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ABSTRACT. — We consider the problem
e*Au —u+ f(u)=0 in$2,
u>0 inf2, Jdu/ov=0 onas2,

where §2 is a bounded smooth domain in RV, ¢ > 0 is a small
parameter and f is a superlinear, subcritical nonlinearity. It is known
that this equation possesses boundary spike solutions such that the spike
concentrates, as & approaches zero, at a critical point of the mean
curvature function H(P), P € 02. It is also known that this equation
has multiple boundary spike solutions at multiple nondegenerate critical
points of H(P) or multiple local maximum points of H (P).

In this paper, we prove that for any fixed positive integer K there
exist boundary K-peak solutions at a local minimum point of H(P).
This implies that for any smooth and bounded domain there always exist
boundary K -peak solutions.
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We first use the Liapunov—Schmidt method to reduce the problem
to finite dimensions. Then we use a maximizing procedure to obtain

multiple boundary spikes. @ 2000 Editions scientifiques et médicales
Elsevier SAS

Key words: Multiple boundary spikes, nonlinear elliptic equations

RESUME. — Nous considerons le probleme

2Au—u+ f(u)=0 in$2,
u>0 in £, du/dv=0 onds2,

ol 2 est une domaine bornée avec frontiére lisse en RV, & > 0 est un
parametre petit, et f est surlinéaire et souscritique. Il est bien connu que
cette équation possede des solutions avec pointe sur la frontiére telle que
la pointe se concentre (quand e tend vers zero) a une pointe critique
de la courbure moyenne H(P), P € 0£2. Il est aussi connu que cette
équation possede pleusieurs solutions avec pointes qui se concentrent
sur pleusieurs points critiques nondégénerés de H (P), ou sur pleusieurs
maxima locaux de H(P).

Dans ce papier, nous prouvons que, pour chaque entier positif K donné,
il existe solutions avec K pointes la frontiére, situées sur un minimum
relatif de H(P). Ceci implique que pour chaque domaine qui est lisse et
bornée il existe toujours des solutions avec K pointes a la frontiére.

Nous utilisons la methode de Liapunov-Schmidt pour reduire le
probléme dans une espace de dimension finie. Ensuite, nous utilisons une
procédé de maximization pour obtenir les pointes sur la frontiére. © 2000
Editions scientifiques et médicales Elsevier SAS

1. INTRODUCTION

The aim of this paper is to construct a family of multiple boundary
peak solutions to the following singularly perturbed elliptic problem

Au—u+uP=0 in £,

(1.1
u>0 in2 and du/dv=0 onds2,
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where A = SV (8%/8x?) is the Laplace operator, £2 is a bounded
smooth domain in RV, ¢ > 0 is a constant, the exponent p satisfies
l<p<(N+2)/(N—-2)for N>3and 1 < p < oo for N =2 and
v(x) denotes the normal derivative at x € 952.

Eq. (1.1) is known as the stationary equation of the Keller—Segal
system in chemotaxis. It can also be seen as the limiting stationary
equation of the so-called Gierer—Meinhardt system in biological pattern
formation, see [35] for more details.

In the pioneering papers of [18,21] and [22], Lin, Ni and Takagi
established the existence of least-energy solutions and showed that
for ¢ sufficiently small the least-energy solution has only one local
maximum point P, and P, € 952. Moreover, H(P,) — maxpcyo H(P)
as ¢ — 0, where H(P) is the mean curvature of P at 9£2. In [23], Ni
and Takagi constructed boundary spike solutions for axially symmetric
domains. The second author in [35] studied the general domain case
and showed that for single boundary spike solutions, the boundary spike
must approach a critical point of the mean curvature; on the other
hand, for any nondegenerate critical point of H(P), one can construct
boundary spike solutions whose spike approaches that point. The first
author in [11] constructed multiple boundary spike layer solutions at
multiple local maximum points of H(P). Later the second and third
authors in [38] constructed multiple boundary spike layer solutions at
multiple nondegenerate critical points of H(P). Related results were
obtained independently by Y.Y. Li in [17]. When p = (N +2)/(N — 2),
similar results for the boundary spike layer solutions have been obtained
in [1-3,12,20,27-29,31], etc. We also note that multiple interior peak
solutions in general domain are obtained in [13].

In this paper, we study the existence of multiple boundary peak
solutions at a local minimum point of H(P).

More precisely, we consider the problem

ezAu—u—i-f(u):O in £2, 12)
u>0 inf2 and du/dv=0 in 2. '

We will assume that f: Rt — R is of class C!'*? and satisfies the
following conditions

(f1) f(t)=0fort <Oand f(t) > +o0 ast — oo.
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(f2) There exist some constants 1 < py, ps, p3 < (N + 4)/(N —
4)) (= o0 i/f N <4;,=(N+4)/(N —4) if N > 4) such that
f(0)=0, f(0)=0and

@) =0(ul™), f')=0(lul™"") as |u| — oo,
Clp|P>! if py > 2,

lfu(u +¢) — fu(u)] <
Clol+1g1”7") if ps<2.

(f3) The equation

Aw—w+ f(w)=0 inR"Y,
w>0, w(0)=max,czy w(z), (1.3)

w—0 atoo

has a unique solution w(y) (by the results of [9], w is radial, i.e.,
w=w()and w <0 for r = |y] # 0) and w is nondegenerate.
Namely the operator

Li=A-1+ f'(w) (1.4)

is invertible in the space H2(R™) := {u = u(|y|) € H*(R")).
Two important examples of f are the following.

Example 1 (Chemotaxis and pattern formation). — f(u) = u” where
l<p<((N+2)/(N—-2)(=0if N=2;=(N+2)/(N—=2)if N >
2). Itis easy to see that f satisfies (f1), (f2) and (f3). This problem arises
from the Keller-Segal model in chemotaxis and the Gierer—Meinhardt
system in pattern formation (see [21,22] and the references therein).

