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WEAKLY COMPACT OPERATORS AND U-ADDITIVE
MEASURES

JOSE AGUAYO-GARRIDO AND MIGUEL NOVA-YANEZ

ABSTRACT. Let X be a completely regular space and E, F lo-
cally convex Hausdorff space with a directed family of semi-norms
which generates their topologies. Denote by Cy(X, E) the space of
all E-valued, continuous and bounded function f from X into E.
Cu(X, E) is endowing by locally convex topologies, so called strict
topologies. We study the F-valued weakly compact operators T’
defined on Cy(X,E). We characterize those operators which are
continuous in the strict topologies, and wel find certain kind of
vector measures associated with them. Necessary and sufficient
conditions for a continuous and weakly compact operators to be
represented by integrals with respect to L(E, F)—valued measures
on the Baire algebra generated by zero sets are obtained.

1. DEFINITIONS AND PRELIMINARIES.

Let X be a completely regular Hausdorff space. By B = B(X) we
will denote the algebra of subsets of X generated by zero sets Z =
f~1({0}), where f is a real-valued continuous function defined on X
and by Ba = Ba(X) we will denote the o-algebra of Baire sets, that is,
Ba is the smallest o—algebra of subsets of X which contains the zero
sets.

Let M(X) denote the space of all bounded finitely-additive regular
(with respect to the zero sets) measures on B. We recall that a measure
1 € M(X) is said to be

e 7—additive if, for any net (Ua), e With Uy | @, limg p (Us) = 0.

The space of all T—additives measures is denoted by M, (X).
e o—additive if, for any net (Uyn),cp With Up | 0, limp o0 g2 (Un) = 0.
The space of all 0—additives measures is denoted by M, (X).

o u-additive if, for any partition of unity (fa),cpof positive functions

in C(X) such that Y, . fo = 1 and {f;1(0,00)},cr is locally
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finite, Y, 1 (fa) = 1 (1) . The space of all u—additives measures
is denoted by M, (X) (see [4]).
Let E be a real locally convex Hausdorff space. For a continuous
semi-norm p on E, we define M,(X,E’) as the set of all E'-valued
finitely additive measures m on B with the following two properties:

1. For every s € E, the function ms : B — R, defined by (m(A4), s),
is in M(X).

2. |lm||, = mp(X) < oo, where for A € B the m,(A) is defined
to be the supremum of all | m(A;)s;| being taken over all fi-
nite B-partitions {4;} of A and all finite collections s; € B, =
{s€ E :p(s) <1}.

The set M, (X, E') consists of those m in M,(X,E’) for which
ms € M,(X) for all s € E. The spaces M; (X, E’) and M, (X, E')
are defined similarly. It is known that if m is in any of the spaces
My(X, E'), Myp(X, E'), M: (X, E'") and Mo »(X, E’), then my, belongs
to M(X), M,(X), M;(X) and My (X) respectively (see [1] and (8]).

Let {p:p € I} be a generating family of continuous semi-norms
on E which is directed, i.e., given p;,ps in I there exists p; € [
such that p; > max {p;,pa}. We will denote by M(X, E’) the space
Uper My(X, E’). Analogous notation we will have for M, (X, E'), M, (X, E')
and M (X, E'").

We shall denote by Cy(X, E) (if E = R, simply Cy(X)) the space of
all E-valued continuous and bounded functions f defined on X, C,. =
Cre(X, E) the space of all f € Cy(X, E) for which f(X) is relatively
compact. We will denote by u the uniform topology generated by the

family of semi-norms {||“p} E where || f||, = sup {p(f(z)) : z € X}.

pE

For A in B and for m € M,y(X, E’), we define
/ fdm =1im S m(4)(f(z),
A

where the limit is taken over the directed set of all finite B—partitions
{A;} of A. This limit always exists when f € C,. and the map f —
Tm(f) = [ fdm is a uniformly continuous linear functional on C..;
even more,

Iml, = sup {|Tn (1)1 : 111, < 1}
and the mapping m — Ty, is one-one linear mapping from M (X, E’)
onto Cy. (see [5]).
Every f in C,. has a unique extension f to all the Stone-Cech com-

pactification X . Let 2 and £ be the class of all compact and all zero
sets in X \ X, respectively. £, will be the class of all compact subsets
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of X \ X satisfying any of the equivalent assertions of the following
lemma given in [4] ..

