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ON A NON SYMMETRIC OPERATION FOR

TWO-PARAMETER MARTINGALES

F. UTZET

ABSTRACT: In this paper we define a martingale M*N
such that by symmetrization provides the martingale
MN which takes part in the multi-dimensional Itd

formula for continuous two-parameter martingales.

0. INTRODUCTION

In the compact version of Itd formula (see [3], [8]) for
a continuous two-parameter L4—martingale M , a new martinga-
le M is involved. By polarization, we can define ﬁﬁ , and
this martingale takes part in the multi-dimensional Itd formu-
la (see [8]). In this work, we define a martingale M*N ( M
and N continuous Lp—martingales, p 2 2). Roughly speaking,

M*N is the limit of sums like ) M(Aij)N(Aij) . Then,
i,j

——

= L yx L oy
MN = 5 M*N + > N*M .

We prove a convergence in gp/z for M*N which is very use-
ful to compute M*N and M in several cases. We also compute

the quadratic variation of M*N .

We should point out that the martingale M , written Iy »

for a continuous, strong L4—martingale, was defined by Cairoli-

Walsh [ 2] . The martingale M*N , written JMN , for two



continuous L4-martingales appeared in Guyon-Prum [4], where it

was defined by a double stochastic integral of a corner func-

tion.

1. NOTATIONS AND DEFINITIONS

We consider on.iRi the usual partial ordering (s,t) <(s',t')
if s<s' and tst' ; we will write (s,t)< (s',t') if s<s' and
t<t' . For z,z'eZRi , z<2z"', Jz,z'] will be the set
{; e]Ri : z <g<z'} , and similarly we define [z,z'] . Put

Rz = ]0,z] .

Let (Q,E,P) be a complete probability space and let

{F , Z e]Ri} be an increasing, complete, }ight-continuous

family of sub-o-fields of [F ; we also assume that {E, , zeR?}

satisfies the condition (F4) of Cairoli-Walsh [2]: If we define

= V!o gsv and gwt = u!o Eut , then ESw and th are

conditionally independent given gst .

=Soo

A stochastic process M = {M,  , z € R?} adapted to

{E

for each =z <z' , E[M,,|E,] =M, . We will denote for gg

, Z e]Ri} and integrable is said to be a martingale if

(p 21) the set of all sample continuous Lp-martingales
M={M, , zeR? } (that is, E[Ilep] < o, for all z eR2);
and for gg(zo) the set of all sample continuous martingales
M={M, , ze[0,z ]} with E[leolp] < o .

For a process X = {X; , zeR2} the increment over ]z,z']

(z=(s,t), z'=(s',t")) is X(]z,z']) = X0 = X =~ X ¥ X, -

A process A ={A , zeR2} is said to be increasing
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if it is right-continuous, Az = 0 on the axes, and
A(lz,z']) 20 for all rectangle J]z,z'] . Given a martingale

M, of M2, we will denote by <M> = {<M>Z , z e]Ri} a con-

/

éinuous version of the quadratic variation of M (see [7]).

This process <M> is increasing.

Let 2z=(s,t) be a point of IRi . A grid over [O0,z]

} ’

will be a finite sub-set T = T'! x I'? of [0,z[, T! ={sl,...,sp

_ 2 _ _
0=5)<8,<. .. <5 <5, r2 = {tl"”'tq} ; Ostj<to<...ct <t . For

z'€]0,z] , T, will be the set {z"er : z"<z'} . If

u=(si,tj) is a point of the grid T , then, we will write

- 1
Au = ]si’si+1]x]tj’tj+l] Pby ]si’si+l] x]O,tj] and
2 _ i i = =
Au = ]O,si]x]tj,tj+l] , with the convention sp+1 s and tqﬂft.
The norm of the grid is the number
IT| = __max {|si+l—si| + |tj+1—tj|} .

i=1l,...,p

j=1,...,q9
Let {Fn . o} 21} be a sequence of grids over [O0,z] .
{Pn , n21} is said to be a standard one if Pn+1 is a refi-
nement of T'™ and 1lim |T"| = oO.

n->oo

If M 1is a martingale of gg (p2 2), then there exists

a martingale M of gg/z (see [7]) such that for all z_ and

n

for all standard sequence {I'" , n2 1} of grids over [O,zo],

lim sup E[]| } M(AG)M(A&) _'ﬁzlp/Z] =0 .

n-+w ze[O,zO] uer

N B

The next result about one-parameter martingales will

be needed (cf. lemma 2.1 of Nualart [7]).

