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ON A THEOREM OF ROLEWICZ FOR SEMIGROUPS OF
OPERATORS IN LOCALLY CONVEX SPACES

by
Mihail Megan and Alin Pogan

Abstact. The purpose of this paper is to extend a stability theorem of
Rolewicz to the case of semigroups of operators in locally convex topological
vector spaces. The results obtained generalize the similar theorems proved
by Datko,Pazy,Zabczyk, Rolewicz and Littman for the case of Cy-semigroups
of operators in Banach spaces.

1.Introduction

Let X be a locally convex space whose topology is generated by the family
of seminorms {| |, : v € I'}.The space of all continuos linear operators from
X into itself will be denoted by B(X). For all A € B(X) and for all 3,y € T
we shall denote

Al = sup{|Az], : || < 1}.

It is obviouse that A € B(X) if and only if for every v € I' there exists
B = B(v) € T such that ||A]|5, < 0.

Recall that a family S = (S(t)):»0 of continuous linear operators from X
into itself is a Cy-semigroup on X, if

51)8(0) = I (the identity operator on X);

52)S(t+s) = S(t)S(s), for all t,s > 0;

%)%Erg!S(t):v ~z|ly=0,forallz € X and all y € T

For details about Cy-semigroups in locally convex spaces see for instance
[2] and [5].

In what follows we denote by ® the set of all functions ¢ : IRy xI' = T
with the properties

¢1) ¢(0,7) =7, forall y € T;

w2) e(t+3,7) = (t,o(s,7)), for all t,s > 0 and all y € T.

In this paper we consider a particular class of Co-semigroups defined by
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Definition 1.1. A Cop-semigroup S = (S(t))so is called ®-semigroup, if
there exists ¢ € ® such that

NS oy < oo forall (t,7)€ IR xT.
Hence if S is a ®-semigroup, then there exists ¢ € ® with
5@k < 1SOllsemalaloen forall (¢7,2) € R xT x X.

Definition 1.2. A ®-semigroup S = (S(t))s»o0 is said to be
(i) ezponentially bounded (and denote e.b.) if there exists p € ® and
M,w : T — IR} such that

1Sl oty < M(7)e“ forall (i,7) € IR x T}

(ii)uniformly exponentially bounded (and denote u.e.b.) if there exists the
functions M and w from (i) satisfy the conditions:

Mo(7y) :=sup M(p(t,7)) < oo and wo(y):=supw(p(t,y)) <oco forall ~e€T.
>0 20

It is obvious that if S is u.e.b. then it is u.b.
Remark 1.1. If X is a Banach space then every Cp-semigroup S is a ®-
semigroup with u.e.b.(see [7]).
Definition 1.3. A ®-semigroup S = (S(t)):>0 is said to be
(i)stable (and denote s.) if there are ¢ € ® and M : T’ — IR} such that

NSOl < M(y) forall (t,7) € IRy x T}

(it)uniformly stable (and denote u.s.) if it is stable and the function M
from (i) satisfies the condition

Mo(y) :=sup M(p(t,7)) < oo forall ~veT;
>0

(iii) ezponentially stable (and denote e.s.) if there are ¢ € ® and
N,v:T — IR} such that

”S(t)“v(tn),‘r < N('Y)e_tuh) for all (t,7) € IR} xT;
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(iv)uniformly exponentially stable (and denote u.e.s.) if it is e.s. and the
functions N and v from (iii) satisfy

No(7) := sup N(p(t,7)) < oo and wo(y):= inf v(p(t,7)) >0 forall yeT.

Remark 1.2. It is obvious that

u.es. = us. = ue.b.

U 4 U

es. = s. = eb.

In Banach spaces we have that
ues. & es => us. & s

In stability theory in Banach spaces a well-known result due to Rolewicz
(8] is
Theorem 1.1. Let S = (S(t))s»0 be a Co-semigroup on the Banach space
X with the norm || - ||.S is u.e.s. if and only if there exists a non-decreasing
continuous function R : IRy — IR, with R(0) = 0,R(t) > 0 for allt > 0
and

[RUS@zl)dt <o forall o€ X.
0

In [8] Rolewicz proved a slightly, more general result valid for so-called
evolution families.

