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ABSTRACT. — We prove stability (or compactness) and existence results
for a free boundary model of a barotropic compressible fluid. Then, we
construct weak solutions as asymptotic limits of the isentropic compressible
Navier-Stokes equations as 7y goes to co. © Elsevier, Paris

RESUME. — Nous montrons I’existence de solutions faibles globales pour
un modele de fluide compressible barotrope. Ces solutions sont construites a
partir d’une limite asymptotique des solutions de Navier-Stokes isentropique
compressible. © Elsevier, Paris

1. INTRODUCTION

We consider the following system of equations, written in (0, 00) X €,
where Q = RN or Q = TN,

P
(1) 6—’;+div(pu):om (0,T) xR, 0<p<1lin (0,T)xQ,
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374 P.-L. LIONS AND N. MASMOUDI

d
(2) —é:i +div(pu @ u) — pAu — {Vdivu + Vr = pf in (0,T) x 0,

(3) divu = 0 a.e.on {p = 1} ,

(4) 7 = p(p) a.e. on {p < 1} , m>p(1l) a.e. on {p = 1}

where T' € (0,00), o > 0, u+ & > 0, p(p) is a nondecreasing positive
continuous function and f = f(¢, ) is a given function corresponding to the
volumic force terms (for instance we can assume that f € L1(0,T; L2)N).

The unknowns (p,u,7) correspond respectively to the density of the
fluid which is a nonnegative function, the velocity which is a vector-valued

function in IRYN and the pressure. The system must be complemented with
initial conditions, namely

(5) pu

t=0 t=0

where 1 > p° > 0 ae. , p° € LY(Q), m® € L3(), m® = 0 ae. on
0
{p° =0}, p°2 0, and p°u°|" € L', denoting by u® = Ir% on {p° > 0},
p

u® = 0 on {p° = 0}. In the case of T, we also impose that f p° = M < 1,
otherwise the above system reduces formally to the incompressible Navier-
Stokes equations in which case we do not know whether the (hydrostatic)
pressure is bounded from below.

One of the motivations to study this free boundary problems is the study
of fluids with imbedded domains (large bubbles) filled with gaz : standard
models involve a threshold on the pressure beyond which one has the
incompressible Navier-Stokes equations for the fluid and below which one
has a compressible model for the gaz. Another motivation is the possibility
to study a compressible-like system which includes the incompressible case
as particular case (p = 1).

Now we are going to define precisely the weak solutions (solutions a la
Leray) we will use. We look for solutions satisfying

(6)  pe L>(0,T;L*°nNLYQ))NC0,T;LP) for any 1 < p < oo

(7) Vu € L*(0,T, L*) and u € L*(0,T; H*(B)),

where B = TN if Q@ = TN and B is any ball in RN if Q = RN, in
this second case we also impose that v € L2(0,T, L2¥/N=2(IRN)), if in
addition N > 3.
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BAROTROPIC MODEL 375
We also require
(8) plul? € L=(0,00; L*) and pu € L>(0,00; L?)
Finally we impose that
9) m € M((0,T) x ),

where M((0,T) x ) is the space of bounded measures on (0,7") x Q.

Next, equations (1), (2) must be satisfied in the distributional sense.
This can be written using a weak formulation, namely we require that
the following identities hold for all ¢ € C°°([0,00) x §2) and for all
® € C>([0,00) x )" compactly supported in [0,00) x € (i.e. vanishing
identically for ¢ large enough)

(10) _/000 dt/ﬂp@tcb—/apod)(O) _/000 dt/ﬂpu‘VQS: 0,

(11) / dt/pu@t /mCD / dt/ (w.V®).u +
+ / dt{ / uDu.D<I>+§divudiv<I>} — 7 dive = / dt / pf.®.
0 Q 0 Q

We want to point out (and we will come back to this issue later on) that the
weak formulation (10) for p contains the initial condition p(0) = p° since p
is assumed to be continous in time with values in L2. However (11) does
not yield that pu(0) = m°. In fact 7 is a mesure and all we can deduce in
terms of continuity concerns the divergence-free part of pu, namely P(pu),
where P(v) = v — V(A)~!V.v. Hence if ® is divergence-free div(®) = 0
then (11) becomes

/dt/puat - [ mt.a0) /dt/ PV ). +
+/Owdt[luDu.D@=[)wthpf.¢

which yields that P(pu)(0) = P(m°).
On the other hand equation (3) and the condition 0 < p < 1 must be
understood in the sense of almost everywhere defined functions.

(12)
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376 P.-L. LIONS AND N. MASMOUDI

Notice then that condition (4) does not make sense since 7 is not assumed
to be a function (defined almost every where). However this condition can
be rewritten as follows

(13) p(m = p(p)) =7 —p(p) > 0.

We will show that this condition makes sense under the above requirements
and equation (4) should be understood in the sense of (13). In fact we will
show the following regularity theorem

THEOREM 1.1. — If (p,u, ™) satisfy (1), (2) and the above requirements
hold then condition (13) makes sense and we have

(14) m € M(0,T; L*(Q)),
(15) pu € BV ([0,00); L*(Q) — w),
(16) P(pu) € C([0,00); L*(Q) — w).

In this result, BV ([0, 00); L? —w) and C([0, 00); L? —w) are respectively
the space of bounded variation and continous functions on [0, co) with value
in a bounded set of L%(Q2) equipped with the weak topology.

