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GENERALIZED CANONICAL STATES

Marc PIRLOT

1. INTRODUCTION

In recent years, much attention has been devoted to the
study of canonical Gibbs states or more general “conditional
Gibbs states". One can distinguish several conceptions of ca-
nonical states : among them, the one developed by Lanford [9],
Martin-L6f [10] and another one, by Georgii [6], Thompson [14],
Aizenman, Goldstein, Lebowitz [1], Presten [12] and others.
The difference of point of view is essentially the following
the first group of authors considers only one energy level on
each finite box, while the second one does not initially single
out any energy level but deals with all of them. Here we adopt
the second point of view.

We introduce a generalization of the canonical specifica-
tions studied by Georgii [6] in a way that integrates also the
more geﬁera] concept considered by Thompson [14]. The set of all
energy levels on a finite box is viewed as a partition of the
set of all possible configurations on the box without reference
to any "conditioning" potential.

In this general setting we prove a conditional variational
principle to be satisfied by every translation invariant cano-
nical state (§ 4) : those canonical states maximize a thermody-
namic quantity which may be interpreted as the free energy of
an "energy level". A formulation interm of information gain is
also given (§ 5).
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In § 7, we study the notion of irreductible family of potentials
introduced by Thompson and show it is in some sense the biggest family
that determines a given system of partitions.

In the sequel, we consider only systems of partitions defined by
a family of potentials as used by fhompson, but the "main" potential
is allowed to have infinite range unlike in Thompson's thesis where
all potentials have finite range. By means of the variational principle,
we generalize and prove in a much simpler way a tﬁeoreﬁ due to Thompson
that says all locally positive canonical states are Gibbs states for

some specified potential. This implies a kind of converse of the varia-
tional principle (§ 6).



2. NOTATIONS AND DEFINITIONS

a) Space_of_configurations

We consider the lattice gas with configurations space

v
Q= {0, l}Z . The o-algebra on £ is the product of the dis-

crete o-algebras on {0, 1}. For any subset A of Z°,

Q (A) {0, 1}A“; F(A) is the product o-algebra on £ (A).

%&_is the o-algebra of measurable sets of configurations that

depend only on coordinates in A.

A greek letter like w or 7 will generally denote a confi-
guration. The restriction of a configuration to a subset A of
2V is denoted by Wis Mps oo In the sequel A denotes a finite
subset of Z” and A® = Z\A

- e wa G e an - -

We are given a potential ¢, i.e. a real valued function
defined on the configuratfbns of the finite subsets of zV.
¢ belongs to the Banach space B of translation invariant po-
tentials that are null on the non identically 1 configurations
and that are normed in the sense

loll = = lo (X)] <ee
X finite

oexcz¥

The energy potential V¥ associated to ¢ is
v
VP (@) = 2 9 (wy)

A XCA X

(the superscript ¢ will be dropped when no confusion is possible.)

The interaction energy W’ associated to ¢ is defined by

v .

W (wy |wy ) = Z ¢ ((w, w, )y) with A, N A, = ¢

AN, CA, Un, Ay “A,0 X 1 2
XNA,#$ £XNA,



and

\4 14 ¥
U" (w, Jw, ) = V7 (0, ) + W (w, |w, )
M A A4

Remark : due to the fact that ¥ is normed, one is allowed

to consider

N‘p(ku|w Y o= z 0 ((wy @ )y)
ATTAC X finite, A TACTK
XOAFHEXOA
W (wylw ) = = v ((w, @ 1))
AUACT X Finite A pcX
XA

Let us first define the local Gibbs state with external

condition 7 c
A

9
exp [- U (wAInAC)]

(s n ) =
AR e )
with Z3 (1 o) = 2 ooexp[- VT (50n )]

ATt ,ER(A%)

A probability mu on (£2,F) is said a Gibbs state associated
to potential ¢ if for any finite A and any wy of 2 (A)

E, [1{wA} | F\ (n) = vp (@4 nAC) g a.s. in 7.
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3. GENERALIZED CANONICAL FORMALISM

We consider a system m = {7 (A) ; AC Zv, A finitel} of
partitions of the spaces )} (A) and we suppose that the parti-
tions are translation invariant, i.e. for every x in Zv,

T (A) =7 (A+ x).