Example 2 (Population dynamics and chemical reaction theory). —
f) =u(—a)(l —u)

where 0 < a < 1/2. This is a famous model from population dynamics
and chemical reaction theory (see [5,15,30]). If N < 8 then by the result
of [8], f satisfies (f1)—(f3).
Other nonlinearities satisfying (f1), (f2) and (f3) can be found in [6].
Let A C 052 be an open set such that

;EE?H(P) >I]}1€11r_1H(P). (1.5)
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We now state the main result in this paper.

THEOREM 1.1. — Assume that condition (1.5) holds. Let f satisfy as-
sumptions (f1)~(f3). Then for ¢ sufficiently small problem (1.2) has a so-
lution u; which possesses exactly K local maximum points QF, ..., Q%
with Q° = (05, ..., Q%) € ' x --- x I'. Moreover

H(Q%) — min H(P), w(M) -0,
Per £

Lk, l=1,...,K, k#1, as ¢ — 0. Furthermore, we have

us(x) < aexp(— (1.6)

bmin;—;_ x(lx — Qfl))
€
Jor certain positive constants a, b.

Theorem 1.1 can be derived from a more general theorem as follows.

THEOREM 1.2. - Let I, i=1,..., K, be open sets in 052 such that

min H(P)>min H(P), i=1,...,K.
Pedr; Perl;

Let f satisfy assumptions (f1)~(f3). Then for ¢ sufficiently small problem
(1.2) has a solution u, which possesses exactly K local maximum points
Treen, Q% With Q5 = (Q5, ..., 0%) e x --- x I'x. Moreover

HEh~minap), (B2 g

£
L,k,l=1,...,K, k#1, as ¢ = 0. Furthermore, we have
bmin;_ — Qf
ug(x)gaexp<— min; -, x(|x Q,l)) 1.7
£

Jfor certain positive constants a, b.

More details about the asymptotic behavior of u, can be found in the
proof of Theorem 1.2.

We have the following interesting corollary.

COROLLARY 1.3. — For any smooth and bounded domain and any
fixed positive integer K € Z, there always exists a boundary K-peaked
solution of (1.2) if € is small enough.
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Theorem 1.1 is the first result in proving the existence of multiple
boundary spike solutions for problem (1.2) in any smooth bounded
domain. Note that the boundary spikes can approach the same point on
the boundary when A has a strictly local minimum point of H (P). This
is new and interesting in its own right.

We shall only prove Theorem 1.2. To introduce the main idea of the

proof of Theorem 1.2, we need to give some necessary notations and
definitions first.

Let w be the unique solution of (1.3). It is known (see [9]) that w is
radially symmetric, decreasing and

. Nl
lim w(y)e?!|y|Z =¢o> 0.
[yl—=o00

Associated with problem (1.2) is the following energy functional

Jg(u)=%/(82|VM|2+u2) —/F(u)
2

2

where F(u) = [y f(s)ds andu € H'(£2).
For any smooth bounded domain U we set Pyw to be the unique
solution of

{Au—u+f(w)=0 inU, (1.8)

ou/dv=0 onU.

Let n > 0 be a small number. Let I'; be as in Theorem 1.2. Set

P, — P,
A={P:(Pl,...,PK)eF1 x--~xFK,w<‘L8—l|> < ne,

k,l=1,...,K, k;ﬁl}.
For P € 052, we set
2, ={y: ey € 2}, Q.p={y: ey + P e ).

Fix P=(P,, P,, ..., Px) € A. We set

P; P;
Pw,-(y)=P:zs.p,.W(y—; , wi(y)=w Y=o ) y € §2,

K
u=>_ Pw; + Pep € H (L),

i=l
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dPw;
/CE,P=span{ w,i=1,...,K,j=1,...,N~1}CH2(.Q€),

dPw; .
C&pzspan{a w,z:l,...,K,j=1,...,N—1}CL2(.Q€),

where Tp,, are the (N — 1) tangential derivatives at P; (without loss of
generality we assume that the inward normal derivative at P; is ey and
denote Tp,, S Tpy in the rest of the paper.)

We first solve for &, p in IC;L,P up to C‘;%P by using the Liapunov—
Schmidt reduction method. This method evolves from that of [7,25] and
[26] on the semi-classical (i.e., for small parameter /) solution of the
nonlinear Schrédinger equation

h2
?AU—(V—E)U+U”=O (1.9

in RN where V is a potential function and E is a real constant. The
method of Liapunov—-Schmidt reduction was used in [7,25] and [26] to
construct solutions of (1.9) close to nondegenerate critical points of V
for A sufficiently small.

Then we show that @, p is C! in P. After that, we define a new function

K
ME(P)=J€<ZPw,- +¢£,P>. (1.10)

i=1

We maximize M,(P) over A. Condition (1.5) ensures that M, (P)
attains its maximum inside A. We show that the resulting solution has
the properties of Theorem 1.2.

The paper is organized as follows. Notation, preliminaries and some
useful estimates are explained in Section 2. Section 3 contains the setup
of our problem and we solve (1.2) up to approximate kernel and cokernel,
respectively. We set up and solve a maximizing problem in Section 4.
Finally, in Section 5, we show that the solution to the maximizing
problem is indeed a solution of (1.2) and satisfies all the properties of
Theorem 1.2.