Now we are able to state our main existence result. As is customary when
dealing with global weak solutions of partial differential equations (and due
to the weak convergences in the approximating systems) the global weak
solution we are going to construct will satisfy in addition the following
energy inequalities

(17) E(t)+/0 D(s)dngO—l—/O /qu.f a.e. t,
(18) %f—#—DS/ﬂpu.f in D(0,00)

where E(t) = /Q %p|u|2(t), D(t) = /Q uDulA(t) + £ (div w)%(t) and

E° = / %potuolz. Moreover, 7 will be bounded in M((0,T) x Q) by a

constant depending on the initial data and on f,

(7|l rm0.myxe) < C(p°,m, f)
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BAROTROPIC MODEL 377

THEOREM 1.2. — Besides the conditions on the initial data already given
above we assume that p(p) = 0 and that f satisfies the following condition

f e LY(0,T; L*(Q)) + L*(0,T; L"(Q)) if Q=T2,
(19) { fe LY0,T; L + L>(Q)) + L*(0,T; L"(B)) if Q=IR?
f € LMN0,T; L2 + L=(Q)) + L*(0, T; L¥*2(Q)) if N >3,

where 1 < r < 2 and B is a bounded ball in IR?, then there exists a solution
(p,u, ™) for the system (1) — (4) satisfying the above requirement and the
energy inequality.

In the next sections, we shall give precise conditions on p(p), and state
more general results. Besides, the requirements on p can be weakened (in
the case of IRYN), in fact we can take a fluid of infinite mass. For instance
we can impose the following condition

(20) p® —p € L™=(0,00; L' (IR™)),

for some constant p, such that 0 < p < 1 (or more generally for some
reference function p in IRN satisfying 0 < 5 < 1), we will come back to
this issue in details in section 5.

A priori estimates will be derived in section 2, In section 3 we study the
compactness of sequences of solutions satisfying the requirement above,
then the existence results will be proved in section 4, using the convergence
of solutions of the compressible isentropique Navier-Stokes equations as vy
goes to the infinity (where the pressure is given by p(p) = p?). Finally
in section 6, we give two convergence results to the incompressible
Navier-Stokes system.

2. A PRIORI ESTIMATES

We are going to show here that the notion of weak solutions we have
defined above is a natural one by showing some a priori bounds. First,
we can notice that the conditions (1) and (3) are compatible, in fact we
have the following lemma

LEMMA 2.1. — Let u € L?(0,T; H} ) and p € L%, satisfying
ap ) P _ 0
5 +div(pu) =0in (0,7) x 2, p(0)=p

Vol. 16, n° 3-1999.



378 P.-L. LIONS AND N. MASMOUDI

then the following two assertions are equivalent

I. divu=0ae on{p>1}and 0 < p’ <1,
2 0<p< L

Proof. — Let us begin by the first implication ( 1) — 2) ), using the
regularization lemma stated in [7] (lemma 2.3 p 43), we get

(21) B0 1 av(Blo) = (B(0) ~ o8 (0)) divu,

for any C* function 3 from IR to IR such that |3(t)] < C + C t. Next
let 8 be defined by

B(t)=0 if t<0,
(22) Blty=t if 0<t<1,
Bt)y=1 if 1<t

then we get

(23) 0) + div(Blopm) = Lpanydiviu) =0,

in fact taking any sequence of C' functions (3, such that (3,(t) = B(t)
on |- oo,—%[ U ]—71;,1 - %[ U1+ %,—i—oo[ and |3'(t)| < C uniformly
in n, we can rewrite (21) with 3 replaced by S,, then (,(p) converges
pointwise and in L? to B(p). Moreover (8,(p) — pB.,(p)) divu (which is
bounded in L? ) converges pointwise to 0, and we can then recover (23).
In addition we have B(p)(t = 0) = p° ; and setting d = B(p) — p, we see
that d solves the same equation as p and (3(p) and that d(0) = 0. Applying
the regularization lemma another time, we see that |d| also solves the same
equation and since [, |d|(t) = [, |d|(0) for any ¢, we get that d = 0 and
hence (p) = p which yields 2).

Now, we turn out to the proof of the second implication. Since 0 < p <1,
we see that p is bounded and then (21) holds for any C! function 3. Writing
it for B(p) = p*, for any integer k, we get

(24) (—987 + div(pFu) = (1 — k)p* divu.

Since 0 < p* < 1, we see that 9;p* is bounded in W=1°((0,T) x ),
in addition div(p*u) is bounded in L>(0,T; H,;1(R2)), for |p*u| < |pu| €
L°°(L2 ). This yields that kp* divu is a bounded distribution (in H,, for
instance). Letting k& go to the infinity, we get

(25) Pt divu—0 i D.
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Besides, we have
pF — Lp=1y a.e,
so we get
prdive — 1,=ydivu a.e,

and since |p* divu| < divu € L2, ((0,T) x Q), we get that div u = 0 a.e.
on {p = 1}. This completes the proof of the lemma. O
Next, we concentrate on the estimates we can derive from the equations.
As is often the case when dealing with weak solutions, a priori bounds are
obtained by making formal computations on the equation. Of course, those
computations are rigorous if we assume that (p, u, ) are smooth enough.
Since 0 < p < 1 and [p(t) = [p°, we see that p € L®(0,T;L> N
L'(9)). Then, the continuity of p in LP(2) — w is deduced from the bound
on ;p in L>®°(H™1!), using the appendix C of [7]. The continuity of p in
LP(Q) (for 1 < p < o0) is then a simple consequence of the conservation of
the mass and of the L bound. Indeed, taking 3(p) = /B in (21), we get

(26) aa—\f + div(y/pu) = %\/ﬁ diva.

