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(t-)ORTHOGONALITY IN P-ADIC BANACH SPACES

Sabine Borrey

Abstract. Let (E,|| . ||) be a Banach space over K. We shall prove that orthogonality
in E can be expressed in terms of distances to convex hulls of points in E instead of
distances to the linear hulls of these same points, which gives in fact a new characterization
of orthogonality. Also, for an absolutely convex, weakly c’-compact subset of a Banach
space having the Hahn-Banach extension property, an equivalent condition is given for the
compactoidness of the set.

1991 Mathematics subject classification : 46510

INTRODUCTION

(For unexplained terms, see below). Since 1986, when it was proved in (8] that each weakly
¢’-compact set is c-compact (and hence compactoid) in case E is a Banach space with a
base, the following question kept popping up :

Is every weakly c¢’-compact set in a strongly polar K-Banach space necessarily ¢’-compact?
Progress came about in 1989 ({1], theorem 5.2.13) when this could be proved for an ar-
bitrary Banach space over a spherically complete K and even more in 1992, when it was
proved that this statement is also true assuming the continuum hypothesis and assum-
ing K to have the cardinality of the continuum ([5], theorem 2.5). The general question
for K not spherically complete however, remains open. In order to pursue the answer
still further, I studied the technique used for the proof in [1]. Kernel of this technique is

the relationship between a closed, absolutely convex subset A of E and A/A? and more

particularly, the relationship between (t-)orthogonality in E and in A/A%. This led to a
new characterization of orthogonality in E (theorem 2.4) and also sheds some new light
on the open problem stated above, in case E has the Hahn-Banach extension property.
(Paragraph 3). As an important result, an equivalent condition for the compactoidness of
a set is given.
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NOTATIONS AND PRELIMINARIES
Throughout the text, K is a complete non-trivially valued field with valuation |.| and k

is its residue class field. We denote by |K*| the valuegroup of K. We put B(0,1) = {\ €
K ||\ £ 1} and B(0,17) = {\ € K | |A] < 1}. If the valuation on K is discrete, there
exists p € B(0,17) such that |[K*| = {|p|" | n € Z} and B(0,17) = B(0, |p|). We denote
by 71 : B(0,1) = k: XA = X = A+ B(0,17) the canonical surjection.

Throughout E is a K-Banach space with norm ||.||. We write (E, ||.|]).

For § CE, we denote by coS the absolutely convex (a.c.) hull of S, by @S the closure of
coS and by [S] the linear hull of S.

For an absolutely convex subset A of E, we put A' = {Xa| X € B(0,17),a € A} and by
0A = A\A’. Note that A* and Af are absolutely convex.

For A C E absolutely convex and closed, we denote by 7 : A — A/A? : z — z + A? the
canonical surjection. The quotient V4 = A /:4: is, in a natural way, a k-vector space. The
formula ||7(z)|| = inf{||lz — a|| | @ € A’} defines a norm on V4 for which renders it a
k-Banach space ([3], proposition 3.2). If A = X, then V4 = [r(X)]. ([3], proposition
3.4).

1. THE DISTANCE FUNCTION
1.1.LEMMA : Let z € E and 0 # B C E. Then dist(z, B) = dist(z, B).

1.2LEMMA : Let B C E be a.c. Then B* = (B)'.
Proof : Straightforward.

1.3.LEMMA : Let (a;)ier be a family in E. Then z € co(a; | ¢ € I)* if and only if there
exists J C I finite and (};)jes C B(0,17) such that z = Z Aj.aj.
i€eJ

Proof : Straightforward.
1.4 PROPOSITION : Let (a;);er be a family in E\{o} and put A =¢d(a; | ¢ € I). Then
for each i € I, dist(a;, A®) > dist(a;,c0(a; | j # 1)).
Proof : According to lemma 1.1, it suffices to prove that for each i € I, dist(a;, A*) >
dist(a;,co(a;j | j # i)). Now, as co(a; | j € I)' = A? (lemma 1.2), it follows by lemma 1.1
that for z € E, dist(z, A’) = dist(z,co(a; | j € I)¥).
Choose ¢ € I and let z € co(aj | j € I)’. We are going to calculate ||a; — z||. According to
lemma 1.3, z = Z/\j.a,- where J C I is finite and ();)jes C B(0,17).

j€eJ
There are two cases to consider :
i) i ¢ J. Then ||a; — z|| > dist(ai,co(a; | j # 1)), since z € co(aj | j # i)
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i) i € J. Then |lai—zl| =l(1-XA)ai— D Nuajll=llai= > Aj :

J€I\i) jentiy -~ "

ajl|, since

1=X| =1
s
Now, Z I _’/\'aj € co(aj | j # ) and thus ||a; — z|| > dist(a;,co(a; | j # 1)).
J€N{i) '
Hence, for each z € co(a; | j € I)}, ||la;—z|| > dist(a;,co(a; | j # i)) and thus dist(a;, A7) >
dist(a;, co(aj | j # i)), which completes the proof.