Throughout this paper, unless otherwise stated, the letter C will always
denote various generic constants which are independent of e, for ¢
sufficiently small. § > 0 is a very small number. o(1) means |o(1)| — 0
ase — 0.
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2. TECHNICAL ANALYSIS

In this section we introduce a projection and derive some useful
estimates. Throughout the paper we shall use the letter C to denote a
generic positive constant which may vary from term to term. We denote

RY ={(x',xy) | xy > 0}. Let w be the unique solution of (1.3).
Set

I(w):l/(|Vw|2+w2) —/F(w).
2 RN RN

Let P € 02. We can define a diffeomorphism straightening the
boundary in a neighborhood of P. After rotation of the coordinate system
we may assume that the inward normal to 9£2 at P is pointing in the
direction of the positive xy-axis. Denote x' = (xi, ..., Xy—1),

B'(Ro) = {x' € R¥"" | 1x'| < Ro},
B(P,Ry)={x € R" ||x — P| < Ro},

and

20=2 N B(P, Ry)
= {(x/,xN) € B(P,Rp) | xy — Py > ,O(X/ _ P/)}

Then, since 952 is smooth, we can find a constant Ry > 0 such that 3£2 N
2, can be represented by the graph of a smooth function pp: B'(Rg) —
R where pp(0) =0, Vpp(0) =0.

From now on we omit the use of P in pp and write p instead if this
can be done without causing confusion. The mean curvatures of 952 at P
is

| N-l
H(P)=—=> p:i(0),
n—173
where
_dr
= 3%

and higher derivatives are defined in the same way. By Taylor expansion
we have

Pi i=1,...,N—1,

1 N-1
P’ = PY=3 3 O = P)(x; = P))

i,j=1
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1 N-1
+2 D PO — P)(x; — P)(x — Po)
i,j,k=1
+0(jx" — P'[4).

Recall that for a smooth bounded domain U the projection Py of
H*(U) onto {v € H*(U) | dv/dv =0 at dU} is defined as follows: For
ve H*U) let w = Pyv be the unique solution of the boundary value
problem

Aw—w+ f(w)=0 inU, @1
dw/dv=0 on dU.
Let
- P - P
hs,p(x)zw(x )—Pgﬂw<x ), X €S2,
3 ' 3
where
2:.p={zeR"|ez+ Pe ).
Then A, p satisfies
e2Av—v=0 in $2, 22)
d0v/dv = (3/dv)w((x — P)/e) on d52.

We denote

2 -N 2 2, .2
lvll:=e /[s [Vv]* +v7].
2
For x € §2; set now

€ /= /_ P/’
y=a o 23)
EYN =Xy — Py — p(x’ — P').

Furthermore, for x € £2; we introduce the transformation 7 by

Ti(x)=x;, i=1,....N—1,
{ *)=xi, i (2.4)

Ty(x")=xy — Py — p(x' — P').



56 C. GUIET AL. / Ann. Inst. Henri Poincaré 17 (2000) 47-82

Note that then

1
y=-T(x).
€

Let v; be the unique solution of

Av — V= O in R_['\,Iv
ov w 1 N-1 (2.5)

ayw Iyl 2 =1 P Oyiy; on dRY,

where w' is the radial derivative of w, i.e., w' = w,(r), and r = |(x —
P)/e|.

Note that v; is an even functions in y' = (yy, ..., yn—1). Moreover, it
is easy to see that |v;| < Ce ™! for some 0 < p < 1.

Let x(x) be a smooth cut-off function such that x(x) =1, x €
B(0,0.8Ro) and x (x) = 0 for x € B(0, Ry)€.

In fact we set Rg be such that w(Ry/e) = 0.9n¢.

Note that this x is as good as the cut-off function in [35].

Set

he p(x) =ev (D)X (x — P) + €W, p(x), x €.
Then we have

PROPOSITION 2.1. -

1¥e,plle < C.

Proof. — Proposition 2.1 was proved in [37] by Taylor expansion and
a rigorous estimate for the remainder using estimates for elliptic partial
differential equations. O

Similarly, we know from [37] that

PROPOSITION 2.2. -

[aw angi,,w

Brpj al'pj

x—P
}( . ):wl(y)x(x—P)—}—aw;(x), x €8,

where ey = T (x) and w satisfies
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Av—v—0 in RY,
v Liw”  w N-l
sy =3 ~ o) S O >0
w’ N-1
\ =] 2 Pk (0) on 9RY!

and ||lw5ll, < C.

Note that |w;| < Cexp(—u|y|) for some u < 1 and w; is an odd
function in y’. Finally, let Lo = A — 1 + f'(w). We have

LEMMA 2.3. -
Jw Jw

Ker(Lo) N H>(RY) =s an{—,...,—},
0 N( +) Y I dywr

where Hl%,(Rf) ={ue HZ(Ri’), du/dyy =0on 8Rﬂrv}.
Proof. — See Lemma 4.2 in [22]. O
Next we state some useful lemmas about the interactions of two w’s.

LEMMA 2.4.—-LetP = (P,,..., Px) € A. Then we have

P, — P,
/f(wk)wlz()/kl+o(l))w<|——k—8—ﬂ), k,l=1,....K, k#I,
$2¢

22.7)
where yy € X and X is defined as follows
r= { / Ffw®)e®dy |beR", b= 1}. (2.8)
RY
Furthermore, if w(| P, — Pi|/¢) = ne, we have vy € X| where
El = { / f(w(y))e<b‘y)dy I b = (bla . ..,bN) € RN7
RY
by =0, |b|= 1}. 2.9)

Proof. — Note that as | P, — P;|/e — oo we have

_N-1
2

wC&—H»ZC&—HU e (1+0(1).  (2.10)

& &




58 C. GUIET AL./ Ann. Inst. Henri Poincaré 17 (2000) 47-82

Hence if we straighten the boundary at P, we have

/f(wk)wl = / f(w(J’))w( - Pk)(l +o(1))
2 RY

=w(“°’<8;”">(1 o) [ £(w)
(o BB (=)

P, — P
=w(‘k8—ll> (1+0(1)){f(w(y))e(b'y)dy

for some
P.—P
b=lim———eRY, |p|=1.
== |Pc— P
Note that if w(| P, — P,|/€) = ne, we have P, — P, and by = 0 where
by is the Nth component of b. O

Note. — Ykl = Vik-

Next we are going to show three technical lemmas.
The first lemma is about some relations of several integrals associated
with w in Ry_;.

