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ABSTRACT. — We give conditions for a vector-valued function u €
Whn(£2, R"), satisfying det Du(x) > 0 on a bounded domain £2, which
imply that det Du(x) is globally higher integrable on §2. We also give
conditions for u € W"(£2,R") such that det Du belongs to the Hardy
space h ; (£2) and exhibit some examples which show that our conditions
are in some sense optimal. Applications to the weak convergence of
Jacobians follow. Div-curl type extensions of these results to forms are
also considered. ® 2000 Editions scientifiques et médicales Elsevier SAS

AMS classification: 42B20, 42B30, 49K99

RESUME. — Pour une fonction 2 valeurs vectorielles u € W' (£2, R")
telle que det Du(x) > 0 dans un ouvert borné £2, nous donnons des
conditions conduisant a une amélioration de I’intégrabilité globale de
det Du(x) dans un ouvert borné 2. Nous donnons aussi des conditions
sur u € W"(£2,R") pour que det Du appartienne a ’espace de Hardy
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h ;([2). Quelques exemples démontrent que ces conditions sont dans un
certain sens optimales. Ces résultats sont appliqués a la convergence
faible des jacobiens. Nous examinons aussi I’extension de ces résultats
du type div-curl aux formes différentielles. © 2000 Editions scientifiques
et médicales Elsevier SAS

1. INTRODUCTION

The work of S. Miiller [17] has led to many interesting new results
regarding important nonlinear quantities such as Jacobians and some
quadratic forms in compensated compactness [12,4]. However, the results
found there are local or interior in nature. For example, Miiller’s result
states that if u is an element of the Sobolev space W!"(£2, R") (2 C R"),

and det Du(x) = det(g—';f) > 0 in £2 almost everywhere, then for every
compact subset K of £2,

/det Du(x)log <e+ det Du(x) )dx
K

Jo det Du(y)dy
SC(K,n)/|Du(x)|”dx. (1.1
2

We are interested in finding additional conditions on u under which
det Du(x)log(e + det Du(x)) is globally integrable on a bounded do-
main £2.

Higher integrability results are partly motivated by applications of
Jacobians to nonlinear elasticity. A model problem in [7] is that of
determining the infimum

inf F(x,det Du(x))dx,

ulpp=id

where F: 2 x (0, 00) — [0, 00) is continuous, lim,_.o, F(x, ) =400,
lim, , ;o F(x,t) = 400 and id is the identity mapping. Let f:£2 —
(0, 00) be a measurable function such that F'(x, f(x)) = min{F(x, ),
t > 0} for every fixed x € £2. Then the minimizing problem is reduced to
solving

det Du(x) = f(x) in £2, u(x)=x onas2.
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This problem is studied in [8] under the condition that f is Holder
continuous, in [24] for f in Sobolev spaces, but has not yet been solved
in the case of f € LP(£2). Our global integrability result (Theorem 3.1)
gives a necessary condition for the solvability of the above problem
for u € W (2, RY). The necessary condition is that flog(e 4 |f1]) €
L'(£2) which we abbreviate by writing f € Llog L(£2).

If v e W/(R", R), we denote by Vv the vector-valued function
Vo= (2,..., &). It was established in [6] that if u = (u1, ..., un) €
Win(R", R"), then det Du belongs to the Hardy space H'!(R") and
[ldet Dujl g1 < C(n) ]_[;'.=1 IVull;». (For relevant details pertaining to
the Hardy space H'(R"), the reader is referred to Appendix A. Further
details can be found in [21].) In [5], Hardy spaces defined on bounded
domains £2 are studied. One such space is

HN(2):={feL'(); f.e H'(R")},

where f, is the zero extension of f to R". Every function f €
HZ1 (£2) satisfies [, f(x)dx = 0. The space obtained by removing this
cancellation condition is

1 . 1 . __1_ 1 }
hz(.Q)._{feL «Q); f lm!feHz(.Q) :

Norms on these spaces are defined in the obvious way:

”f"HZ'(_Q) = ”fz“H'(R"),

1o = £ - l—;ﬂ!f . ﬁ]!f]

A natural question to ask is: under what conditions on u € W!"(£2, R")
does it follow that det Du € h}(£2)?

In order to solve these problems, in Section 2 we introduce a subspace
K,(082) of Wl—%-"(arz) which contains Wl_%”’(aﬂ) for all p > n
and which gives better integrability of gradients. We establish our main
results under this extra condition. We also discuss the weak continuity of
Jacobians on £2. A crucial element in the proofs is a version of Holder’s
inequality adapted to L log L(S2).

In Section 3, we discuss the higher integrability of Jacobians in
Llog L(£2) by applying the Hardy space result obtained in Section 2. It
might be tempting to try to prove this higher integrability by extending u
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to a larger domain £2’ so that the extension is bounded from W' (£, R")
to Wi (2, IR") and the positivity of det Du is preserved, thus enabling
us to use Miiller’s result to obtain higher integrability on £2. We show by
an example that in general this is not possible.

It is known that questions about Jacobians are special cases of the div-
curl problem. In Section 4, we discuss the corresponding Hardy space
result, weak continuity and higher integrability for this problem. For
the sake of simple notation in describing the extension property, we
use the language of differential forms. However, the results obtained on
differential forms are interesting in themselves. Many people such as
Robbin, Rogers and Temple [19,20] and Iwaniec [11] have considered
differential forms in this context.

