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ABSOLUTELY SUMMING OPERATORS AND MEASURE AMARTS

IN FRECHET SPACES (*)

D. QUANG LUU

Résumé. Dans cet article on démontre quelques théorémes de caractéri-
sation pour les opérateurs absolument sommants et on donne diverses
applications a la convergence des martingales asymptotiques vectorielles

dans les espaces de Fréchet.

Summary. In the paper, we prove some characterization theorems for
the absolutely summing operators and we give various applications to

convergence of vector-valued asymptotic martingales in Fréchet spaces.

(*) This paper was partly written during the author's stay at the

University of Sciences and Technics in Montpellier 1984.
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§ 0. INTRODUCTION.

The Radon-Nikodym property and convergence of vector-valued
asymptotic martingales (amarts) in Fréchet spaces have been extensively
studied in recent years by many authors, see, [6,7,17,3,12,13,8,9] and etc.
The purpose of the paper is to coniinue these above investigations.

Namely, after stating some needed notations and definitions in Section I,
we shall prove in Section 2 some representation theorems for the absolu-
tely summing operators in Fréchet spaces which are different from those,
given in [16] . And finally, in Section 3 we shall give some applications
of the results in Section 2 to convergence and boundedness problems of

vector-valued amarts in Fréchet spaces.

§ 1. NOTATIONS AND DEFINITIONS.

In the paper we shall use the notations and definitions, given
in [9] and introduce some other one's concerning measures in Fréchet
spaces. Namely, let E be a Fréchet space, U(E) a fundamental countable
family of closed absolutely convex sets which form a O-neighborhood
base for E , E' the topological dual of E and (Q,A,P) a probability
space. Given U € U(E) the polar U° and the continuous seminorm Py »
associated with U are given by

0° = {e€ E' | |[<x,e>| <1}V

-l

pU(x) =inf {a >0 | &« x€ 11} | (x & E)

For a o¢-additive measure 1. : A > F and U € U(E) we define the
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semivariation (or the total variation, resp.) seminorm SU(u)

(or VU(u), resp.) as follows

Sy(w) = sup {|<u,e> | () e€ U},

k
V. (u,A) = sup {
U 5=1

k
pU(“(Aj))|<Aj>j=1 €M)}, (A€EA ,

AT REI O

where II(A) denotes the set of all finite measurable partitions of
AEA.

By S(E) = S(Q,A,P,E) (or V(E) = V(Q,A,P,E),resp.) we mean
the space of all S-equivalence (or V-equivalence, resp.) classes of
S-bounded (or V-bounded, resp.) o-additive measures u : A+ E . Then
by using the same argument-given in [16] for the spaces 2;(E) and

zi{E} , one can establish easily the following property.

Property 1.1 . Both (S(E),S-topology) and (V(E) , V-topology)

are Fréchet spaces.

Now, for definition of strong measurability and Bochner
integrability of vector-valued functions f : Q > E , we refer to
[6,7] and let LI(E) = L](Q,A,P,E) denote the space of all V-
equivalence classes of Bochner integrable functions f : @ > E ,
where VU(f) = {2 pU(f(w))dP(w) (U € U(E)) . Then according to [6],
one can regard (L,(E),V-topology) as a closed subspace of V(E) with

the following identification : L](E)-a f ~ P € V(E) : uf(A) =f' fdP (A€ A)
A
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Note that with the above identification, LI(E) becomes a
(not necessarily closed) subspace of S(E) . Finally, as in the Banach

space case (see, e.g. |4]) , the following property remains true.

Property 1.2 . Let ' € S(E) , w€V(E) , U€U(E) and

f e L](Q,B,P,E) for some sub o-field B C A . Then
(1) S0 < vy

(2) qUGJ') < SU(u') <4 qU(u') s

df

where qg(u) sup {pU(p(A)) : A€ A} and qU(u) = qé(u) s

d df

o
s

(3) ay () ¥ qylup <5,(H s (u) < & qfup) -

§ 2. ABSOLUTELY SUMMING OPERATORS AND MEASURES AMARTS.

