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ABSTRACT. — We define a “renormalized” Morse index, and prove a
Bahri-Lions type result for critical points of E(u,v) = [o{Vu - Vv —
H(x,u,v)}dx; i.e., we establish an a priori bound for critical points
with bounded Morse index. © 2000 Editions scientifiques et médicales
Elsevier SAS

RESUME. — Nous définissons un indice de Morse généralis€ pour les
points critiques de la fonction E(u,v) = [o{Vu - Vv — H(x, u,v)}dx
défini sur HO1 (£2) x Ho1 (£2).

Le but principal de ce travail est la démonstration d’une estimation
de type Bahri-Lions [2] pour les points critiques. Nous montrons pour
chaque entier m € N que 1’ensemble des points critiques dont I’indice
renormalisé u satisfait 1 < m est borné dans L°(£2) x L*®°(£2). © 2000
Editions scientifiques et médicales Elsevier SAS



278 S.B. ANGENENT, R. VAN DER VORST / Ann. Inst. Henri Poincaré 17 (2000) 277-306
1. INTRODUCTION AND MAIN THEOREM
In [1] we obtained existence and multiplicity results for critical points

in C(2) x C}(£2) of the functional

fH(u,v)=/{Vu-Vv—H(x,u,v)}dx (1)
2

whose Euler-Lagrange equations are the following semilinear elliptic
system

—AquU(x, u, U), —szHu(xa us v)9 (2)

with Dirichlet boundary conditions. If one chooses

H |u|p+1 b |v|q+1 3
X,u,v)=ax +
( ) ()ple (x)q+1 (3)
then (2) becomes

—Au=b(x)?, —Av=a(x)u?. @

Our method in [1] is to use Floer’s version of Morse theory. In fact our
motivation for this work and [1] was to see how well Floer’s approach
adapts to PDE problems involving indefinite functionals like fy. In
Floer’s approach one defines a “renormalized Morse index” for critical
points, and then defines homology groups which allow one to estimate
how many critical points with a given index fy should have. It turned
out in [1] that Floer’s method can indeed be used in a straightforward
way, provided one can establish enough compactness, both for the critical
points, and for the orbits of the gradient flow which connect the critical
points. To our surprise we found that the flow which gives the best
compactness properties for the connecting orbits is the gradient flow in
H{ (£2) x Hj (£2), or more generally, H® x H>~*. This flow is well posed,
in contrast with the L? gradient flows that are usually chosen to define
Floer homology. For the L? gradient flows ill-posedness of the initial
value problem caused by ellipticity of the gradient flow PDE is largely
responsible for compactness of the set of connecting orbits.

After establishing the Morse relations, and from there existence and
multiplicity results for critical points of fy in [1] it was natural to ask
what could be said about the renormalized Morse index of critical points.
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To do this we needed a compactness theorem for critical points with
bounded index. Our main result in this paper is precisely such a theorem:

THEOREM 1A.—Let 2 C R" be a bounded domain with smooth
boundary 052. We assume n > 3, and we assume the system (4) is
superlinear, i.e., p,q > 1, and subcritical

1 + 1 { 2 5)
—_—t——>1——.
p+1 g+1 n

For any m € N there is a constant C,, depending on a, b and S2, such
that any critical point of fy with lower index (_(z0) < m satisfies

sup{|ul, [v]} < Cp.
2

We recall the definition of the renormalized index in Section 2 below.

This theorem is similar to a theorem of Bahri and Lions [2] (see also
Yang [8]) who show that boundedness of the Morse index of solutions
of the scalar equation Au + u? = 0 imply a priori L™ estimates for
the solutions. We cannot imitate their proof however, since they use the
minimax characterization of eigenvalues of —A + V(x) in terms of the
quotients

JIVOP 4+ V(x)¢(x)* dx
Jo(x)?dx
(See [3, Chapter 6].) This description always deals with “the first n
eigenvalues” which makes no sense in our setting, since the second
variation d” fy(z) at a critical point z € C}(£2) x C}($2) always has
infinitely many positive and negative eigenvalues. In Section 3 we
overcome this problem by giving an alternative description of the index
of a critical point z in terms of the spectrum of an integral operator
associated with the matrix

P(x) — <Huu(X.Z(X)) Hvu(' . )) .

Huv(' ) va("')

In Section 4 we begin the compactness proof along the same lines
as Bahri and Lions. Assuming compactness fails, we use a blow-up
argument to reduce the problem to that of computing the index of entire
solutions to the “constant coefficient version” of (4), i.e., (4) with a(x)
and b(x) independent of x. This prompts us to study entire solutions,
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which we do in Sections 5-7, where we prove two Liouville type
theorems. In Sections 8§-10 we then complete the compactness proof.

The proof we give actually applies to more general functions H.
To state the more general result we consider a sequence of functions
H® e C%(£2 x R?). We say this sequence satisfies condition (%) if

( For any sequence of points P, € 2 and numbers A 1 00
there is a sequence k; 1 0o such that H*? defined by

HO(y, Uv)=x PVEDHO (Pt ey, UMY,
& = )\.; pq— ,

converges in C2_ to a|U|P*! + b|V |9 for some a, b > 0.

This hypothesis is satisfied by “lower order perturbations” of (3), i.e.,
functions of the form

up+1 q+1
|| +b(x)|v|
p+1 qg+1

H(x,u,v)=a(x) +h(x,u,v),

with
h(x,u,v) = o(|u|”t! + [v]7t!),
and similar growth conditions for the first and second derivatives of k.

THEOREM 1B. — Let H® be a sequence of functions satisfying (%),
as well as

92 H® PH® §2H®
< 9 —7 IS
dudv 0%u 0%v
Then any sequence z; of critical points of fyw with uniformly bounded
renormalized Morse indices is uniformly bounded in L™ ($2; R?).