The authors wish to thank Stephen Montgomery-Smith and Richard

O’Neil for several helpful suggestions and references regarding the proof
of Proposition 2.2.

2. HARDY SPACES ON BOUNDED DOMAINS AND WEAK
CONTINUITY

In [6] it is shown that if u = (uy, ..., u,) € W (R, R"), then the
Jacobian det Du € H'(R"), and

lIdet Dull g1 gny < C [T VU510 gny- 2.1)
j=1

Suppose 2 is a bounded open domain in R". We are interested in
the following question: If u € W'"(£2,R"), is det Du € h!(£2) with a
similar estimate to that above? The following example from [2] shows
that without extra conditions, the answer is negative, even when £2 is a
rectangle in R?.

Example. —Let n =2 and 2 = (0,2m) x (-1, 1). Define a sequence
w2 —->R?% j=1,2,...,by

wx,y)=j"""

|y|j(cos jx,sin jx).

Then det Du/ (x, y) = —ijj‘l. Thus f_Q det Du’ (x, y) = 0. Notice also
that the norms || Du’| ;2 are bounded. Suppose the estimate holds. Then
det Du/ is bounded in H}(£2), and we can extract a subsequence which
converges weak-* in H;(.Q). On the other hand, det Du’ converges
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pointwise to zero. Therefore according to [13], the weak-* limit of the
subsequence is also zero. However, for ¢ € C°(R?) with ¢(x,1) <

¢(x7 _1),

lim inf / ¢ (x, y)det Du’ (x, y)dxdy
J—>00
R2

2n
1
> 50/ [@(x,—1) — ¢(x, 1)] dx > 0,

which is a contradiction.

In the sequel, £2 will denote a bounded open domain in R" with
strongly Lipschitz boundary 9£2—an assumption which is enough to
ensure

(1) the existence of a bounded extension map from whr(2) to

wbhn(R"), and

(ii) the boundedness of the extension by zero of W(; M(82) to Whr(R™),

where Wol’"(.Q) is the closure of C$°(£2) in W (R").
For details, the reader is referred to [1, Section 4]. Although many of the
results generalise to non-Lipschitz domains for which these extensions
are bounded, we will restrict ourselves to considering domains with
strongly Lipschitz boundaries, so that we have concrete realisations of
the trace spaces.

In Theorem 2.5 below, we give a sufficient condition under which a
modified version of the estimate holds. Before we state the theorem,
we introduce some relevant function spaces and state some technical
lemmas.

DEFINITION 2.1. - Let A:[0, 00) — [0, 00) be a monotone increas-
ing function. Under certain technical conditions on A (see [1] and [3])
which are satisfied by all the examples we shall consider in this pa-
per, we consider the Orlicz space L4(S2) consisting of (equivalence
classes modulo equality a.e. of) measurable functions f on S2 for which
Jo A f (x)]) dx < oo. The functional

I£ls =it (ks k> 0and [ AKIF@I)dx < 1
2

is then a norm (the Luxemburg norm) on L 4(8§2) under which it becomes
a rearrangement-invariant Banach space.
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When A(t) = tP(log(e +1)* (1 < D <00, = 0) Ls(82) is referred
to as L?(log L)*(£2) and the associated norm is written || £|| LP(log L)?(2)-
The spaces LP(log L)°(£2) and L' (log L)'(£2) are usually referred to as
L?($2) and Llog L(£2) respectively.

Since £2 is bounded, an argument based on rearrangements, maximal
functions and Hardy inequalities can be used to prove the equivalence

I fllLraog (@) = (/ !f(x)]‘D(log(e + II_{f()IC—Ii'>>adx) l/p.
2

Hence the quantity on the left-hand-side of (1.1) (Miiller’s result)
is equivalent to | det Dul|,, logL(k)- The following generalised Holder
inequality, the proof of which is deferred to Appendix A, will be a crucial
element in the proofs of many of our results.

PROPOSITION 2.2.— Ler 1 < Pg<00,0a,>0,1/p+1/g=1/r,
a/p+B/g=y/rand f € LP(log L)*(£2), g € Li(log L)?(£2). Then
fge L (logL) (2) and

I f&gllrtogyr (@) < cllflizrogrye() 1811 2a qog 18 52)-

Remark. — The case o = B =y is presented in Lemma 4.2 of [10].

In the proof of our main result, we need the following lemma, the first
part of which is a consequence of [23, Chapter I, Section 5.2] (a statement
of which appears in Appendix A as Lemma A.3) while the second part is
an immediate corollary of the first.

LEMMA 2.3. - (i) Suppose f € L(logL)(£2), and fo = 0. Then
fe HZl (£2) and

”f”HZI(Q) < C”f“L(logL)(Q)-
(i) L(log L)(£2) C h!(£2) with 12y < el fllLaogryie)-

By the Trace Theorem, Tr W"”(.Q) = Wl_%*”(B.Q)‘ For o > 0, we
define a subspace K, (352) of W"nl'"(a.Q) as follows.

DEFINITION 2.4.—Let a > 0. For ¢ € Wl‘nl‘”(B.Q), we say that
¢ € Ky(082) if ¢ can be extended into Q2 as v e WIn(2) so that
e L"(log L)*(2) for 1 < j < n.