LEMMA 1.1 (Nualart): Let M = {M_, teR,} be a square

tl

integrable continuous martingale with respect to an increasing
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family of o-fields {E, ,

tions. Suppose M0 =0 . Fix to and denote by A = {slp”.,sn},

t e]{;} satisfying the usual condi-

0=s <s,<...<s <t, a finite set of points of [O,to] . Consi-

172 0
der another finite set AN > A , whose points can always be

written as 0; , i=1,...,n; k=1,...,ri, in such a way that
i i i . .
=07 <0 <y eo< <s. . = .. ,=S.
;=07 <05<. O, <s;,; £for all i . set |4 _max {Isl+l sll},
i i=l,...,n
where sn+l=t0' Then,
r

‘i . .
lim sup E[sup Y (M(cl ) - M(cl))z] =0,
Al v0 AoA i k=1 K*l k

i

ri+1

where by convention, we put g s

i+l

2. THE MARTINGALE M*N

THEOREM 2,.1: Let M and N be martingales of gg(zo),

p2 2. Then there exists a continuous martingale M*N of

gg/z(zo) such that for every standard sequence of grids

™™, nz21} over [O,ZO] , if we define the martingales S

as
n _ 1 2 <
s, = ) MAN(AE) , zsz
uel
z
then
. . n p/27 _
(1) lim sup E[|SZ - M*NZI ]=0 (2.1)
n*e zel0,z_]
(e}
.. _ . n _ n <
(ii) For any n , the€ martingales Sto— {Ssto'gsg;s=sJ
n _ n < . p/2 . n
and sg = {s] B, ,tst } are in BP/®, and 1im s = m*N_
o . o o /2 n > o (e}
and 1lim S = M*N in the convergence of ﬂp , that is,
n*o Sg 5o -

. _ p/2 _
lim E[sup |S M*N_, | ]=0 (2.2)

n
st
n*>w sgs0 o
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and

lim E[sup |s [ - M*N_ t|p/2] =0 .

< s t
n-»>o t_to o
PROOF

Without loss of generality, we can suppose M and N

are zero on the axes.

The part (i) of the theorem will be proved adapting the
proof of lemma 3.2 of Nualart [7]. The jpart (ii) for p>2 is
an obvious consequence of maximal Doob's idequality; for p=2
it is proved using a modification of that lemma. We detail the

main steps of this proof.
For simplicity, zo=(1,l) ig suppbdsed.

a) Let p>2. We consider’g grid/fncwer [0,1]%2 and we de-
note its points by ui(si,tj), i=l,...,pn; j=l,...,qh ,

0=sl<52§z..<sp <1, O’=t1<t2<...<tq <1 (we put (s

,t =(1,2)).
/ n A ¢! pn+1 qn+l) (1))
By Irf we will indicate a grid over [0,1]2 such that has

/
the same projection on the "t" axes as "' . The points of

1 n 3 1 — 31— ] L PN
T will be denoted by u —(oi,,tj), i —1,...,pn, J;l,...,qn.

Let I, the set {i" P oge [si,si+1[} . We define
—n b ’
sy = I MLONGZ) . oz s(1,1) .
u,ell..n \
z
Then e
- N
Lim sup E[[s] | - 7 [1P/?] = 0. (2.3)
1,1 1,1
n-o lrn

In fact, this convergence would follow the same argument used
in the proof of (3.6) in [7].

n

Similarly, we denote by 2P a grid over [0-,1]2

which contains TI'" and has the same projection on the "s"



- 118 -

axes. The points of 2Fn will be written by u'=(si,Tj.),
1=1,...,pn; J'=1,...,qﬁ, and let Jj be the set
{3 : Ty e['tj,tj+1[} . We deiine
<n = 1 2
s, = ) M(ALINCAZ ) .
,.2.n
u'e“r
By symmetry we obtain
lim sup E[|s® . - s® . |P/2]=-0 . (2.4)
1,1 1,1 :
n-o 2Fn