Let
\Y, 24 2.11
"= N+1/|w||y|y @11)
We have
LEMMA 2.5. -
N-3 , 1
= / FlwyD)yPdy - / wiPly Pdy, (2.12)
RN-I RN—I

N -1
N+ Dy === / lwiPdy’ — / Py dy
RN-1 N-1

+ / Fawywly Pdy'. (2.13)



C. GUIET AL./ Ann. Inst. Henri Poincaré 17 (2000) 47-82 59

Proof. —Let y = (¥, yn). The operators A and V below are with
respect to y € RV, and the integrations are with respect to y’ = (3, 0) €
RN=!, We will also use r for |y'|.

By straightforward computations we have

/ Y PAW(Vw - ) dy’
i

= wy_2 / (w”( )+—1w (r))w (ryr"*'dr
0
3

N

B ‘ Wy — 2/?N(w (r))
N+1)(N —3
=(_ilz(__)yl, (2.14)

and

o0
/ |yllzw(vw'y)d)’/:wzv—z/w’(r)w(r)rNJrl dr
0

RN-1

N+1 7 N+1
=-— a)N_z/erzdr=———2+— / w?ly'|?dy’ (2.15)

0 RN—I

and

/ ly/|2f(w)(Vw-y)dy’:wN_2/f(w)w/(r)rN+1 dr
N-1 0

=—(N+ Doy- /rNF(w)dr
0

=—(N+1) / Fw)|y'|*dy’. (2.16)
RN—]
Since w satisfies

Aw—w+ f(w)=0, yeR", (2.17)

by multiplying (2.17) by |y’|>(Vw - y) and integrating it with respect to
y"in R¥~! we obtain (2.12).
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o0
72 r_ " N -1 ’ N
Y wAwdy =wy_, [ wr){ w'(r) + ——w'(r) |r" dr
r
RN-1 0

= —a),\,_z/rN(w’(r))2 + 3 a)N_z/rN_zwzdr
0

0

N-1 .
=W+ [ wtay.
RN—]

Multiply (2.17) by |y’'|?w and integrate itin R¥~!. Then (2.13) is derived.
This proves Lemma 2.5. O

LEMMA 2.6.— For any function G(t) in C'*° ([0, 00)) with G(0) =
G’ (0) =0, we have

/ G(w(y))dy

Qa,P

1
- / G(w(y)dy = eH(P)3 / G(w(, 0))y'[2dy +o(e).

N N-1
RY R

Proof. — Since w decays exponentially in y at infinity, we have

/ G (w(y)) dy = / G(w()) dy +o(e)

Dep (20)e,p
= / G(w(y))dy - / G(w(y))dy +o(e)
B+ BBy (@)e.p
Lo(eyh
=/G(w(y))dy— / / G(w(y', yn)) dyn dy’ + o(e)
RY lylgf 0
Loy
/ (w(y))dy - / / (w(y',0)) dyy dy’
1< B
Loy
+ | (G030~ Gy, 0)) dyw dy +oe)
0

R,
yI<2
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:/G(w(y))dy— / G(w(y/,O))p(iy)dy’

RY ly'1< X
&
+ o( w(y,0)|° (p( y)) )dy’—l—o(e)
ly'1< B
N-—1
- / G (w(y) y——e / Gw(,0) 3 o0y, dy
i< R L=l
+ / (e21y'P) dy’ + o(e)
|yl<4€l

1
- / G(w()dy - cH(P); / G(w(y,0)y Pdy’ + o(e)

Ry ISR
1
=[Gy —er Py [ Gy, 0)yPay
RY RN-1
+o(e), (2.18)

where

R R
B+<—89) =B( 80)ORN and (£20)e.p ={y ey + P € 2}.

Hence Lemma 2.6 is proven. 0O

LEMMA 2.7. -

N-—-1
/f(w)(Pge,,,w—w)zeH(P)—Ll— / lw|*dy’ + o(e).
N RN—I

Proof. — Using (2.5), (2.17) and the exponential decay of w and v, we
have

/ Fw))vi(y)dy = / (w — Aw)vy (y) dy

RY 4
ow av ,
=/(w(v1~Av1))+/<1——— l)dy
o dyn dyn
Y

RN-1
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N-1

1
= 3 / w(r)w' (r)r! Z 0ij(0)yiy; dy’
RN-1

i,j=1
N-1

1
= / wrw' ()r Y piO)lyi >y’
RN-1 i=1

= %H(P)a)N_g/w(r)w’(r)rN"1 dr
0

N-1

Z_TH(P) w?dy’. (2.19)

RN-1
In view of Proposition 2.1, Lemma 2.7 follows immediately. [

The next lemma is the key result in this section.

LEMMA 2.8.—ForanyP=(Py,..., Px) € A and ¢ sufficiently small

(35e)

K K
=gV El(w)—s(yl—%o(l))ZH(Pi)
i=1
& P — P
5 Z (Vkl+0(1))UJ<|k8—l|> +O(8)jl, (2.20)
k=1, ksl

where y, is defined in (2.11) yi; = yi € X and X is defined by (2.8) and
y) is defined in (2.11).

Furthermore, if w(|Py — P;|/€) = ne, we have vy € X\ where X, is
defined by (2.9).

Proof. — We shall prove the case when K = 2. The other cases are
similar.

Since P = (P, P,) € A, we have that w(|P; — P»|/¢) < ne.
First we look at the case K = 1. Note that by Proposition 2.1,

Lemmas 2.6 and 2.7 we have
x—P
+/ PQe.Pw< )
£
Q

2 x—P
£ /V(Pgepw _
: £
Q

=&V | fw)Pg, ,w
/

2 2
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=e”( fwyw+ 'f(w)(Pszs,pw—w))
=e”( / fww —eH(P) R
RY RN-1

+8H(P)NT_1 / lwdy’ + o(s)>. (2.21)
RN—l

Similarly we have
- P
[r(rare(0))
J €

=8N(/F(w)dy+ / (F(P_QE'Pw)—F(w))dy)

&P

1
=5N</F(w)dy~sH(P)§ / fwywly'*dy’
RQ] RN-1

+8H(P)N—4:l / lw|>dy’ + 0(8)). (2.22)
RN—I

Then
Jo(Pa, yw) =" (%I(w) — W H(P) +o(s>).