Lemma 1. For a compact K C 8X \ X the following are equivalent:

1. There is a co-zero cover (Us),c4 of X which is (a) locally finite,
(b) o-locally finite or (c) o—discrete such that

cleUaﬂK=<I>fm'alla€A

2. There is a continuous function f [rom X onto a metric space Y
such that f(K Y C BY \'Y, where f : BX — BY is the continuous
extension of f. R

3. There ezists a partition of unity (fa),ca for X such thal fax =0
for all a € A.

4. There ezists a partition of unity (fo)ees for X and 0 < € < 1
such that

Zﬁ,(x)ﬁ l—eforallze K
acA
It can be proved that ; C Qo C Q. If K belongs to some of these
collections, then we define Ok to be the locally convex topology on
Cy(X, E) generated by the family of the semi-norms

f = lgfll, = sup{p(9(z)f(x)) : z € X},

where p € I and g € Cx = {he Cy(X) : E|K EO}.

The locally convex topologies 3, B, and f; defined on Cy(X, E) will
be the inductive limits topologies of the topologies Sk as K ranges over
Q, O, and §2; respectively.

For a fixed p € I, (B, k denotes the locally convex topology on
Cy(X,E) generated by the semi-norms f — |lgfll,, 9 € Cx. The
locally convex topologies [, Bup and By, will be the inductive limits
topology on Cy(X, E) of the topologies Bp x as K ranges over (2, Q.
and 2 respectively.

The locally convex topologies ', §, and f; are the projective limits
topologies on Cy(X, E) of the topologies B,, Bup and P, respectively,
as p ranges over 1.

The following properties are satisfied on Cy(X, E') and will be used
in sequel:

e < Bu< B <uand f <G B, < Puand By < By; all of these
topologies have the same bounded subset (see [6] and [1]).

e the dual of C,, provided by 8; and S}, is My(X, E') (see [6]);

e the dual of C,, provided by 8 and ', is M,(X, E') (see (6]).

e Cy(X) ® E is By— dense in Cy(X, F) (see [1]).
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e the dual of Cy(X, E), provided by B, and f,, is Mwo(X, E') (see
[1]).
Definition 1. Let F' be another real locally convex Hausdorff space and
let {q : ¢ € J} be a generating directed family of continuous semi-norms
on F. We denote by M(X,L(E,F)) the space of all finitely-additive
L(E, F)-valued measures m on B with the following two properties:
1. For each ' € F', the set function ¥'m : B — E’, defined by
(z'm)(A)s = =’ (m(A)s), s € E, is in M(X, E').
2. Given q € J, there ezists p € I such that for all ' on the polar BY
of the unit ball By, z'm € My(X, E') and ||m||, , = mypq(X) < oo,
where my,o(X) =sup{(z'm),(X): ' € B2}.

The definition of M, (X, L(E, F)), M(X, L(E, F)) and Mw(X, L(E, F))

are given analogously to 1. and 2.

Definition 2. Let m € M(X,L(E,F)) and let f : X — E be a
function. We will say that f is m — integrable over A in B if:

1. For each z' € F', the integral / fd(z'm) exists
A
2. There exists a vector in F, denoted by / fdm, such that for all
A

z' € F' we have :c’(Lfdm) = /Afd(z"m).

Remark 1. Since F is a locally convex Hausdor{f space, the | fdm is
A
unique whenever it exists. If f is m—integrable over all A € B, we will
say that f is m—integrable. If f is m—integrable on X, / fdm will
X

be denoted by simply / fdm. The following Representation Theorem is
found in [5].