The method used in this paper appears to give an optimal result with
respect to the exponents p and g. On the other hand our method does
impose restrictions on d*H (z) and on the dimension of the domain. The
method used by Bahri and Lions and by Yang for semi-definite elliptic
equations does not share these restriction due to the direct variational
characterization of the eigenvalues which is possible in the semidefinite
case. We believe that the imposed restrictions on d?H (z) and n are of
technical nature and that the result (Theorem 1A) should hold true under
milder hypotheses on d> H(z) and for all n > 1.
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2. THE RENORMALIZED INDEX

The second variation of fy at a critical point z = (%) is given by

Efu@) - (@, 9) = (9, €)120m2, ¢ € H N HY (2;R?).

where £ is the elliptic operator given by £ = —d, — P(x), with
0 -A
~Oa= <—A 0 ) ’

Huu(xa u(x)’ U(X)) Hvu()

P(X)_ ( Huv() va()) ’

The operator £ is elliptic and self-adjoint. It is also a bounded pertur-
bation of the operator —d, whose spectrum consists of the bi-infinite
sequence of eigenvalues {£./A; | k =1,2,...}, where A, are the eigen-
values of —A on §2 with Dirichlet boundary conditions. Thus £ also has
a bi-infinite sequence of eigenvalues and the ordinary Morse index of the
critical point z is infinite.

Let S, be the 3-dimensional space of symmetric 2 x 2 matrices, and
let P = L>(£2,S,;) be the space of “potentials”. We will first define
the index of £ = —9, — P(x) if £ is nondegenerate (invertible), so let
‘Bo be the set of P € P for which —d, — P(x) is invertible. Py is
an open subset of L3, and its complement can be written as the union
Uiz, B:, where B; consists of those potentials P for which —d, — P (x)
has i-dimensional kernel. Each 3; is a smooth submanifold of B with
codimension i (i 4+ 1)/2 (see [4]).

We will define the index u of the operator —d, — P(x) by requiring
that it be locally constant on B, and by specifying how u(—ad, — P(x))
changes when P crosses from one component of B, to another. The
following lemma makes this possible.

LEMMA 2A. - P, has a natural co-orientation.

Proof. —Let Py € B;. A co-orientation of 3; at P, is an orientation of
T B/ Tp, P

By definition 0 is a simple eigenvalue of —9, — Py(x). Standard
perturbation theory implies that the operator —d, — P(x) has a simple
eigenvalue A(P) near O for all P € P near P,. The function P — A(P)
is smooth, and its derivative is given by

dA(P)-8P =—(¢p,0P - pp),2, (6)
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where ¢p is a unit eigenvector of —d, — P(x) for the eigenvalue A(P).
If 6 P € Tp,'B is not tangent to ‘P, then by the implicit function theorem

dA(Pp) - 8P # 0, and the sign of this expression provides us with a co-
orientation. 0O

The proof actually provides us with two co-orientations: we will call
3 P positive if dA(Pp) - § P is negative(!)

Given & = —9d — P, with P € Py, we choose a generic path {Py | 0 <
6 < 1} connecting Py = 0to P; = P. A generic path will not intersect any
of the ‘B; with i > 2 since they have codimension 3 or more. A generic
path can intersect ‘B, but we may assume that it does so tranversally. The
co-orientation then assigns a sign to each intersection of the path with ;.
We define the sum of these signs to be 14(£). A generic homotopy of paths
will also miss all the *B; with i > 2, and will also be transversal to ;.
Therefore the number of intersections (counted with orientation) of the
path with 3, does not depend on the path.

Briefly, 1 (€) is the number of positive eigenvalues of £ = —0, — Py
which become negative as 6 increases from 0 to 1 minus the number
of negative eigenvalues of & = —d, — P» which become positive as 0
increases from O to 1 (cf. the “spectral flow formula” in [6]).

LEMMA 2B.-1If Py, P, € Py and Pi(x) > Py(x) pointwise, then
p(=0a — P1) = u(—03a — Po).

Proof. — Since ‘B is open we may assume that P; > P, + €I for some
small ¢ > 0. Now let Py =60P; + (1 — 6)Py. One has dP;/36 > eI,
and any sufficiently small C' perturbation of this path will also have
dPy/06 > 0. For a generic perturbation (6) tells us that every intersection
of the perturbed path with ‘B3, is positive. O

It is relatively straightforward to compute the index of operators with
constant coefficient potentials. Let

Pp g c(x) = (_AC _BC> ,

where A, B, C are constants.

LEMMA 2C.-If —C £ \/(AB) is not an eigenvalue of —A, in
particular if AB < O, then P € By. In this case the index of —9x — Pa p.c
is determined as follows:

(@) If AB <0 then u(—dp — Pa p,c) =0;
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(b) If AB >0 and A, B > 0 then u(—9x — Pa p.c) is the number
of eigenvalues of —A lying in the interval —C — \/(AB) < A <
—C +/(AB);

(¢) If AB>0and A,B <0 then u(—0da — P4 p.c) is minus the
number of eigenvalues of — A lying in the interval —C — \/(AB) <
A<—C+.,/(AB);

Proof. — For any ¢, ¥ one has (‘}’i) e kern(—ada — Py p.c) iff

—A¢p + (C - Ay =0,
(C—-A)p — By =0.
Add B times the first equation to (C — A) times the second to find that

{(C—-A)*-AB}¢=0.

A similar manipulation shows that i also satisfies this equation. If
—C £ /(AB) are not eigenvalues of —A then this equation forces both
¢ and ¥ to vanish, so that Py g ¢ € Po.

Assume AB < 0 and P, g ¢ € Po. Since Py is open, we can perturb
A and B slightly to cause AB < 0. Then, keeping A and B fixed, we
can vary C without ever causing —da — Py g ¢ to become singular; we
move C to C =0. Finally we let A and B move linearly to A =0 and
B =0, and again our operator —d, — P4 p,c remains nonsingular, while
the potential P at the end of these deformations has become the zero
potential. Hence the original operator —d5 — P, p ¢ had index zero.