J
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Remark. — Clearly,
Wl—%”’(a.Q) C Ky(082) C Ko(082) = Wl_%’”(a.Q)

for all p > n. Moreover, in [14], K, (352) is realised as the class of those
u € L"(log L)*(352) for which

[
02002 Y |x Y

where @ (1) = t"(log(e + t))*. It follows that K,(3£2) g W‘—%*"(E)Q)
when o > 0. Actually, we shall not make use of this realisation. Instead,
we define the following semi-norm on K, (952):

@l k, = inf{ I VVllLrogLy=(2)> VIo = @}

We come now to the main theorem of this section.

THEOREM 2.5.— Suppose u € W' (2, R"), ujlse € Ko;(392), j =
1,2,...,n, foraj >0 and Z;:l oj =n. Then det Du € h;(.Q) and

n
lIdet Dully oy < C T (1Vujlline) + lujlon ik, @) -
j=1

Remark. —In the case when o) =n, oj =0 for j > 2, we have
det Du € h;(.Q) under the single restriction u |3 € K,(952). In the case
when a; = 1 for all j, we have det Du € h}(£2) and

n
lIdet Dullyy @) < C(I1Dulle) +max lujloelixoe) -

Remark. — Clearly the boundary condition is satisfied in the important
special case u(x) = x on 32, mentioned in the introduction.

Proof of Theorem 2.5.— Assume without loss of generality that
fou; =0 for each j. Since £2 has a strongly Lipschitz boundary, we
can extend u; to R" so that

Vil on ey < llujllwingny < cllujllwinggy < cllVujlline)-

(The last inequality comes from an application of the Poincaré inequality
and the assumption that [, u; = 0 for each j. For details on Poincaré and
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the extension result which provides the second inequality, the reader is
referred to [1].) Since u;|, € K,;(32), we can choose v; € whnr(R")

with
IVl Lrgog 1y ) < Cllujlag Ny, 02),

and v; =u; on R"\ 2. (We have used the fact that (v; —u;), € W (R™)
since (v; — u;)|se = 0.) Note that

IVvjllLn@ny < VUl ngey + IV 202y
<c(IVujlin + ||Mj|a:z||1<aj(as2))~

If we now put

way= (U1 — v, Uz, ..., uy,)
woy = V1, Uy — Vg, ..., Uy)
Wy = (V1, V2, ...y Uy — Vy),

then wgy € WH(R", R"), and
det Du = det Dw(]) + det Dwoy+ -+ det Dw(,,) + det Dv. 2.2)

On applying (2.1) we see that det Dwy € H '(R") and

n
lIdet Dwao |l ey < € [] IV W@y lln ey
j=

n
<c H (IVu il o) + llujlaellk,, 092))-
j=i

Since u; — vy = 0 outside £2, the support of Dw, is contained in £2.
Thus det Dw, € H}(£2) and

|det Dw(k)llhé(g) = ||det Dw(k)HHzl @)= lldet Dw “Hl(Rn)

n
<c H (IVujliLne) + llujlag IlKa_,(a.rz))- (2.3)
Jj=1

Now consider the final term in (2.2). As a consequence of Proposition 2.2
and Lemma 2.3, we have

n
lIdet D10, < clldet Dol Liogr2) < € [ [ V) I zngog i )
j=1
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<c]Tlujloallk, - 2.4)
J
Combining (2.2), (2.3) and (2.4) completes the proof of Theorem 2.5. O

Now we discuss the weak convergence of Jacobians. Suppose {u®} C
wbr(£2,R") is a bounded sequence whose components {uj-k)lag} (=
1,2,...,n) are bounded in Kaj(a.Q) with «; as in Theorem 2.5. Then

we have

det Du® — /det Du®
2

H}(2)

<cTT (v
j=1

@ T Hui'k)bﬂuk‘,j(arz)) <C.

Let
VMO(£2) = {b|e: b€ VMO(R")}.

Then since VMO(R")* = H'!(R"), there exists g € H, (£2) such that for
all b e VMO(£2),

/b(detDu(k)~/detDu(k)> —>/bg
2 2 22

up to a subsequence. We can suppose that for such a subsequence,

/det Du® — § e R.
2

Therefore, since b € VMO(£2) C L'(£2), we have

/b(/detDu(k)) —>8/b.
2 2 2

Thus up to a subsequence,

/bdet Du® /b(g +5)
2 2

for all b € VMO(S2), where g + 8 € h; (£2).
The following theorem shows that if furthermore, u® — u weakly in
Win(£2), then g + 8 = det Du.
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THEOREM 2.6. — Suppose u® € W (2, R") is a bounded sequence
for which u |30 € Ko, (32) (j = 1,2...,n) is also bounded, a; >0
and Y7'_, aj = n. Suppose further that u® — u weakly in W'" (2, R").
Then up to a subsequence,

/bdetDu(k) — /bdetDu
2 Q

for all b € VMO(£2).

Proof. — As discussed before, we can suppose that for any b €

VMO(£2),
/ b(detDu(k)— / detDu<’<>) - / be
2 2 2

for some g € Hzl(.Q). We first prove that g = det Du — [, det Du. As
in the proof of Theorem 2.5, extend u® to all of R”, and let v be
the chosen function corresponding to #®. Then up to a subsequence, we
can suppose u® — i weakly in W' (R", R") and v® — v weakly in
Whn(R", R") for some i and v. By uniqueness, i = u on £2. Let wflj‘g
and w;, be the functions corresponding to u® and u as in the proof of
Theorem 2.5. Then

det Du™® = det Dwglf; + det Dwgg + .- +det Dwfl,g + det Dv®

and
det Du = det DU)(]) + det Dw(z) + .-+ det Dw(,,) + det Dv.

