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UNIFORM RATES OF CONVERGENCE

IN EXTREME-VALUE THEORY - NORMAL AND GAMMA MODELS

L. CANTO E CASTRO

Abstract: A class of distribution functions F(x), in the domain
of attraction for maxima of Gumbel law A (x)=exp(-exp(-x)), xeR,
is considered in this paper, particular and relevant elements of
this class being the normal and gamma distributions.

Applying a technique similar in spirit to the one used by Hall
(1979) , we develop uniform upper and lower bounds for

sup[Fn(anx+bn) - A(x) |
x€eR

for suitable choice of attraction coefficients {an}n>1,(an>0) ard

{b_}

n'n>1°
bly with the ones obtained in Hall's paper. A few unsolved points

The bounds obtained in a normal context compare favoura-

related to gamma distribution with shape parameter smaller than
one are emphasized.

1l - Introduction

Let {xn}ml

(i.i.d.) random variables (r.v.) with common parent distribution

be a sequence of independent, identically distributed

function (d.f.), F(x). Then the r.v. Mn=max(xl,...,xn) has a well
known d.f. given hy FMn(x)=Fn(x).

Limit behaviour of Mn, suitablv normalizecd, is well expressed
in the following result due to Gnedenko (1943): if there are attrac

tion coefficients an>0, bneR and a non degenerated d.f. G, such that

Fn(anx+bn) — G(x)
n-—+o

then G is Of one of the three possible forms:
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Type I (Gumbel) : G(x)zZA(x) = exp(-exp(-x)) , xeR
Type II (Fréchet): G(x)zd (x)=JeXP('X—a) + x>0
, %<0
exp(--(-x)a)s , %<0
Type III (Weibull):G(x):z=V¥Y (x)= (0>0)
o
0 , x>0

We will say, then, that the d.f. F belongs to the domain of
attraction (for maxima) of G, and denote such fact by FeD(G) .

A general description of limit laws and domains of attraction

con~erning maxima of i.i.d. r.v.'s may be found in Galambos(1978).

Each domain of attraction may be caractherized by necessary and

suficient conditions on the tail behaviour of the d.f. F. We will

present here the von Mises's suficient condition concerning Type I

(Gumbel) domain of attraction:

If

(1) F is absolutely continuous with density function £

(2) XF=sup{x: F(x)<1l} g#o

(3) 3y, ¢ £1(x)<0 ’VXE[XO,XF[ (1.1)
(4) 1m ELOAFLE) _
. £2(t)

then FeA) .

Our interest in this paper, is the rate of convergence, more

precisely, the uniform rate of convergence, of Fn(x), Fedn) ,

towards the limit law A.Related results on this subject, may be

seen in Fisher and Tippet (1928), Uzgdren (1954), Anderson (1971,
1976), Galambos (1978), Gomes (1973,19S4), Hall (1979) and Cohen
(19832a,1982h) .

We refer a result of great interest to us ( Anderson (1971)):

Let F be a absolutely continuous d.f., with right endpoint

XF=+00

and such that



%;g = (k(x)) =0 (1.2)
where
k(x)= —£ (x) . (1.3)

F (x) logF (x)

Let a, and bn be defined by
F(bn)=exp(-l/n)
(1.4)
a = l/k(bn)

Furthermore,suppose that k' (x) has constant signal for large x
and that

k" (X)

HE koo ko - O (1.3)
then
n —
F (anx+bn) - A(x) = A(x) dn(x) (1+o (1)) (1.6)
where
_ 1l . 2.1,"
d (x) = -3 x (E)bn(l+°(l)) (1.7)

uniformly for x in finite intervals.

2 - Distribution functions in a class L

We shall work here with d.f.'s in the following class:

Definition ( Gomes (1984) )

[, is the class of d.f.'s of the form

F(x)={1-2A(yx+6)Pexp (- (yx+6)Y) (1+e(x)) }I
[Yo'+”[
where y is the greatest real solution of the equation A(Yx+6)p
exp(-(yx+6)q)(l+s(x))=l , and A chosen so that the solution does
exist. Also §,peR, q,ysR+ and %;§ e(x)=0.