Theorem 1. IfT is a continuous weakly compact operator from (C,.,u)
into F', then there exists a unique m € M(X,L(E, F)) such that:

1. Every f in C,. is m—integrable and T'(f) = / fdm

2. Ifp € I andq € J are such that |T||, , = sup {q(T( AL < 1} <
oo, then ||ml||, , = ||T|,,-
3. For every & € F', we have T’z = ©'m.

4. The set Vg = {}_m(A:)si : {A;} is a finite B-partition of X, s; € S}

1s weakly relatively compact in F, for every bounded set S in E.
Conversely, if m € M(X,L(E,F)) is such that (4) holds, then
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every f € C,. is m—integrable and the operator T(f) = / fdm is

u— continuous and weakly compact.

Remark 2. Since T can be extended to C(BX,E) and if T denotes
its extension, we have ’f( f) = T(f) which is U— continuous, where u
denotes the uniform topology on C(8X, E). The dual of (C(8X, E),u)
is M,(BX,E'). Using the above theorem, we can get a vector measure

representation of T, say, T(f) = / fd’fh.

The proof of the next assertions can be found in [1] :

Theorem 2. Let m € M,(X,E'). Then,
1. if m € M (X, E'), then my, € My (X).
2. m € My p(X, E') if, and only if, M,(K) = 0 for all K € Q

2. WEAKLY COMPACT OPERATORS AND INTEGRAL
REPRESENTATION

In this section we will study the F-valued weakly compact operators
T defined on Cy(X, E), where F is another locally convex Hausdorff
space with a directed family of semi-norms J which generates its topol-
ogy. We shall characterize those operators which are §,— continuous
and we shall find certain kind of vector measures associated with them.

In section 1, we announced the Katsaras’ Theorem which gives us an
integral representation of weakly compact operators. The following the-
orem characterizes the 5, —continuous operators defined on Cr.(X,E).
First we need the following very well known Grothendieck’s Lemma [3].

Lemma 2. Let T be an operator from a topological vector space V
into another topological vector space W and let T' and T" denote, re-
spectively, the transpose and the second transpose of T. The following
statements are equivalent:

1. T is weakly compact

2. T" maps V" into W.

Theorem 3. Let T be a weakly compact and u-continuous operator
defined on C.. Then, if m and M are the associated measures of T
and T respectively given by Th. 5 and Remark 2, then the following
statements are equivalent:

1. T is B, -continuous

2. Given q € J, there exists p € I such that

IT|l,, < oo and
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inf {Myq(V) : V is a co-zero set such that K C V} =0

for all K € O,

3. Given g € J, there exists p € I such that |T|,, < oo and
Mp,q(K) =0, for all K € Q.

4. Given q € J, there exists p € I such that ||T|,, < co and, for
any partition of unity {fs},ca of X and for any € > 0, there
exists a finite subset L, of A such that for all finite subset L of A
containing L,,

(z'm),(1 - Z fa) < € uniformly for ' € By,
aclL
where B, = {x € F : ¢(z) < 1}.

Proof. (1) = (2) The arguments are very similar to those given in (
(5], Th. 4, p. 553) and we omit them.

(2) = (3) Obvious

(3) = (4) Let g € J; since ||T]|, , < oo, we only need to prove the
second part of the statement.

Let {fa}qc4 bea partition of unity of X, and let € > 0,0 < € < 1. For

any finite subset L of A, we put Z; = {:c €pX: Zaebfz(z) <1- e}
and then we denote by K = Ny Z;. We already know that K € Q,
(see [1]).

We claim that
My qo(K) = irgfﬁt,,,q(ZL).
Clearly,
Mp,q(K) < irzl,f ipg(Z1).