Let E and F be Fréchet spaces, ﬁé(E) (or l;{E}, resp.)
the space of all summable (or absolutely summable, resp.) sequences (xn)
in E . Thus the e-topology for Qé(E) and the II-topology for
zé{E} are defined as in [16] . A linear continuous operator T : E > F ,
write T € L(E,F) , 1is sait to be absolutely summing if it maps Z;(E)

. 1
into zN{F}

Theorem 2.1 . Let E,F be Fréchet spacesand T € L(E,F) . Then_ the

following conditions are equivalent

) T 1is absolutely summing.
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(2)  For every probability space (2,A,P) , the operator T° : S(E)~V(E)

defined by

(T°w)(8) = T(u(a)) (L€ SE) , AcA ,

is linear continuous.

(3) For every probability space (Q,A,P) , the operator T1 : (LI(E) ,

S-topology) - (L,(F) , V-topology) , defined by
(T'f@) = T(EW) § FeL (B ,uen) ,

is linear continuous.

(4) For only special probability space (N,p(N),y) , where N 1is the
set of all positive integers, P(N) the class of all subsets of N

1 . . .
is linear continuous.

and +y({n}) = 2" (neN , T
Proof (1 » 2) . Let E , F be Fréchet spaces and T € L(E,F) an
absolutely summing operator. We shall show that for each C € U(F)

there are some U & U(E) and R(C,U) > 0 such that for all finite

sequences <xj>lj<=] Cc E, we have

k
z

oK

pC(ij) < B(C,U)sup{.

|<x.,e>| | e € U°} . (2.1)
| j ]

j 1

Indeed, first of all applying ([ 16], 2.1.3) to T , we infer that

1 1.
e e : L (E 1F; iven
the operator TN N E) » QN‘ ; » glven by

PR - - ol
TN(\Xn/) \Txn> (. Xn> € QN(E)) ,

’
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is linear continuous. Therefore, by Theorem 1! in ([19], I.6) for

each C ¢ U(F) there is some U € U(E) and B8(C,U) > 0 such that
I
H < < <x > < [S
A{C(\Txn>) B(C,U)EU( X ) ( xn> ZN(E))
Equivalently,

L p(Tx ) <8(C,U)sup{z |<xn,e > [e et} (<x >e€ !l.;](E))
N N

Further, since for every finite sequence <x, >.k CE , the sequence

j 7=l
<< Xj >l.( 0,0,... >€ r(,:l(E) , then the last inequality implies (2.1) .

J=l) ’

€ n(n) . Applying

Now let y € S(E) , C € U(F) and <Aj>lj(_]

(2.1) to the finite sequence < u(AJ.)>1j(=l CE , we get

k k
b pC((T°u)(A.)) < 8(C,U)sup{ ¢ |<u(A.),e>l | e €U°}
j=| J j=] J
< B(C,U)sup{| <m,e > (Q) | e € U°}
= B(C,U)SU(u) .
Hence,
k k
V(Th)=sup { 2 p.((TUXA.,)) | <A.>. . € ()}
C j=1 C 3 7 i=1
< B(C, 1S, () - (2.2)
Finally, again applying Theorem | in ([19], I.6) to the operator

T® : S(E) > V(F) , it is clear that T° € L(S(E),V(F)) . This proves

(2) , taking into account that the linearity of T° 1is naturally satisfied.
y Y
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(4 > 1) . Suppose that T fails to be absolutely summing. Then by
definition, there is some <1xn:> € 2$(E) such that <1Txn>> ¢ 2${F} s

i.e. there is some € € U(F) such that

I pa(Tx ) =
N C n
For convinience, we can always suppose that pcﬂkn) #0 (n € N) . Now,
choose a strictly increasing subsequence <:nk3> of N such that
Mt
z pe(Tx.) >k (k € N)
f= J
J—nk+l

and define fk : N> E (k € N) , by

s

£, = z 23
j=nk+]

L1, € N) ,
%55} (k )

where lA is the characteristic function of A € A .

It is clear that by ([16], 1.3.6) the sequence <:fk>’ in L](E)

is S-convergent to O . On the other hand, as
| T+l
[ p(T )dy = I Po(Tx.) >k (k €N) ,
N j=n +1 J

1

the sequence <T f > in LI(F) fails to be V-convergent. It

k
contradicts (4) . Finally since the implications (2 - 3 > 4) are
trivial, the proof of the theorem is completed.{Now. by Theorem 4.2.5
in [ 1lb], the Fréchet space E 1is nuclear if and only if the identifi-

cation operator is absolutely summing so that the following corollary

1s an easv ronsequence of the above theorem.
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Corollary 2.2 . For a Fréchet space E , the following conditions

are equivalent

(1 E 1s nuclear.