For Fe L, (p,q)#(0,1) and some limit conditions on e€(x) ,e'(x)
d 1

and €"(x), may be proved that lim a§(ET§TJ=O » where k(x) is given
a1 y_ _ _ fUx
by (1.3), and as we have dx(ETET)_ F(5) TogF(x) T L * 1ogF(x),

F is, by (1.1), in the domain of attraction of Gumbel law.
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Moreover, it can be seen that

- a~-1 _ py _ g'(x)
k(x) = qy (yx+9) YX+6 1+€ (x)

+ o(-l—g) , £>0 (2.1)
X

and that conditions presented in Anderson's result hold for Fe [,

assuring uniform convergence on finite integyals.

The Normal and Gamma d.f.'s are obviously members of the class D,
and will be considered in the sequel.
Indeed, let ®(x) be the Normal d.f. and ¢(x) its derivative.
It is well known that

1 - 9(x) = ¢ (x) [l - + O(*~)], x>0 (2.2)

and we can even write

-1 2
P(x) =1 - —%~[—5—} exp[—(—zw) }(l +e(x))
2/ V2 V2

with e(x) = -1/x° + 3/x + 0(1/x%) , so that e(x)»0 as x+» , i.e,
¢el with A=1/2v7 , y=1/¥/2 , 6=0, p=-1 and g=2.

Computational results for k(x) = - @(x)?égé(x) , and for k' (x)

are presented in the following tables:

X
k(x) x k(x) X k(x) x k(x) x | k'(x) x | k'(x) x {k'(x) x | k'(x)

=3.9 | 0.415284 -1.9 | o.643597 a.0 | 1151108 L0 | 2.400780 3.9 | 0.07743 -7 0 z
- . . i . -3, . . . 16448 a0 | 0.40559 £ 0 .62
_g-g ::g?gg :1.8 0.4L0414 0.1 1.192742 2.1 2.4248415 -3.8 9.08004 -1.3 ?.17374 e.1 o, ‘32’3« X :.34;;;
B0 b _: Z 0.672398 9.2 | 1236373 2.2 | 2.54945% =27 | 0.0927% -1.7 0.18154 0.2 | o0.4a872 2.2 0.85¢83
S o 0. 47795 0.3 | 1.ze2110 %3 | z.45%738 -3.6 | 0.03351 -1.6 0.1901% .3 | 0.4578 2.2 0.00.36%
35| S -'.s 0.71645] e.8 | 1327974 Z.a | 20743133 -2.5 | 0.03361 =1.5 | 0.19%01 0.4 | 0.4c355 2.4 087733
sl dasmam _‘.4 9.735314 0.5 | 1.36w0%9 2.5 | 2.omos3 -3.4 | o0.09179 ~1.4 | 0.2033¢ 0.5 | 0.51163 2.5 0.65033
33| Sdeesre .3 | e.758127 0.6 | 14 2.0 | 2.920868 -3.3 | o0.09%13 -1.3 0.21820 0.6 | 0.52457 2.6 0.89731
32 Lanes :: f :.7&«4:3 0.7 | 14250 2.7 | xoetwse -3.2 | 0.0928% -1.2 | e.22a382 0.7 | e.s5747 2.7 0.90478
h | Sdsene . . 803820 0.¢ | 1.5e:393 2.3 | 3.101780 =3.1 | e.10238 -1.1 0. 23762 0.8 | o.53102 2.8 0.91137

