Campanato in [3] (see Theorem 3.2.).

Pervenuto alla Redazione il 14 Giugno 1965.
(*) This research has been partially supported by the United States Air Force

under Contract AF BOAR Oraut ti-.12 through the European Oftice of Aerospace Research.
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In section 4 we give applications of the interpolation theorems of

[11] and of section 2.

In section 5 we indicate some simple results on functions which are I3o1-
der continuous of strong type connecting them with the classical theorem of
Rademacher on the differentiability in the strong sense of Lipschitz functions.

In a paper in collaboration with Campanato we are going to apply
the interpolation theorem of section 2 together with some recent results

of Campanato [2] to the theory of partial differential equations of elliptic
type.

The author wishes to thank Nirenberg, Campanato and Murthy for
the discussions he had with them in connection with the results conside-

red here.

§ 1. The ’)-spaces.

We shall always consider, for the sake of simplicity, real valued

(unless otherwise explicitely stated) integrable functions on a fixed bounded
cube Qo in 

A generic subcube of Qo having its sides parallel to those of l~o will

be denoted by Q and its measure by The mean value on a subcube Q
of Qo of a function u will be denoted by u~ :

DEFINITION 1.1. A function u is said to belong to 
where - o~ ~ ~ [ + oo~ if there exists a constant K (u) = K such
that

for every l~ C (10 .
1B semi norm ill ~’~~’~ ~~ is given by



445

and a norm is obtained by setting

which renders l) with the structure of a Banach space.
We recall some results.

LE3IMA 1.1 [11 ]. The Banach space is isontorphic to and

(1.3) is equivalent to the norm 11 U 

THEORE:BI 1.1 (Campanato [1) and Meyers [7]). If ~,  0 then is

isomorphi.c to C 
0, l (Qo) 

and the norm (1.3) is equivalent to the norm
0,--

p

where, 0  a  1,

DEFINITION 1.2. A function it is said to belong to ~o if there exist

positive constants H and fl such that

for every Q C Q .

THEOREM 1.2 (F. John and Ij. Nirenberg [6]). A fanction u belongs to

Lo if and only if u belongs to for sonte p ~:&#x3E; 1.

1.2. If and then

DEFINITION 1.3. A linear operation T on functions f defined over Qo
is said to be of’ strong if there exists a constant K, inde-
pendell t of f; such that

the smallest of the constants K in (1.4) is called the strong -0 [p, (q,,u)]
norm of T. 

’
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We now introduce the following expression :

DEFINITION 1.3’. A linear operation T on functions defined over Q4 is

said to be of weak if there exists a constant K, indepen-
dent of f, such that

the smallest of the constants K in (1.5) is called the weak -0 [p, (q, norm

of T.

THEOREM 1.3 [11]. Let qi, be real numbers satisfying the conditions

For 0  t  1 let [p (t), q (t), It (t)J = [p, I be defined by the relations

If T is a linear operation zrlaich is simnultaneously of tweak types 
u,ith respective norms Xi (i = 1, 2) then T is of strong type (q, p)]
for 0  t C 1 and

where CK is a constant, independent of f, but depending on t, pi , q; , and it i.s

bounded for t away from 0 and 1.

THEOREM 1.4 (Campanato and Murthy [41). Let [ pi , qi, be real

numbers such that pi , qi -:-&#x3E; 1 (i = 1, 2). If T is a linear operation (in general
on complex valued functions on which is simultaneoti-ily of strong types

(qi , /-li)l with respective itorms Xi (i = 1, 2) then T is strong type

10- [ p (q, where p, q, fl are defined J’or 0  t --- 1 by (1.6) the
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follo2ving estimate holds :

§ 2. The N (P, ).).spaces.

We fix a bounded cube in En as in § 1. We shall denote by ~S the
family of systems S of a finite number of subcubes Qi no two of which
have an interior point in common and having their sides parallel to those
of Qo (U Qi c Qo).

i

For any (real or complex valued) function u E L1 (Qo) and for any
1  p  + oo we consider the expressions of the form

runs through a system 8 
For 1 [ p C -~- oo set

and the following

DEFINITION 2.1. A function u is said to belong to N (P, -1) (1  p  + oo,
C ~ C + if  + oo. We observe that defines

a semi norm in N (P, 1) and we obtain a Banach space by taking

as the norm in A).