Let us define a coherent system of partitions : let
' = AUA'" with ANA' = ¢ and & (I', i) be a class of partition
m (') ; m is said coherent if for any finite I' and i, & (T, 1)
is a reunion of cartesian products of the type £ (A,j) x & (A',j")
with £ (A, j) (resp. Q(A', j')) a class of partition m(A)
(resp. w(A')).

Consider a non necessarily coherent system of partitions =.
It is easy to associate to m a coherent syStem ;. Denote
of (A, IA), the class of 7 (A) containing configuration ¢, ;
it is defined as the class of all configurations w, of £ (A)
such that for any finite A' in Z°, containing A, and for any
configuration TANA of 2 (A'\A), & (A", “’A"A'\A) = Q (A, fA"A'\A)'

N . .
Remark # = 7w if ®# is coherent.

The canonical o-algebra ?A (m) is the o-algebra generated

by the sets of the form :
2 (A, i) x A with @ (A, i) € 7 (A) and A € F(A®)

(when no confusion is possible; we write‘ﬁA.)



1. For any system m of partitions,gﬁ\(n) D Sic

2. m is coherent if and only if for any finite A, A' with

Ac/\',gA () D 4 (7).

A way of giving a system-of partitions is to define it by
means of a "vector" of potentials : ¥ = (Wl, Vos «ves wn).
We suppose all ¢, belong toB. Let m € R" be a "value" taken

by VW (.) = (Vwi (.)) s we denote & (A, m) the set of configu-
rations w, of £ (A) such that V" (w,) = m. Further :

Q (A, wA) = Q (A, Vw (@y))
is the set_of all configurations of £ (A) that give the same
value to Vw as w, Q (A, wA) is the "energy level" of Wy -
The system of partitions = (¥) is given by :

T (A) = {2 (A, @), w, €8 (A)}

In general such a system is not coherent.

To get a coherent system, take ¥ like above and define

~n
O LI RN CRLS I
Y ' v (w |n )9 n )
Q(A,w) = O oo (AUT AT et e
AT )
N

T (A) = {2 (A, @), w, € Q (A)}

N

Q2 (A, w,) is the set of configurations of & (A) that give the

same value to U" as N whatever the external condition n c is.
. A

For the same set ¥ of potentials, we have the relation

N

Q (A, wy) (A, ©,).
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1. n = 0. There are no "conditioning potentials" so that
we are in the "grand canonical" formalism.
1 if wy =1 and |[A] =1

2. n=1:9¢ (w) =
1 A 0 otherwise

It is what is usualily called "canonical formalism" ; it has been
studied e.g. by Georgii [6]. In this case, m = T.

3. ¥ = (¥;) and all ¢; are finite range potentials. This
situation was studied by Thompson [ 14].

- s e G e Gw Gm G e G s e G e e e ew e e e e

YA (“’Al'?) = AQ (A, nA) ("’A) 20

with the canonical partition function

= E - U‘p
A (n) ;‘AE\Q(A, ’I)A) exp ( (g‘AInAC))

TA (wAIn) is to be interpreted as the conditional probability
of finding w, in £ (A), knowing that we are on the energy level

of LN and that the external condition is 7

AC

1. 7, (wAl.) is g& measurable
2. v, (.|n) is a probability on £ (A) carried by Q (A, )

3. Relation to the local Gibbs states
Vo (wrs n )
A Ac

")’A (w ,'((«JA nAC)) = VA €Y (A, wA)’ n CY
A
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A probability measure u on (£,%) is a canonical state asso-
ciated to potential v and the system of partititions n, if for
any A and any w, of £ (A)

E, “{wA}|}A] () = 75 (w,ln) p-a.s.

The set of canonical states associated to ¢ and 7 is noted
@-(cp, 7) and when 7 is determined by a family ¥ of potentials,
we write € (¢, ¥,7) or E(o, ¥, %) (% is used when the system
of partitions is defined in the coherent way). As the system
of partitions is not necessarily coherent, {'yA} is not necessa-
rily a specification in the usual sense (see Preston [11]).

The following theorem solves the problen of existence of
canonical states.

¢ is included in Y(¢, 7). More generally, if m is finer than
7', then E(p,7') C E(p, ). In particular, if¥= (¥, ..., ¥)
is a family of potentials, we have :

Theorem 3.1 - The set ’§(¢) of Gibbs states associated to

o) cBle, T, 1) CBlo, T, )

Proof : it is easily derived from the proof of Georgii [6],
(1.10).