It is easy to see that w*) — w;, weakly in whr(R" R"). Since
y ) @) y

supp w((’;; , supp wy;y C 2, by Corollary IV.1 of [6], for any b € VMO(R"),
then up to a subsequence,

/bdetDw((';;:/bdetDw((ljga/bdetDw(j)=/bdetDw(j).
2 R R 2

As for det Dv® | we can assume that the v*) we choose are supported
in a compact set £2, D £2, and Dv® € L"(log L)% (R") are uniformly
bounded. Then det Dv® are uniformly bounded in LlogL(£2). By
the criteria of de La Vallée Poussin [9], there is a subsequence of
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det Dv® which converges weakly in L'(£2;). Suppose det Dv® is such
a convergent sequence (otherwise replace it by a subsequence).

Moreover, again by Corollary IV.1 of [6], det Dv® has a subsequence
which converges to det Dv weak-x in H'(R"). Again replace det Dv®
by such a convergent subsequence. Then we have that det Dv® con-
verges weakly in L'(£2;) to some function & and det Dv® converges
weak-* in H!(R") to det Dv. Since both convergences imply the con-
vergence in the distributional sense on R", by uniqueness of the limit we
have h = det Dv (taking A a function on R” with compact support in £2;).

Thus, we have shown that det Dv® converges to det Dv weakly in
L'(£2,) and thus also weakly in L'!(£2). Combining the above results we
get, for b € C(2) C L®(£2) N VMO(£2),

/ bdet Du® = / b det Dw'¥ + / bdet Dv™®
2 e = 2

—>/bZdetij+/bdetDv=/bdetDu.
2 J= 2 2

Therefore, for b € C(£2),

/ b(detDu(k)— / detDu(k)) — / b(detDu— / detDu),
2 2 2 2

which implies g = det Du — [, det Du.
Thus, for any b € VMO($2),

/bdet Du® — /bdetDu,
Q 2

and the proof is completed. O
As a corollary of this theorem, we have the following result.

COROLLARY 2.7. — Suppose u® € W''n(82) is a bounded sequence,
u® — u weakly in Wl (2) and w® — w)yo € K,(082) is also
bounded. Then up to a subsequence,

/bdetDu(k) — /bdetDu.
Q Q

for all b € VMO($2).



204 J.HOGAN ET AL./ Ann. Inst. Henri Poincaré 17 (2000) 193-217

Remark. —In [11], Iwaniec proves the same result under the stronger
assumptions that (u® — u)|3 =0 and that £2 has a smooth boundary.

Proof of Corollary 2.7. — For each k, write

n
det Du® = Z det Dwgg +det Du,
j=1
where

*) _ *) k) 0
w(j)—(ulv-..,uj—-lyuj ‘“Mj,uj+1,.‘.,un ),

Apply Theorem 2.6 with o; = n and o; = 0 for i # j to see that, up to a
subsequence,

/bdetDwEfZ -0
2
for all b € VMO(S2). Therefore,

/bdetDu(k)—> /bdetDu. O
Q Q

3. GLOBAL HIGHER INTEGRABILITY OF JACOBIANS ON §2

As seen in [17], for u € W' (£2, R") with det Du > 0 on §2, we have
the interior estimate det Du € Llog L(K) for compact subsets K C §2.
One may think that given some control on the boundary value of u, it
should be possible to obtain global higher integrability. In this section we
show that this is indeed the case, and also show that in some sense the
boundary condition we give is optimal.

THEOREM 3.1. - Suppose u € W' (2, R") and det Du(x) > 0 on
2. If furthermore ujlae € Ko, (082), j =1,2,...,n, for a; 2 0 and
> i—1j =n, then det Du € Llog L(2) and

n
lIdet DullLioge2y < ¢ [ (IVu)llne) + lujlon | k. 02)-
j=1

This is an immediate consequence of Theorem 2.5 and the following
result, which is a partial converse to Lemma 2.3.
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PROPOSITION 3.2. — Suppose f € h;(.Q) and f >0 on §2. Then
feLlogL(82) and

I fllLiogre < cellflln -

The proof of Proposition 3.2 relies on a few well-known properties of
maximal functions and Hardy spaces. We defer the proof to Appendix A.

The next result demonstrates that in certain circumstances, the bound-
ary condition of Theorem 3.1 is necessary.

THEOREM 3.3.—Let 2 C R? be a bounded open domain with
Lipschitz boundary and U = (u1, u;) € WL2(2) with h(z) = uy + iuy
analytic on §2. Then detDU € LlogL(82) if and only if u;|3p €
K1(082).

Proof. — Since u; and u, satisfy the Cauchy-Riemannn equations, we
have det DU = |h'(z)|* = |Vu|*> = |Vuy|* > 0. If det DU € Llog L(2),
then Vu; € L?log L(£2), so ujlse € K1(352). The converse is an
immediate consequence of Theorem 3.1 withn =2ando; =y =1. O

As mentioned in the introduction, Miiller’s result (1.1) is interior in
nature. One might hope that by extending u to a larger domain £2’ in such
a way that the extension u satisfies det D > 0 on £2’ and ||it|| w120y <
cllullw12(g), one might obtain a global result on §2 by applying (1.1) on
§2'. The following example shows that in general this is not possible.