Let A > 0 and B > 0, and assume again P4 p ¢ € P. After perturbing
C slightly we can assume that —C is not an eigenvalue of —A. We now
deform A linearly to 0, i.e., we consider the operators —d, — Py4. B,c With
0 < 6 < 1. This operator has a monotonically decreasing potential, so its
index drops at each 6 for which it becomes singular. Thus for each 6 for
which —C £ /(0 AB) is an eigenvalue of —A the index of —3x — Py 5 ¢
jumps by the multiplicity of the eigenvalue in question. The end result
of this deformation is a nondegenerate operator with AB = 0. We have
Just seen that such an operator has index zero, and hence the index of
our original —d5 — Py g ¢ must equal the number of eigenvalues of —A
counted with multiplicity in the interval [A + C| < \/(AB).

In the remaining case, A < 0, B < 0, one can apply the same argument.
The only difference is now that the deformation —d, — Py ¢ has
monotonically increasing potential, so one arrives at the same numerical
value, but the opposite sign for the index. O
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In [1] we also introduced an upper and lower index . (—d5 — P(x))
and p_(—3a — P(x)) for degenerate critical points, which are defined by
pi(—3a = P(x))
= liﬂ}sup{ﬂ(_aA = P)|IIP" = Pl1~ <&, P' € Py},
€

M—(—aA - P(x))
= lgifl(}inf{u(—BA =P IP = PlL~ <&, P €Po}.

They satisfy

tt(—=8a — P(x)) — p—(—8a — P(x)) = dimkern(—d, — P(x)).

3. A VARIATIONAL PRINCIPLE FOR THE INDEX
Let £ = —d5 — P(x) with

(AKX —C)
d (")‘(—Cm B(x))’

and assume that A(x), B(x) and C(x) are pointwise nonnegative. This
implies that the operator —A + C(x) is invertible. We define the bounded
compact operator

Tpf=vA(~A+C)'B(-A+C)'WAY
on L%(£2). One can write Tp as (Sp)*Sp, where
Sp=+B(—A+C)"'VA,

from which one sees that T'p is selfadjoint and nonnegative.

LEMMA 3A.—-The operator £ is nondegenerate iff 1 is not an
eigenvalue of Tp. The Morse index of € equals the number of eigenvalues
A of Tp with A > 1. If € is degenerate, then dim kern & coincides with
dim kern (Tp — 1). The lower index of £ is the number of eigenvlaues

of Tp exceeding 1; the upper index is the number of eigenvalues X of Tp
with A > 1.

Proof. — £ is degenerate iff there are (i) such that

—A(x)¢ + (C(x) — Ay =0,
(C(x) — A)¢p — B(x)y =0.
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Since C(x) = 0 the operator C(x) — A has a bounded inverse (C(x) —
A)~!on L?(£2). This allows us to eliminate v, after which we find that
£ is degenerate exactly when there is some ¢ with

¢ =(C(x) — A [B&x)(Cx) — A) " {A)e}],

i.e., whenever 1 is an eigenvalue of the operator 7p = (C — A)~!B(C —
A)~!' A. This operator is formally conjugate with Tp, namely Tp[+/A f] =
VAT}(f].

To compute the index of £, let A and B vary monotonically to 0,
and count the number of times £ and Tp — 1 become degenerate: both
operators vary monotonically, so this number gives both the change
in index of £ and the number of positive eigenvalues of Tp — 1.
Since operators of the form —d, — (_OC —OC) are always nondegenerate
(provided C(x) > 0 of course) they all have the same index: this index
must be the index of —d, itself, i.e., zero. O

COROLLARY 3B. - If either A(x) =0 or B(x) =0, then £ has
index 0.

Proof. — The operator Tp vanishes, and hence has no eigenvalues
exceeding 1. 0O

COROLLARY 3C.-If A(x) = B(x), then the index of £ equals the
number of negative eigenvalues of the Schridinger operator —A —
A(x) + C(x).

Proof. — The operator Tp is the square of ~/A(C — A)~'+/A, which has
eigenvalue 1 exactly when the Schrédinger operator —A + A(x) 4+ C(x)
is singular. Replace A(x) with 6 A(x), and let 6 vary monotonically from
1 to 0. All negative eigenvalues of —A + A(x) + C(x) then move to
the positive real axis, since —A + C(x) is positive definite. Every time an
eigenvalue of —A+6A(x)+ C(x) crosses 0, an eigenvalue of Tp, crosses
1. Hence Tp has as many eigenvalues with A > 1 as —A + A(x) + C(x)
has negative eigenvalues. 0O

The following corollary sheds some light on our hypothesis concerning
the signs of H,,, etc. in Theorem 1B.

COROLLARY 3D. - If H satisfies H,,, >0, H,, > 0and H,, <0, then
Sfu has no critical points with negative renormalized Morse index.
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4. THE BLOW-UP ARGUMENT

Let H® be a sequence of functions in C2($2;R?) satisfying the
conditions of Theorem 1B. Assume that there is a sequence of critical
points z; = (u, vg) of fyw, with

lim [Jug Lo + vkl = 00.
k— 00

Assume also that the renormalized index of the z; is < m — 1. Then we
define

—(pg—1)/2
A = sug{max(|uk(x)|1/(q+1)’ o (o) [V 2+DY ) £ = A, P2,
xe

We assume that the supremum is attained in P, € §2 and define

Ur(y) = ad “TDu (P + ey,

Vi) = Bre T (P + £y)
with a, B > 0 to be specified in a moment. We also define the rescaled
domains

22— P
Q= £
&k

A short calculation shows that (Uy, V;) is a critical point of fiw on
C}(22;; R?), where

~ 1 ~
HPy,U, V) = —ﬂH“(y, alU, BV),
(04

and H® is as described in the condition (x). By our assumption (x) we
can extract a subsequence for which H®(y, U, V) converges in C2,, to

HU,V)=alUP*' 4+ b|v|et!,

for certain positive constants a, b. The H ®(y,U, V) then converge in
C2 . to
P bBI
1w, v) ="+ By,
B o
By choosing o and $ appropriately we can arrange that H is given by

|U|p+l |V|q+1
HWU,V)= + . 7
( ) p+1 q+1 )
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The (U, Vi) are uniformly bounded in L°°, and satisfy the Euler—
Lagrange equations,

aH® aH®
LU, V), —AV, =
3V (y ) =0

—AUk= (}’» U7 V)' (8)