Let 6’0 (v, m) denote the set of translation invariant
states in ¥(¢, 7).

an H-sufficient o-algebra in Dynkin's sense ; in particular any
probability in these sets admits a unique integral representa-
tion in term of .extreme points. Moreover, a state in 60 (¢ 7’?)
is extremal if and only if it is ergodic, i.e. if it is 0-1 on
the o-algebra 7J of translation invariant sets of ¥.



A fine proof of this result for &(v, 7) is to be found in
Dynkin [2] for instance. The corresponding result for KL (v, ;3
is easily derived from Dynkin-[2], § 3.5. and from the fact that
the o-algebra J is almost surely contained in oo (%), the inter-
section of all canonical o-algebras ;A>(%)’ for any translation
invariant probability (see Georgii [4]). This fact implies also
the last assertion of the theorem.

4. A CONDITIONAL VARIATIONAL PRINCIPLE FOR CANONICAL STATES

In this section, we drop the superscripts in V¢, ww, u¥

as we consider general systems of partitions ; £ (A, n) is set

for Q (A, nA). In the sequé], "Tim }means'that we take the
A7V

1imit along the "rectangular" boxes. The results would also

hold with Timits in the senseof Van Hove.

system of canonical partitions. For any translation invariant
probability measure u on (2,%) and for any fixed configura-
tion 7,

o(e,) (@)

lim sup ——1[ - = In
arzV 1Al @0, €An) u (8 (A, 1)) v (S (A, n))

pX #(wA) V (w,) - 1In C exp (=V (£ )] <O
w € K,n) (A, 7)) A £ €A, n) pA=¥ A

Moreover, if u belongs to @(¢, m), then the limit of the above
expression actually exists and is zero.

Proof : let Z, ((n),, 0) denote ) exp (= V ($.4)).
—rool A A £ &) A

1. Using Jensen's inequality, we get
s Y (- 10— n) V(@) - 1n Z, ((n),s 0)]
= in 1 - w - in N)As
%6IXAJH u (S (A, 1)) K “Z(A,ﬂ)) A A A

5 [ (wA) EXp-(- v (wA)) K (wA) -1 0
@A) T TR T) mnn Gee oy S

This proves the first assertion of the theorem.
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2. If pu belongs to f(‘P_, ),

K® ("-’A) S TA (wAM) po(dn)

We fix an element £ (A, i) of the partition m (A) and denote by
ZA (i) the corresponding canonical partition function with 0
external condition. As - t In t is a concave function of t,

CCN) K (wA) K (""A) )

wAes'z?A,i)[- AT TR YT R A, Y (‘"A)]“’(‘SA(‘)
d )
> u(n). loya sy (74) z Tp (]onn o) [- In vy (] n )
r (82 (A, 1)) TYAT) VA @, EYA, 1) AAITA T ACTAITA T \c

-V (9) - 1Inz, ()]
Let us work on the terms between brackets in the last expression :
= In v, (“’AI""A nAc) -V (“’A) - 1In ZA (1)

= W (wAlnAc) + In Z RN (wps (@ 0)) exp (- W (wA'n

)
wAa'Z(A,'l) A

= W (wAln C) - LN ((.OA, (wys 0)) W (wAInAC)

z
W EYA, 1)
According to the following lemma, expression (1), divided by |A],
tends to zero as A tends to ZV.

Lemma 4.1 [A] tends to zero, uniformly in w,

and n c when A tends to ZV.

Proof : see Georgii [5], p. 76.

on (2,%),

s (1) - e (1, 0) < Timinf—= T u (R (A, 1)) In (“heiied

v 1Al YA YER(A) NS
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where the specific entropy s (p) = lim -1

Eoom () Ik (@)
A A
AV Al 9 &YA)

and the specific energy e (4, ¢) = 1lim L z u (“k) v U%&)
NZV. IAI wAG'I(A)

(those two 1imits are known to exist :Asee, for instance, Ruelle [13]).
Moreover, if u belongs to € (¢, 7),

lim — z g (2 (A, i)) In—2E(A )
arzY Al (A T)Er(A) Bo(2 (A, 1))

=s (#) - e (&, v)

Remark : - Z ¢ (& (A, i)) Inp (2 (A, i)) is the entropy

of the partition' w(A).