For the case K = 2, we can write

/F(Pwl+Pw2)=/F(Pw1+Pw2)+/F(Pw1+Pw2)
2 2 2,

+ / F(Pw; + Pw))
23

=L+ L+,
where [;,i =1, 2, 3, are defined at the last equality and
2, ={lx — P|| < 3|P — P}, 2 ={lx — P| < 3|P, — P},
23 = 2\(§2, U £2,).

For I3, we have
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P, — P 140.50
‘8_N13‘<C / (wy + wp)** =O(w(|—l—;——2—‘> >

(93)5
— 0(81+0.50) .

For I, using w(| Py — P2l/¢) = O(e) we have

e N = / (F(Pw1)+f(Pw1)pw2) +0(€1+0.5a)

(Ql)e
=/F(Pw1)+ / £(wy)w, +0(e' %)
(-Q])s
1 ,
- [ F(w)—sH(Po(E [ Faiyray
N RN—l
N -1
_.__4__ / lwlZdy/>+ / f(lU[)U)2+O(81+O'Sa).
RN-1 (£21)e
Similarly,
1
eh= | F(w)—SH(Pz)(E / Fw)ly > dy
RY RN-1
N-1
A= lezdy’)+ [ swpwn+0(E )
RN-1 (£22)e
Hence

Z (|VPw,| + (Pw;) )) +VPw VPw,+ Pwlez}

i=1

= /‘—\

(Pwy + Pwy)

2
/ (Z (IV Pwsl? + (Pw) ﬂ /f(wl)sz

i=1
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—/F(Pw1+Pw2)
2

2
=21 @)= ye S HP)+ [ fnPus— [ fawws
i=1 2

(£21)e
— / f(wz)wl-I-O(w(lf)ls;le)+O(81+0.5a)>
(92)3
2 p_p
=21w)=ned HP) = (2 +0(1))w<|‘—8_2_.|>
+O(81+O'50),‘ (223)

Here we have used Lemma 2.4

P —P
/f(wl)wz = (y12+0(1))w<|'8—2|>
£2,

and similarly

P, — P.
/ fwpw, = (yi2 +0(1))w<|1872|>

(£21)e

’

[ fwwn=(+ 0(1))w(ﬁ’_'_;_@)

(822)e

= (12 +°(1))“’(|Ple;m>' o

3. LIAPUNOV-SCHMIDT REDUCTION

In this section, we reduce problem (1.2) to finite dimensions by the
Liapunov—Schmidt method. We first introduce some notations.
Let H?(82;) be the Hilbert space defined by

H2(2,) = {u € HA($2,) ;’ u

=0on 8.(25}.

&
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Define

Se(u) =Au —u+ f(u)
for u € H}(82;). Then solving Eq. (1.2) is equivalent to

Seu) =0, ueHy(£2).

Fix P = (Py,...,Px) € A. To study (1.2) we first consider the
linearized operator

K
L.iurs Au—u+f’(ZPw,~>u,

i=1
H}(82:) — L*(2,).

It is easy to see (integration by parts) that the cokernel of L, coincides
with its kernel. Choose approximate cokernel and kernel as

Ca,P = ’Ca,P

39 Pw;
=span{ s i=1,...,K,j=1,...,N—1}.
‘L’pi‘j

Let m, p denote the projection from L?(£2,) onto C:P. Our goal in this
section is to show that the equation

K
TepoSe (Z Pw; + <1>6,p> =0

i=1

has a unique solution @,p € ICEL,P if ¢ is small enough and P =
(P],.‘.,PK)GZ.

As a preparation in the following two propositions we show the
invertibility of the corresponding linearized operator.

PROPO_SITION 31.—Let L,p=m,po ljg. There exist poﬁtive con-
stants €, A such that for all ¢ € (0,%) and P=(Py,..., Pg) e A

ILep®Pll2(2) = MPlla22) (3.1
forall ® € K}p.

PROPOSITION 3.2.— Foranye € (0,8) and P = (Pi, ..., Px) € A the
map

e L
Lg,p =T pO LE . ’CE,P - C&P
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is surjective.

Proof of Proposition 3.1. — We will follow the method used in [7,25,
26], and [37]. Suppose that (3.1) is false. Then there exist sequences
{ex}, (P} ={(P1x,..., Pxi)} and (&} (i =1,2,...,. K, k=1,2,...)
with g, > 0, Py € A, &, € KL, such that

ek, Pk
g — 0, (3.2)
Pk —Pe Z, (33)
”Lsk,l’k(pk ”Lz(-‘?sk) - Oa (34)
'l¢k||H2(96k)=1’ k=1,2,.... 3.5
For j=1,2,..., N — 1 denote
d 0
eijk = Pwi,k/\ Pw; ,
TP, AT(P ), L2(2:,)
where
Pk
Pwiy(y) = Pg, , w(y— - ) YE 2,
’ k
Note that

(€iyji k> €irjo k) = 81118 j, + Oler) ask — oo

by Proposition 2.2, the symmetry of the function w and the fact that
P € A (recall that w(|P, — Pil/e) < ne). Here §;,;, is the Kronecker
symbol. Furthermore, because of (3.4),

2

N-1
ILe@ill7o = > ( / Lgkqpke,-,-,k) -0 (3.6)
i=1 j=1 Doy

as k — oo. Let £29, x, p and T be as defined in Section 2. (Note that we
allow Ry — 0 but Ry/e — o0.) Then T has an inverse 7! such that

T~':T(B(P,Ry)N2)— B(P,Ry) N 2.