(2) On V(E) , the S-topology is equivalent to the V-topology.

(3) On L](E) , the S-topology (the Pettis topology) 1is equivalent

to the V-topology (the Bochner topology).

Remark . (1) Theorem 2.1 was first partly proved by Ghoussoub in

[ 14] for Banach spaces and later completed by Bru-Heinich in [4] ,

using directly Proposition 2.2.1 imn [16] which can be applied to

only normed spaces.

(2) Egghe [12] has applied however Proposition 4.].5 iE, 116] to

obtain the equivalence (14 3) ip the corollary.

In order to give some probability characterizations of abso-
lutely summing operators in Fréchet spaces we give now some additional

notations and definitions. Indeed, hereafter we shall fix an increasing

sequence <:An> os subo-fields of A such that A = og(U An) . Let
N
S(<A >,E) = {<u > | vn u_ €S"(E) = s(2,A ,P,E)
n n n n

L

V(<A >E) = {<u >| ¥n u_ € V(E) = V(Q,A ,P.E)
n n n n

L (<A >,E) = {<f >| yn f € L"(E) = L, (R,A ,P,E)
n n n 1 1 n

and T the set of all bounded stopping times. Given Te T,

<pu > € SCIA>E) and <f > € L. (<A >,E) we define
n n n } n
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>
il

{AEAIA“{I=n}€An V on} ,

H : = N {
bt A > E u (8) E n (AN {x

nl) (A €A

fT : Q> E : fT(w) fn(w) (w € {t =n}, n€N)

It is known (cf. [15]) that <AT ; TE€ T> 1is increasing family

of subf-fields of A u_ € s'(E) = S(2,A ,P,E) and

£ € LIT(E) L, (2,A ,P,E) . Moreover, if <y > € V(<An>,E) then

.
b € V (E) V(Q,AT,P,E) .

Definition 2.1 . Call <un> € S(<An>,EI) to be a martingale if

. = = Zn €N .
“mon  Fm | A "o (m = n )

Note that if <un> € S(<An>,E) is a martingale then
= = =21€T) .
Mo T Vg | AT . (o021 ) Hence uT(Q) does not depend upon

the choice of T € T . Thus <un> € S(<An>,E) is said to be an

amart if the met <u (®),t € T> is convergent in E .

We note that as for the amarts in Banach spaces (see, [5] ,

[10], (18], [4]) , the following basis lemma is obtained.

Lemma 2.3 . Let <un> € S(<An>,E) . Then the following condi-

tions are equivalent :

() <un> is an amart.

(2) b has a Ries z decomposition : ;; =aqa + g (n € N) ,
n n n n

where <an> € S(<An>,E) is a martingale and <Bn> is a potential,
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lim S'(g ) =0 (Ue€ UE)) ,
w U7
1€ T

where S'(.) is defined as SU with respect to the probability space

(Q,A ,P)
T

(3) There is a finitely additive measure y : U An > E such that
N

n
PelA T . © S (E) (n€ N) and

lim S'(u -u ) =0 (U € U(E))
U "t wy T
1€ T

We shall call u_ the limit measure associated with <pn>

Definition 2.2 . Call <un> € V(<An>,E) to be a uniform amart

if the following condition is satisfied

lim sup V

G mu) =0 (UE U(E))
TE€ETo=21 o T

U ’

where V[TJ is defined as VU with respect to (Q,AT,P) .

It is clear that by Lemma 2.3 and Property 1.2, every

uniform amart is an amart. Moreover, as for the uniform amarts in

Banach spaces (cf. [2], [4]) we get the following.

Lemma 2.4 . Let <pn> S V(<An>.E) . Then the following condi-

tions are equivalent

(1) <un> is a uniform amart.

(2) aun> has a Riesz decomposition : uyo= an+ B (n & N) , where
n —

<a > is a martingale in V(<A >,E) and <8 > a uniform
n - n - n _—

potential, i.e.
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lim VE(BT) =0 (U € U(E)) .
T E€T

(3) There is a finitely additive measure n_ : U An -+ E  such that
N

each Moo n € Vn(E) and

’

lim vg(u “u_ ) =0 (U € U(E))
T € T T s T

Note that Property 1.l 1is needed in the proofs of Lemmas 2.3 and 2.4
Finally, we say that a sequence <fn> in LI(<An>’E)

has a property (%) 1if so has the sequence <1_|n = ue> associated
n

with <f >
_ n

Theorem 2.5 . Let E,F be Fréchet spaces and T € L(E,F) . Then

the following conditions are equivalent :

(n T is absolutely summing

(2) T° maps amarts in S(<An>,E) into uniform amarts in V(<An>,F) .