Proof : just take the mean w.r.t. p of the expression in
theorem 4.1.

5. INFORMATION GAIN

Let XA and u# be two probability measures on (2,%) and 7 a
configuration. .The local information gain of X on u, s (A, n;
A, u) is

A A
s (A, n3 A, p) = - —— 5 (wA) (wA) M (COA) -1

IAI wAGKA,n) )\(Sl(Asn))]n Ir)\('Q(AJ?)) ) (Il(gz(l\,ﬂ—)—)) )

bility measures on (£, A) and # belongs to ¥(¢, 7). If A is
large enough, the absolute value of the difference between
s (A, m 3 A, ) and

1 A (wA) A (wA)
) WwAefAn) SETEA)Y L xErEayy * Y (@n) + 0 2y (@), 0]

is less than e.

Corollary 5.1 A verifies the conditional variational prin-

- o oam ma e e - - -

ciple if and only if 1im s (A, m 3 A, p) =0
Ar7Y
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Proof of proposition 5.1 : as u belongs to §(v, m),

. M) K
&) NAA)) " W AN))
) NMw,) u(d§)

) wAean,n) ey M aEEay tam) ©a) Ta (@l ;AC)

5 k(ah)
) w&YAn) NEEAT)) [- V(@) = 10 Z, ((n)y, 0)
n(d ¢)
+ lnf-(-m & lﬂ(l\,n) (£ )
exp (- W (qd; )
[~ AST .
Ty Ve ]

When A is sufficiently large, the argument of the second loga-
rithm in the last expression lies between exp (- € |A|) and

exp (+ € |A|) (by lemma 4.1) ; so, the logarithm divided by "|A|
tends to zero when A tends to Z° and the proposition is proved.

6. INVARIANT LOCALLY POSITIVE CANONICAL STATES

In view of the usual variational principle for translation
invariant Gibbs states (see Lanford, Ruelle [8] and F611mer [3]),
it is natural to try to characterize the translation invariant
canonical states by means of a variational principle, i.e. to
prove some kind of converse of theorem 4.1.

We are not able to do it in general. So, we restrict our-
selves to the case where the partitions T are determined by a
vector of finite range potentials ¥. MWe prove that ergodic lo-
cally positive states satisfying the variational equality are
in fact Gibbs states for some potential ¢ + v . ¥ (v € R") and
consequently, aré canonical states of ©(¢, ¥, %)-
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Let us first recall two wellknown results.

exists u-almost surely in w, is I -measurable and its expectation
value is e (#, ¢). Moreover, if p-is ergodic, the 1imit is u-
almost surely equal to e (#, ¢).

Proof : see Georgii [5], Satz (7.7).

lim -J;-]n z exp (- Ad (wp))
arzv Al W EQ(A)

exists and defines the "pressure" P (¢). P (¢) is a strictly
convex function on ®. If ¢ and 6 belong to@®,

P (o -0) <llp - 0l
Proof : see Ruelle [13] and Griffiths, Ruelle [7].

Before stating two useful other results due to Thompson,
let us define the notion of irreducible potentials. In § 7,
we shall try to clarify this concept'introduced by Thompson a
bit mysteriously. After analysis, an irreducible vector poten-
tial appears, in some sense, as the "biggest" determining a
given system of partitions.

Consider a vector ¥ = (¥;, ..., ¥ ) of independent finite
range potentials ; let 0 = (01, cees Gk) be a vector of cluster
potentials such that there is a linear surjective mapping
T : RK > R" with T@ = V. 7 is irreducible if there is no in-
teger 1 : n < 1 < k such that T = TlTZ with T1 Ri
T, : Rk - R], two linear méppings sucht that T, is surjective

—)Rn’
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andqis not injective on R1 but is injective on the set 9 (Zk).