3 . -1.0 | o.822413 0.9 | 1.60217% 2.9 | 3.193210 -3.0 | ©.10628 -1.0 0.25125 0.9 0.40450 2.9 0.91714
-2.9 . -o. . 55815 B .
e :2;:;2 _O.Z z gg::ng :z: .9 ‘9._2:%:% -2.9 0.11040 -0.9 0.24351 1.0 | e.627% 3.0 0.72217
27| ezoese| | C67 | ecenacs - 311 32770 ~2.3 | 0.11473 -0.3 | 0.27445 1.1} 0.65124 3.1 0,92¢55
26| o sa290e or | o9seine 12 3” -2.7 | 0.11924 =0.7 | 0.29009 1.2 | 9.s7421 2.2 0.93034
25| oieaan Zos | avres b 3 -2.6 | o.12418 -0.6 | 0.30444 1.3 | 9.49876 3.3 0.5325%
28| o ssanrs coa | 1ieo3iin e 3 57063 -2, | 0.12923 -0.5 | 9.319%4 1.4 | 0,7155¢ 3.4 4.93626
23] elseaan To3 | 1iosese e -5 | 377740 -2.4 | 0.12487 -0.4 | €.32%41 1.5 | 2.73:948 S | e.9%0e
2.2 osre758 To2| 1lerasan 13 3.6 | 3.8e5757 -2.3 | 0.34023 0.3 | 0,35204 1.6 | 0.7%va2 3.6 | 0.94458
S esirer T | 1iiiieee A ;3, 71 3.92977a “2.2 | 0.14838 -0.2 | 0.36713 1.7 | 0.77897 47 | a.9a208
e | Maiber 12 3.8 | s.038791 -2.1 0.15267 -0.1 0.33764 1.8 | 0.79700 2.2 0.94317

3.7 4. 170007 =2.0 0.13937 i.9 0.513¢4 3.9 0.74373

Table of k(x) - normal parent Table of k'(x) - normal parent
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The corresponding figures are:

=247 -1.8 ~09 0 0.9 1.8 2.7

Fig 1 - Graphic representation of k(x)
- normal parent.

07

o

[ B3

= 2.7 = 1.8 =03 [ L3 ) Ze7

Fig 2 - Graphic representation of k' (x)

- normal parent.

Some properties of k(x) and k'(x), suggested to us by these
figures, and needed later in section 3, are stated here without

proof (for an analytical proof see L. Canto e Castro (1985)).

Proposition 2.1

For a normal parent d.f.

k(x) is strictly increasing

1imk (x) = 4o (2.3)

k(x) > x
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Proposition 2.2

For a normal parent d.f.

k' (x) is strictly increasing

%i L, k'(x) =1 (2.4)
k'(x) >0 .

Let G(a,l) denote a gamma r.v., with density function

M L

Its d.f. has the following expansion

+ 0(-;~)} (2.5)

1 - F(x) = X2 ,

X [ 1+ a-1 (a=1) (a=2) 5

=ﬁ'&—)— e (1 + e(x)) , x>0

where ) = 9=l las1) (a-2)
X x2

+ O[—lg) -0 , as x»»
x

Thus Fe[ with A=1/T'(a) , Y=1 , &=0 , p=a-1 , g=1 .

It can be shown that the asymptotic expansions of k(x) and
k' (x) are, here

o-1 o-1 1
k(X)zl-'—-}-{—"l"——'i'l‘O{—'—'i)
b X
and
a-1 1
k'(x) = > + 0(—3) ,
X b

so that their behaviour for large x is quite different from normal
case, depending on having a>1 or o<l , as it is illustrated in the

next graphic representations:
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1.1
1.0,
0.9
0.8
0.7
0.6

1.0 0.5

Fig 3 - k(x) for a G(0.5,1) r.v. Fig 4 - k(x) for a G(5,1) r.v.

-0.3

-0.4

-0.3

~0.4

-0.2

Fig 5- k'(x) for a G(0.5,1) r.v. Fig 6- k' (x) for a G(5,1) r.v.