1.5.COROLLARY : Let t € (0,1), let (a;)ier be a (t-)orthogonal family in (E, ||.||) and put
A =70(a; |1 € I). Then for each i € I, ||x(a;)|| > dist(ai,co(aj | j # ) = (t).]ail-

Proof : According to proposition 1.4, for each i € I, dist(a;, A*) > dist(a;,co(a; | j # 1)).
On the other hand, for each : € I, dist(a;,co(a;j | j #1)) > dist(a,-,m > (t).]|ail

and the statement follows, since ||7(a;)|| = dist(a;, A%). (See preliminaries).

1.6.LEMMA : Let (a;)ier be a family in E such that for each ¢ € I,dist(a;,co(a; | j #
t)) > 0. Then (a;)ies is a linearly independent family in E.

Proof : Let J C I be finite and let (Aj)jes C K*. It is no restriction to assume that
r;;glx\ﬂ = 1. Choose j, € J such that |};,| = 1.

Aj . C,

Then || Y Aja;ll =llaj, + Y Toaill 2 dist(as,, co(a; | j # 5o)) > 0.
jEJ jeJ e

Hence, (ai)iers is a linearly independent family in E.

2. THE IMAGE BY »r OF A FAMILY IN E

2.1.THEOREM : Let (a;)icr be a family in E and put A = ¢d(a; | 7 € I). Then we have
the following :
i) If for each i € I, dist(ai,co(aj | 7 # ¢)) > 0, then (7(a;))iers is a linearly independent
family in V4.
ii) If there exists a t € (0,1) such that for each i € I, dist(a;,c0(a; | j # i)) > (¢).]I7(a:)| >
0, then (7(a;))ier is a (t-)orthogonal base of (Va,||.||).
Proof : First note that for each : € I,a; # o. Now, let J C I be finite and let
(Aj)jes C k*. For each j € J, we choose p; € B(0,1) such that =;(u;) = A;. Both
for 1) as for ii), we have to calculate || Z Aj.(aj)|l = dist(z pj.aj,ﬁ) or equivalently,
J€J J€J
dist(z pj-aj, co(a; | i € I)*). (Lemma 1.2). (Note also that by lemma 1.6, Z/lj.aj # o).
j€J JjEJ
We proceed with the proof of both statements :
Therefore, we consider z = Z Vm-Gm € co(a; | i € I)' (by lemma 1.3, this means that
meM
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M C I is finite and that v,, € B(0,17) for each m € M) and we calculate || Z pj.aj—z|.
j€J
i) Let j, € J. Since |u;,| =1, we ha.ve the following :

”Z#J aj —z|| = |laj, + Z ; Z -——l—amll if j, € M.

i€l et “’° - meMNL) Fis = Vs
"qu .a; —z|| = |la;, + Z Z if jo & M.

i€l JENLe) ""' me M\ {52}
It follows that || Zuj.aj — z|| > dist(a;,,co(a; | i # jo))-

jeJ
Consequently, dist(z pj-a;,cola; |1 € 1)) > dist(a;,,co(a; | i # j,)) >0,
jeJ
and thus || Z Aj.m(aj)]| > 0.
i€

ii) First note that (w(a;))ier C Va\{o}. On the other hand, it suffices to prove that

(w(ai))ier is a (t-)orthogonal family in (Vy, ||.||) since V4 = [{n(a;) | : € I'}]. (See prelim-

inaries). Put a = max [Im(a;)|l and choose j, € J such that ||r(a;,)|| = @. In the same way
j

asabove, | Y pj.a; — z|| 2 dist(a;,, co(a; | i # j,)) and thus | Y pj.a; — 2|| > (£).]|7(a;, )|
j€J j€J
= (t).a = (t). max [iw(a;)||. It follows immediately that || Z Aj.w(aj) = (t). max I (a;)ll-
Jj€J