In fact, we must approximate ,/p by the following C! functions

B = /p+ ¢ and then observe that

1
—/p in L.

Be(p) — pBL(p) =Vp +e— zm

We deduce then that \/p € C([0,T]; L* — w) and since

[wore = [ =m

is independent of ¢ we see that \/p € C([0,T]; L?), hence p € C([0,T]; L*)
and then we conclude using the L°° bound on p.

Then, multiplying the momentum equation (2) by « and using (1), we
get (at least formally),

2 2 2
at[ [ ]+d1v( |u2| +7ru)—7rdivu—uAl—%|—+

—&div(udivu) + p(Du)? + €(divu)? = pf.u,

(27)

Vol. 16, n® 3-1999.



380 P.-L. LIONS AND N. MASMOUDI

integrating over ) and using the fact that wdive = 0 (since divu =

0 a.e. on {p = 1} and 7 = 0 a.e. on {p < 1}), we get the following
energy identity

@ o[+ [ uwur @ = [ ora

and then integrating over (0,t), we obtain
(29)

[o% s [ [ wour + i = [0+ [ [ pra

Since p + £ > 0, we obtain (7) integrating by parts and using the
Cauchy-Schwarz inequality,

(30) /(d’LU 'LL)2 = / (9iu,~(’)juj = / 8jui(9in
Q Q Q

< /;%:(31'1&]‘)2 = /Q(Du)2

Hence, there exists v > 0(= inf(u, p + §)) such that we have for almost
all ¢ the following inequality where we have assumed in addition that
f € LY(0,T;L?),

(31)

[t [ [ voer < [ #2554 [iattise iz

Using Gronwall’s inequality and noticing that ||\/p||r~ < 1, we deduce
the first part of (8) and the bound on Du in L%(0,T; L?(£2)). Then we get
a bound on pu in L*°(0,T; L?), since p € L.

Next, we give the necessary changes to handle force terms satisfying
(force). Let us set f = fi + fo + f3 such that fi € L'(0,T;L*(Q)),
fo € L*(0,T;L°°(£2)) and f3 € L2(0 T; X), where X = L"(Q) if @ = T?,
X = L"(B) if @ = R? and X = L¥%3(Q) if N > 3. Then, we see that f
can be treated as in the case when f = f; € L'(0,T; L?), the second term
f2 (which can be taken null in the periodic case) is treated as follows,

(32) } [ ope

And we use to conclude the conservation of the mass, namely ||p||,1 = M.
For the third term, we need to use the bound on Du in L2,

< oI ol e 1)/ -

Annales de I’Institut Henri Poincaré - Analyse non linéaire
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If Q@ = T2, then we have

= ullye < CliDalee,

where 1 + —1— = 1 and hence
r 7
(33) ’ / pfs-(u - ]1 )‘ < Cllpllz=Ilfsllz- |1 Dul 2,
Q

C
< —fsllz- + el Dul[Z:.

On the other hand, we have

o [ o)

and since M > 0, we deduce that for almost all ¢

/
which yields

o)

and finally we deduce

‘/ pf3.u
Q

< |IVpullez + Cllpl|zz || Dul| 2

< Cllfsller(llvpullLz + || Dul|2),

<

C
—l1£sllz- + [Vpulli: + el DullZ.

381

Then, taking ¢ small enough (¢ < v/2), we can absorb the second term
of the right hand side in v||Du||?,. Applying Gronwall’s inequality, we

conclude easily as before.

If Q@ = IR? then f; is assumed to be bounded in L?(0,T; L"(B)) for

some fixed ball B, hence we have

= o o o= o f i

where Bp, is a big enough ball (the radius R will be chosen later on). Next
we know, using the classical Sobolev inequalities, that a bound on DA in
L*(By) yields a bound on h —  h in L*(L(B,)) for all 2 < ¢ < +00

Hh —]{3 h”Lq(Bl) < quth’||L2(31)’

Vol. 16, n® 3-1999.



382 P.-L. LIONS AND N. MASMOUDI

then by a scaling argument we get that

[|h —][ hHLq(BR) b
Br

In fact, let h be defined on B, and hp defined on Bp by hp(x) = h<£>,

then we have

. q . . q
/ hr —]Z hr| dx = / h —][ h| R*dy
B BR B;( B, B,
< C(‘}R2||Dh||L2(B X
2 1 T 2
D(hg)|” do = —/ Dh<—'> dx
[ D)t = 2 (5