Elliptic regularity implies that the (Uy, V;) are uniformly bounded in C>*
for any a < 1. Hence there is some subsequence for which the (U, Vi)
converge in cfog‘ . The limits (U,, V,) are then bounded solutions of

—AU =V1, —AV =UP. (&)
The domain of U and V is £2, = limy_, o £2;. If

. dist( Py, 082)
limsup ————— = o0,
k—o00 Ek

then we can extract a subsequence along which §2; converges to 2, =
R". Otherwise we recall that 02 was assumed to be smooth, so that
along some subsequence the §2; converge to a half space £2, containing
the origin in its interior.
For now we shall assume that £2, is all of R”, and at the end of this
section we indicate which changes must be made if §2, is a half space.
We consider the index of the solutions z; = (uy, v;). By Lemma 3A

the index of z; equals the number of eigenvalues above 1 of the operator
T = (S)* Sk, with

Sip(x) =\ HEY (x, 2e(0)) (=& — HY (x, 24 ()™
x [V HE (x, 2600)$ ()]
We have

a _ ~
H® (x, 24 (x)) = Bki” D@D O (3, U (), V().

ﬂ _ ~
)"1(<P+1)(q l)H‘(/k‘)/ (y, Ui (y), Vk(Y))’

H® (x, z(x)) = o

vy

H® (x,20(x)) = e 2HY) (v, Ue (), V().

Using these relations one then easily finds how S; changes under
rescaling.
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LEMMA 4A. - Given ¢ € C>°(R") let ¢y (x) = p((x — Py)/er). Then

(Skd) (Pe + ey) = Sip (v),

where S, is the operator given by

$id () =\ HE (v, 2 (A — B (3, 26(3))) ™

< [ VAR (5 %))
We now let k tend to infinity.
LEMMA 4B.-Ifn > 3 then

Jim $i6(y) = S () (10)
uniformly on compact sets in R". Here S¢ is defined by

So = vpa|vV | 2= 8 um)| P e (y).

Here (—A)~! is the Newton potential.

~ 1 1
Proof. — It follows from C? convergence of H® to % + ";': that

Hyy = plUIP,  HY) — gV~ and HY -0

uniformly in compact subsets of R”.

For n > 3 the Newton potential |x|*>~™"/(n — 2)w, is positive (w, is the
surface “area” of the unit sphere $"~! in R"). Together with ITIL(,"‘), < 0and
the maximum principle this implies that

LfONI dy’

“A_ g® -1
|( A Huv(x» Zk(x))) f(y)l < (n _2)a)an |y_y/|n—2

for any f € C2°(§2;). This uniform bound allows one to pass to the limit
and conclude that

lim (—A — Hf) (x, %)) f=(=A)"f. O

k— 00

In Section 8, Theorem 8A, we will prove for arbitrary m € N and ¢ > 0
that there exist ¢; € C2°(R"),i =1, ..., m, for which ||S¢||,2 > (/pg —
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€)|l¢|l 2 for any linear combination ¢ = c;¢; + -+ + ¢nPm. Choose &
so small that ,/pg — & > 1. Then we find that for sufficiently large k
there is an m-dimensional space on which 1Scd 112 = (¥, Tiyr) > ¥ lI%,
and hence that T, must have at least m eigenvalues larger than 1. This
contradicts our assumption that the indices of the z; were all less than m,
so that our main theorem is proved as soon as we establish Theorem 8A.

We now briefly consider the situation in which dist(Py, 9§2) < Cé;. In
this case we may assume after passing to a subsequence that P tends to
some point P, on the boundary. One now “flattens the boundary”, i.e.,one
chooses coordinates &, ..., &, near P, such that P, becomes the origin,
and £2 gets mapped to the half space H" = {£ | &, > 0}.

Then we define

U =2 Vu(Xem), Vel = A P u (X (exm),

where £ — X (&) is the inverse to the chart x > (§,(x), ..., §,(x)).

Then the Uy and V; are defined on Bg, N H", with Ry ~ & ! and they
satisfy (8), provided one interprets A as g 2% the Euclidean Laplacian
in 1 coordinates. In the limit k — oo this equation ends to (9), and one
can extract a subsequence for which the Uy and V; converge to bounded
nontrivial solutions U and V of (9) on H" which vanish on oH" =
{0} x R*~!. By odd reflection in dH" one can extend such solutions to
entire solutions of (9), and all results in the following sections therefore
apply. ~

For n > 3 the operator S also converges to

Se=V/pqIVI4 V2 (Am) T U PO,

for the same reasons as in the case where £2, = R”". Rather than
considering the action of S, on functions on H", one can consider the
associated operator

S = /PaIV I (Bge) U2

acting on odd functions on R"” (odd meaning ¢(—ni,m2, ..., N) =
—¢(n1, 2, ..., 1mp)). All arguments in the following section apply to
this operator without modification, and thus one can again show that
I1Sc#1l > ll¢|l holds on some m dimensional subspace of L?(£2) for large
enough k.
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5. THE BLOWN-UP EQUATION

THEOREM S5A. — Let u, v be solutions of (9) on the ball with radius R.
Then one has for large enough m and arbitrary small ¢ > 0

[ e

" C
cefo(2) o s &

R

where p(x) = 1 — |x|>. The constant C depends on &, m, p, and q but
not on R or the solutions u, v. Here m is large enough if it exceeds
2(p+D(g+1D/(pg = D).

COROLLARY 5B. —If (u, v) are bounded entire solutions of (9), with
Jgn |u|P! finite, then
/|v|q+l :/|u|p+1-
R" R"

In particular the (q + 1)-norm of v is also finite.
We will show later on that # and v must actually vanish.