For a>1 we have:

Lemma 2.1

If F is the d.f. of the r.v. G(a,l) and f its density function,
then

1 _ f(x) <
1+ a-1 .+ (a=1)...(a=p-1) 1=-F(x) 1+ o-1 bt (a=1)...(a=p)
X Xp+ 1 X <P

for p-1< a<p , and p integer.
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Lemma 2.2

Let F be the d.f of G(a,1l) with a>1. Then we have

k(x)[——i-+ R (a,x) = 2§§§;]< k'(x) < k(x)[~—% + R (a,x)}
X X
by ( P+l bya(a)
where Rl(a,x)= ~i§ § _ll,gl and Rz(a,x)= ~l§ 2 —217——
X" j=1 x3 x“ j=1 x3

can be easily calculated for every value of a.

Proof:

Remarking that f'(x)=f(x)[2§l - l} it follows that

k'(x) = k(x)[ﬁii -1+ k(x) (1 + logF(x))] .

Besides, it can be proved that, in a general case,

f(x) f(x) f(x) f(x)
T-re F 2 kX < T/Fz Y Fo ’
so that
1 £ (x) £ (x)

-1 f(x)
] < k'(x) < k(x) —;~ -1 + I:FTET).

k(x)[—;— R v s -

The result is a consequence of Lema 2.1 since we may write

a=-1 a-1 £ (x) _a-1 a-1
1-—=+ —-——X2 t Rylayx) < 705y <1- % * ---—X2 + Ry (a,x).

We may thus state the following results:

Proposition 2.3

For a Gamma(eg,l) parent d.f.

— lim k(x) =1 , 1lim k(x) = 4 (a.>0)
X>400 x>0

— k(x) is strictly increasing after some X when a>1 .
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Proposition 2.4

For a Gamma(a,l) parent d.f.

— 1im k'(x) =0 , lim k" (X) = = (a>0)
X >+ x-+0

— k'(x)>0 , after some X, when a>1 .

3 - Uniform rate of convergence, for Normal and Gamma parents,

as members of the class C .

It is our interest now, to prove that convergence in (1.6) is
uniform whenever F is a Normal or Gamma d4.f. .
Considering that An(x) = Fn(anx+bn) - A(x) may be writen in

the form

An(x) = dn(x)A(x+wn(x)) , with wn(x) between 0 and\dn(x), (3.1)

dn(x) given by

%2 k' (bn + anbn(x))

2 p)
(kb))

dn(x) = ’ Gn(x) between 0 and x , (3.2)

we have

Theorem 3.1

Let ¢ be the Normal 4.f., a, and bn given by (1.4), then

c

logn

3 -/
logn " 'n

< sup |®n(anx +b ) = Mx)]| < (3.3)

XeR

for some constant cl R

To prove this theorem we will need the following results:
Lemma 3.1

For d.f.'s in the class [, we have

[_;_]' _g-1 1 (1 - 193;922] N o[,_;__m_}
k bn g logn q logn (logn)2

( Proof in Gomes(1978) ).
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Lemma 3.2

For bn given by (1.4) and for n>no>7 we have

bi < 2logn (3.4)
and
2 1
bn > 2logn - loglogn - logé4m + 2log|l - -3 . (3.5)
bno
Proof:
From Qigl[l - -li] <1-00 <2 w0,
X
follows that
2
-b_ /2 _
v2m bn

After some calculations, we get

b2 < -2log(1 - & 1/7) - 2logb_ -2log2m < 2logn - 2logb + 2log—S—

2w

and as, for n>»7 , bn>b7>l.ll>e//2ﬂ , (3.4) follows immediately.

On the other hand, we will have

2
-b2/2 ) -1
T (1 - e V/ny b, [1 - —iﬁ]

S
vam bp

giving, for n>n

2

bi > 2logn - loglogn - logé4w + Zlog[l - —l—}
bno

what completes the demonstration.