- / Dh(y)? dy
B

We then get as in the periodic case,

et 1,

< Cllpllz~ sl ol - 7/ |

J BRr
< CRY"|pllp= || fsl|L- | Dul| 2

C ,
< ZRY Nl < 1fsll2 + ]| Du 12,

1 1
where p + — = 1 (in the sequel we shall assume that v/ > 4, which

means that r < 4/3, this assumption can be made without loss of generality
since B is bounded). In order to complete the estimates we need a bound
on JCBR u. For this we shall use the fact that the fluid does not flow very
fast to infinity, indeed arguing as in [6] we can take a cut-off function
¢ € C°(IRY) such that ¢ = 0 if |2] > 2, ¢ =1if [2] <1, 0< ¢ < 1,

then we multiply (1) by ¢ ) and integrate by parts in x to find
R p

d [ €T '
(i) fdee(3)
> _ECHV(bHLw||\/5HL2“\/5“”L'-’*

then taking R big enough, we get for all ¢

" M
[ oo >———/ v/pulle:.
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hence, as long as

R
34 su ullp2 < —=,
(34) s IVAulle < gom

we have

inf / pdx >
0<t<T Jp
R

and we will show that this holds true if R is chosen big enough. In the
sequel, we assume that (34) holds, hence computing as in the periodic
case, we get

s o )
— u < pU — plu— U
4 Bgr Bgr J BRr Br

< IAllze 17l 22 + 1ol lu ][ ul

Br

< IVollzzllvpullze + 1lpllza B || Dul| 2
c y
< IVellellVoulle: + ZllpllZ. R + el | Dul [,

1 1
where — + - =1, ¢’ > 4 (for instance we can take ¢’ = r’). Hence, the
q

second term can be estimated as follows

' ' 4
| o]l <ol g UVALelauls
Br Br
Hlolle B |1 Dullz i ol

< Cllvpull: + CRY" | fsl[3 () + el Dul |72

Summing up the two estimates, we get

[ o
Q

where C' is a constant that does not depend on R and where (35) is true
as long as (34) holds. Taking ¢ small enough (¢ < v/2), we can absorb
the second term of the right hand side in v||Dul|%.. Then, taking I large
enough we conclude easily.

If N > 3 then we have

‘ C o
(35) < ;R‘*/ fsl1Z- + lIVpullz: + el| Dul |7

||u||L on < C||Dul|gz

N-2
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384 P.-L. LIONS AND N. MASMOUDI

and hence

C
(39) | [ ptaa] < Ol g ol g, < SUBIE g, + DU
and we conclude easily. O

Next, in order to deduce the L' bound on 7 (we assume that 7 € L!
since m will be the weak limit of a bounded sequence in L'), we apply
the operator (—A)~!div to the momentum equation (this idea was used
by P.-L. Lions in the case of compressible Navier-Stokes equations). We
begin by the case Q@ = RY,

T = 0y(—A) " div(pu) — RiR;(pusu;)+
(37)
+p + div(u) + (=A) " div(pf),

where R; is the Riesz transform (R; = A~19;) and where we must fulfill
the summation over 4 and j. Here we have used that A~ [A(divu)] = divu
and that A~*[A7] = m, since we assume that divu € L?(IRN) a.e. on ¢ and
that 7 € L'(IRY) a.e. on . In order to obtain bounds which depend only on
the initial data, we can integrate this identity and use the fact that 7 > 0, but
since we have only an L? bound on div u, we cannot integrate on the whole
space. To recover this, we use the fact that pr = 7 and multiply (37) by p,

T = Oy[p(—A) " div(pu)] + div[pu(—A) " div(pu)]+
(38) +pui RiRj(pu;j) — pR;i R;(puiu;)+

+(p+ Epdiv(u) + p(=A) = div(pf).

Integrating (38) over IR™, we get a bound in L' that depends only on the
initial data. We are going to explain how we treat the six terms that occur
in the right hand side of (38). First we have

(39)

T
/ / Aulp(—A) " div(pu)]| < 2llp(=A) " div(pw)ll = 052 e,
0 RN

then using that pu € L>(L*?), we get (—A)~'div(pu) € L>(L9), with
1 2 1

SS3° W > 0, and then we conclude by using that p € L>(L%),
q

1 1
where—+—/:1
q

b
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Olp(=8)" div(pu)]] < 2lpllp= zanllpull=wore)-
R

Notice that we cannot use the continuity of pu in LP —w (1 < p < 2) at
this stage (since 7 € M) and that we must explain the meaning of (39).
Let ¢,, be a sequence of C2°(0,T) that converges to 1o 7 in L'(IR) (and

1
in L4(IR) for all 1 < ¢ < oo) and such that ¢,, is nondecreasing on [0, —],
n

1 1 1
increasing on [T'— —,T] and ¢, (t) =1 on [ﬁ’T — ﬁ] Then we get
n

Oi[p(—=A) " div(pu)]pn(t)

-/ / (=) div(pu)|Oupn(t)

< Cl|0in ()]l (0.7

1/n T
SC[ /0 Drbu(t) — /T y atqsn(t)]

= 2[|p(—=A) " div(pu)|| = (0,7;21 (0))-

RN

where C = ”p(—A)_ldiV(pu)”Lo@(O?T;LI(Q)).