Proof. — Theorem 5A implies that

Ix = / pG/R WP, g = / p(c/R)[]#+!
satisfy

(1—e)l C5<J < +e)l +&
E)IR R RX R R

Letting R 1 oo one concludes that J = [ |v|9*! converges, and that
(1—8e)I <J <1 +¢)l forany ¢ >0, where I = [ lu[Pt!. Thus I = J,
as claimed. 0O

We now prove Theorem 5A. We may assume that R = 1, since the
general case then follows by rescaling. Put { = p™ and compute:

/§{|M|p+1 —lvlqﬂ}dx:/{(vAu—uAv)dx

:/uV;-Vv—vV(-Vu.
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Hence, using |V¢| =mp™ |V p| < Co™ ! we arrive at
’/;{luv*‘ - |v|q+‘}dx‘
< [ o {ulIVol + 1ol Vul} dx
<o / o™ {ulP* + |7 Y dx + C, / 1= 1P| gy PO/

+C [ oIVl an

for arbitrary o > 0.

LEMMA 5C. — For arbitrary u € C3(B), 1 < p < o0 and § > 0, there
is a Cs,, < 00 such that

/p'"quI”dx<C,s/p’””’lul”dx+8/p”'+”|Au|pdx.
B B B

Proof. — This follows from L? interior estimates for the Laplacian, and
a covering argument. [

We apply the lemma to (11). For the third term in (11) we find, using
Av=—u?,

/p'”—“‘/l’|vv|("+”/1’dx
<Cg/p'"‘z‘z/l’wﬁ"“)/!’dx+5/p"'|Av|(P+‘>/de

< Ca/pm‘2‘2/”|v|<P+1>/pdx +5/p"‘|u|”+‘ dx. (12)
We now observe that (p +1)/p <2 < g + 1, so that

P
r=—1(@+1 >1,
erl(q )

and so that one has x” <t~/  + X", r' =r/(r — 1), for any x > 0 and
t > 0. Thus

pm—2—2/p|v|(p+1)/p < - + t(pM~2—2/P|v|(p+l)/P)’

—r'/r

=1 mr—2(q+1)|v|q+l

+ 1P

< _L_—r’/r + tmeUIqH
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providedm >2(g+1)/(r — 1) = 2(p+ 1)(g +1)/(pq — 1). Apply this
inequality to (12), and you get

/pm—l—l/p|vv|(p+l)/pdx

<c+r/p'"|v|q+‘dx+8/p'"|u|"+‘dx (13)

which implies the theorem.

6. A LIOUVILLE THEOREM

In this section we will prove:

THEOREM 6A. - Let u and v be bounded entire solutions of 9).1If
re [U|PYY s finite, then both u and v vanish.

We have shown that [g, [u|?*! < co implies that [ [v]7*! < 00, and
that both integrals are in fact equal.

The idea of the proof is as follows: first we show that the action of the
solution (u, v)

p+1 q+1
E(u,v):/{Vu-Vv—l_ul__M }dx
o p+1l g+1

is finite. Then we observe that for any A > 0 the functions
ut(x) = 27 u(x /e), v (x) = APy (x /e),

with & = A=(4=D/2 are also solutions of our system. Moreover, these
solutions also have finite action. Direct substitution shows that the action
of (u*, v}) is

E(u*, v*) =A"E(u, v), (14)
with

21 1
a:f(p+1)(q+1)<1—————— );eo.
2 n

On the other hand the (u*,v*) are critical points of the action, so
E (u*, v*) should not depend on A. This can only happen if 4 and v both
vanish.

We now go through the details of the argument.
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LEMMA 6B.—Ifu € LP*Y(R") then |Vu| € L" and |Vv| € L® where

1 1 1 1 1 1 1 1
—=—<1+————>, —=—(1——+——~).(15)
r 2 p+1 qg+1 s 2 p+1 g+1

In particular, |Vu|-|Vv| € L', and \uVv|+|vVu| € L' for some 1 <t <
n/(n—1).

Proof. — We have Au € L'*1/4 and u € LP*!, so that, by interpolation,
|Vu| € L™, where

1 1 ( 1 q )
e — =
r 2\p+1 g+1
which implies the first part of (15). The second part follows in the same
way.
Using the subcriticality of p and g, one finds
1 n—-1 1

- >

r n g+1

Holder’s inequality and v € L97! then imply |[vVu| € L, where

+ >
t r g+1 n

1 1 1 n—1

This lemma implies the action is well defined, and moreover that, by
dominated convergence

E(u,v)= Rli_gnooER(u, v),

R B x 'u|p+1 'v|q+1
Ewu,v)= [ n{—=)sVu-Vv— — dx,
R p+1 qg+1

for any smooth compactly supported function with n(0) = 1. We shall
assume that

=1 for|x|<1/2,
n(x) { =0 for|x| > 1.

LEMMA 6C. —

1 1 1 1
E(u,u)z(_—___)/|u|f’+‘dx+ (———)/Ivlq“dx
2 p+1 2 g+1

1 1
:(1————————)/|ul”+'dx.
p+1l g+1
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Proof. — Formally we integrate by parts and use the Euler—Lagrange
equations. To deal with the infinite domain, we work with ER:

11 11
R :/ R{<____) ™ <___> q+l}dx
o=z o) g~ )l

1
+ E/VnR AuVv +vVu)dx
where n®(x) = n(x/R). Combining uVv € L' with t <n/(n — 1) and
|VnR| < C/R, one shows that the last integral vanishes as R — co. 0O
This lemma directly implies that the action scales as stated in (14).
LEMMA 6D. - S E(u*, v*) =0.

Proof. — Again we deal with E¥ first. Let h = 2|, _; and k = 22°|,_;.
Then

dER
On substituting
1
h= —E(pq —Dx-Vu+(g+ Du
and

1
k= —E(pq —Dx-Vuo+(p+ D,

one ends up with four integrals. Two of these are bounded by
/anl{lquI + [vVul|} dx.

As in the previous lemma one shows that this is o(1) for R — oo.