By the conjunction of (2.3) and (2.4) we obtain (i). By
Cairoli-Doob's inequality, there exists a continuous version
of M*N . The part (ii) is an immediate consequence of the ma-

ximal Doob's inequality.

b) Let p=2. With the same notation as above,

lim sup E[suplgg 1 - Sg 111 =0 (2.5)
n-w an s<1 ! ’

This can be shown as (3.8) of [7].
By symmetry,

lim sup E[supIg“ - s dl =0 (2.6)

n+d\2Fn tgl 1.t 1,

(2.5) and (2.6) imply (i). The continuity of M*N is

proved like [7]. It remains to show (ii) for p=2. We claim

that
lim sup E[suplgn -s? |] =o. (2.7)
n+o 2_n s<1 sl s, 1
r
In fact,
<n n _
BlsuplSg ) - Sl -
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= E[sup | ) ¥ N(A;.)M(](si/\s,tj),(si+1As,Tj.)])l] ,
s£1 n .
=(s.,t.)el =
u ’(sl J) j'ed;
where Ai, = ]O,Si]x]T.,,TJ +l] , and N(Aa,) does not depend

on s. For all i,

% jZerN(Ai.)M(](siAs,tj),(si+1As,rj,ﬂ)

is a martingale in s with respect to {E s<1} . If i # 1,

sl '/
these martingales are orthogonal. Indeed, let {gl,...,gk} .
0=gl<g2< <gk<1, be a partition of [0,1] which is a refi-

nement ©f O=s.<s.<...<s_ <1. Then,
172 P,

(0 Xo308y 1,500 (5,105,075 0 D) = M (838, £9), (55 18, T5,)D)) -

(M(](sl.A€k+l,t ), (s, '+1Agk+l’T] )1 - M (s, Aik,t )7 (85010 D) =

ooty T
two factors is always zero. Then,

if i # i' ,for all tj , T , because one of the

jl

<Z EN(A2 M(X(s; Aot (s e1her GO LIN(AZ M(Xs; PAerts) (s .+1A-,Tj.)])>l=

3
= O .

By Davis inequality,

~n n
E| su S - S <

[l§<§ g N(AZ M (55 a t5), (55 g A, T DDY 2T
For each i, let A, = {s 1,52,...,51 .} be a finite

. 1 i i
[: s.= s]<s <...<s <s,

partition of [si,si+l i 5 i+l°

By Fatou's

inequality,
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< cC E[lz 1lim 2 N Z N(AZ XM(](s 'ty ), (sk+1,1 1) -
i|aglvo g fep, 33

- M(](s t) (sk,r )])]]2l1/2]

cEll] Llim TCINCazomard )22 ) s

|a;1v0 k 5,3
scsup B[] I (] w2 )M(AlJ ))2|1/2 ]
A ik 33
ij  _ ,.i i i L
where Akj' = ]sk,sk+l]><]tj,1j,] , and A= {sk » i=l,...,p,,

k=1,...,ri} is a finite partition of [0,1] which is a refi-
ik ! i=l,...,pn,k=l,.”,ri}

a family of Rademacher functions over [0,1] . By Khintchine

nement of {sl,...,spn+1} . Let {f

and Davis inequalities

elsup 18] ) - 87,10
< C sup E[fé | 1 N2 )M(AlJ VE (€)] at] =
A ik 3,3
= csup o E[] I N2 )M(AlJ e (8)]] at s
A ik 3,3
s csup [SE[] ] N )2M(AlJ 211727 ar <
A ik, 3,3

1/2

< C(E[sup sup z N(A2 )2)esup E[ } sup M(Alj )2]) (2.8)

i j 3 A ijk '

To bound the first factor of (2.8), let {fj,, j' e Jj} be

a family of Rademacher functions over [0,1] . By Khintchine

inequality,

E[sup sup N(Aa,)z] <
i o4 5

< C E[sup @upfé ) N(a2, )f S(t)lat) 2] g
i J ijJ
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1
< C E[sup | § (N(L,7 ., . )-N(1, T.,))E.,(t)]dat)2] <
(Doob) [ j (IO } jtel J J

< C E[sn;p j@ (N(l,Tj,+l)-N(l,Tj.))2] .