It can be verified that
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where Z is any decomposition of the cube Qo into an infinite number of

subcubes Qi no two of which have a common interior point and having
their sides parallel to those of Q .

LEMMA 2.1. then N ~~~t ~&#x3E; C N ~ p~ ~~ .
For the proof it is enough to apply Holder’s inequality.

We now set

for every v E Leo (Q) and for every S E S.

LEMMA. 2.2. For every S E ~S’ 2ae have

where vi = sup I v (X) 1. 
’

Qi

LEMMA 2.3. For a,ny u E N (p, Ä) we have

PROOF. If u E N (P, ~~, v E Loo (Q) and ~S then

We observe that it is possible to choose a v in each Qi in such a

manner that the first inequality above becomes actually au equality; for
this purpose it is enough to take

where ei are arbitrary constants.
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It is possible to choose the constants ci in such a manner that in the
second inequality also we have an equality.

From these observations the lemma 2.3 follows.
A function is said to be simple if it assumes only a finite number of

values. We shall denote by 7 the set of simple functions on Qo.
We observe that for simple functions equality holds in (2.1). Therefore

the lemma 2.3 holds good also when the supremun is taken over simple
functions v E J.

LEMMA 2.4. If u E Lt ( Qo), once has

We have the following more general

LEMMA 2.5. If e E L~ (~o), once has

zvhere
and

PROOF. Let ltT = [u]L, (1,03BB) . If M = 0 then it follows that (p )=O2 n
and hence we can without loss of generality assume that M ] 0. Let M’
be a number such that 0  M’ C JI. Then there exists at least one subcube

Q of Qo for which 
- .

and hence

consequently we see that

Hence when M = + oo the lemma is proved. If, instead, M ~ + oo then
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and therefore

proving the lemma.

Lemma 2.5 enables us to put

and as a consequence the lemmas 2.2 and 2.3 can be extended also to the

case where in p = + 00, 1 = 0.

DEFINITION 2.2. A function u is said to belong to the space Z-weak
( p ~ 1 ~ if there exists a constant K such that for any a &#x3E; 0

We shall denote this in notation by writing u E MP. The smallest con-
stant IT in (2.3) is called the norm of u in MP and we denote it u 

We have the following fundamental theorem due to F. John and L.

Nirenberg [6].

THEOREM 2.1. If u E N~p~ °~ (real) with p &#x3E; 1 then

and

where the constant A depends only on n and p.

REMARK. In the definition of the space one can replace 1tQ by
a constant 1tQ associated to Q and linearly to 11. Thus one obtains a dine-

rent space which is contained in For,

If, in particular, uQ = 0 then the hypothesis, in the theorem which

corresponds to theorem 2.1, reduces to those of a well known theorem due
to F. Riesz 18] whence the conclusion would be that not only but

also to LP.
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§ 3. A theorem of interpolation in the space 1).

DEFINITION 3.1. A linear operation T defined on functions in 7= y(9o)
is said to be of strong type N [p, (q, ,u)j if there exists a constant K such

that

the smallest of the constants .g for which the inequality (3.1) holds is cal-

led the strong N [p, (q, It)]-norm.
Then we prove the following

THEOREM 3.1. Let qi "uzJ be real such that pi, qi ~ 1 (i = 1, 2).
If T is a linear operation which is siulultaneously of strong types N [pi, (q;, ,ui)]
with respective Ki (i = 1, 2) then T is of strong type N [p, (q, whe;e

have the 

The theorem holds also in the limit cases Pi = -E- oo and 1 = Pi = 0 .
qi

This theorem is of the type of the Riesz-Thorin [12] and a theorem of
Campanato and Murtby [4].

PROOF. We fix a t E [o, 1~ and consequently the numbers P, q, ft defined

by (3.2). We assume that ai E ~ = 1. We set

aiid for complex z in the infinite strip
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we define

We shall from now on consider only the class 7 of simple functions on Q~ .
For any u E J with 11 = 1 we define the function ,;’;, depending on

the complex parameter z by

for and z (0, 1). It can be easily seen that for any z (0, 1) the

function it (y, z) E 9 and therefore T~ is defined.

Since

we have

and analogously we have also

We note that these two relations are valid also when az = 0. Let iis fix a

sistem 8 E 8 of a finite number of snbcubes of 90 as defined in § 2.