2.2.COROLLARY :Let t € (0,1), let (ai)icr be a (t-)orthogonal family in (E, ||.||) and put
A =7¢0(a; |t € I). Then (n(a;))ier is a (t-)orthogonal base of (Va, ||.||)-

Proof : According to theorem 2.1, it suffices to prove that for each ¢ € I, dist(a;,%0o(a; |
7 #1) 2 (t)]|Im(a;)]| > 0. So, let ¢ € I. We deduce from corollary 1.5 that ||7(a;)|| > 0.
On the other hand, dist(a;,%0(a; | j # 1)) 2 dist(a;,[{a; | 7 # i} 2 (2)-lla:ll 2 (¢)-lIm(as)]

and we are done.

2.3.PROPOSITION : Let A C E be a.c. and closed and let (s;)ier be an orthogonal
family in (Va,||.]|). If for each ¢ € I, we can choose a; € 0A such that 7(a;) = s; and
llaill = ||w(ai)ll, then (a;)ier is an orthogonal family in (E, ||.||).

Proof : Let J C I be finite and let (}j)jes CK*. Put a = max lIAj.a;|l and put J; = {j €

J | |IAj.aj]] = a}. Choose A € K such that |A| = n.lea}cl)\ | and put Jo = {j € J| |Aj| =
j
[A}-
iy
Then || Y Ajuajll = ALY Soaill 2 AL max| Li. |lw(az)ll = 1Al max ||"(‘11)|l B

jeJl JEJ;
[A]. max lla;ll = A IA;-a;ll = e.
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Hence, || ) Aj.ajll =l Y Ajajll = & = max|iA;.ajll
i€d j€h ’

2.4. THEOREM : Let (a;)ies be a family in E\{o} and put A = @o(a; | i € I). Then the
following are equivalent :

i) (a;)iers is an orthogonal family in (E, ||.]) ;

i1) For each i € I,dist(a;,co(a; | 7 # 1)) = |lail|.

Proof :
i) = ii) : Since for each i € I, dist(a;,[{a; | 7 # i}] = ||ai]|, the statement follows easily.
ii) = i) : From proposition 1.4, we deduce that ||7(a;)|| = ||ail|. According to proposition

2.3, it suffices to prove that (7(a;))ier is an orthogonal family in (V4g,||.||). This, however
follows immediately from the second part of theorem 2.1.

2.5.REMARK : Regarding theorem 2.4, one could ask if the following more general question
is true as well :

Let (a:)ier be a family in E\{o} and put A =¢o(a; |+ € I). Are the following statements
necessarily equivalent ?

i) There exists t € (0, 1] such that (a;);er is a t-orthogonal family in (E, ||.||) ;

i1) For each i € I, dist(a;,co(a; | j # 1)) > t.||ai|.

The implication i) = ii) is stated in corollary 1.5. The other implication is true in case
t = 1. For t € (0,1) however, the answer is no in general. To see this, consider the following
example, obtained by C. Perez-Garcia through informal communication :

Put K=Q; and t = % Let a = (2,8,%) ;b= (1,8,%) and ¢ = (2,4,2).

Then dist(a,co(b,c)) > 1.|lall, dist(b,co(a,c)) > 1.||b|| and dist(c, co(a, b)) > 1.|lc||-

On the other hand, ||2a + b+ 1.c|| < 3.maz{||2a||, 3], ||} .cll} = 1.

However, we do have the following :

2.6.PROPOSITION : Let (a;)ier and A be as in remark 2.5 and suppose there exists
t € (0,1) such that for each i € I,dist(a;,co(a; | j #1)) > t.]lai|.
Then, for each i € I, dist(a;,[{a;j | j € Ji}] > t.]jai|| where J; = {5 € I\{¢} | ||la;]| > |laill}-
Proof : Let ¢ € I and let L C J; be finite. For (}j)jer C K*, we have to calculate
flai — Z Aj.ajll. (Lemma 1.1).
JEL

Put A\; = =1, M = LU {¢} and choose j, € M such that |[}; | = max A

]

Aj . — .