(3) For each S-bounded amart <fn> 1_r1 Ll(<An>’E) and C € U(F) ,

the sequence <pc(Tlfn)> is a uniform amart of nonnegative real-

valued functions.

.

(4) Tl maps every V-convergent amart <fn> in Ll(<An> ,E)

into a sequence <T1fn> of class (B) , 1i.e.

sup f pC(gT)dP < (C = Uu(F)) ,
t€T @
where 8, df T'fn (n € N)

Proof. Let E,F be Fréchet space and T ¢ L(E,F) . Suppose first
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(an) is a martingale in S(<iAn3>,E) . It is clear that <iT°anI>
is also a martingale in S(<1An3>,F) . Now if T 1is absolutely
summing and (Bn) is a potential in S(<:An>>,E) , by (2.2) in
the proof of Theorem 2.1 it follows that the sequence <1T°8ni> is
a uniform potential in V(<An>,F) and <T°an> € V(<An>,F) ,
noting that if A T°8n (n € N) then v.= T°BT (1t € T) . There-
fore, by Lemmas 2.3 and 2.4 we get (1 - 2)
(1 - 3) . To prove (!l - 3) , we suppose first that <iyn>> is a
uniform amart in V(<:An>’,F) » Yy, the limit measure associated with
< yn>> and C € U(F) . Then by Lemma 2.4 , it follows that

lim Vo(y =y, ) =0 .

teT ?
This with properties of seminorms in V'(E) implies

lim [Vi(v) = Voly, )| =0 (2.3)

TE€T N a

Further, if <v,> is V-bounded, it is easily checked that

. T _ oyl -
t lim VC(Yoo, ) = VC(YOO) < s

T€eT N
where . =UA |
n
N
z k k
Volvy) =sup { T po(v (A))|<a,>._ €1(7,0)}
j=1 ] J ]
and [{#,) 1is the set of all finite “-~mecasurable partitions of § .

Consequently, by (2.3) we get

. T 2 \
Him V(v ) - Ve ly, )
re T ’ ’

. T 1
< lim {!VC(Y1) - Vely,

{ 2 , .
> ,T) * Vely, ) =Valy ) =0 (2.4
e T s
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Now we suppose that T 1is absolutely summing, <fn> a S-bounded
amart in Ll(<An> ,E) ,< un> the measure amart associated with <fn>
and u_ the limit measure associated with <un> . IT is clear that

if we define

y =T°% (n€N),
n n

then by (1 - 2) , <Yn> is a uniform amart in V(<An> ,F) and
by (2.2) 1in the proof of Theorem 2.1 , <Yn> is V-bounded.
Therefore, for any but fixed C € U(F) , the uniform amart <yn>

must satisfy (2.4) . Moreover, if we define
1
= e
g, = Pc(T'f) (@EN,
then
/ g, dP = Vé(yr) (temn .
9

This with (2.4) proves that the sequence <pc('1‘lfn)> is a uniform
amart (of nonnegative real-valued functions), taking into account that

in (2.4) , V(E;(Ym) is a finite number. It completes the proof of (1 -~3).

(2+4) Suppose that <fn> is a V-convergent amart in L](<An>,E) .
Then given C € U(F) , the sequence <pC(T1fn)> must be V-bounded.
Thus as in the proof of (1 - 3) , the V-boundedness of <pC(TIf1)>
L
with (2) shows that <pC(T1fn)> must be a uniform amart. Therefore
the V-boundedness of <pC(Tlfn)> is equivalent to
1
sup [ po(T £ )dP < =,
1T Q T

i.e. < DC(T]fp) > is of class (B) . This proves (4)
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Because (3 »+ 4) 1is similarly established, it remains to prove (4 » I)
For this purpose, suppose that T 1is not absolutely summing. Returning
to the sequence <:xn>’ in the example, given in the proof of

Theorem 2.1 we take (Q,A,P) = (N,P(N),y) and define
- o] . .
f. = 27x. 1, (j €N) ;
A, = o(fl’f2""’fn) (J EN) ;

min {n € N | P({T = n}) >0} ;