Proposition_6.3 - Suppose the system of partitions = (¥) is
determined by an irreducible vector ¥ = (¥;, ..., ¥ ) of finite
range, linearly independent potentials. Let Ak be a sequence of
boxes tending to z¥ in the sense of Van Hove ; suppose 1 is a

configuration such that
v ()
1im k
k—o0 lxkl

exists ; denote this limit p and assume there exists v in R
such that

min [P (¢ + W . V) +w . pl
weRr"

P(o+Vv.V¥)+V:p

(with V . ¥ the euclidean scalar product in R"). If ¢ has finite
range :

. 1 )

1im InZ), ((m), ) =

ko [A, | A LA

1 n z% , =P V.9 +V. 5 (2
klﬂ lAkl n Ay ((n)Ak Sk) (¢ + v . Y) +v ) (2)

uniformly in the finite configuration §k of Aﬁ

ith z% = p> [- V¥
nieh Za, L) wp ERUA, 1) P Con ]
k
and 2% ((n), »§,) = = exp [- V¥ (@, , 5 ,)]
K K k wAkeﬂ(Ak,nAk,Sk) K k
Q (A, n, ) = {w, €EQ( )'U;'p(w )=U$( §.)}
k> A Sk A S P A Sk
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second one for Sk = 0 ; moreover,

2 (B np 0 5y) = Ly EQ(A) O AL v UNERY

pose ¢ has finite range. If a translation invariant probability
k is locally positive, i.e. gives a positive measure to any
cylinder set, then there exists v € R" such that :

P (o + v.¥) + v.e (1, ¥) = min [P (¢ + W.¥) + w.e (1, ¥)]
weRr"

Proof : see Thompson [14], theorem 2.2 and lemmas 3.7 (p. 69)
and 2.4.

Proposition 6.3 can be extended to deal with the coherent
N — -—
system of partitions = (V) associated to a family of potentials ¥.

with = (¥) replaced by T (¥) as only change, then

N
Tim———1n 2% ((1),) =P (v + V.9) + V.7
koo |A, | K k
i v
with z‘f{k ((n)Ak) = z exp [~V (wAk)l

cuAke?i(Ak sn)

Proof : let L be the maximum range of the potentials ‘bi 3
denote by A, the subset of points of A such that their distance
to AE is strictly greater than L ; according to Thompson's defi-
nition of Van Hove's convergence ([14], p. 9), Al'( tends to zV.

v
As Zxk ((n)'Ak) is less than Z‘f\k ((TI)Ak), proposition 6.3 yields :

Tim sup

AV

‘p —_— — — —
In 2% ((n), ) <SP (¢ +Vv.¥) + Vvup
SV "
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On the other hand, if we denote £ (Ak, nA ) the set {w,- CSXAk):

M

vW(w ’"b(A))"Vw("Ak)} and @ (A)-A \ A

Y \
yAA ((n)A) 2 > exp [- v¥ (wr=s N~ )]
Ay A I-(G-Q(Ak, ") A TR (A)

= exp [- V¥ (5 (A))] % - (s (Mg(a))
As | V¥ (n@—(Ak))l < |8 (A)] llell,by proposition 6.3 :
Y .
Tim inf 1n 2% ((n), ) > P (¢ + V.9) + V.5
k k k .

and proposition 6.5 follows.

a) v belongs to ® ;

b) the system of partitions %’(W) is given by an irreducible
vector ¥ = (wl, cees wn) of finite range, independent potentials ;

c) # is ergodic, locally positive and for almost all confi-
guration n

v
. AN
s (k) - e (B, ¢) = lim — 1n—1\—&-(—(—n-)—19—u (d n)

arz® 1Al k(A1)

Then p is a Gibbs state associated to potential ¢ + Vv.¥ and,
consequently, u belongs to ®B(v, ¥, 7).

Remark : if partition T (¥) is determined by a reducible

vector of potentials, we'll see in § 7 there exists an irredu-
cible vector determining the same partition.

Proof :

1. Let us first suppose ¢ has finite range. As ¢ is ergo-

di v () p) converges u- t (k, ¥) and W )y
ic, rges u-a.s. to.e (M, nd —AT—
(1, wll 4

to e {proposition 6.1).
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Y
2. For p-almost all n, 1lim S P Zx ((m)p) = P (¢ + Vv.9)

AY
A7Z + v.e (u, V)

~N
with v as in proposition 6.4. The functions —l—-1n ZK ((n)A)
A

are uniformly bounded, equi-integrable and therefore, converge
also in Ll-norm to P (¢ + V.¥) + v.e (1, V).