Example. — We specialise the situation in Theorem 3.3 to the case
where 2 =D ={ze€C,; |z| <1} is the unit disc in C and 92 =T =
{z € C; |z| = 1} is its boundary, the unit circle.

Choose ¢ € W!/22(T)\ K (T) real-valued. (This choice is possible by
the remark after Definition 2.4.) Then ¢ admits the Fourier series expan-
sion p(e) =% c,e with c_, =¢, forall n and 3>-2°__ (|n| +
1)|cn|> < 00. Define h(z) = Z;";O cnZ". Then h = u; + iu, is an analytic
function on D, U = (uy, up) € WH2(£2,R?), and u, |3 = ¢. Moreover,

det DU = |W' (2)|* = |Vu, > >0 (3.1

as in the proof of Theorem 3.3. Suppose now that we could extend U
to U on £2 D D, an open set in R? in such a way that det DU > 0 on
§2. Then by Miiller’s result, det DU € Llog L(D). However (3.1) then
implies Vu; € L?log L(DD) and hence ¢ € K(T) thus contradicting the
choice of ¢. We conclude that extensions such as U are in general not
possible.
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A simple application. The motivation of the following problem is
from [8].
Consider the following boundary value problem:

{det Du(x) = f(x), xe£, (%)
u(x)=x, X €082,

where £2 is a smooth domain in R” and f > 0 is a measurable function

satisfying [, f(x) dx =0. We seek a necessary condition on f to ensure
that the problem is solvable for u € whr(2, R").

COROLLARY 3.4. — Suppose u € W'(£2,R") is a solution of prob-
lem (x). Then f € L(log L)($2).

This is a direct consequence of Theorem 3.1. It leads to the following
question.

Question. — Given f € LlogL(S2), does (x) have a solution u €
whn(2)?

Remark. — Theorems 2.5 and 3.1 can be easily generalized to the

cases when u = (uy, u,...,u,) € W' (£2,R") is replaced by u; €
Whri(2,RY, pj > 1, j=1,2,...,n, with Z'J’.zl p_l, =1.

4. DIV-CURL RESULTS FOR FORMS

The setting of this section is that of forms on open domains 2 C R”".
We give a brief outline of the basic formalism.

The space of [-linear, alternating functions £ : (R")! — R is denoted by
A'R", or just A' when there is no possibility of confusion. In particular
A'R" = (R"), the dual to R” and A°R" = R. The exterior algebra of
forms is denoted

A(R") =E§A’(R”)

and the wedge product of £ € A and 5 € A¥ is the (k + [)-form & A p
given by

(E A U)(Xl, KRN} Xk-H) :ZS(U)S(X,", "'aXi/)rI(ij "'7Xjk)7

where the sum is taken over all permutations o = {iy, ..., i, ji, .-, ji}
of {1,...,k+1}satisfying i; <--- <ijand j; <--- < ji and (o) is the
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signature of the permutation o. The exterior product is alternating, i.e.,
£ An=—nAE&. Fixabasis {ey,...,e,} for R". An r-form is defined to
be a function u : R" — A" (R") of the form

u= E uil ..... ireil/\”'/\eir9
i

1seees ir

where the sum is taken over subsets {iy,...,i,} of {1,...,n}and u;,
are (real-valued) functions on R”. We denote by L?(£2, A”) the space of
p-integrable r-forms on 2.

The Hodge—deRham operator d acts on smooth forms defined on £2 by

n

du=Zaiek/\u

=1 9%k

and satisfies d(du) = 0.

In [6], it is proved that if u € LP(R",R"), divu =0, v € LY(R", R"),
curlv =0, where 1/p +1/g = 1, then u - v € H'(R"). This is equivalent
to the statement that, if u € LP(R", A"™"), du =0, v € LI(R", A'),
dv =0, then u Ave H'(R", A™). More generally, the following is true.

PROPOSITION 4.1.—If1 < p<o0, 1/p+1/g=1,ue LP(R", A),
ve LIR", A" %), du=0dv=00onR", thenu Av € H'(R", A™) and

lu Avllg < cllullzellvlize.

Suppose £2 is a bounded open domain in R”" with strongly Lipschitz
boundary. In this section, we provide the extra conditions on u and v
which, together with u € LP(£22, A"™"), du =0, v € L9(2, A') and
dv =0, imply that u A v € h}(£2, A").

To state and prove the theorem, we first introduce some notation and
state several known resuits.

Stokes’ theorem in this context is as follows: if u € C!(£2, A*) and
@ € C1(2, A"*1) then

!du/\(p+(—l)k/u/\d(p=/uA(p:/nv(n/\u/\cp)

2 082 082
= <n A ulB.Q, (p>ag-

Here n Vv (n A u A @) is the tangential component of the (n — 1) form
u A @ on 352, while the final expression is the natural pairing between
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(k + 1) forms and (n — k — 1) forms on the boundary. This provides a
natural meaning for the statement du = 0:

DEFINITION 4.2. — Let D(2, A" %=1 be the space of n — k — 1 forms
on R" whose support is contained in 2. If u € LP (82, A¥), we say that
du=0o0nQ if [ouAdn=0forallneD(2, A" ).