Then, |la; — Z’\j'af" =|| Z Aj.ajll = [A Ll Z ,\.] .ajll > |\, |.dist(a;,,Co(aj | j # 1))
JjEL JEM jEM "

> s Lllag, | 2 €15, L lail > taill

2.7.REMARK : We can formulate a kind of converse for proposition 2.6. In fact, taking
any closed a.c. subset A of E, we can construct a family in A satisfying similar properties
as stated in proposition 2.6 (see proposition 2.10).
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2.8.CONSTRUCTION : Let (a,), 7z be a sequence in R} with the following properties :
a,=1;
ii) For each n € Z,ap41 < ap ;

iii) lim a,=0and lim a,=+00;
n—+oo n——oo

. . On4y . Onyl
iv) lim "1 > 0and lim —=X >0.
n—+o0 Qg n——00 Qn

As an example of such a sequence, we can choose a, = t"(n € Z) where t € (0,1) or
a,.=%forn€No and a, = —n for n € Z\N.

2.9.PROPOSITION : Let A C E be a.c. and closed and let (aj) nel be a sequence with
the properties stated in 2.8. For z € V4, we define p(z) as follows :

i) If 2 =0, we put p(z) =0;

i) If z # 0, there exists n € Z such that ap4+; < ||z|| < an. We put p(z) = an41. Then p
is a norm on V4 equivalent to ||.||.

Proof: We leave it to the reader to prove that p is a norm on V4. To prove the equivalence
of both norms, we proceed as follows :

a) It is clear that p(z) < ||z||, for each z € V4\{o}.

b) Now, for = € V4\{o}, there exists n € Z such that an4+1 < ||z]| < aa. Obviously,
p(z) = any1 2 Z2.an > 2224 |z]|. On the other hand, there exists ¢ > 0 such that for
each n € Z, 223 > ¢. 1t follows that p(z) > e.||z||.

2.10.PROPOSITION : Let A,(an),cz and p be as in proposition 2.9 and let (s;)ier be
an orthogonal base of (Va,p). ([4], theorem 2.5). For each ¢ € I, let n; be such that
p(8i) = an;+1 and for each i € I, choose a; € A such that 7(a;) = s; and ||s;]| < |lai]| < an,.
Then we have the following :

1) For each i € I,dist(a;,Co(aj | j #1)) > -c%:—ﬂua,ﬂ

i) For each ¢ € I,dist(a;,m > ——*—a‘::‘.ﬂag” where J; = {7 € I\{z} | llaj|| 2
lla:ll}

ii1) There exists t € (0,1) such that (7(a;))iers is a t-orthogonal base of (Va, ||.||).

Proof :
i) Let ¢ € I and let L C J; be finite. For (\;)jer C B(0,1), we have to calculate

llai = ) Aj.ajll. (Lemma 1.1).

JEL
W Qni+1
Now, [lai = 3 Aj-asll 2 p(si = 3 Xy85) 2 psi) = ants 2 25 laill.
JEL JEL *
ii) Let i € T and let L C J; be finite. For ();)jer C K*, we have to calculate ||a; — Z Aj.ajl|.
JEL
(Lemma 1.1).

Put A\; = =1, M = L U {i} and choose j, € M such that |} | = max [Ajl.
j
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A.
Then, [la; — 3 Aja;ll = Pl Y ol 2 lp(ss) = Py, lamg, 41 2 s l-ani >
JEL jEM “°

ap, ap, . .
PYNE ;"H Jlaill 2 —iﬂ-ﬂ.l|a,~{| since obviously, |Aj,| > 1.

n; n;

Hence, dist(ai,{{a; | j € Ji}] 2 a—gn"_‘”a."

iii) There exists € > 0 such that for each z € Vy, p(z) > e.||z||. Now, for J C I finite and for

(A)ies Sk 1Y Ajm(apll 2 p(O_ Ajom(ay) = max Ajl-p(n(a;)) 2 e. max |Ajl-lIm(a;)ll and
JEJ J€J

we are done.

2.11.COROLLARY : Let A C E be a.c and closed, let t € (0,1) and for each n € Z, put

a, = t™. Suppose (ai)ier is a family in A with the properties stated in proposition 2.10.

Then (ai)ier is a p-adic t-frame in E.