On the other hand, since for each 2’ € F', ('m), € M.(8X), we have
that

(@'M)p(K) = inf(z')p(Z1)
and then,
My,q(K) = sup {(a:'ﬁt)p,q(K) 17’ e B;'}
= sup {irLlf(a:'ﬁz)p(ZL) S B;’}
Thus, to prove the claim it is enough to prove that

irzfsup {(z'M),(Z,) : 2’ € By} < sup {irzf(z’ﬁz)p(ZL) 1x' € Bq"}
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Take a finite subset L of A; hence there exists z; ; € B; such that
Mpa(Z1) < (T 1M)p(Z1) + e
This implies that
irlxlf Myqo(ZL) < irzf(x’e'L'r?z)p(ZL) +¢€
< sup {irLlf(:c'sz)p(ZL) '€ B;’}
< Mpq(K)+€

From this and (3), we get 0 < inf i, 4(Z1) < My (K) = 0, and then, by
this € > 0, there exists a finite subset L, of A such that M, ¢(Zz,) < €.
Take any 2’ € By and a finite subset L of A containing L,; then,

(@m)p(1 =Y fo) = (@R)p(1 = Y_ fa)

a€el a€L
= [, 0= e, + /x\ WAL

< (@'M)p(Z1) + e(z'm)p(BX)
< ipg(Z1) + €My o(BX)
< €(1 + Myq(BX))

This proves the statement.

(4) = (1) Let {ga},cp be a B, null-convergent net. We shall prove
that T(g,) — 0 in F.

If ¢ € J and € > 0 are given, then there exists p € I such that
T, < co. Thus, the subset {(z'm), € Mo(X) : ' € B2} is bounded.

Now, if {fi},c4 is a partition of unity in X, then there is a finite
subset L, of A such that, for all L, C L and L a finite subset of A,

(z'm)p(1 — Zf"‘) < €, uniformly for 2’ € B;

acl
Then, by Prop. 3.6 ([4], p.474), {(z'm), € M(X) : &' € B3} is Bu—
equicontinuous on Cy(X). On the other hand, since g, Gt 0, by Th. 1.3
([7], p- 162), we have po g &y 0. Thus, there exists o, such that
a>a,=pog, € c{(zr'm), € Mo(X): &' € B3}®
Therefore, if a > o, and 2’ € By, then

2/ (Tga)| < / po gad(z'm), < €
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and then ¢(T'(ga)) < €, for all & > a,. This prove that T is 3, —continuous.

Theorem 4. Let T be a F—valued, weakly compact and B,— contin-
uous operator on C,.. Then, the unique m, given by Th. 4. of section
1, is in Moo (X, L(E, F)). Conversely, if m € My(X,L(E, F)) satisfies
(4), given in Th. 4, then the operator T(f) = / fdm is weakly compact
and (,— continuous.
Proof. Since, for every ' € F', 2m = «'T' and T is 8,— continu-
ous, we have x'm = ='T" € (C,.,[0,) = M (X,E') and then m €
M (X, L(E, F)).

Conversely, we already know that T is weakly compact under the
duality
(Cre, M(X,E")); since # and the uniform topology u have the same
bounded sets ([6], Th. 5.4, p. 225) and since #' < (3, < u, we have T
is weakly compact under the duality (C,., Mo (X, E')).

The (3, —continuity of T' is coming from the fact that 7, ,(K) = 0,
for all K € Q,, and Th. 7.

Theorem 5. Let T be a F—valued, weakly compact and B,— contin-
uous operator on Cy(X, E), where F is, in addition, complete. Then,
there exists a unique m € My, (X, L(E, F)) such that:

1. Bvery f € Cy(X, E) is m—integrable and T(f) = [ fdm.

2. Given q € J, there exists p € I such that |T||,, = |ml|, .
3. For every ' € F', we have T'Y = z'm.
4. For every bounded set S of E, the set