The other two integrals are of the form [(x - Vu)(Vn - Vv)dx. We
now recall that n(x) =1 for |x| < 1/2, so that V((x/R)) is supported
on Bg \ Bg/,, and is bounded by C/R on this annulus. By Holder’s
inequality we then get that

l/(x-Vu)(Vn-Vv)dxiSC / |Vu||Vv|dx,
BR\Bg/2

which, since |Vu||Vv| € L'(R"), is o(1) for large R. Thus we see that
limgoo s EX=0. O
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The Liouville theorem now follows immediately, since E(u*, v*) =
A%E(u, v) is found to be constant, and hence must vanish. The explicit
formula for E (u, v) then implies u = v = 0.

7. A SECOND LIOUVILLE THEOREM

THEOREM 7A. — Let u, v be bounded entire solutions of (9). Then,
if (@+bixi + - + bpx,) |u(x)|P~D72 belongs to L*(R"), both u and v
must vanish.

Proof. —If b; = 0 for all i, then our hypothesis is [ |u(x)|P~!dx <
0o, which by boundedness of u implies [ |u(x)|?*!dx < oo. The first
Liouville theorem now forces u and v to vanish.

Assume henceforth that some b; # 0.

Since u and v are bounded solutions, their gradients are also bounded.
Let M = sup |Vu|. For any x € R" we define

. u(x)]
oM

B, = B(x,r,), 5B, = B(x, 5r,).
On the larger ball 5B, it follows from |Vu| < M that we have

1 3

S <uG <], VyesB;,

and hence

/ )" dy < Clu@)| "' < a7 (16)
5By

On B, we have

J@+bi+tboydy > e (17)
By
for some constant which only depends on a, b, ..., b,. Hence

X

p—1
/(a +biyi +--- -|-bny,,)2]u(y)Ip_l dy > (|M(2x)|) crt?
By

=clu@) | (18)
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Putting (18) and (16) together we get

o .
/lu(y)lp+ldx<7/(a+b1yl+'~-+bnyn)2|u(y)|p 'dy.
5B, B

We can now choose xi, x, ... ., such that the B,, are pairwise disjoint, and
such that the 5B,; cover R” (see [7, Section 1.1.6]). One then has

/Iu(y)|p+1dy<2/\u(y)|p+'dy
Rn

' 5By,

C’ N
<72/(a+b1y1 + o+ by u(|” 1dy

i By,

C’ _
< 7/«: by by Hu ()| dy
RH

and we find again that [ lu|P*! < oo, which implies that # and v vanish,
as claimed. O

By slightly modifying the proof we get the following stronger version
of this theorem.

THEOREM 7B. - Let ¥ € C'(R"), with |y (x)| + |V (x)| = O for
|x| = 00. Then (a+b1x; + - -+ by x, + ¥ (x)v(x)9~V/2 can only be in
L*R" ifa=b =---=b,=0.

Proof. — The proof proceeds exactly as before, the only difference
being that (17) no longer holds. However, outside some large enough
ball Bg, one has || << a and |Vy| << |b|, so that (17) does hold for

all balls B, outside Bg,. O
8. INDEX OF ENTIRE SOLUTIONS

Let u and v be entire solutions to (9). We will essentially show in this
section that the generalized Morse index of such a solution is infinite.
Thus we would like to consider the operator

T=pq¥o(—A)"'od*o(=A)"0oV,

where ¥ is multiplication with |v(x)|9~"/2 and @ is mutiplication with
lu(x)|P~1/2, Unfortunately this operator is not necessarily well defined
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on L?(R"), even if we restrict its domain to, say C2°(R™). Thus instead
of studying T we consider

S=.pq®o(—A)"'ow,
i.e., for ¢ € C° we define

[u(x)|“9~ D u(y)|P~D/2
(” - 2)6(),, 'x - )’I"_z

Sox) =/pq ¢(y)dy. (19)
Rn

This way we have a continuous integral operator from C2° to L°.

Formally, T¢ = S*S¢, where S* is the “L?-adjoint” of S. To make this
precise, we choose a domain for S which makes it a possibly unbounded
operator in L2 Let © C C° be the subspace of all testfunctions which
satisfy

/|u(x)|""”/2¢(x)dx=/x,-|u(x)|(”‘”/2¢(x)dx=o, 1<i<n.
R” R”

To motivate this definition recall that the Newton potential of a compactly
supported function ¥ has an asymptotic expansion of the form

1 ¥(y) _ M, M1(£)+M2(£)+--~
(n— 2)a),,R |x — y|"—2 rn—2 rn=l1 re

k]

where r = |x|, X = x/r and the M, (%) are spherical harmonics of order k.
The M depend linearly on the kth order moments of . If the moments
of order < k — 1 of ¥ vanish, then the Newton potential (—A)~!y decays
like O(r—=k+2),

Consequently, since ® consists of those ¢ for which the moments of
order 0 and 1 of |u|?~D/2¢ vanish, S¢(x) is bounded by C(¢)/r" when
¢ €®. For n > 3 this implies S¢ € L%>(R"), i.e., our definition of D
makes S:D — L? a well defined (perhaps unbounded) operator.

The main result in this section is

THEOREM 8A. — For any ¢ > 0 and any integer m there exist b1, ...,
bm €D such that

IS¢z = (Vpg — &)l 2
holds for all ¢ = c ¢y + - -+ + CppPpm.
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Since formally we have (¢, T¢) = ||S¢||?, we find by choosing ¢ >
VPq — 1 that (¢, T¢) > ||$||> on some m dimensional subspace of L2,
which, in view of our characterization of the generalized Morse index,
we interpret as index (u, v) > m. Since m is arbitrary we say (u, v) has
infinite index.

The main technical tools in proving the theorem are the following two
lemmas.

LEMMA 8B. - The domain ® is dense in L. The operator S:D —
L2(R") has a closed extension.

Proof. —If © were not dense, then some g € L? would be perpen-
dicular to ®. By linear algebra this g must be a linear combination
of |u|P~D/2 and the x;|u|P~1/2 (1 < i < n). Thus for some a, b; we
find that (@ + byx; + - - + b, x,)|u|?~P/2 is an L? function. Our second
Liouville type theorem excludes this.