Proof : According to [7], definition 2.1 we have to prove that for n € N, and {¢y,...,in} C

I, Vol(a;,,...,a;,) = t" Lay||.....|lai,|l. (Recall that for n € N, and z,,...,z, € E,

Vol(zy,...,xn) = ||z1]|-dist(z2, [z1]). ... .dist(zn,[Z1,..., Tn-1]) and that this Volume Func-

tion is symmetrical. ([11], theorem 1.3). So, let n € N, and {1,...,i,} C I. It is no

restriction to assume that ||la; || > |lai,|| > ... 2 |lai, ]| According to proposition 2.10, for

each k € {2,...,n — 1} we have that dist(a;,,[a;,, ..., ai,_,]) = t.|la;,||. It follows immedi-

ately that Vol(a;,,...,a:,) > t" 1lai |- ... .Jai, ||

%.RBANACH SPACES WITH THE HAHN-BANACH EXTENSION PROP-
TY

3.1.REMARK : Throughout the text, (E,||.]|) is a Banach space with the Hahn-Banach
extension property (HBEP). (i.e. for any linear subspace D of E and for any f € D', there
exists f € E' such that f = f on D).

3.2LEMMA : Let A C E be a.c., closed and weakly c’-compact. Let T C A such that
()] = Va. Then [4] = [T].

Proof : It is not hard to see that A = A+ coT. Now, if [A] # [T], then there exists
z € A\[T). Since (E, ||.]|) has the HBEP, [T is weakly closed and thus there exists f € E’

such that f([T]) = {0} and f(z) # o. ([8], corollary 4.8).
Put a = max |f(y)|- Note that a > 0.

Now, for each y € A* + coT, |f(y)| < a since f = 0 on coT, whereas |f| < a on At. ([2],
lemma 1.2. (The proof is also valid for |f[)).

Hence, for each y € A, |f(y)| < asince A = A? + coT. But this is of course a contradiction
since A is weakly c¢’-compact.

3.3.COROLLARY :Let AC E and T C A be as in lemma 3.2. If [4] # [T then A cannot
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be weakly c¢’-compact.
Proof : Apply lemma 3.2.

3.4.PROPOSITION : Let A C E be a.c., closed and weakly c’-compact. Then the following
are equivalent :

i) A is ¢’-compact ;

ii) (Va, ||.]l) is of countable type.

Proof :

i) = ii) : There exists a t-orthogonal sequence (z,), eN, in (E,||.||) such that A =To(z, |
n € N,). ([10], corollary 2.8). It follows that V4 = [{z, | n € N,}].

ii) = i) : Let (sn),eN, C Va such that V4 = [{sn | n € N,}]. For each n € N,, choose
an € A such that m(an) = s,. According to lemma 3.2, [A] = [{a,, [ n € N,}]. Now apply
[8], lemma 3.1 and observe that a weakly c’-compact compactoid is c’-compact. (Apply
[9], theorem 5.12)

3.5.LEMMA : Suppose the valuation on K is dense, let A C E be a.c., closed, weakly
c’-compact and infinite-dimensional and let (a;)ie; be a family in A such that ((a;))ies
is a t-orthogonal base of (V4, ||.||) (t € (0,1)). Then ueltl' |l (a;)|| = 0.

Proof : First note that since [A] = [{a; | i € I}] (lemma 3.2), I is infinite. Now, suppose
uelf]' lIr(ai)|l = a > 0. Put B = sup ||z||. (According to [9], corollary 7.7, A is bounded, since
! T€A

(E,||.|l) is a polar space ([6], proposition 5.1)). It follows by (3], lemma 3.11 that (a;)ies

is a t’-orthogonal family in (E, ||.||) where t' = £2.

Let (ik)yeN, C I and choose (§x),eN, C K such that [&] < €| < .. < 1 and

klim k] = 1.

Put f:[{ai|i€I}] - K: Z/\g.ai — Z Ai, k. fiswell defined and for z € [{a; | € I}],
i€l keN,

~ ta

Now, for z € co(a; |1 € I),|f(z)| = If(z: Ai.gi)] £ sup A, | J€k] < sup |Ai| £ 1. But
i€l keN, keN,

1 1 . .
|f(z)| < max il < o max [Aigl-llai )| £ =—.||z]|, hence f is continuous.
€N, °

sup |f(x)| = sup |f(ay)| = 1.
z€co(a;|i€]) keN,

Hence, there is no = € co(a; | ¢ € I) such that |f(z)| = 1. But according to [3], proposi-
tion 4.3 (the condition that A is polar is not needed in the proof), co(a; | ¢ € I) is weakly
c’-compact and this contradicts the previous.

3.6.PROPOSITION : Suppose the valuation on K is dense and that K is not spherically
complete. Let A C E be a.c., weakly c’-compact and infinite-dimensional, let ¢ € (0,1)
and let (a;)ier be a family in A\{o} such that (7(a;))ie; is a t-orthogonal base of (V4 ||.||)
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and such that (a;);cs satisfies the conditions of corollary 2.11. Then the following are
equivalent :

i) [A] has a base ;

ii) im [la;|| = 0.