Next, we explain why the integration over IRN of the second term
vanishes by using a cut-off function, let ¢ € C*(IRN),0< ¢ <1, ¢ =1
on By, ¢ = 0 on RN — By, then for any R € (1,+00), we have, setting

= pu(=A)~ldiv(pu),
g N el = | [ vlve(E
(40) I/IR,N div U ¢<E> dz| = ’/}RN U.RVq{)(R) dx
1
< U1~y EHV¢||L°°(JRN)7

and we conclude by letting R tend to +o0o. We only need to show that
U € L>=(0,T; L"), which can be deduced from the bound we have on pu

. 1 1 1
in L*>(0,T; LY), where — + (- — N) =1(1<qg<2).
q q
The third and the fourth terms are handled similarly if ¥ > 3. In
N
fact, since plul?® € LY(0,T;L%) (s = N3 > 1) and since the

Riesz transforms are bounded in L? for 1 < p < +oo, we see that
R;R;(pu;u;) € L'(0,T; L*) and then using the fact that p € L>°(0,T; L*"),
we see that pR; R;(pu;u;) € L. The third term is treated in the same way

Vol. 16. n°® 3-1999.



386 P.-L. LIONS AND N. MASMOUDI
and is in fact simpler. However if N = 2, the fourth term cannot be
treated by this method since we no longer know that p|u|?> € L*(0,T; L*)

for some s > 1. Nevertheless, since Du € L?(0,T;IR?), we see (as in
P.-L. Lions [6]) that v € L?*(0,T; BMO). In fact for any cube @ in IR2,

we have
i o 1/2
/u—7[u dr < |Q|Y? /u,—%u dx
Q v Q Q JQ

. 1/2
< C|Q|</Q | Dul? d(E)

< C|Q|/ |Dul|? dz.
]I{'Z

Hence using the Coifman-Rochberg-Weiss commutator theorem [3], we
get that [u, R;R;] is bounded in L? for 1 < p < +o00, so we have the
following estimate

|Ri R (puiu;) — wiRiRj(pu;)|| 12 (0,:02)
< Cllullzz0,7:8310) l|pul | L= (0,7 12)-

Next, we use that p € L?(0,T; L?) to deduce the desired L' bound.
For the fifth, we have the following straightforward computation

T .
/ / p divu
0 JRN

Finally, for the sixth term we have merely

(41) <ol

r2.1:02) || div L2 0,mi12).

T
[ [ o= aivont < lolle o o il
0 RN
1 11 , .
where — + — — N - 1 since pf € L'(L") and (||pfl|lrrzry <
.

Cllf”L](L"’)JrLZ(L") with r < 2).
Next, we explain the changes in the above argument we must perform
in the periodic case. Now, (37) is replaced by

T — S 7 =0 (—A)" div(pu) — R;R;(puiu;)+
(42) { +(p + §)div(u) + (—A)~rdiv(pf).

Before integrating over T, we multiply (as in the case of IRN) by p. Notice
however that we do so for different reasons than in the whole space case.
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In fact, since T is a bounded domain div(u) € L*((0,T) x ) and we can
integrate (37) without any problem, but this integration gives no estimates
on 7, since the integral of = — + 7 vanishes. This is why we multiply by p,

T —pof m=9[p(—=A)" div(pu)] + divpu(~A) " div(pu)]+
(43) +poui R R;j(pu;) — pRiR;(puiug)+

ol + E)div(u) + p(—A) " div(pf).

And integrating (43) over TV, we get

(44) (1- M) /OT /an T < C(p°,m°)

in fact the estimates here are simpler than in the whole space case, and
since M < 1, we get the desired bound.

Now, we are going to prove theorem 1.1. From the bounds on p, pu, u,
7 and in the case N > 3 or Q = T? we deduce that,

p € C([0,T); LP)nC*([0,T); H™Y),
(45)
me Wb (HY) + LYLN/WN=2yn L(L?) + L*(L?) + L'(L?),

where we have used (37) to deduce the bounds on = and where

1 1 N -2
1<a,ﬁ<ooandB1251”1+(11—a),7': I if N > 3 and
l1<r< if N=2 -=--—

r < oo i TN

Then, 7 can be rewritten as 7 = 0;h + w3 + 73 + 4 Where h € L>=(H*).
The terms pms, pms, pmy are well-defined. To give a meaning to pd.h, we
use that p = div,g where g € C'(0,T; L*)N. Hence, we can write (and
define pm; as follows)

pr1 = div,goih
= div,0[gh] — div,[hOg] — O4[gdiv,.h] + Oidiv,h

Next, in order to show that 7 € M(0,T;L*(Q2)), we only need to

prove that
T
lim / / T =0,
lwl=0 /o Jo

which can be deduced easily from (45).
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Since m € M, it is easy to see that pu € BV(0,T;H™) for
m large enough. Then, since pu € L*>(0,7T;L?), we deduce that
pu € BV(0,T;L* — w). We recall here that the values taken by pu
on [0,7] belong to a fixed ball Br of L%(f2) and that we can equip Bg
with a “weak topology” distance d. Then ¢ € BV ([0, T); (Bg,d)) if and
only if the following supremum is finite

Hd)HBV(O,T;LZ—m) = sup Zd t+1 (yb ))

O=tp<t)<..<tn=T =0

Finally to deduce the continuity of P(pu), we apply the operator P to
the momentum equation and get

P(0pu)
ot
Then, the continuity in the weak topology is deduced from the following

P
(gf ") and the Appendix C of [7]. In deed, we have

+ P(div(pu ® u)) — pAP(u) = P(pf) .

0
bound on

OP(pu)
ot

€ L0, T; WY+ L*(0,T; H™Y)+LY(0,T: L?)+L*(0,T; L").