Recall that ey = T'(x). We use the notation TV if P is replaced by P..
We introduce new sequences {g; ;} by

1 , .
Pik(y)=x (;(T"))”(eky)) D (T N ery)) (3.7
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for y € RY. Since T™ and (T)~! have bounded derivatives it follows
from (3.5) and the smoothness of y that

“‘Pi,k”HZ(Rer) <C
for all k sufficiently large. Since also
ikl s2ri\Bo.R)y = 0 as R — 00

uniformly in k for all k large enough there exists a subsequence, again
denoted by {¢; «} which converges weakly in H Z(Riv ) to a limit ¢; o as
k — oco. We are now going to show that ¢; ., = 0. As a first step we
deduce

9
/(p,-,oo—wzo, j=1,....N—1. (3.8)

This statement is shown as follows (note that det DT =det DT ! = 1)
OPw; ;. (T (ery)
/‘Pi.k(}’)[ k ( kY >] dy
RY

AT(p ), &k

_ 8Pw, x-—P,‘,k
= & N/x(x— lk)(bk( )3T(P )k( Ek )dx
i,k
dPw;, — P
o) (122
&/ Tpy; \ &k
dPw; — P
i [ o(2)ime ()
T
e (Pik); k

0

8Pw,k x—Pik
- [ re - poe (T ) (A5
&y /[1 x(x — Pii)] Py 9, .

20

-0 / @ (x)[ ow (x—P,-,k)
=0—¢; —
k “\ek (P i) &k
2\@

0

dP,, el _
31’(1:".‘1()] Ek Ek

20

[ ow (x — P,-,k> dPw; <x — P,-,k>]
x —
(P \ &k O(Pii); \ &
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a - P
" [ (@) ans, ()
&/ 0(Pi); \ &k
22

0

5 _p
—e;”/[1—x(x~ﬂ,k)]¢k(;‘—k)a(;1).(" = ”‘),
LR

29

where §2 is as defined in Section 2. In the last expression the first two
terms tend to zero as k — oo since g, ¥ @, is bounded in L2(£2) and
the term in the square bracket converges to 0 strongly in L2(£2). The last
two terms tend to zero as k — oo because of the exponential decay of
8w/8(P,-,k)j at infinity.

We conclude

dPw;y ((T)!
lim sup /‘Pi,k()’)[ Dk (( ) (Eky)>”=0,
k—o00 " a‘L'(p‘.yk)j Ex
+
i=1,....K, j=1,...,N—1. 3.9
This implies (3.8).

Let Ko and Cy be the kernel and cokernel, respectively, of the linear
operator S;(w) which is the Fréchet derivative at w of

So(v) = Av—v+ f(v),
So: Ha(RY) — L2(RY),

d

L =0}.
dyn
So(w)v=Av — v+ f'(w)v,

j=1,...,N—1}.

where

H(RY) = {u € Hy (RY)

Note that

0
Ko=0Co= span{—w
dy

J

Eq. (3.8) implies that ¢; o, € K. By the exponential decay of w and by
(3.4) we have after possibly taking a further subsequence that

AYio — Piio + [ (W)gi.00 =0,

i.e., ¢i 00 € K. Therefore ¢; o, = 0.
Hence

@ik =0 weakly in H*(RY) as k — oo. (3.10)
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By the definition of ¢; , we get @, — 0 in H? and
[Pill22,) >0 ask— oo.

Furthermore,

-0
L2($2¢,)

K
f’(Z Pwi> e
i=1

and therefore

(A - 1)¢kHLz(Q£k) —0 ask— oo.

Since
/ Vo + @2 = / [(1 = D)@ <A = DB 2,
ka ka

we have that

Pl k1 (2,) > O as k — oo.

In summary:
||A(pk||L2(st) — 0 and “@L “Hl(st) — 0. (3.11)

From (3.11) and the following elliptic regularity estimate (for a proof see
Appendix B in [37])

1Pl i2 (2, < CUIAPKN 200,y + 1Pkl 11 (20,) (3.12)
for @, € H3(£2,,) we deduce that
|| D ”HZ(QEk) -0 ask— oo.
This contradicts the assumption
1Pl 20, = 1
and the proof of Proposition 3.1 is completed. O

Proof of Proposition 3.2. — We define a linear operator T from L2(£2,)
to itself by

T =T pO L O Tlg p.
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Its domain of definition is Hz(£2,). By the theory of elliptic equations
and by integration by parts it is easy to see that T is a (unbounded) self-
adjoint operator on L2(£2,) and a closed operator. The L? estimates of
elliptic equations imply that the range of T is closed in L2(£2,). Then by
the Closed Range Theorem ([39], p. 205), we know that the range of T
is the orthogonal complement of its kernal which is, by Proposition 3.1,
K. p. This leads to Proposition 3.2. O

We are now in a position to solve the equation

K
Te.p o sg<z Pw; +<pg'p> =0. (3.13)

i=1

Since L, p| k., is invertible (call the inverse L_p) we can rewrite
. :

®=—(L; ,,ongp< (pr,>> L;pomep)Nep(P)

=G, p(P), (3.14)

where
K K K

Nep(®) =S, <Z Pw; + q>> - [ss (Z Pw,-) +85, (Z Pw,~> qb}
i=1 i=1 i=1

and the operator G, p is defined by the last equation for ® € H 1%, (£2,).

We are going to show that the operator G, p is a contraction on
By ={® € H*(2) | |®lln2(a,) <8}

if 8 is small enough.