DEFINITION 4.3. — For those u € LP(2, A¥) with du = 0 on £,
define n Aulyo € W™1VPP(Q2, AT by

(n Aulsa, @)y = (1) [undo,
2

where ® € C1 (2, A" %) and ¢ = ®|3.
It is a simple matter to show that the definition of (n A u|30, ¢)se is

independent of the choice of the extension @. Note that

“n AN ulaﬁllw—l/p,p(agy/\kﬂ) g c“u”LP(Q,Ak)

for all u € L?(£2, A*) such that du = 0.
LEMMA 4.4. — Suppose G € Wy'" (2, A¥). Then n AdGyq = 0.

Proof. — By the density of C!(£2, A¥) in W, 7 (52, A¥) and the pre-
cedin__g estimate, it is enough to consider G € C L‘ (82, A¥). Then if @ €
CY(2, A" 1, and if p = @50,

(nAdGlag, 9)y0 = (—l)k/dG AdP
2

=—/GAd2q> +(G,nANd®lya),, =0
2
since d*® =0and Glyo =0. O
We need several extension results. The first of these is as follows:

LEMMA 4.5. — Suppose u € L?(2, A¥), du=0o0n 2 andn Au|yo =
0. Let u, be the zero extension of u to R". Then du, =0 on R".

Proof. —If ¢ € C2°(R", A"*~1), by Stokes’ theorem we have
/duz A= (—1F! /uZ Adp = (—1)*! /u Adg
Rn R 2

= ‘_<n ANulye, (p>3g =0.
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Hence du, =0onR". O
DEFINITION 4.6. — Let 1 < p < 00 and a > 0. Define

WP (Q)= {f e WhP(2); a)}: € LP(log L)*(2) for j=1,..., n}
J

a
and give it the seminorm

af

ax]'

1 e = mex .
LP(log L)*(£2)

When o = 0, this is written || f|lyi1.0(2)-
DEFINITION 4.7.—Let p, o be as above. Then W}P(2, A%) is the
class of k-forms f each of whose components lies in Wlp(£2).

We are now in a position to prove analogues of Proposition 4.1 on
bounded domains. Let us first consider the case where certain boundary
conditions are zero.

PROPOSITION 4.8. —Suppose 1 < p<oo, 1/p+1/g=1, u=dF €
LP(82, A¥) for some F € W'P(82, A*™Y), v € LI(2, A"™*) withdv =0
in2andn Av|go=0. Thenu Av € Hzl(.Q, A™) and

llu Avllgr < cllvllzallF vy

Proof. — Without loss of generality, we may assume that each compo-
nent F; of F satisfies [, F; = 0. Since F € W"7(82, A¥™"), it may be
extended to R" with

”F”WLP(R",A"—') < C”F”WLP(Q,M—I)-

Let u = dF on R". Then du = 0. By Lemma 4.5, the zero extension v,
of v to R” satisfies dv, = 0. By Proposition 4.1, the extensions of u and
v satisfy u A v, € H'(R", A") and since u A v, = 0 outside §2 we have
lu Avll g o, amy = e A vzl g1 e, any < clluellLo @ llvell Lo e
= C”dF”LP(]R")”U"L‘l(Q) < C"F“W1~P(R",Ak—l)“v"L’i(Q)
< c“F”W‘»P(R",Ak‘l)“v"L‘?(.Q)v
where in the last step we have used the Poincar€ inequality. 0O

In the special case k = 1, this can be written in more classical notation
as follows.
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COROLLARY 4.9.—Suppose 1 < p <oo, 1/p+1/g =1, F €
WLP(2), u=VF, ve L1(2,R"), divv=0o0n 2 and n - v|yo = 0.
Thenu-v € HZ1 (2) and

- vlig < clullrlviize.

We turn now to general boundary conditions.

DEFINITION 4.10.—Let p, o be as above. Then KP(382, A¥) is
the class of those f € W'=1/P-P(382, AX) for which there exists F €
WJ’P(Q, AR with Flyo = f. It is given the seminorm

I f I kz@@.aty = E{IFll 10 o py; Flag = f}

Suppose f € WI=1/PP(382, A¥). Define (n A d)f € W™1/PP(382,
Ak+2) by

(nnd)f =nAdFlaq,

where F € WHP(£2, A*) is an extension of f to £, i.e., Flyo = f.
That this definition is independent of the choice of extension F is a
consequence of Lemma 4.4.

DEFINITION 4.11.-Let p, a be as above. Define Jof’(a.Q,Ak) =
(n Ad)KP (382, A¥2) with

”g”J(f(ag,Ak) = inf{ ||f"K§(a_Q,Ak~2)§ g=n /\d)f}-

A second extension result, this time for extensions from 952 to £2,
follows.

PROPOSITION 4.12. — Let p, o be as above and let g € JP (952, AR).