I_:
T =max {n € N | P(f1 = n}) > 0} (t €T
Then
[ T ; T
£ dP = [ 5§ 20 x,1,.,dP= 1 x. .
N T N j= i j=1 ]

Consequently, by Theorem 1.3.6 in [16] , the sequence <ifj>
defined above is a potential (hence an amart). Further, since

/ py(f)dP = py(x)  (JEN, UEUE))
N

the sequence <:fj>’ is V-convergent to O . On the other hand, if

we put

k+1

ot I, if j¢ ink+l,...,nk+]}

for all k- N , then
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/ pC(T'fT )dP >.z pC(ij) =k .

N k J=nk+l
Therefore, the V-convergent (to 0) amart <fj> cannot be of
class (B) which contradicts (4) and completes the proof of the
theorem.

Note that since the sequence <pC(TIfJ.)> is V-convergent
(hence V-bounded) and is not of class (B) , <pC(Tlfn)> cannot
neither be an amart. Further, since a Fréchet space E 1s nuclear if
and only if the identical operator is absolutely summing, the following

corollary is an easy consequence of the theorem.

Corollary 2.6 . For a Fréchet space, E , the following conditions

are equivalent

(1) E 1is nuclear.

(2) Every amart in S(<An>,E) is uniform.

(3) For every S-bounded amart <fn> in Ll(<An> ,E)

and U € U(E) , the sequence <pU(fn)> is a uniform amart in
Ll(<An>,]R) .

(4) For every V-convergent amart <fn> in Ll(<An> ,E)

and U € U(E) , the sequence <pU(fn)> is an amart in L](<An>,]R) .

Remark. Since every Ll—bounded real-valued uniform amart must be
of class (B) , Theorem 2 in |13] 1is hence easily established from

Corollary 2.6 . Note that for the proof of Theorem 2 in | 13] ,

Egghe has needed the Radon-Nikodym property of nuclear Fréchet spaces.

So that his proof cannot be applied to Theorem 2.5
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§ 3. CONVERGENCE AND BOUNDEDNESS OF AMARTS.

In this section, we shall apply the results in Section 2 to
convergence and boundedness problems of amarts in Fréchet spaces. We

begin with

Theorem 3.1 . Let E,F be Fréchet spaces and T € L(E,F) . Then

the following properties are equivalent

(1) T 1is absolutely summing.

(2) T maps potentials in L](<An>,E) into F-valued

sequences, strongly convergent to 0 , almost everywhere (a.e.) .

(3) T maps potentials in Ll(<An>’E) into F-valued

sequences, weakly convergent, to 0 , a.e.

(4) T maps V-convergent potentials in L](<An>,E) into

F-valued sequences, strongly bounded, a.e.

Proof. (1 » 2) Suppose that T € L(E,F) 1is absolutely summing.
By Theorem 2.5 T maps potentials in Ll(<An>’E) into uniform
potentials in LI(<An>,F) . Thus to prove (2) it is sufficient
to show that every uniform potential <gn> in S(<An>,F) is
strongly convergent, a.e. Indeed, <gn> is a uniform potential,
by definition we get

lim | o8 )dP = 0 (C € U(F))

1 =T Q N
Hence, also by definition, the sequence <pc(gn)> 1s a uniform

potential of real-valued functions. Hence it must be convergent to 0
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a.e. (cf. [2], [4]) . We note that since U(F) 1is countable, -<gn3>
must converge itself strongly a.e. to O . This proves (2) . Here,
it is worth to note that in [13], Egghe has hardly proved that

every uniform potential in nuclear Fréchet spaces converges strongly,

a.e. to 0 . But as we have just shown, this fact is clear even for

uniform potentials in general Fréchet spaces F .