In fact we have the following lemma

LEMMA 3.3. — For ¢ sufficiently small, we have

INepl < C(1Dcp)'™ + | D, pl7), (3.15)

(%)

Proof. — (3.16) follows from the mean value theorem.
To prove (3.17), we divide the domain into (K + 1) parts: let 2 =
U !'2; where

| el

<Cez. (3.16)
L2(%2¢)
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2={r-P1< =l minip—p i=1,....K
I X ll\ 2 r]??gll k — l(}s 1= 90 ’

K
Rk =2\ 2.

i=1

Note that

K K K
SE<Z Pw,~> =f(z Pw,~> - flw.
i=1 i=1 i=1

We now estimate SE(Z{;, Pw;) in each domain.
In 2k 41, we have

()

Hence, using also the fact that w(y) decays exponentially in |y| we obtain

()

In$2;,i=1,..., K, we have

()

< (Wi + -+ wg)'7 <O,

I+a

<O(e™).
L2((R2k+1)e)

<Y (I wdw;| + | f (i) (Pw; — w))])
i

+O(Z (lejll+U + lell+o')>
J#i
+O(|Pw; — w;|'*7).

Using Proposition 2.1 and the facts that Pw, w and v; decay exponen-

tially, we obtain
K
Se (Z Pw,~>
i=1

<O(e7). O
L2(($2i)e)

Thus
”GE,P(‘D)“ H2(82;)
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K
g pO <S€<pr,>> )
i=1 L2(82¢)
<ATIC(c®)s +677),

where A > 0 is independent of § > 0 and c¢(8) — 0 as § — 0. Similarly
we show

<! (Hns,P o NE,P(q§)HL2(Qe) +

HGé‘,P((p) - G€~P(¢/)I|H2(.QE) < )\._ICC((S)”dj - ¢/”H2(Qg)’

where ¢(8) — 0 as 8§ — 0. Therefore M, p is a contraction on B;.
The existence of a fixed point @, p now follows from the Contraction
Mapping Principle and &, p is a solution of (3.14).
Because of
LZ(.Qe))

De.pll 2y <A™ <|IN5,P((D5,P)”L2(9£) +

()

_ 1+o
SATIC(eT 4+ c®)1Peplluza,)
we have
140
IPe.pll 22, < Ce
We have proved

LEMMA 3.4. - There exists € > 0 such that for every (N + 1)-tuple
&P, ..., PkwithD<e <€andP = (Py,..., Px) € A there is a unique
D.p€ ICE{P satisfying SE(Z;K:1 Pw; + @, p) € C, p and

l+o
2

1Pepll 22, < Ce (3.17)

The next lemma is our main estimate.
LEMMA 3.5. - Let @, p be defined by Lemma 3.4. Then we have

K
Je (}_: Pw; + qbs,,,)

i=1

N K g
=¢ ?I(w)—ylezH(Pi)

i=1

—% > (Vk1+0(1))w<lpke;m>+o(£)J, (3.18)

k,l=1,...K, k#l
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where y; and yy,; are defined in Lemma 2.5.

Proof. —In fact for any P € A, we have

K
e_NJg (Z Pw; + CDE'P)

i=l

K
=e N, (Z Pw,~> + 2:p(Pep) + O(IPepliq,)-

i=1

where
8e.p(Ps.p)
K K
= / S (VPw, VO, p+ Pwi®,p) / f(Z ow) P, p
2 i=1 o i=1
K K
-/ [Z fw) - f(Z Pw,-)} P, p
2 i=l i=1
K K
< Zf(wo—f( Pw,->||m|¢>s,1»
i=1 i=1 L2(%2:)
g 0(81+0')
by Lemmas 3.3 and 3.4.

Estimate (3.19) now follows from Lemmas 2.6 and 3.4. O
Finally, we show that @, p is actually smooth in P.

LEMMA 3.6. - Let @, p be defined by Lemma 3.4. Then @ p € ok
inP.

Proof. — Recall that @, p is a solution of the equation

K
TepoSe (Z Pw; + dbg,P) =0 (3.19)

i=1
such that

Depek,p. (3.20)

By differentiating Eq. (3.19) twice we easily conclude that the functions
Pw; and 8*Pw;/(d7p,0tp,) are C' in P. This implies that the
projection 7, p is C' in P. Applying 9/ dTp, ; gives
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K K
dPw; O
Tepo DSE<ZPw,~ +<Dg,1>) (Z o “’)

i=1 iz 0te;  0tpy

K
+ ’oss<ZPw,«+¢&p)=o, (3.21)

i=1

where

K K
DSs(ZPwi+¢s,P> =A_1+f,<Zij+¢g,P).

i=1 i=1

We decompose 9P p/dtp, ; into two parts:

0P, p <3¢5,P) (8¢€’P)
= +
8‘L’pi.j 8‘L'p,.J 1 a‘l,'pi‘j 2
where (00 p/07p, ;)1 € K.p and (0P p/07p, ;)2 € K-p.
We can easily show that (0@, p/d7p, ;)1 18 continuous in P since

P
/(;D PWe _ o k=1... . K. l=1...N—1.

P
2 ) aTPk,I
and
3D, p d Pwy / 32 Pwy 0
&Y Tk p—— =0,
a'Cp,..j BTPU ¢ 8'L’p,.vjal'pk‘,

€ €

kii=1,....,K, l,j=1,...,N—1.
We can write Eq. (3.23) as

K I, p
Tepo DS | Y Pw;+ &, p " )
Pij/2

i=1

K K
dPw;, (3D
+n€,PoDSE<§ iji+¢E,p)(§ +( E’P) )
1

i=1 i=1 atpi,j 8tPi.j

371'5 P K
— oS, Pw;+®,p | =0. 3.22
+ atp,; ° (Z i ’P> G2

i=1
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As in the proof of Propositions 3.1 and 3.2, we can show that the
operator

K
m.po DS, ( > Pw;+ <p€,p>

i=l
is invertible from K} to C}p. Then we can take inverse of 7, p o

DSg(ZiK=1 Pw; + @, p) in the above equation and the inverse is continu-
ous in P.