Then there exists F € WHP(R", A*~Y) such that n AdF|yo =g, Flg €
Wlr(Q, A*-1) and

IE Wlyirnp e, ak-1y < €1 o pie1y S N8z a0, a0y

Proof. — The proof is simply a matter of checking definitions. Since
g € JP (02, A¥), there exists f € KP(382, A*%) with g = (n Ad) f and

”f“Kg(ag,Ak—2) < 2||8||J§(3_(2,A’<)-
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Since f € KP(852, A*~2), there exists F € Wy 7(£2, A*~%) with Flg =
f and

"F“WIP(Q Ak=2) X 2”f”Kp(3Q Ak=2y-

Without loss of generality, by adding a constant (k — 2)-form if necessary,
we may assume that [, F =0. Also, g =(n Ad)f =n A dF|;0 by
the definition of (n A d) f and its independence from the choice of the
extension of f. Further, F € W'?(£2, A*=2) and since 92 is Lipschitz,
F can be extended to R" with

I F e e, ak-2) < IF lwie@e, ak-2) < L F llwir (2,452

<C”F”W1P(Q Ak= 2)7

where the last step is a consequence of the Poincar€ inequality. O
The main result of this section is:

THEOREM 4.13. —Suppose 1 < p <oo, a, B 20, a/p+B/qg=1,
ueLP(2,A%), v e L1(2, A"%), du =0, dv =0 on $2. Suppose also
that n A ulyg € JP(382, A1) and n A vlse € J§(382, A1), Then
UAUVE h;(.Q, A™) and

lu Avllp < c(llullr + lin A ulaellyz) (Ivlize + lln A vlmlljg)-

Proof. — By Proposition 4.12, since n A ulse € JO{’(BQ,A"“) and
n Avlge € J5(382, A"*+1) there exist F € WHP(R?, A1) and G €
WHa(R", A**1) such that n AdF|30 =n Au, n AdGlye =n A v,
Flg € Whr(R2, A1), Glg € Wy'P (2, A7) and
”F”WLP(R",A/C—I) < C"F"Wl.p(Q'Ak—l) < c||n AN u|3QIlJ£(3Q,A1‘H),
"G”Wl,q(Rn,An—k—l) < C”G"WI"I(Q,A"_""I) < C“n N vlaQ“]g(a.Q,A"”H'])'
Alsod(u—dF)=du—d*F =0on R andnA(u—dF)|se =nAulyo—
nAdF|yo =0. Similarly, d(v—dG) =0on 2 and n A (v —dG)|y =0.
So (u —dF),, the zero extension of u —d F to R” satisfies d((u —d F),) =
0 on R" and
|(u — dF)llLrwn, a%
= |lu —dF |l pr@. a0 < NullLe(e, a6 + 1F e 2, 4%
< Nulliece,ay + 1 F e o ax)

< C("”"LP(Q,A") +lln A ularz”_]f(ag,AkH))-
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Similarly, (v — dG), satisfies d((v — dG),) =0 on R" and
(v —dG)llLagn, an—+) < (V]| La(, an4) + |0 A UIaQHﬂ(ag pr-kiy)-

Let U =dF onR". Then U € LP(R", A¥), and

”U“LP(]R”,A") = ”dF”LP(R",Ak) < C“FHWLp(Rn,Ak—l)
<cln A “IE’QHJ;’(aQ,Ak“)'

Let V=dG onR". Then V € L4(R", A""*), and
”V“Lq(}R",A"—k) < C”n A vbgl’]g(f)ﬂ,A"*"“)'

Now let # = uxo + U xo where xg, is the characteristic function of £2
and xor =1— xo. Then

||L7||LP(R",M) = ”U”LP(Q/,A") + ”u“LI’(Q,A")
< C(”””LP(Q,A") + H” A ul&.Q”Jof’(agyAk+l))-

Also, we may write & = U + (u — U),, from which we see easily that
du =0on R". Similarly, let v = vy, + V xo. Then

||5||L4(R",A"—k) < C(”U”Lq(g,m—k) + Hn A Ula:z”,g(ag,m-m))

and dv =0 on R”. Now we write, on 2,

UANV=un@—=V)+wu—-U)AV+UAYV
=uAN@-=V),+u-U),AV+UAV. 4.1
To deal with the first term on the right hand side of (4.1), notice that
e LP@R", A%, (v —V), e LIR", A" *), dii =0 on R"” and d((v —
V).) = 0 on R". Hence, by an application of Proposition 4.1, we have
ian(—V), e H(R" A") with the bound
@ A =V <cllillzrl|(v = V)|l 4
<c(llulle +||n A M|a:2“,;)(||v||m +[jn A U|a.o”;g)- 4.2)

Similarly for the second term on the right hand side of (4.1) we have
(w—U), e LP(R", A%), V € L1(R", A"*), d((u — U),) =0 on R” and
dV =0 on R", so again by Proposition 4.1 we have (u — U )Z ANV e
H'(R", A™) and
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”(M — U)z AN VHHI <C”(u - U)z”Lp”V“L‘l

<c(lullpe + |jn A ula:z“,;)”n A Ulafz”,g- 4.3)

Finally, since U = dF € LP(logL)*(£2, A%, V =dG € Li(logL)?
(£2,A"%) and [,U AV =0, we have U AV € LlogL(£2, A") C
hl(£2, A™) and ‘

IUA VI <cllUAViiLogLe)
< Ul Lrogryoc2, a1V |l Laog LyB (2, an—)
< C” F”W;”J(Q,Ak) “G"Wl;q (Q,A""k)

< c||n AN u”‘]é’(aQ’Ak+l)”n A v"‘lg(agy/\n—k-ﬂ). (44)
Combining Egs. (4.1)—(4.4) now gives the result. O

Note that Proposition 4.8 can be obtained from this theorem on
choosing ¢ =0, B =gq.