We now prove that S|y is closeable, i.e., we show that for any sequence
fi €® with || f;|| ;2 — 0 and Sf; — g in L? one must have g = 0.

Let

b= (=) (ju PV fy).

Since u € L™, and since f; — 0 in L2, it follows that V2h;, — 0 in L2,
for V2h, is the Riesz transform of |u|?~D/2 f, and the Riesz transform
is bounded on L2.

The set O = {x € R" | v(x) # 0} is open and nonempty, and since
Sfi = |v|4D/2p, the hy converge in L2 (O) to g|v|~@~1/2,

It follows that A, actually converges in W,%;Cz(]R”) to some function 4,
whose second derivatives vanish, i.e., h(x) =a + bjx; + - - - + b, x,.

Thus we find that g = (@ + byx; + -+ + byx,)|v|9"D/2 belongs to
L?(R"). The second Liouville theorem now forces u =v=0. O

LEMMA 8C. — Let o®(x) = n(x/R)u(x)P*Y/2, Then

This lemma does not claim that * € D, in fact one expects this not to
be the case in general. Thus ||S¢®|| is defined by the integral (19), and
may be infinite.
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Proof. — We suppress the subscript R from our notation for the duration
of this proof. Thus

Sp(x) = [v(0)| "V (= a) T (nGe/ Ryux)?).
Define ¢ by
(=2)" (n(x/Ru)?) =nv + ¢
Then, using Av + u? = 0 one computes that i satisfies

—AY =2Vn-Vuv+vAn=2V .- (Vn) —vAn, (20)

so that
¥ =2V(=A) "' (wVn) — (=A) " (vAD). (21)

As in Section 4 we define
I=Ir= [uliax, I =y = [Pl ar.

The Liouville theorem implies that I, J — 0o as R — 00, so by Theorem
4A we have

We now compute the L? norm of S¢ on Bg:

/l&o(x)fdx =/lv(x)|q_1{n2v2 +20uy + Y2} dx

Br Br

> [ GPloe)|™ + 20907 dx
Br

:/(772|v(x)|q+1 —2ulA(ny)) dx
Bgr

=Jgr— 2/{u1ﬁAn +2uVy - Vn 4+ unAy}dx.
Br

At this point we substitute the formulas (20) and (21) for v, which on
expansion turns the last integral into one with six terms:

/|S¢(x>|2dx > Jr+ K1+ -+ Ke,
Bgr
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where
K = —4/uAnV(—A)—1(uvn)dx,
K, =+2/uAn(—A)“1(vAn)dx,
K3:—8/uvn-V(—A)—lv-(vvn)dx,
K4=+4/an V(=AY (wAR) dr.
K5=+2/M77V77 -Vudx,

Ke¢= /uvnAn dx.

We now proceed to estimate these terms one by one. It turns out that all
terms except K5 can be estimated following the same scheme. We show
how to estimate K, and leave the other terms to the reader.

In doing such estimates it is convenient to have a slightly different
notation for the L” norms of functions on R". We write

1
1l = [f; —].
’
With this notation Holder’s inequality appears as

[fgia+BI<[fia]l-[gB] O<aBa+B<])

while one has the following estimates for the operator (—A)~!

[(—A)—lf;a] <C(n,a) [f;a — %] 2/n<a<l),

V8 fial <Con|fia =] (/m<a<,

[VA(=A) " fia] <C o) fia]l (O<a<]1).

Here the last estimate simply states L? boundedness of the Riesz
transforms for 1 < p < 0o, while the first two are restatements of L?/L4
mapping properties of the Riesz potentials (see [7, Section V.1]).

We shall also use that the specific form of our cutoff function, i.e.,
n=n(x/R)=(1—|x/R|*)™ implies

R|Vn|+ R*|An| < Cn'=%/m, (22)
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Moreover, we shall assume that m is “large”.
We then have

1 )4 ]
K4 < ClulVnl; ——| - e
Kl [ul "l +1] [ p+1
C
i |
Syl - +1
L 1
< CR™MpH [IvAnl;———p —9+—]
p+1 n
e 1
< CR M0 ppt [lvAnl;L——9+—]
p+1 n
;
<CR—1+n01+ -R‘2[|vn"2/"’| _o4 1]
p+1 n

—‘— 4 1 1

S CRFMO P g+ [IXBR| L—6?+————]
p

< CR—3+n9+n(F%l- 9+" q+1 )I p+l Jq+l

1 1

=CR™IFT i,
where
1 1 n—2
= + —
p+1 g+1 n
is positive because p and g are subcritical. In this calculation we have

chosen 6 € (0, 1) so that we can legitimately apply Holder’s inequality
and the L” mapping properties of V(—A)~!. The constant # must satisfy

Such 6 exist.

As we mentioned before, a similar argument gives exactly the same
estimate for the terms K, K,, K3, and K¢. To estimate K5 we first
observe the following

K5=/uVr]2~Vvdx=—/n2uAvdx—/n2Vu-Vvdx

=—1Ix —/n2Vu - Vudx.
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By Theorem 4A we have Ig = Jg + Eg, where Ep = o(Ig) as R — o0.
Hence

K5=—JR—/n2Vu-Vvdx—ER
—/nszu—/n2Vu~Vvdx~ER

=—/n2V~(vVu)dx—ERz/vVu-nzdx—ER
1 E
=—/{vVu-n2+qu'n2}dx——R

2
2/uvAn dx——

Here the remaining integral is of the same type as K¢ and can be
estimated in the same way as K¢, with the same result. The last term

Eg/2 was already known to be o(Ig), so the we can finally add all
estimates together to obtain

/|S<p<x>|2dx > (pq +o(1) I

Br

Since |||l ;2 = I this completes the proof of Theorem 8C. O

9. PROOF OF THEOREM 8A WHEN S IS BOUNDED

If the operator S:® — L? is bounded then it extends uniquely to a
bounded operator S;:L? — L% When ¢ € C*(R") we have a formula
that defines S¢ as a function in L>°(R") (but not necessarily L?). The
following lemma addresses this ambiguity.