Since 8Pw,~/8rp,.vj, (8¢€,p/afp‘.vj)1 € K, p are continuous in P and so
is aﬂg’p/a‘lﬁp‘.v}., we conclude that (3¢8,p/8rp,.vj)2 is also continuous in

P. This is the same as the C' dependence of @, p in P. The proof is
finished. O

4. THE REDUCED PROBLEM: A MAXIMIZING PROCEDURE

In this section, we study a maximizing problem.

Fix P € A. Let @, p be the solution given by Lemma 3.4. We define a
new functional

K
MS(P)=J€<ZPw,~+¢g,P> :A—R. (4.1)

i=1
We shall prove

PROPOSITION 4.1. — For ¢ small, the following maximizing problem
max {M,(P): Pe A} 4.2)

has a solution Pt € A.

Proof. — Since J,;(Z,-K:l Pg, , w + @, p) is continuous in P, the max-
imizing problem has a solution. Let M. (P?) be the maximum where
P c A.

We claim that P? € A.

In fact for any P € A, by Lemma 3.5, we have

K
M, (P) =" [gl(w) ey (ZH(P»)

i=1

1 P — P
) Z (Vi +0(1))w(|—k£—l|) —|—0(£)}.

k=1, K, k#l
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Since M, (P)? is the maximum, we have

P¢ — Pf
yIZH(PEH Z( yk,+o(1)) ('—’—‘8—")

€ il

P, — P,
VIZH<P>+ Z( m+o(1)) ("‘8—")+o(1>

€ il

forany P= (Py,..., Pgx) € A.
Choose P; such that H(P;) — minper; H(P) and w(| P, — Pi|/¢)/e —
0. This implies that

PE — pe
mZH(PS)Jr Z( m+o<1>) ('—*——”)
€ A €
K

< .
\ylggggH(P)+8

for any § > 0.
Note that 0A C {P; € 0I; or w(| P, — P;|/¢) = ¢en}. Hence if P € 9 A,
we have that either

H(P) > mm H(P) > mipH(P)—i—Zno
Pel;

forsome i =1,..., K and ny > 0 (by condition (1.5)), or

1 <lPk - le)
-w| —m— —
£ £
for some k # 1.
Hence if P € 0 A we have

Pt — p¢
yle(PgH Z( o) ) ('L—")
€ Al €
K

> V12g16igH(P)+min (v17o, Yun)-
=

min
k#l, w(|Pr—Pi|/e)=ne
Note that

min >inft>6>0
K, w(lPe—Pil/e)=ne ' ' 7 rexy © 0
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since for any 7 € X, we have

T= / f(w)c“’*”:% / fw)e® > 0.
RN RN

+

A contradiction to (4.3) if we choose § small enough.
It follows that P¢ € A.

This completes the proof of Proposition 4.1. 0O

S. PROOF OF THEOREM 1.2

In this section section, we apply results in Sections 3 and 4 to prove
Theorems 1.1, 1.2 and Corollary 1.3.

Proofs of Theorems 1.1, 1.2 and Corollary 1.3. - By Lemmas 3.4
and 3.6, there exists &y such that for ¢ < g, we have a C! map which,
to any P € A, associates D.p e Kip such that

K
0Pw
S (Z Pw; + cbs,P) = Y —r (5.1
k=1

K
i=1 vk 1=1,. N=1 TP

for some constants o € REKWNV-D,

By Proposition 4.1, we have P° € A, achieving the maximum of the
maximization problem in Proposition 4.1. Let @, = @, p: and u, =
Z;K=1 Pg, .. w + @ pe. Then we have

M,(P)=0, i=1,...,K, j=1,...,N—1.

0 TP,"I' P=P¢

Hence we have
/ [Vugva(zikzl Pw; + P, p)

+u€a(§:{;1 Pw; + @, p)

BTP,-.,- P=P¢ 81,']),.'!. P=P¢
(T, Pw; + Pep)
- flug R ED| o,
TP,"I' P=P¢
Thus
/Vugva(Pwi + P..p) ea(Pwi + Pc.p)
P 0 I'pl.‘j P=P¢ 0 rPi,j P=P¢
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o(Pw; + P
_f(ua) ( 12 * E’P)
Th, P=p*

fori=1,...,Kand j=1,...,N —1.
Therefore we have

=0

8Pwk 8(Pw,~ + 458,1)) B

Qi 3 0. (5.2)
k=1, K5 =1, N=1 & e, TP
Since @, p € K;-p, we have that
ank ad)s,P 32Pwi
atr, 9t || ") Do aes PO
QE th'[ Tﬂ’j _Qe ‘L’ka tPi,j
3’ Pw;
\\—’ 1®e.pll,2
8rpkv,81pi'j L2
=0(e7 %),
Note that
oPw, 0Pw; 1
= —8id;i (A +o(1)),
ot 0tn, &2 1 ( 1)
where

2
A:/(g—ui> > 0.
M Vi

Thus Eq. (5.2) becomes a system of homogeneous equations for
o and the matrix of the system is nonsingular since it is diagonally
dominant. Soay; =0, k=1,...,K,I=1,...N —1.

Hence u, = ZiKzl Po . w+ d)g,Plf’_,_’pf( is a solution of (1.2).

By our construction, it is easy to see that by the maximum principle
u, > 01in £2. Moreover ¥ J.(u,) — (K /2)I (w) and u, has only K local
maximum points QF, ..., Q% and Q¢ € 352. By the structure of u, we
see that (up to a permutation) Q¢ — P# = o(1). This proves Theorem 1.2.

Theorem 1.1 follows from Theorem 1.2 by taking I} =T, i = 1,

K.

Finally, we prove Corollary 1.3. O

If £2 is not a ball, then H(P) has a local minimum on some open set
I', Theorem 1.1 can be applied.
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If £ is a ball, Corollary 1.3 follows by minimizing energy in
symmetric spaces. See [21] and [23].
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