A shorter proof of Rolewicz’s theorem is given by Q.Zheng ([10]) who
removed the continuity assumption.Another proof of (the semigroups case)
of Rolewicz’s result was offered by Littman in [3].The case R(t) = t? was
originally proved by Datko in [1], and R(t) = ¢* by Pazy in [6].

In this paper we attempt to generalize Theorem 1.1. for the case of ®-
semigroups in locally convex spaces.

Firstly, we observe that Theorem 1.1. is not valid in locally convex spaces.
Example 1.1. Let X be the space of all complex continuous functions on
IRy and I' = IR} = (0, 00).

The family {| - |, : v € I'} given by

jal, = la(7)] forall yeT
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determines a structure of locally convex space on X. It is easy to see that
@: IRy xT > T, o(t,y)= e
belongs to ® and S = (S(t)):50 defined by
S(t)z(s) = e"'z(se*) forall (t,s)€ IRy x IR, andall € X,
is a ®-semigroup with

ISE)lpem~y =€™* forall (t,4)€ IRy xT.
and hence S is u.e.s. We observe that for z(s) = s we have that

7|S(t):c[.,dt = 77e‘dt =oo forall yeTl.

0 0
Example 1.2. Let I' = IR and let X be the space of all complex continuous
functions = with the property that there is M, > 0 such that

|z(t)] < M,|t| forall tc IR.
The family {|- |, : v € T'} defined by
|zly = [e(y)] forall yeT
determines a structure of locally convex space on X. The function
¢:IRxT =T, ofty)=7ye™
belongs to ® and S = (S(t))s»0 defined by
S(t)z(s) = e'z(se™®) for all (t,s) € IRy x IR andall z € X,

is a ®-semigroup on X.
Because

IS(#)]| = ¢ forall (t,v)€IRxT,

it follows that S is not u.e.s.,even if

/lS(t)Idet < ]’yl!\’[,g/e”’dt = |y|M; < oo forall (¢,7,z)€ IR, xT'xX.
0 0
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We observe that from Theorem 1.1.it results
Theorem 1.2. A Co-semigroup S on the Banach space X is u.e.s. if and
only if there exists a non-decreasing continuous function R : IRy — IR, with
the properties:

(1)R(0) = 0;

(z))R(t) >0 forall t >0

(i)R(ts) < R(t)R(s) for all (t,s) € IR%;

(7v) [{ R(|IS(®)])dt < oo.

In this paper we generalize this theorem for the case of u.e.b. ®-semigroups
in locally convex spaces.

2.Preliminares

We start with the following
Lemma 2.1. Let f : IR, — IR, be a non-decreasing function with f(0) =0
and f(t) > 0 for allt > 0.Then

F:IR, — IR,, F(t):/f(s)ds
0

is a continuous bijection.
Proof. We observe that F(0) = 0 and F is a non-decreasing function.If
there exists ¢; < t3 such that F(¢;) = F(¢3) then

/ F(s)ds = F(ts) — F(t,) =0,

wich is a contradiction. Hence F is strictly increasing and because thrg f(t) >
0 it folllows that

t—oo

lim F(t) = / F(s)ds = oo,

which shows that F' is also surjective.
Lemma 2.2. If S = (S(t))i>0 is a ®-semigroup then

OIS+ ewrsma < NSOlowmall S oot et
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for all (t,s,7) € IR xT;

(ii)”S(nt)”qp(ntﬁ)n < kl———ll 1S ()l okt vy, 0((k-1)t:)

for all (t,n,v) € IR, x IN* x T.
Proof. (i) We observe that

15(¢ + s)al, = 1S@)S(s)zly < ISl S()loen <

< NSO llomall S(Mpsometm e =
= ”S(t)”w(tn)n”S(s)l|w(t+sﬁ),w(tn) lzl«p(t+s.'y)’
and hence
1St + $)lo+sm < ISONoemllS(S)loe+smeiem

for all (t,s,v) € IR2 xT.
(i1) It follows from (i) by induction.
Lemma 2.3. If S is a ®-semigroup with u.e.b. then

1S(t + Dlloesrme < Mo(1)e® S (5) (s

for all (t,s,7) € IR} x T with s € [t,t +1].
Proof. Indeed,if t > 0,7 € I and s € [t,t + 1] then by Lemma 2.2., we have
that