LEMMA 9A. - If S is bounded then S\¢ = S¢ for all ¢ € C(R").
Proof. — Let ¢, € D converge in L? to ¢ € C2°(R"). Define

Y= (A {429 = (—A)T w2},

Then, since the Riesz transforms V2(—A)~! are bounded on L2, V2,
converges in L? to V?y. Moreover, s, converges to ¥ +a + b - x
in W22, for some a € R, b € R". But then S¢, = S|4V 2y,
converges to ./pg|v|9V/2(y +a+b-x) so that |v|9" D2 (Y +-a+b-x)
belongs to L2. Since v is the Newton potential of a compactly supported
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function, we may apply Theorem 7B to conclude that a and b vanish.
Consequently, S1¢ =lim S¢, = ./pq|v|“9— Y2y =S¢. O

LEMMA 9B. — For any f € L*(R") one has

R
(¢ ,f)=0.

R—oo ||

Proof. — First assume that f is compactly supported, i.e., supp f C
Bg, for some R; > 0. Since ¢® = n(x/R)u(x)?*Y/? and n(x) =1 for
|x| < 1/2, the inner product (¢X, f) is independent of R for R > 2R;.
But [|[¢®|> = [ n(x/R)*|u(x)|”*! dx becomes infinite as R — 00, so for
compactly supported f the lemma holds.

For general f € L? we decompose f = fy + fi, with fy compactly
supoorted and || f1]|;2 < €. Then

R R
O )| _ i sup| €510
”(P ” R—>o0 ||<P ”

lim sup <e.

R—o00

This holds for arbitrary ¢ > 0 and thus the lemma holds for all f €
L% O

LEMMA 9C. — Given any € > 0 and m there exist Ry <R, <--- < R,
such that

(i d)| + (S, Sp)| <& (G # ), 23)
and ||S; |> > pq — € hold. Here ¢; = @i /||o%i|.

Proof. - By Theorem 8C we can assume that ||S¢'||?> > pg — e,
provided all R; are chosen above some R,. We choose R, = R, and
proceed by induction. Let Ry, ..., R,,_; be given. Since S is bounded its
adjoint S* is well defined, and we can write (S¢,,, S$¢;) = (P, S*Se;).
By Lemma 9B we can therefore make |(S¢y., S¢;)| < e for all j <m
by choosing R,, sufficiently large, while R,, > R; = R, ensures that

IS¢mll*> > pg —e. O

To conclude the proof of Theorem 8A, at least assuming boundedness
of S, we note that ¢ =c ¢, + - - - + ¢, satisfies

m

gl < ZC,Z +EZCiCj < (14 (m—1)e) z:cl2
1 it] 1
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and
ISOI” > (VPG —e) D> c? =& cic; > (Vpg —me) S &,
1 i) 1
so that
ISl S J/pqg —me

161 - 1+ m—ns VPITE

10. PROOF OF THEOREM 8A WHEN S IS NOT BOUNDED

We recall how one constructs the bounded self-adjoint operator
T =1+ $*S)~! from the closed densely defined operator S (see [5,
Section 118]).

Let U be the Hilbert space completion of © with inner product

(fs &)u=(f.8) + (Sf, Sg).

It follows from the closedness of S that %0 can be identified with a dense
subspace of L? (the inclusion map i:® — L? extends naturally to a
bounded linear map i’ : %0 — L?; closedness of S is needed to conclude
the injectivity of i’.)

The Riesz representation theorem implies that for any f € L? there
exists a g € Y with

We define T f = g. One then easily shows that T is a bounded selfadjoint
operator on L?.

LEMMA 10A. —Assume S is unbounded. Then T is injective, and
Oeo(T).

Proof. -If Tf =0then f LU, so f =0, which proves injectivity.
Assume 0 is not in the spectrum of 7. Then T is invertible, and we
have for arbitrary ¢ € ®

1815 = (b, D)o = (T, ) <IT "I - g%

This implies S is bounded, against our assumption. 0O
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By the spectral theorem for bounded self adjoint operators we can write
T = fol AdP,, where {P, | 0 < A < 1} are the spectral projections of T'.
Assuming that S is not bounded we find that O is in the spectrum of T,
while T is injective, i.e., 0 is not in the point spectrum of 7. It follows
that there exist A, | O such that the projections 7w, = P,, — P, 41 are non
zero. Choose ¢, € range(r,) with ||¢, |2 = 1.

LEMMA 10B. — The ¢, are mutually orthogonal. They belong to 0 so
that S¢, is well defined, and they satisfy

St L Spm  (n#m),

1
1S@all72 > — — 1.
L== 5

n+1
Proof. — Let
An+l
= [ 27 arig,, (24)
An

then Ty, = ¢,,, so ¥, € range(T) C Y and v, = T~ '¢,. We have

ISpnll72 = (Stu. Shu) 12 = (B, du)w — lIdn 22
= (Tl/jna ¢n)m -1= (wns ¢n)L2 —1

1
- / ~(@Pign, )iz — 1>
[)Ln-i-la)»n)

For k # 1 we have (¢, ¢;) = 0 and also
(Sx, St1) = (b, Pr)v — (Dx, &) = (Y, Y1)

—1.

n+1

71
= [P @iz =0,
0

a

If we assume that ; < 1/(1 4 2,/pq) then we have [|S@,|> > 2pq
for all n. Moreover, since the ¢, and S¢, are pairwise orthogonal sets,
any linear combination ¢ = c;¢; + - - - + ¢, P, Will also satisfy || S¢||> >
2pq||¢lI%>. Since D C U densely in the U norm, we can approximate
@1, ..., Pn in ‘Y as closely as we like by ¢ € D; in particular any linear
combination ¢’ = c¢¢| + - - - + cn¢p,, Will satisfy [|S¢’||> > pq|l¢’||>. This
completes the proof of Theorem 8A, and hence of the main Theorem 1B.
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