We shall denote by gs the class of simple functions v E 7 such that
denoting sup I v I by vi, we have

Qi

Now setting

we obtain

and since
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it follows that

where k = 1, 2 and zi = = 1 + iq. 
_

For z EZ (0, 1) and for a fixed system 8 E 8 of a finite number of sub.
cubes Qi of Qo as in section 2 we introduce

where 

The is holomorphic in the interior of ~ (0, 1) and

continuous and bounded in Z (0~ 1). In fact, if ej are the non zero values

assumed by u and Xj is the caracteristic function of the set fa: E (x) = cj}
then

and

Therefore 0 (8, z) can be expressed as a fiuite sum of exponentials of the
form e with a &#x3E; 0 .

Using now the lemma 2.2 we get 
’

and

Then by applying the theorem of three lines [12, Vol. II, p. 93] we con-
clude that

12. A ||ut|| Sup. - Pisa.
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Then in view of the lemma 2.3

which proves the required inequality (3.3).
In the limit cases where in p, = + o0 or 1 = ,u1 = 0 the proof can

q,
be carried over in a perfectly analogous way by making use, in the latter
case, of the remark following the lemma 2.5. Taking into account (2.2) the
semi-norm is to be substituted by So, instead of (3.5), we
have ,

since (3.4) holds good for 03B2i = 1 = 0, q1 = 1 . (3.8) together with (3.6)
q,

gives (3.7) and so (3.3) follows.

§ 3. The spaces .Cr p’ ~~ .

In this section we consider subclasses of functions of 

DEFINITION 2.3. A function u is said to belong to the space if

and moreover setting, for any subetibe Q of to be the

norm

of the function restricted to Q, there exists a number L = L,, such that

for any system ((Ii) « 8 of S introduced at the beginning of section 2.

LEMMA 3.1. nU1nber such thát 1 --- 1 -- ’" and
1tq

then
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PROOF. Since for any subeube Q of Qo we have

we obtain

Hence, for any (Qij = S of S, we have

COROLLARY 3.1. IJ8 u E eC ~~’ n~ = L q (Qo) icith q &#x3E; 1 then u E 

hence u E N ~~’ 0) ’with’

In fact, by Holder’s inequality we have that

Now since the function

satisfies the condition that is additive it follows that &#x3E;
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DEFINITION 3.2. The space ~1 (Q,) is the completion of the class C’i (Qo)
of once continuously differentiable functions on Qo with respect to the norm

where denotes the gradient of u.

LEMMA 3.2. Any function u E H1 (Qo) satisfying the condition that, for
any subcube Q c 90

with

(C being a positive constant independent of Q C Qo) belongs to where

and

As a consequence u E N(i- 0) and

PROOF. Applying Holders inequality, the Poincard inequality and using
the fact that q &#x3E; q we obtain
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Hence taking

we conclude that

Now, in view of lemma 3.1, y it follows that and

and this completes the proof of the lemma.
We have now the following result which is an improvement of a result

of Campanato [3 J related to a well known result due to Morrey.

THEOREM 3.2. Let u E Hi (Qo) be such that for any subcube Q of Qo

with a constant C indepeitdent of Q. Then the following estimates hold for u :

(ii) ~f’ q = p then u E P’, 0) and

where and hence

PROOF. From the lemmas 3.2 and 3.1 together with the theorem 2.1
the assertion (i) follows. The assertion (ii) is a consequence of Poincare ine-

quality and the theorem 1.2 and finally, the assertion (iii) follows from the
l"}oincaré inequality and the theorem 1.1 (see [1], [7]). 

-
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§ 4. Applications.

THBOREM 4.1. Let T be a linear operation defined on the class 7 of
(real valued) 8iinple functions on Qo stich that

where pi , p2 , q2 :~~! 1 and r ~ nq2 . If p, q ~ 1 are defined by
1~2

then

zohere ex is cr constant zclaiclz i.fj bounded if t front 0 and 1.

The theorem is valid also for p~ = + 00.