By maximal Doob's inequality, we can bound the second factor

of (2.8):
E[ )} sup M(A;q.)z] =
i,j,kj' J
= 7 E[sup MXI 2] s c V7 E[mal)z] = ¢ glm2 ],
ik 3 3 i,k k3 1
i i i
where Akj = ]sk,sk+1]x ]tj'tj+1] .
By (2.5) and (2.8) we have
. n m _
lim E[sup ISs,l - Ss,lI] = 0. (2.9)

n,m > o g<1l

an

In fact, for n,m, let be a grid over [0,1] which has

the same projection on the "t" axes as rn , and on the "s"

m .
axes as T . We define

nm
s - Y M(A&)N(A;) .

z
nm
ue’l
z

Then,

E[ sup |Sg 1 52 1]] <
ssl ! !

IN

sup E[sup |s”

nm m
m2n s<1 s,1 SS,1|] + sup E[Sup IS

nm
n2m s<1 s, 1 Ss’ll] ’

and taken n,m »> « , (2.9) holds.

Finally, the convergence in (2.9) is the convergence in

gl , and since the space gl is complete, there exists a mar
tingale S of ﬂl such that 1im E[sup |S” ,-S |]=o.
s, 1 = o S<1 s, 1 s,1
. no_ .. _ — M
By (2.1) lim sup E[ISS’I M Ns’ll] 0. It follows S_ ; =M, .M

n>~ s<l
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REMARKS

1) The operation * 1is not commutative, but it is dis-
tributive with respect to the sum either from the rigth or from

the left.

2) M = M*M and m=%M*N+%N*M.

3) M#N = M + N + M*N + N*M .

This last remark allows to compute M when M is a

sum of factors. Specifically,

COROLLARY 2.2: Let Ml""'Mn be martingales of gg(zo),

p2 2. Then

n n
I M = ] M. +2 ) MM, .

3. AN EXAMPLE: THE FILTRATION PRODUCT OF FILTRATIONS

GENERATED BY MULTI-DIMENSIONAL BROWNIAN - MOTIONS

On the complete probability space (Q,F,P) we consider

two independent multi-dimensional brownian motions

l ~ Al ~
W= {(W,...,W) , seR,} and W= {(W,..., W), teR,} .

2

We will denote by {g; , seR,_} and { P

, teR,} the

completed filtrations generated by W and W respectively.

Set v Eé = gi and v gi = gi . (We might suppose

s20 t20
F = giv gi ). We define the product filtration {Ez , Ze:Ri} by
Est = E; vgi . It is known that this filtration is right-conti-

nuous and satisfies (F4).
We define the bi-brownian process whd = {W;J, z e]Ri} by

Wil ) = W)Wl .
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Let Li(]R+%Q) be the set of equivalence classes of measu-

rable processes g:R+xQ — R adapted to {g‘;

, S e]R+} and

such that E fg g?(x)dx < o, for\all s . Similarly, we define

LECR+xQ). We will denote by LZCRixQ) the set of equivalen-

ce classes of measurable processes f:]RixS’Z—-*]R adapted

to {Ez , 2z e]Ri} and such that E IR f2(z)dr < =, for all z.
z

The results of Brossard-Chevalier ([1]) are extended

without difficulty to the multi-dimensional case and we obtain

PROPOSITION 3.1: Let M = {M, , E, , z<R2} be a squa-

re integrable martingale. Then there exists unique functions

2 2 2 2
gl,...,gneLl(]R+xQ), hl,...,hmeLZ(R+xQ), fll,...,fnmeL (R+xQ)

such that

n . m P
_ S 1 t J
Mo, = Mg +i=l Jo 94 (x)aw™(x) +j=1 Jo hy(y)aw (y) +

n m i
+ 101 fp fleyawtIix,y) .
=1 j=1 "st *J

. f(z)awd*(z),

1 _ ij 2 =
If M, = Jg f(z)aw -(z) and M . = [
st st

by means of the Itd formula we can compute M (see [3]) and

N,
by means of the multi-dimensional version, we can compute M'M?