3. So we have :

o
"

Y
S (H) - e (ks 9) = i —Il—l-f n 2§ ((m)p) & (dm) +

+ h%-l-A—lzu (n (A, i)) Inu (Q(A, i))
1

s (1) -e (u,0) -P (p+ V.Y - Ve (u, V) +
~N n
Flim T (R (A, 1)) Inu (2 (A, 1))
gV 1AL

<s () -e (M, +V.¥) =P (p+Vv.y) <0

The last inequality follows from the classical variational prin-
ciple for Gibbs states. Froms (u) - e (u,9+ V.¥) - P (¢ + V.¥) = 0,
we conclude that u belongs-to Y (¢ + v.¥) and as readily seen
to ‘C(w, v, %). By the way, observe that : ’
N [4V]
Jin Loz u @A, 1)) Tne (2 (A, 1))
| Al

4. If ¢ has infinite range, consider an increasing sequence
of boxes Ak tending to Z¥ and define a sequence of potentials P
with Tim Hwk -l =0 :

k—)oo
w (w ) if there is a translate of A included
) in Ak
‘pk( )"
0 otherwise
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Let f, (W) =P (¢, + wW.y) + w.e (u, ¥) ; proposition 6.2 and
the fact that |e (k, ¢, ) - e (k, ¢)| <lp, - ol yield :

1im\fk (W) = f (W) : =P (¢ + W.Y) + w.e (e, ¥)
k
As » is locally positive, proposition 6.4 applies ; let Vk be
such that
fy (Vk) = min f, (w)
wer"

5. To prove that v, tends to V and f (v,) to f (V) as k
tends to infinity, observe that the equicontinuous sequence fk
converges uniformly to f on all compact sets of R". Then use
some topological or geometrical arguments.

6. Reasoning as in Ruelle [13], for the ‘pressure, we have
for any A, n, k :
1

Al

1
I

AV
n 22 ()] <lle, - ol
™ SV

2k
In ZA ((n)A) =
7. Using successively 5, proposition 6.5, 2, 6, 3, we get :

~y .

% ((
P (‘P + V-W) + V‘e (”9'?) = 1im -—l——f[.,l (d n) In (._____.__...A n)A))
Az 1Al u(KAn))

So, we may conclude as in 3.

As a by-product, we have :

- - - . o - - - -

N
specific entropy of the canonical partition w(¢¥) is equal to
zero :

1 AV) [aV]
lim —— T u (2 (A, 1)) Tnu (2 (A, 1)) = 0
AV
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invariant canonical states associated to a potential ¢, with
partition %XE) determined by an irreducible vector ¥ of finite
range independent potentials. - The subset of translation inva-
riant locally positive probabilities in go (s ¥, ;) is exactly
the convex set U %&(w + V.¥).

ver"

7. REDUCIBLE POTENTIALS

a) In this chapter we study completely the concepts of re-
ducible and irreducible potentials and relate them to the system
of partitions they induce. Let us first give some notation. ‘
Denote vect (wl, e wn) the real vector space generated by the
potentials wi‘ Consider a finite range potential ¥ as a linear
combination of cluster potentials, i.e. 8 is 'a cluster potential
if there is a finite subset X of Z" such that

l‘if A is a translate of X and w, =1

0 (wA) =
0 otherwise.

C (wl, e wn) denotes the set of cluster potentials wl, ... wn
are made of. In the sequel, we abbreviate "independent finite
range" potentials by i.f.r. potentials ; ZW(W) denotes the set

of values taken by V™.

Just before proposition 6.3, we defined the concept of'ir-
reducible vector ¥ = (wl, cees wn) of 1.f.r. potentia]sﬁ
Thompson [ 14], p. 37, proves this definition independent of the
choice of vector & ; in fact we can take for 6 a vector made of
the cluster potentials arising in wl, . ¥ . A vector ¥ is

n
reducible if not irreducible.

b) Let ¥ = (¥1, .., ¥ ) be a vector of i.f.r. potentials ;
the vector ¥' (wi, ce e wA) of i.f.r. potentials is a strict
reduction of ¥ if there are linear mappings



T

T, ¢ R™ = R

With C(¥], +..s ¥]) = (87, <o, 0,)

and T, is one-to-one on T, z¥, but not on R'. We call V' a
reduction of ¥ if ¥' is a strict reduction of ¥ or if there is
a linear permutation P of R" such that ¥' =P Y.

Remark 1 - If ¥' is a strict reduction of ¥, ¥ is reducible

and 1 > n.