”S(t + I)HW(H'L’Y),‘Y < ”S(S)Hw(s,'y)ry”'s(t +1- 5)||¢(¢+1,’v)-w(m) <

< M(‘P(S)7))e(t+1_3)w(‘p(s"y))|S(S)”w(srv)ry <

< MO('Y)CWO('Y)"S(S)Hw(sn)n'

Lemma 2.4. Let S be a ®-semigroup with u.e.b. If there exists
P: IR, xT — IR, such that
(NSl < P(t,7) for all (t,7) € IRy X T;

(2%) tllrglo P(t,y) =0 forally € T;
(ii1) P(t,p(s,7)) < P(t,7) for all (t,s,7) € IRZ xT

then S is u.e.s.
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Proof. Let A:T — P (IN*) be the function defined by

A(7)={n€ IN*: P(n,7) <e7'}.

From (ii) it resullts that A(+) is non-empty for all for every v € T.

If we denote by n(v) = min A(y) then from A(7) C A(p(t,7)) and (iii) it
results that

n(p(t,7)) <n(y) forall (t,9)€ IRy xT.

For all (t,7) € IR, x T there is a natural number p such that pn(y) <
t < (p+1n(y).
If p =0 then

ISl < M(‘Y)etwh) < 1’\40(7)6"(7)“’0(7),

If p>1 then

“S(t)”w(t,'y)ry < ”S(pn(')'))"na(pn('v),‘v),'y"S(t - pn("f'))”<p(m),<p(pn(7)n) <

)4
< M(p(pn(v),7))elPrNeleen N TT 1S (7)) leknim)eltb=)ntnm <
k=1

< Mo(7)e@%0) T P(n(), ¢((k - Dn(y),7)) <

k=1

p
< MO(,Y)en('y)wo('y) H P(n(’y),'y) < MO(,y)en("t)wo(‘Y)—P <
k=1

< Mo('y)e"(")““(")“e"t"(") = N('y)e_“’('y),

where 1
N(v) = M, MW (ML ) = .
() o(%) () ~ )
Because
No(7) = sup N((t,7)) < Mo(7)e"M*M+1 < oo
>0
and

. . 1 1
vo(7) = infv(e(t,7)) = inf 0,

B0 2o () = nlr)
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finally we obtain that S is u.e.s.

3.The main results

In what follows for every ¢ : IRy x I' = T' we shall denote by R, the set
of all functions R : IR, x ' — IR, with the following properties

71)R(0,7) = 0 for all v € T}

r2)R(t,¥) >0 for all¢ > 0and all y € T}

r3) tl_lfg R(t,7) = oo for every v € T}

ra)B{t,7) < R(t,0(s,7) for all (t,5,7) € IF% x T

r5)R(s,7) < R(t,7) for all (s,¢,7) € IR x T with s <.
Lemma 3.1. Let ¢ € ® and R € R,.

Then for every (r,v) € IRy x I the set

B,(v)={t>0:R(t,7)<r}
is bounded and the function

6:IR, xT — IR}, &(r,7)=1+supB.(7)

satisfies the inequality
8(ry0(t,y)) < 8(r,y) forall (rt,y)€ IR? xT.

Proof. From tlirp.3 R(t,v) = o it follows that B,(7) is a bounded set for all

(T,’)’) € IR+ x T,
On the other hand,by

R(t,7) < R(t,¢(s,7)) forall (ts,7)€ R} xT
it results that
B.(¢(t,7)) C Br(y) forall (rty)€ IR, xT

which proves the lemma.
Theorem 3.1. Let S be a ®-semigroup and let p € ® which satisfies Defi-
nition 1.1. If there are R € R, and K : T — IR} such that for ally €T



On a theorem of Rolewicz for semigroups ..... 31

(1) Ko(7) = sup K(p(t,7)) < o0

>0

and
t+1

(i6)sup [ RUIS($)ltoma)ds < K (),
20 4

then S is u.s.
Proof. If R € R, then by Lemma 2.3. it follows that

t+1

S(t+ 1),
RIS Dltescte 1) < [ RSO ltemior s < Kolo)

t

for all (¢,7) € IRy xT.
This inequality shows that

ISt + Dlloeri . < Mo(r)e P 6(Ko(7),7) = Mi(1)
and hence

1S@llon < Ma(7) forall (t,7) € [1,00) xT.
If t € [0,1] then

IS@Olloena € Mo(7)e*™ < Mo(y)e™ < Mi(v),
which shows that

1S@llotonsy < Mi(7) forall (1,7) € IRy xT.
Moreover we observe that

Mo(p(t,7)) = sup M(p(s,(t,7))) = sup M(p(s + t,7)) =

s>0 s>0

= sup M((s,7)) < Mo(7)

s>t

and similarly

wo(p(t, 7)) Swo(v) and  Ko(p(t, 7)) < Ko(7)
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for all (¢,7) € IR} x T.
These inequalities together with Lemma 3.1. imply that