Exactly,
Hoe = Jp_ Ug £ mad @) (5 £x enaw o)aw) (s er)
and
MM, = %Jgst(fg' £(s',y)awd (y)) (J& E(x, e )awd () aw™ (st e1) +
+ 2L (UL Esyan(n) (U5 e(x, eawt () awdI (st )
st
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REMARK: The computation of M'*M?cannot be reached by
means of It6 formula, because this martingale does not appear
in this formula. The expression of M'*M’ can be deduced cal-
culating the limit of (2.1). In order to obtain the explicit
formula for M'*M? we\heed the convergence in 51 given by (2.2).

The result is

WMz = [ t(fg'f(s',y)dﬁj(y)) (U3 Ex, eawd () aw (s, e,
S

We introduce some notation. We restrict our study to the
martingales vanishing on the axes: If M is a L?-martingale,
zero on the axes, with representation

M, = ) IR ‘fij(x,y)dw (x,v) .,
i=1l j=1 st

we define

vI(s,t)

n .
2 J‘S fij(X,t)dWl(x) ’ j=11°°'rm H
i=1

Yi(s,t)

m t -~
Y g fi.(s,y)dWJ(y) , i=1,...,n .
j=1 ]

A Fubini theorem for bi-brownian stochastic integrals allows

us to write

m : ns
- t ] J -
M, —j£1 IO Y/ (s,y)aw’(y) =

5 vix, vyant(x) .

I o3

i=1

The expression of M' and MM and the corollary 2.2 give:

PROPOSITION 3.2: Let M be a L2?-martingale, zero on the

axes. With the preceding notations,

~ n m ~ . . .
Mo, = L) [ Yy yawti(x,y) .
i=1 j=1 st
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4. THE QUADRATIC VARIATION OF M*N

Some definitions are required: A stochastic process
{MZ , ze R2 } adapted to {gz , z€R2} and integrable is
said to be a l-martingale if for any fixed t , the process

{m F , S e]R+} is a martingale. Similarly, we define

st ' =st

2-martingales. Because of (F4), we have that M is a martin-
gale if and only if it is a 1 and 2-martingale. For a L? l-mar-
tingale, we denote by <M;‘st the proces <M.t>s , that is,

the quadratic variation of the one parameter martingale

{M ,se]R+}.

st
Let M be a l-martingale. M is said to have l-orthogo-
nal increments if for any couple of disjoints rectangles

}zl,zi] and ]zz,zé] we have

E[M(]z;,2;1)M(]z,,25]) |F W)l =0,

S]-/\S2

= ! = ' ! 1 =
where z; (si,ti), z} (si,ti) , i=1,2 .

Similarly we define 2-martingales with 2-orthogonals in-
crements. A martingale is said to have orthogonal increments

if it has 1 and 2-orthogonal increments.

If M is a i-martingale with i-orthogonal increments,

then the process <M9§ is increasing, i=1,2 (see [6]).

4(z )

LEMMA 4.1 : Let M and N be two martingales of M (z

zero on the axes, and let T a grid over [O,zo] . We consi-

der the martingale

- 1 2 «
s, = 1 MQ)N@MZ) , zszj .
uerl
Then z
= ! 2052
<s> = ) <MMAL)<NFH(AZ) .
uel

VA
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PROOF
We consider two points of [O,zo] : z=(s,t) and z'=(s'",t'),
z <z'. Let X;'z, = Js,s']'x]0,t'] and Z;,z, = ]0,s']x]t,t"7.
then
= 1 2
S, = 1 M(A}MR IN(AZNR)) ,
uel
and
s(lz,z']) = ) [M(A&nR.)N(AanR.))(]z,z']) .
uerl

By considering differents cases it can be proved that

' - 1AAl 2 A2
s(lz,z']) = } M(ALNA, L IN(AZNAZ ) .
uGFT
We denote by A the process Y <M§(A&)<N¥(AG) ,which
uerl
z

has the following properties:
a) A 1is increasing: Just-as before,
' - 1 A1 2002 A2
A(lz,z']) ) <MI(Alna, L )<NA(AZ0AZ o) 2 0.

z,z"'
u.er,

b) A is continuous and adapted. So, it is predic-

table.

c) S? - A is a weak martingale. That means,'we

have to show that
E[s2(]z,z' 1 |E,] = E[Aa(Jz,2'DI|E,] .