Remark 2 - The relation "is a reduction of" is an order

Remark 3 - If ¥ is reducible, it has an irreducible strict

reduction ¥' = (¥3s +-+s ¥7) with {y5, ..., Y3} included in
vect (C (wl, ce wn)).

c) Thom%son ([14], p. 35) pro%?d that ifi?' is a reduction
of ¥, then V (wx) ({ ) ifF VT (@) = (fy) for-every
finite part X of z¥ and every conf1gurat10nsu> §. This 1is because
T, defines a bijection between T(¥') and 7" (¥). It means that ¥
and ¥' determine the same systems of partitions : in this case
we'll call ¥ and ¥' m-equivalent. We can prove a kind of con-

verse of Thompson's result.

Theorem_7.1 - Let ¥ = (¥, ..., ¥ ), Y'o= (Y, e, &i) be
two m-equivalent vectors of i.f.r. potentials. If 1 >n, ¥ is
reducible ; moreover either ¥' is irreducible and is a reduction
of ¥, either ¥' is reducible and ¥, ¥' admit a common irreducible
strict reduction. If 1 = n, either ¥, ¥' are both irreducible
and there exists a linear permutation P of R" with ¥' = P ¥,
either ¥, ¥' are both reducible and have a common .irreducible

strict reduction.
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Proof :

1. With a view to prove the reducibility of ¥, if 1 > n,
we may suppose {¥;, ..., ¥} C vect (¥js ---» ¥)) ; otherwise,
construct a family {yY, ---,‘¢;} with w? = ¢% for i =1, ..., 1
and the other potentials choosed among {¥;, ..., wn} so that
s .- w } is included in vect (¥, ..., w") and {wi,.. W?
is an 1ndependent family 5 in that case, ¥" = (V15 -ves w")
and ¥ are m-equivalent.

2. Let C (¥5, ..., ¥3) = {0, cs ek} and & a corresponding
vector. A linear mapping T, : R" > R  is defined by T, g =79'.
Then define Ty ¢ R] - Rn, Tinear, such that T, v =9 ; T is not
injective as_1 > n. But T; is injective on the set (V')
because Ty VW (.) = VW (.) and ¥, ¥' are m-equivalent. The set

V(¥') is included in T, Z¥ as (@) is included in zK.

3. From the study of (V') we ;an‘infer that Tl is injec-
tive on T, zk, The set of values taken by ¥' contains a basis
of R (as the set of values of & does) ; Mébius' inversion for-
mula implies that T(J') also contains a basis {vys --es vy } of
R]. As all ¢; are finite range potentials, 1y ) conta1ns the
set K of all 11near combinations with non negative integer coef-
ficients of Vis «oes Vo Suppose there exists v in T, Zk,with
v#0 = T1 v 3 it is always possible to find w in K such that
w + v is again in K ; then T, wk= Ty (w + v) which is impossible.
So, 0 is the only point of T, i in the kernel of T, 3 this im-
plies T1 is one-to-one on T2 A

4. If {¥ys --0s wn} is included in vect (wi, cees ¢i), !
is clearly a reduction of ¥. Suppose ¥'-is irreducible. If
1 =n, vect (wl, ce s wn) = vect (wi, ..;, wi) and ¥ is irredu-
cible ; when 1 > n, the theorem is also proved. If ¥' is redu-
cible, consider an irreducible strict reduction of ¥' (remark
7.b.3) ; it is also an irreducible strict reduction of ¥ (remark
7.b.2).

If {¥;, ... ¥} is not included in vect (¥, ..., ¥)),
consider a vector ¥" as considered in part 1 of this proof j
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¥Y" is a common strict reduc;ion of ¥, ¥' and an irreducible strict
reduction of both can be found.

Remark : point 3 of the proof shows that the condition for
a vector of i.f.r. potentials to be reducible may be weakened
without changing the content of the notion : it is sufficient

to impose T, to be one-to-one on 'pKTZ 7).

Corollary 7.1 - If ¥ = (wl, ...,‘wn) is a vector of i.f.r.
potentials, the set of all irreducible reductions of ¥ is the
set of all basis of some linear subspace of vect (C (wl, cees wn));
the set of all vectors of i.f.r. potentials m-equivalent to ¥

is included in that subspace.

Proof : there is always an irreducible reduction ¥' of ¥ in
vect (C (wl, ce s ¢n)) 3y consider another irreducible reduction
7" of ¥ 3 ¥', ¥" are - equivalent ; by theorem 7.1, they are
reductions of each other and have the same number of components.
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