Returning to the proof of the theorem we see that the
implications (2 - 3 > 4) are easy. Thus we have to prove only
(4 - 1) Suppose that T fails to be absolutely summing. And let
‘<xn3> and C be as in the example given in the proof of Theorem 2.1 .
By (Q,A,P) we mean the Lebesgue probability space on [0,]1) . Since

fl pC(Txn) = ®

<..

and-—{Q-A P} —has-—neo—atoms, we can choose a subsequence n < n2<:...<nk

of N such that

n

k+1
o = jﬁn . po(Tx)) >k (k € N) .
k
Ter1
Next, for each k € N, find <:Ak,j:>j=nk+1 € n(B[O’l),lo,x)) with
T s = P ) = a;l Pe(Tx;) (el <5 <y )

and define



- 66 -

Finally, given k,j] € N we put

-

1 if j € {nk+l,nk+2,...,nk+]}

0 for otherwise

and for each 1 € T, we define

8 . = P(A N{r =13 ;

K, L
k() = max (k €N | 1>mn+1} ;
k(1) = min {k € N | ?snkﬂ}

Therefore, with the above notations, one get

1 1
[ £ dp = [
(O 0

™M A

T k(1)
T f. 6 b By, j

1, ., dP= g . .
j J {T"J} k=k(_‘[-) J=£ k,j k,J

-1 .
< o
kyj ak’j Bky.] l (k’J N N) and (l ” )
implies (k(1) » ®») . Consequently, by Theorem 1.3.6 in [16] ,
1
the summability of <Xn> implies that the net <{)f_[ dP>T cT

But note that 0 < §

converges to 0 . It means that

(a) <fj> is a potential in L](<An>,E)

Next, since

(b) <f.> 1is V-convergent to 0

Finallv, for each w ~ ]0,1) , k* N, one can choose some jk such

i



- 67 -

that nk+] < jk < Ny This yields

-

1 -1
Tf. (w)) = a . Tx. = a .
PC( by )) k.3, Pc( xJk) K

Therefore,
sup pC(Tfj(w)) = (weE€]0,1)) .
N
Consequently, the sequence <:fj>> with the properties (a—b—c)
contradicts (4) which completes the proof of (4 » 1) and the theorem.
Now suppose that E is nuclear and <:fn:’ a S-bounded
amart in Ll(<:An:>’E) . Then by [6] , E has the Radon-Nikodym
property, <1L1(E),V—topology>> is a Fréchet space and by Corollary 2.6
<1fn>> is a V-bounded uniform amart. Hence, ‘<fn3> has a more precise
Riesz decomposition : fn = gn+hn (n € N) , where <gn> is a
V-bounded martingale in Ll(<An>’E) and <hn> a uniform potential.
Thus the proof of Theorem 3.1 shows that <hn> converges strongly
a.e. to 0 . Further, since every nuclear Fréchet space is a projective
limit of a sequence of Hilbert spaces, the martingale limit theorem in
Hilbert spaces shows that <:gn> must converge strongly a.e. There-

fore, the following corollary is an easy consequence of the theorem.

Corollary 3.2 . For a Fréchet space, the following properties are

equivalent :

(1) E is nuclear.

(2)  Every S-bounded amart in L‘(<'An3>,E) is convergent strongly, a.e.
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(3) Every S-bounded amart in L](<An>,E) is convergent weakly, a.e.

(4) Every V-convergent potential in Ll(<An> ,E) is strongly

bounded, a.e.

Remark. The equivalence (l«32) was first proved by Bellow |[1] for
Banach spaces. This result has been recently extended to Fréchet spaces
by Egghe in [13] . Also (l¢=3) has been proved by Edgar-Sucheston
in [11] for Banach spaces.
We say that a sequence <fn> in LI(<An>’E) is
S-uniformly integrable, 1if <fn> is  S-bounded and for every U € U(F) ,

lim sup {f§<fn,e>|dpleeu°,nem=o
P(A) » 0 A

It is clear that if E 1is a nuclear Fréchet space then every S-uniformly
integrable sequence <fn> in Ll(<An>’E) is V-uniformly integrable,
i.e. for each U € U(E) , the sequence <pU(fn)> is uniformly
integrable. Conversely, if E fails to be nuclear then as in the

proof of Theorem 2.1 , one can construct a potential <fk> in
L1(<An>,E) such that <fk> fails to be V-bounded. Therefore, the

following corollary can be deduced easily from Corollary 3.2 .

Corollary 3.3 . For a Fréchet space E , the following conditions

are equivalent :

(1) E is nuclear.

(2) Every S-uniformly integrable amart in L](<An>,E) is V-convergent.

(3) Every potential in Ll(<An>,E) is V-bounded.
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Remark. The equivalence (l¢>2) was first proved by Egghe in [12] ,
where he gave a very complecated example in order to prove (2 - 1)

The implication (3> 1) in the corollary seems to be new even for

Banach spaces.
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