3. COMPACTNESS

In this section, we are concerned with a sequence of weak solutions
(Pn, Un, ) of (1)~(4), with f = 0 for simplicity. This sequence is assumed
to exist even though we have not proved yet existence results for (1) - (4).
The sequence (p,, u,,,) satisfies, uniformly in n, the a priori estimates
derived in the previous section and the following initial conditions

46 nUn =pY,
(46) P Pn

t=0

"y O
=m, , Pn
t=0

where 0<pY <lae.,p® isbounded in LI(IQ) m? is bounded in L?(12),
10 =0 ae. on {p° =0}, p=£ 0 and p°[ul| is bounded in L', denoting
0

by u?l = io” on {p% > 0}, u® =0 on {p? = 0}. In the case of TV, we
p

also assuménthat —f p?L = M, for some fixed M (or some M,,0 < M, <1
such that M,, — M), with 0 < M < 1.

Without loss of generality, extracting subsequences if necessary also
denoted by (p,,un,m,), we can assume that (p,,u,,m,) converge to
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some (p,u,n) in the sense of distributions. More precisely, we can
assume that p, — p weakly in L?((0,T) x Q) for any 1 < p < 400,
p € L0, T, L' N L>=(Q)) and 0 < p < 1, u, — u weakly in
L?*(0.T: H'(B)), where B = TN if Q = TN and B is any ball in RN if
Q =RN, D u, — D uweakly in L*>(0, T; L*(2)). Finally, we may assume
that 7r,, — = weakly in M((0,7") x ), where 7 is a positive measure.

THEOREM 3.1. — Under the above assumptions, we have

Pntly — pu weakly star in  L>(0,T; L*(Q2))

Prlly @u, — pu@u weaklyin L*(0,T;L ( ).
, 1 1 1 N -2
where 1l < a,f < ocand = = —r+ (1 - =), r= if N > 3 and
0« « N

1<r<ocif N=2 (if Q= IR? the convergence holds locally in space)

Remark. — In general (p, u. ) is not a solution of (1)—(4), in fact condition
(4) does not hold in all times. The homogeneisation example given in [6]
for the case of the compressible Navier-Stokes equations can be adapted to
our system. In the following theorem, we give a sufficient condition on the
initial data, for (p,u,n) to be a solution.

THEOREM 3.2. — If we assume in addition that p° converges to p°
LY(Q), then (p,u, ) is a solution of (1)~(4) and in addition the following
strong convergences hold

pn—p in C(0,T;LP(Q)) forany 1 < p < +oc,

Pty — puin LP(0,T;L"(Q)) forany 1 <p < +oo, 1 <r < 2,
Pty @u, — pu®u in  LP0,T; Ll(Q))for any 1 < p < +o0,
this last convergence holds locally if Q = IR2.

Remark. — Using the bound on Du, in L2, we see that the strong
convergence of p,u, also holds in LP(0,7; L"(R2)) for any p > 2 and

2p N
1<r< [ﬁ if © # R?. If Q = IR? then this convergence is local
in space.
For p,u, ® u, the convergence also holds in L?(0,T; L4(Q2)) (locally if

. p N
Q=IR?) forany p>2and 1 < g < —b " _
pN—2
Proof. — The proof of the two theorems is very close to the proof given
in [6]. In fact theorem 3.1 is deduced from the following compensated-
compactness lemma,
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Lemma 3.3. — Let g", h™ converge weakly to g, h respectively in
Lrr(0,t; LP2), L1(0,t; L9), where 1 < p1, p2 < +oo, 1 + 1 =
1 1 p1 q1
— + — = 1. We assume in addition that
P2 q2

agn
(47) ot

for some m > 0 independent of n

is bounded in  M(0,T; W~™(Q))

(48) |A"||L1 o,y is bounded for some s > 0.

Then, g"h" converges to gh in D'.

Next, let us observe that p,, is bounded in L*°((0,T") x §) and converges
weakly to p in LP1(0,T; LP2(Q)) for any 1 < p;1, p» < 400 and that u,

converges weakly to u in L?(0,7T; L?) where 8 = 5 if N > 3 and
2 << 40 if N =2 (this 1holds locally in space if = IR?). We can
take p; = 2 and p, such that — + — = 1. In order to apply the lemma 3.3

p2
(g™ = pn, b = u,), we need some compactness in time and in space which
Apn . .
are straightforward since we know that __‘p "~ is bounded in L>(0,T; H™1)

and that u,, is bounded in L2(0,T; H') (locally if © = IRY). Hence, using
the preceding lemma we obtain the weak convergence of p,u, to pu (in
the sense of distributions).

Then, we apply the lemma to the following couple (¢" = ppun, A" = u,).
In order to do so, we observe that p,u, converges weakly to pu in
LPr(0,T; LP>Q) for any 1 < p; < 400, 1 < pa < 2 (in fact convergence
in the sense of distribution is equivalent to weak convergence in these

1 1
spaces). We can take p; = 2 and ps such that — + — = 1. Next we have

o . p2 B

in view of (2) the following bound

Opntin o Too ~1,1 2 -1 —l1-e,1
i bounded in L>(0, T; W~"4)+L*(0,T; H )+ M(0,T; W ),

for any € > 0. Hence, applying lemma 3.3 once more, we deduce the weak
convergence of p,u, ® u, to pu®u in the sense of distributions and hence
in the spaces L(0,T;L’(Q)).