Proof :

i) = i) : Suppose [A] has a base. Then A is c’-compact ([8], theorem 2.7, (a) = (6)) and
thus [A] is of countable type. Now, as (ai)ier is a p-adic t-frame (corollary 2.11), it follows
that I is countable. ([7], theorem 2.5). But then lllg} [Ir(a:)]l = 0 (lemma 3.5), and thus,

by construction hé’} lai]| = 0.
1
i) = ii) : Suppose hgll llai]l = 0. As for each i € I, ||a;]| # 0, it follows that I is countable.

But then V4 is of countable type and thus A is ¢’-compact. (Proposition 3.4). It follows

that [A] is of countable type ([10], proposition 2.3), hence [A] has a base ([12], theorem
3.16).

3.7.PROPOSITION : Suppose the valuation on K is dense and that K is not spheri-
cally complete. Let A C E be a.c., polar, weakly c’-compact and infinite-dimensional, let
t € (0,1) and let (a;)ier be a family in A such that for each i € I,dist(a;,e0(a; | j # 1)) =
t.Jlai]| > 0. (Note that A is closed ([9], proposition 3.4), hence, according to proposition
2.10, such a family exists). Now, if lxlénll lai|| # 0, then (a;)ier cannot be an a-orthogonal
family in (E, ||.||), for each a € (0, 1].

Proof : First note that in Banach spaces with the HBEP, A is weakly c’-compact in E if
and only if A is weakly c¢’-compact in TZ]- Note also that the condition dist(a;,%0(a; | j #
t)) > t.||la;]| > 0 implies that (a;)ier is a t-orthogonal base of (Vy,||.||) (theorem 2.1) and
thus I is infinite. (Same reasoning as in the proof of lemma 3.5).

Suppose there exists a € (0,1] such that (a;);es is an a-orthogonal family in (E, ||.||). Ac-
cording to lemma 3.2, [A] = [{a; | ¢ € I}]. It follows that (a;);es is an a-orthogonal base
of [A]. Let (ii)zeN, C I such that for each k € N, [la;, || > € > 0 and let (é)reN, C K
such that [£1] < |€2] < ... < 1 and kl_i_‘n;o}{kl =

Put f:[A] - K: E/\,-.a,- — Z Xip-&k.  f is well defined and for z € [4], |f(z)] <

i€l keN,
1 1
Al < - Xilllaall < =iz, b is continuous.
?éaﬁ)i' < . in&x| e ]l < s llz|l, hence f is continuous
Now, for z € co(a; |t € I), |f(z)| = |f(Z/\ .ai)| < sup [Aig 1€kl < sup |A; | £ 1.

i€l keN, keN,
Since A = ©€6%(a; | ¢ € I) ([3], corollary 4.7. (The proof is valid in polar Banach
spaces, hence in Banach spaces with HBEP. ([6], proposition 5.1)), it follows that for

each z € A,|f(z)| < 1. But, sup|f(z)] = sup |f(ai, )| = 1, which contradicts the fact
z€EA keNo
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that A is weakly c’-compact.

3.8 REMARK : I don’t know whether the following is true :

Suppose the valuation on K is dense and that K is not spherically complete. Let A C E
be a.c., polar, weakly c’-compact and infinite-dimensional, let ¢t € (0,1) and let (a;);es be
a family in A\{o} such that (7(a;));es is a t-orthogonal base of (Vy,||.]|) and such that
(a;)ier satisfies the conditions of corollary 2.11.

Are the following equivalent ?

i) T,T] has a base ;

i) im sl = 0

ii1) There exists a € (0, 1] such that (a;)ier is an a-orthogonal family in (E, ||.||).

As we have seen in proposition 3.6, i) & ii), whereas iii) = i) and iii) = ii) (proposition
3.7). The problem is to prove one of the other implications. These implications would be
easily proved if a p-adic t-frame in a Banach space with a base is an a-orthogonal family
for some a € (0,1].

I don’t know if the equivalence of i), ii) and iii) above would bring us closer to solving the
(still?) open problem that in strongly polar Banach spaces (or perhaps in Banach spaces
with HBEP) each weakly c’-compact subset is ¢’-compact, but it might perhaps help in
answering a weaker version of the problem stated in remark 2.5.
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