PROOF. From the remark following the lemma 2.5 we have .cO, 0) _--__1’f~°°~ 0)

and from the lemma 3.1 we have .~r~2 ~.2~ C 1~,"’~-~Zlf‘a , 0). Ilence the linear ope-
ration T is simultaneously of strong types Y (oo, 0)] and N (p2 , ]
and so by the theorem (3.1) it follows that T is of strong type N [p~ (q, 0)J
for p and q given by (4.1) for applying theorem 2.1 to

we see that

and

whence for 0  t -- 1 and p, q defined by (4.1)

Then using the theorem of Marcinkiewicz one obtains

where ex is a constant which is bounded for t in every closed subinterval

of (0, 1) and this completes the proof of the theorem.
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The theorem 4.1 gives a proof of the theorem 3.1 of [11] when ~u2 = n.

In the case U2  n the hypothesis that T is of weak type [a2 , 1 (02 Jl2)] in

the theorem 3.1 of [11 J will be replaced by the fact that T maps La2 into

where r C n ~2 introduced in this paper (see definition 2.3).
,U2

The theorem 4.2 of [11] J follows from these preceeding considerations if
the hypothesis (4.4) of [11] is replaced by the hypothesis that T transforms

L" into with 1" C 
n fJ2 .
ft2

The theorem 4.3 of [11] subsists unaltered since we have, from the co-
rollary 2.1 of this paper~ that T is of strong type ’y IM2 1 (fl2 0)J and there-
fore the theorem 3.1 of this paper can be applied.

§ 5. Holder continuous functions of strong type.

We have introduced, in the section 3, the function spaces -0,’ (p, In

view of the theorem 1.1 of CampanatoMeyers in the case we

observe that the functions belonging to ~r~’ ~) (~1  0) coincide with functions

belonging to a subclass of Ilolder continuous functions and we call these

Holder continuous functions of strong type.

DEFINITION fi.l..4.B function it defined on a is said to be

Holder continuous of strong with exponent 0  a  1 if the follo-

wing two conditions are satisfied:
(i) u is Holder continuous with exponent cx in Qo ;
(ii) there exists a constant L = L (u) &#x3E; 0 such that, for any system 8

of subcubes Qi (see the beginning of § 2), one has

where K (Q) denotes tlle Hölt!er coefficient (with exponent a) of the restric-
tion to tlie suhcube (J ot’ ic.

W’e now prove the following

TEOREM ,).1. Let Qo be a bounded cube in En and 0  a  1. A Junc-
n

lion it is Holder continuous of’ strong type i- ’with exponent a, it,here r 
 - cx

ij" and ouly if u atlnlits first (in the sense) zvlcich are fune-
11

to n-u 
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To this end, we shall make use of a criterion for a function to admit

first derivatives (in the strong sense) which are functions belonging to LP.
This criterion is a consequence of a criterion due to F. Riesz [8] which we
recall in the following.

LEMMA. 6.1 [10]. A necessary and condition in order that a

function u E 01 ( Qo) ha8 its derivative in Lp (Qo) with

is that for any system S E S (system of finite nuniber of subcubes Qi of Qo no
two of which have a common interior point) we have

The expression dxi ...  ~)... dxn means dx, ... ~+1... dxn

PROOF. Suppose (5.2) holds then, since

the expression in the left hand side of (5.3) can be majorized by || uxs !1{p(Qu). 0
If, on the other hand, (5.2) holds then

and hence by the theorem of Riesz we obtain (5.3).

REMARK 5.1. The lemma 5.1 is valid also for functions which are con-

tinuous in Qo and admit derivatives in the strong sense.
In fact, if is a sequence of functions in 01 which converges

uniformly to u then for any e &#x3E; 0 we have, for m &#x3E; m,,

and hence
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from which it follows that u admits the derivatives in the strong sense
and is such that

PROOF OF THEOREM 5.1. Let u be a Holder continuous function of

strong type r with exponent a in the cube Qo. Since

we have

if

that is, if

Hence, from lemma 5.1, we deduce that

n

If, conversely u is such that uz E Ll-4 with 0  0153  1 then we have, from
Sobolev’s lemma, that

where C does not depend on Q, and hence, for any I Qi) = we have

This proves the theorem completely.
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REMARK 5.2. From theorem 5.1 we may obtain the classical theorem

of Rademacher for Lipschitz continuous functions.
If it is a Lipschitz continuous function then u admits first derivatives,

in the strong sense, which are functions belonging to 
In fact, if u is a Lipschitz function with Lipschitz coefficient L, then

it is Holder continuous of strong type with exponent a for any1-a

0  a  1 and therefore

which on taking limite as a - 1, implies that

Pi8a, Univer8ity
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