We also need some numerical results concerning special functions.
They are stated here without proof:

2 b
sup e = -%— < 0.28 (3.6)
x>0
2

bn > 0.5 logn , for n»>21 (3.7)
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1oglogbi
sup ———T;——J— < 0.264 (3.8)
n>21 n
2.0 o
sup ilQHgﬁ_l_ = [%%] , a,B>0 (3.9)
x>0 X

Proof of Theorem 3.1

The lower bound in (3.3) is obvious from (l1.6) , (1.7) and
Lemma 3.1, since we conclude that @n(anx+bn)-A(x) is 0(1/1logn),
as n -+ o, so that its supreme will certainly be greater than
cl/logn for some Cq-

To show that the upper bound holds, let us consider,separately,
the intervals [0,+w[ ’ 3—cn,0[ and ]-w,-cn] , with cn=loglogbi .

We note that, as 3/logn>1 for n<21l , we will always consider

n>»21 .

From (3.1), (3.2), and considering the properties of k'(x) in

proposition 2.2, we have

2 k'(bn+an6n(x))

0 ¢ o (a_x+b_) = A(x) = —= Ax+Y_ (%))
n n 2 (k(b ))2 n
n
x2
£ ——— A(x + Y_(x)) ,
. 2 n
2(k (b)) 3

with wn(x) between 0 and dn(x).

Then, for xe[0,+»[, it follows, since 0<wn(x)<dn(x)

[@“(anx+bn> - Ax) | = o"(a_x+b ) = A(x)
2
< L > > A (x)
(k)
< l X2 e"X
(kb ))? 2

2

2 2 -
and as (k(bn)) > b and —%— e ® < 0.28 we will have, together
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with (3.5)

.28 . 0.56

n 0
| @ (a x+b ) - A(x) |< 2 Toon
n

, for x>0.

Suppose, now, that xe]—cn,o[ . We get

|9%(a x+b ) = A(x)| = d_(x) A(x+p (%))
2 2
< 1 5 ; e % A[x + L 5 ; ] .
(kb)) (kb))

After studying functions as e ® x2/2a Ax + x2/2a) for differ-
ent values of a>0, we conclude that they are all strictly decreasing
in [-1.06 , 0] and have only one local maximum on the right of the

only local minimum, for x in J]-» , -1.06L .

Hence, for cn<1.06 we have

2
loglogb
n 1 2,2 2 2.1 n
| o (a x+b ) A(x)]sz(k(b ))Z(loglogbn) (logbn)A[ loglogbn+2( B )]
n n
1 2,2 2 1 2
< 2b2 (logbn) A(-loglogbn + 5(0.264) )
n

using (3.8), and because (loglogx)2<1ogx for x>1.65.

Now -C

A(-loglogx + c) = exp(-exp(loglogx - c)) = x

so that, using (3.9),
2,2
(logb’)
I@n(a x+b ) - A(x)]| < 1 n < 0.295 . 0.59
n n 2 1.93 2 logn
2b b b
n n n

for xe{-c_,0) and c_<1.06 .
n n

When cn>l.06, we can use the fact that k(x)<x to get

loglogb2

b
n

_ 2
c, = loglogb” < k(b ) < 0.264 k(b )

so that cn>l.06 implies k(bn)>4 .
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The study made on the functions mentioned above, shows that,for
aylé, its local maximum point will be in the interval E—l.14,-1.06}.

Hence
1 x® -x A[x L1 x2]< (-1.14) 2 e-1.14A[_1.06+(1.14)2
e )2 2 o2 2 T2 37
n n n
<242 for ¢ >1.06.
b n
n

Therefore, for any Chr we can conclude that, for xe[—cn,Of

0.59
logn

|¢n<anx+bn) - Ax)]| <

Finally, for x<—cn, the upper bound of An(x) follows almost
immediately if we remember that @n(anx+bn) is greater than A(x)
and that both of them are positive and strictly increasing.