My (p(t,7)) < Mi(v) 2 1St

for all (t.v) € IR, x I and hence S is u.s.
The main result of this paper is

Theorem 3.2. A ®-semigroup S is u.e.s. if and only if there exists p € @,
ReR, and K : T — IR} such that

(1) Ko(X) = sup K((t,7)) < o0
¥ >0

and

(@) [ RUIS@lloemn7)dt < K(7)

for all v €T.
Proof.Necessity. It results from Definition 1.3. for

R@ﬂ=taﬁ.ﬂﬂ=%%

where N and v are given by Definition 1.3.
Sufficiency. Because

t+1 =]

sup. [ RUISOotomens Nt S [ BUS()otsmn1)ds < K (),
20 0

for all ¥ € T, by Theorem 3.1. it results that there exists M; : I' — IR} such
that

IS lotema < Mi(7) and  Mi(p(t,7)) < Ma(t,7),

for all (¢t,7) € IRy x T (i.e. Sis u.s.).
Let F: IR, x T — IR, be the function defined by

F&ﬂ:/R@ﬂw
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By Lemma 2.1. the function ¢ — F(t,+) is an increasing continuous bijection
for every v € I'. If we denote by f, = F(-,v)~! then from R € R, it follows
that F' € R,

Fottm)(8) < fo(s) forall (t,s,7) € IR: x T.

and

/F(”S(t)”¢(t,'y)m 7)dt < /”S(t)”xo(t,'v)nR(”S(t)”sa(trv)m 7)dt <
0 0

< Mi(y) / RISl v)dt £ My(7)K(7) < Mi(7)Ko(v) = Ma(7)

forall y € T.
If we denote by

9(t,7) = &;}l”f%)_,z

then for t > 0 and v € ' we have
t t
F(g(t,7),7) = / F(g(t,v)ds < / F(g(s, VIS = )l ot otsmr 7)ds <
4] 0

< [ F(gts, DMal(s,7),7),7)ds < / F(IS(5)llotspirs 1)ds < Ma()

and hence
I1Sllema < PE,7)

for all £ > 0 and v € T', where

M, MO i t>0
p(m)={ 1™ 2 i t>0

It is easy to see that

zliTo P(t,v) =0 forevery y€T



34

Mihail MEGAN and Alin POGAN

and
P(t,¢(s,7)) < P(t,7), forall (t,s,7)€ IR} xT.

An aplication of Lemma 2.4. proves that S is u.e.s.

The discrete variant of Theorem 3.2. is given by
Corollary 3.1. A ®-semigroup S is u.e.s. if and only if there exists ¢ € ®,
ReR, and K : T — IR, such that

(1) Ko(v) = sup K(p(t,7)) < o0

and -
(i) 22 RUIS ()l otrmn ) < K (7)
n=0
forally€T.
Proof.Necessity. It is a simple verification for
_ _ N(e™
R(t,y)=t and K(y) = —r—,

where NV and v are given by Definition 1.3.
Sufficiency. Let M3 :T' — IR} be the function defined by

Msy(y) = sup M(p(t,7))e“#6m),

£20

where M and w are given by Definition 1.2.
We observe that

“S(S)Hw(sn),w < ”S(t)nw(t"r) 7“5(5 - t)”'\o(s,'v),s?(m) <

< M(p(t, 7)) NSO a0 < eSO pienyn

for all (s,t,v) € IR% x T with s € [t,t +1].
If we denote by

Ri: IRy xT — IRy, Ri(t,y) = R( p

then R; € R, and

oo 0 +
[ RSOt = 32 [ IS Ol it =
0 n=0 3
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”S ”so(t‘r)’y t .
=) R dt <Y R(||S )y V) < B
Z M) S X RS letnaon7) < K ()

for all vy € F.

From Theorem 3.2. it results that S is u.e.s.
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