Vins = {Zm(Gi)si : {G;} is a finite B — partition of X and s; € S}

is weakly relatively compact.
Conversely, if m € M (X, L(E, F)) is such that (4) holds, then
every f € Cy(X,E) is m—integrable and the operator T(f) =

fdm is §,— continuous and weakly compact.
Proof. Suppose that T is weakly compact and [, — continuous operator
on Cy(X, E). If we put T = Tjc,,, then it is clear that T is also weakly
compact and B, — continuous operator on C,.. So, there exists a unique

m € My(X,L(E, F)) which satisfies (1), (2), (3) and (4).
Now, we shall prove that f € Cy(X, E) is m—integrable. Fix «’ € F’

and G € B, we define L¢ : C,c — R, by Lg(g) = /gd(:z’m). We
G

claim that Lg is §,— continuous. In fact, let g, A 0; since m €
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My (X, L(E, F)), there exists p € I such that z'm € My, p(X, E'). This
implies that (z'm), € Mao(X). Also, by ([7], Th. 1.3), po g, =¥~ 0
in Cy(X). Now, since |Lg(g)| < [ po gd('m),, we get Lg(ga) — 0.
By the 3, —denseness of C,. in Cy(X, E) (see [1]), Lg can be uniquely
extended to Cy(X, F) and then / fd(a'm) exists.
The next step is to prove that tGhere exists a vector in F' denoted by

/fdm such that for all ' € F’, :c’(/fdm) = /fd(a:’m).

Let {fa},ca be a net in C,. such that fc. 3 f . We claim that
{ / fadm} is a Cauchy net in F. In fact, since Tis B, —continuous, we
fe.

have that, for a given g € J, there exists p € I such that {(z'm), : 2’ € B3} C

M, (X) is B, = Boo—equicontinuous and p o (fo — f) %2 0in Co(X)
(see [7]). Thus, there exists a, € A such that

/po(fa—f)d(x'm)p < % for &« > @, and for all ' € By

Therefore, if @, 8 > @, and &’ € By, then
2 ]G fudm - /G fodm)| < / po (fa— fo)d@m),
< / po (fa = Ndlam)y + / po(f — fa)d(e'm),

<€

Thus, there exists a vector in F' denoted by / fdm such that / fadm —
G

/fdm It is easy to see that x’(/fdm) /fdx’m.
Now, the continuity of T shows that ¢

7(7) = [ ram,

1Tlpg = | T = lml,

and T’y = 2'm forall 2’ € F"..
Conversely, we will suppose that m € My (X,L(E, F)) and we will
prove that there exists a ], —continuous and weakly compact operator

T such that T(f) = / fdm. By Th. 7, we have a [, —continuous and
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weakly compact operator T defined on C,. such that T( = / fdm.

Now, the (,—denseness of C,. gives us a unigue B, —continuous opera-
tor T defined on Cy(X, E) such that T'(f) = T(f), for all f € C,.. Using
the same arguments given before, we prove that each f € Cyo(X, E) is

m—integrable and then T'(f) = / fdm. The remainder of the proof,

that is, T is weakly compact, follows easily from the fact that 7" = T
which implies that

T"((Co(X, E), B.)") = T"((Cre, BL)" C F.

Remark 3. Since 3 < B, we can rewrite Th. 5, p. 554, given by
Katsaras [6], as follows:

Theorem 6. Let T be a F—valued, weakly compact and 3'— contin-
uous operator on Cy(X, E), where F is, in addition, complete. Then,
there exists a unique m € M,(X,L(E, F)) such that:

1. For every f € Cy(X, E) is m—integrable and T(f) = /fdm.

2. Given q € J, there exists p € I such that |T|, = [m|,,,-
3. For every 2’ € F', we have T't' = ©'m.
4. For every bounded set S of E, the set

Vins = {Z m(G;)s; : {G;} is a finite B — partition of X and s; € S}

s weakly relatively compact.
Conversely, if m € M;(X,L(E, F)) is such that (4) holds, then
every [ € Cy(X, E) is m—integrable and the operator T(f) =

fdm is f'—continuous and weakly compact.
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