We get

8% (a x+b ) = A(x) ¢ sup (8" (a x+b ) = A(x)) + Al-c))

ercn,O]
0.59 1
< + —=
logn 2
by
2.59
< logn °
Summarizing,
0.56
s, = sup |A_(x)] < ’
1 xel0 , +e logn
0.59
s, = sup |A (x) ! < ’
2 xe-c_,0 logn
and
_ 2.59
sy = sup |A_(x) | Togn

what completes the proof.
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Remark 1 - The upper bounds shown before may be significantly
reduced for large values of n, and for n>106, we will have, for

instance
0.175 < 0.18 < 0.81

1< logn '/ 52 logn '/ 3 logn °

Remark 2 - The methodology used in the last proof has been inspired
on a similar result due to Hall ( 1979 ), where he has also obtain-
ed a uniform rate of convergence of order 1/logn, considering the
attraction coefficients oy and Bn such that f(Bn)/Bn=l/n and o=
1/6n . Except for x in the interval ]-m,—cn[ , where the upper bounds
are the same, our upper bounds are smaller than the ones obtained in

Hall's paper.

A uniform rate of convergence result for G(a,l), a>l, is now

stated:

Theorem 3.2

Let F be the d.f. of G(a,l) r.v., a>l, a and bn given by
{1.4), then

c c
.._.._..._]-.._...2_ < sup [Fn(anx+bn) - A(x)]| < ————-2————2-
(logn) XeR (logn)

for some ¢y and <, positive constants.

Proof:

The lower bound follows from Lemma 3.1 since g=1.
Using a similar technique as before, the proof will be differ-
ent for the intervals ]—w,-cni , {-cn,o{ and | 0,+o | .
- 2 . .
Now cn—(loglogbn)/an and we consider n>ng where n, is such

that k' (b - 2
( ng log log(bno) ) >0 .

For X>=C_ we have, using (3.2), Lemma 2.2, and noting that

k' (x)>0 implies k(x)<l,
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2 k'(b_ + a 06_(x))
0 < d (x) = ; n n2n , en(x) between 0 and x
n (kb))

x2 k(bn + anen(X)) A

N

2 2 2
(b +a 6 (x)) (k)
< x2 A
A

2 , 2
(b_+a 0 (x)) (k‘bn))

for some A>0 .

So, for x>0, it follows that

F'(a_x + b ) = A(x) =d_(x) A(x+p_(x)) , 0 <y (x) <d_ (x)

2

< A X o~ ¥
2 2 2
b (k(b))
A
¢ —t— . (A1>0)
(logn)

since (bfl(k(bn))z)—l = O((bi)_l) = O(l/(logn)z) .

For xe{—cn,o[ we have

2 2
0 < FM(a x+b_)-A(x)< A x . e-xMé+ : A %" 5
2(b_~loglogby) (k (b)) \ 2gbn—1oglogbn;k(bnh§

Analagously to the Normal case, this last function is strictly

decreasing in E—cn,o( if ¢ <1.06, and consequently

2
n ac cq a cg
F (anx + bn) - A(x) < 5 e A[c + 5 }
2 b . 2p
n n
(logbz)2 A
< 2 5 n < 2
2 b bB (logn)2
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Consequently, for x<-cn , we have

n n
|F (a x+b ) - Ax)| < F (b -a c) - Al=c)
B 2
< —;7 + A(—loglogbn)
n
By
< -E-]—-'——Tf , Wwith A4>0 .
ogn

Thus, we have shown that, for x in any of the three intervals,
the convergence is uniform of order l/(logn)z, so that c, can be
taken as the maximum of the {Ai}, i=1,2,3,4 , and ( logno)z,(note
that all these constants depend essncialy on the value of a).

When we tried to develop the upper bound in (3.10) for the
case o<1, a few problems were presented, related, fundamentally,
to the fact of having k' (x) less than zero, as suggests the gra-
phic representation in fig.5, (the analytical proof of the pro-
perties of k(x) and k'(x) for a<l, has some unsolved points, as
well).

It is our conviction,however, that the solution of these pro-
blems will be very important to establish a uniform rate of con-
vergence result, for a large family of d.f.'s in the clas [.
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