In fact,

E[s2(Jz,z'D|E,] = E[(s(z,z'D)?|E,]

- 1 E(M(alna) . )2N(aZna2 ,)2|E,] +
S

z 1

2 1RG0 ONGEe] L OMGy0b 2ING@L2 DIE] .
u,u'el ’ ! ’ ’

ufu'

The second term is zero: If u,u'€([z,z'] , u=(u1,u2) ,
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u'=(ui,ué), u, > ui , Uy <ué , then,

E[M(ALIN(a2)M(a} IN(AZ ) |E,] =

= Elman@2)m@ DE(NGZ D EZ TIE,] =0 .
We similarly - calcule the other posibilities for u and u' .

For the first term, we suppose ue[z,z'[ (the other
cases are equally computed). Using the conditional independen-
ce we obtain

E[M(})NWZ)2|E, ] = E[M@})2N@M2)2|E |E,] =

= Q[E[M(Ah)zlgu]E[N(Ai)zlgu]IFZ] =

= EkMH(al) <NF(A2) [F_ ] .

By the unicity of the quadratic variation of S , we

obtain <S>=A .8

LEMMA 4.2: Let {M" , n

[\

l} be a sequence of martinga-

les of M2(z_) such that

lim E[ [M? - M_ |2] =0 .
e z, z
Then
lim E[] <Mr.1>Z - <M, ] =0 .
n >~ o) (o)

PROOF
By the Kunita-Watanabe inequality we have

1/2 1/2 1/2

-<N> < <M-N> )

<M>

Then, by the Burkholder inequalities for the continuous two-
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parameter martingales (see [9])and by Cairoli-Doob inequality,

E[|<Mn>z - <M>z l] =
o _ (o]}

= E[|<Mn>l/2 + <M>;/2| | <M >l/2 - <M>1/2|]
%o o %o

A

o

< { [(<Mn 1/2 + <M>1/2)2] E[(<Mn 1/2 _ <M>;/2)2]}1/2

3
2o %o

O o

<

(@ERM™_ ] + 2E[«m>_ 1)) .E[<«dP-m> ]}1/2 <

(@) o (o]

s {(2E[sup |M2|2] + 2E[sup |m_|2]).E[sup |MD-m_|2]}}/2¢
z<zo z<zO z<zO

(o) (o)

s c{(e[|m2 |2] + E[|m, lﬂJE[lw;O—MéoyZ]}l/z s

s cle[|M) - M 12112 . m

THEOREM 4.3: Let M

and N be two martingales of

. For any standard sequence of grids

gc(zq), zero on the axes

™, n21} over [0,z ] we have

<M*N> = lim Z <M>YAL)<N#(A2) in L1 ,
z u u
n->o uer

and if M has 1-Orthogonal increments and N has 2-orthogo-

nal increments, then

& <M*N>_ = ffR «x Y(.c") d<M>(z) d<N*(¢') ,
z "z

where Y:R2 x ]R_i — R

: is-the deterministe corner function
1 if s>s' and t<t'

\*’(le') =
0] otherwise.

( z=(s,t) and z'=(s',t') ).
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PROOF

The first part is a consequence of the preceding lemmas.

The second part holds because the functions

y_o= 7 11 a2
uan AuXAu

converge pointwise to Y . And then, by the dominated conver-

gence theorem, they converge to ¥ in the norm

leoll = (ﬂ.R <R 92(z,z") d<M9(Z)d<N>%i')]l/2 .| -
z

zZ
O O

o

REMARK: The martingale M*N can always be written as

dN
coc!

M*N, = ﬂ'RZxRZ Y(z,z') dM
where this integral must be understood as a double stochastic
integral of a corner function (see [4], [10]). On the contra-
ry, <M*N> cannot, generaly, be expressed as an integral

with respect to <M>; and <N>; , because these processes

are not increasing in general.
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