The discussion of weak continuity and higher integrability of this
bilinear differential form is very similar to that of Jacobians. We will
skip the details and only state the results.

THEOREM 4.14.—Let 1 < p <00, o, B 20, and a/p + B/q = 1.
Suppose u; € LP(S2, AR is a bounded sequence, duj =0 and uj — u
weakly in LP(£2, A%), vj € LI(£2, A"*Y is a bounded sequence, dv; =0
and v; — v weakly in L1(82, A). If n Aujlaq € JP (382, A and
nAvile € Jg(a.Q,A"_k“) are bounded sequences, then up to a

subsequence,
/buj/\vj—>/bu/\v
Q Q

for all b e VMO(£2, A%).

THEOREM 4.15. —Assume 1 < p <00, o, B 20, a/p+ B/qg =1,
u e L”(.Q,Ak), v € Lq(.Q,A”—"), du=0 dv=0on 2 and u N
v > 0. Suppose also that n A ulye € JP(0S2, A and n A v)peo €
Jg(a.Q, AN Thenu Av e Llog L(2, A") and

lu Avliziogr < c(llullze + |ln A M|an||,;)(||v||m +|jn A vlasz“,g)-
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A. APPENDIX

This section is devoted to the proof of a generalised Holder inequality,
of which Proposition 2.2 is a particular case, and to the proof of
Proposition 3.2. The proofs of Theorem A.l and Lemma A.2 are an
amalgam of arguments found in [18], [15] and [16] and from private

correspondence between Stephen Montgomery-Smith, Richard O’Neil
and the authors.

THEOREM A.l. - Suppose A, B, C: [0, 00) — [0, 00) are continuous,

monotone increasing functions for which there exist positive constants ¢
and d such that

i) B7'(Cc ') < cA™Y(¢) forall t > 0, and

(i) A(§) < 3A() forallt > 0. :
Suppose also that 2 is an open subset of R", feLp($2) and g €
Lc(82). Then fg € Lo(82) and

Ifglla < cdlifllsllgllc.

As a preliminary to the proof of the theorem, we have the following
lemma:

LEMMA A.2.-Let A, B and C be as above. Then, forall s,t > 0,

A<%) < B(s) +C().
Proof. — Let u = B(s) and v = C(¢). Then
st=B7'w)CT' W) KB u+v)C 7 w+v) <A™ (u+ v).

Dividing by ¢ and applying A to both sides gives the result. [

Proof of Theorem A.1. —Note that if f € L4(£2), the monotonicity
of A and an application of the monotone convergence theorem gives

us that [, A(| f(x)|/llflla)dx < 1. Hence, from the definition of the
Luxemburg norm

[ Giriere) o< 2 (5 o+ [ e ox <2
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fwe )
Al —————)dx <1
Z (Gt sitenc)

and, again by the definition of the Luxemburg norm, we have the
result. O

We therefore have

Proof of Proposition 2.2. — To prove the generalised Holder inequality
of Proposition 2.2, we need only show that if B(s) = s”log”(e + s),
then B~'(¢) ~ t'/P(log(e + t))™%/P. To see this, simply note that if
t = s”(log(e + 5))“, there exist constants 0 < ¢;(p, @) < c2(p, @) < 00
such that for all s > 0,

ci1(p,a)log(e +1) <log(e +5) < ca(p, @) log(e +1).

Then t = s”(log(e + 5))* =~ sP(log(e + 1))* and solving for s gives
s ~ t1/P(log(e + t))~%/P. This completes the proof. O

The proof of Proposition 3.2 relies on well-known facts about maximal
functions and Hardy space which we now collect.

LEMMA A.3.-Let f be supported in a ball B C R" and let M f be
its Hardy-Littlewood maximal function. Then f € Llog L(B) if and only
if Mf € L'(B). Furthermore, there exist constant ¢, and c, independent
of f for which

Ml < fllizogem < ctllMflipie-

For a proof of this result, the reader is referred to [22] or [23, Chapter 1,
Section 5.2, p. 23].
The space H'!(R") is defined in terms of the so-called “grand maximal

function”:
X =Yy
o(S2) 1 as).

where 7 = {¢ € C*°(R"); suppe C B(0, 1), |[V@|loo < 1} and B(0, 1) =
{y e R": |y| < 1}. For further information, the reader is referred to [21].
A distribution f on R” lies in H'(R") if f* € L'(R") and || f || 1 gy =
Il f*Il Lt wny- While it is always true that f* < cMf, we also have Mf <
cf* when f > 0.

I (x) = sup sup - :

t>0 <peT
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Proof of Proposition 3.2. - Let K = 1| [ f| and xz be the charac-
teristic function of a ball B containing §2. Notice that by the normali-
sation on the test functions in 7, ||(x3)*|lc is bounded, and hence that
l(xB)* L1y < c|B|. If we put F = f — K on §2 and extend F by zero
off £2,then f = F + K and F € H}(£2). Also, F + K x5 >0 on B, so

I fllLiogrcay = I1F + KllL10gL(22)
ScllF + K xgllLiogLes)
ScllM(F + Kxp)ll 1z (by Lemma A.3)
<cll(F+Kxp) Nz (since (F+ Kxp)lz>0)
<cllFllp@my + Kl (x8) |21 (8)
ScllFllg @) +cK|B|
gCQ"hog(Q)- u
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