In conclusion, these weak convergences show that the limit (p,u,)
satisfy the equation (1), (2), (3). In fact, it is obvious for the first
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and the second equation, for the third one we apply lemma 2.1 since
u € L?(0,T; H} ) and that 0 < p < 1. However in general (4) does not
hold and we will see below that if the p® converges to p° then (4) holds
and (p,u,m) is a solution of the initial system.

Now, we turn to the proof of theorem 3.2. The idea of the proof relies
on the use of some compactifying commutators. This idea was used by
P.-L. Lions in [6]. In what follows we will give a sketch of the proof and
omit the problems related to the justification of the computation. We refer

to [6] for the missing justifications.
Taking B(p) = p logp in (21), we get

dp log(p)

(49) 5

+ div(p log(p)u) = —p divu.
This equality follows from approximating p log(p) by the following C*
functions 5. = p log(p + €) and observing that

B(p) — pBLlp) = =p*(p+€)t — p in L2

Next, we observe that this equality also holds for p, and that extracting
subsequences if necessary we can assume that p,, logp, converges weakly
to 5 in LP((0,T) x §2) for 1 < p < +o0. In fact, since 0 < p, < 1, we
see that for any p > 1, there exists a constant C), (independent of n) such
that for all n, we have |p,, logp,|P < C,p,. Then, passing to the limit in
the equation satisfied by p,, logp,, we obtain
(50) g5 + div(su) = —p divu,

ot '
where p divu denotes the weak limit of p,, divu,. In fact we can apply
lemma 3.3 to the pair (¢" = p, logp,, h™ = u,), which yields the weak
convergence of p, logp,u, to Su. We see then that —p,, divu,, converges
weakly to the first hand side of (50). Let s denote p log(p), then we get

d -
(51) Q(E — 5) + div[(5 — s)u] = —p divu + p divu.

Next, using the momentum equation we shall show that the second hand
side of (51) is actually equal to pm — 7. Hence, integrating in x, we deduce

3}
J— < — < .
3t/ﬂ(s 8)dx <0
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Let us then notice that, by standard convexity considerations, we obtain
that 5 > s a.e., and since S — s|;—o = 0 we conclude that 5 = s for almost
all ¢ in (0,7'). We also deduce at the same time that pm = 7.

Now, we should only compute the right hand side of (51). We begin
by the case of the whole space IRYN, with N > 3 and then explain the
changes that must be done in the other cases. Taking the divergence of (2),
applying (—A)~! and multiplying by p, we get the equation (38) written
for (pn.,un,m,). Next passing to the limit and taking subsequences if
necessary we get

T — (4 &) pdiv(u) = O [p(—A)~1div(pu)]
(52) +div[pu(—A)~tdiv(pu)]
+pu; R Rj(pu;) — pRiR;j(pu;u;)

where the A denotes the weak limit of A,. Next, we apply the same
computations for (p,u,n) and we deduce

pr — (p+ &pdiv(u) = O [p(—A)~div(pu)]
(53) +divpu(—=A)~tdiv(pu)]
+pu; RiRj(puj) — pRiR;(puiu;).

Let us notice that we cannot use the equation pm = 7. Next arguing as
in [6], we show that the second terms in the right hand side of (52) and
(53) coincide. In fact, using lemma 3.3, we see that p, (—A)~div(p,u,)
weakly converges to p(—A)~'div(pu) and that p,u,(—=A)"tdiv(p,u,)
weakly converges to pu(—A)~'div(pu). The last term can be written
as plu;, R;Rj]pu;, (where [u;. R;R;] denotes the commutator of w; and
R;R;). Using the general results on commutator of this type of Bajanski
and R. Coifman [1] and R. Coifman and Y. Meyer [2]1, we ]dedu_fe that
[t iy RiRj]pu, ; is bounded in L'(0,T7; W), where P =3 + 3 <1,
since w € L?(0,T; H') (locally if = IRY) and pu € L?(0.T; L"), where
g = >2if N >3and 2 < 8 < +o0 if N = 2 (locally if 2 = IR?).
Lemma 3.3 applies to this case too and yields the weak convergence of
Poltin.i. RiR;]pu, ; to plu;. R;R;]pu;. Hence, we obtain

- 1
—pdiv(u) + pdiv(u) = [pm — 7.
U

+¢

Now, we concentrate on the proof (see also [6]) of the strong
convergences stated in theorem 3.2. From the equality s = 3§ and the
fact that p logp is strictly convex, we deduce easily the strong convergence
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of p, to p in L*((0,T) x ), using Young measures. Hence, to get the
convergence of p, to p in C([0,T]; LP(f2)) for 1 < p < 400, we only
need to show this for p = 1. Then using appendix C of [7], we see that p,
and \/p,, are relatively compact in C([0,T]; L*> — w) and converge in this
space respectively to /p and to p. In particular we have p(0) = p°. Next
to get the strong convergence of ,/p,, to \/p in C([0, T]; L?) we notice that
for any sequence t,, of [0,7] converging to ¢t we have

[vatei=[h— [ 0= [ o

Hence p,, converges in C([0,T]; L") to p.
Next, to get the convergence of p,u, to pu in LP(0,T; L"). We use the
bound of p,,u, in L°°(0, T; L?) as well as the following strong convergences

Ve — /P in LP((0,T) x ),

VPntln — /puin L*((0,T) x Q).

For this last convergence we use that p,, |u,,|* converges weakly to p|u|? and
that \/p,u, converges weakly to \/pu (this can be deduced from lemma
comp in the same way as the weak convergence of p,uy,).

Moreover, using the bound on Du,, in L? we deduce a bound on pu

2p N
in LP(0,7:L") for any p > 2 and 2 < r < “T\[f)“i if N >3
pN-
2p N
2<r< % if N = 2 and the bound is local in space if Q = IR2).
pN -

This yieldé the convergence stated in the remark.

The convergence of p,u, ® u, to pu ® w is deduced easily from the
convergence of \/p,u, to \/pu in L(0,T; L") for some couple (p,r) with
p>2and r > 2.

4. EXISTENCE RESULTS

In this section we are going to prove the existence of weak solutions
(p,u, ). It is classical (see for instance [6]) to deduce the existence of
solutions, using the compactness results already shown, via a regularization
(or some layers of regularization) of the equations or via a time discreti-
zation, which uses stationary problems. Nevertheless we are not going
to use this classical method but we are going to show a more general
convergence result and deduce the existence of solutions to our system as
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a consequence of that result. Besides, one of our motivations to study the
system (1)—(4) is the following convergence result concerning solutions of
the compressible Navier-Stokes equations as  tend to the infinity.

Let vy, be a sequence of nonnegative real numbers that goes to infinity.

Let (pn,u,) be a sequence of solutions of the isentropic compressible
Navier-Stokes equations

0

L divipu) =0, p>0,
ot

(4 {7

-8% +div(pu ® u) — p, Au — &, Vdivu + aVp™ =0 .

where p, > 0 and pp, + &, > 0, uy, and &, tend respectively to p and &
as n goes to the infinity, with ¢ > 0 and g+ & > 0 (in the sequel, we
assume for simplicity that u,, = p and &, = £). Global weak solutions of
the above system have been shown to exist by P.-L. Lions ([8], [9]), if

N
we assume in addition that ~, > > if N >4, ~, > 2 if N =2 and

Yo > — if N = 3. These assumptions are true for n large enough. The

sequence (p,,u,) satisfies in addition the following initial conditions and
the following bounds,

_ 0
- pn?
t=0

0
=m, , Pn
t=0

(55) Pty

where 0 < p% ae., p2 is bounded in L'(Q) and p® € L with
/(p?l)"’" < Coy, for some fixed C, m® € L¥/(»+D(Q), and 0 |ul] is

My,

n
In the case of TN, we also assume that 7[ p% = M,, for some M,, such
that 0 < M,, < M < 1 and M,, — M. Furthermore, we assume that p%u®
converges weakly in L? to some m° and that p® converges weakly in L*
to some p°. Our last requirement concerns the following energy bounds we

impose on the sequence of solutions we consider,

bounded in L', denoting by u’ =

on {p% > 0}, u2 =0 on {p2 = 0}.

¢ dEn . !
(56) E.(t) +/ D,(s)ds < E° a.e.t, o +D,<0 in D(0,00)
o 3

"1
where FE, (t) = / 5/)nlun|2(t)+ a4 1(pn)%(t), D,(t) = //L|Dun|2(t)
Yn —
"1
+ € (divuy)*(t) and EY = / 3 Pnlunl® + 1 % (o)
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We recall that the results in [6] yield the existence of solutions (p.,, u,,)

N .
satisfying the above requirements if we have v, > 5 if N >4, vy, > 2

if N =2 and v, > ?— if N = 3. We wish to mention an additional
estimate which is available but that, however, we shall not use in this
proof. Indeed, the proof made in P.-L. Lions [6] (Chapter 7, section 7.1)
yields the following bound for all T' € (0, c0)

T o
2
(57) / dt/ p;["+9” < Cv, wheref, = N Y — 1.
Jo

Unfortunately, this estimate is not uniform in n. Instead, we shall use
another estimate which can be derived as (57) was in [6] and which is
uniform in n, namely an L' bound for (p,)"".

Without loss of generality, extracting subsequences if necessary, we can
assume that (p,,u,) converges weakly to (p,u). More precisely we can
assume that p,, — p weakly in L?((0,7) x 2) for any 1 < p < oo and that
p € L>=(0,T; LP) (in fact we will show that p actually satisfies 0 < p < 1),
u, — u weakly in L%(0,T;H} ).

loc

THEOREM 4.1. — Under the above conditions, we have 0 < p < 1 and
(pn — 1)1 — 0 in L>(0,T; LP) for any 1 < p < +o0.

Moreover, (p,)" is bounded in L' (for n such that vy, > N). Then
extracting subsequences again, there exists 1 € M((0,T) x Q) such that

(58) (pn)Tm — .

If in addition p® converges in L' to p° then (p,u, ) is a solution of (1)-(4)
and the following strong convergences hold
pn—p in C(0,T;LP(Q)) forany 1 < p < 400
Pntn — pu in LP(0,T;LYQ)) forany 1 <p <400, 1 <g<2
Priin @ Up — pu®u in  LP(0,T; LY(Q)) for any 1 < p < +oo0.

Remark 1. — The limit (p, u, ) satisfies in addition the following energy
bounds which is to be compared with (17)

” (o)™
E(t) + / D(s)ds < E° 4+ liminf ~~*— a.e. t,
(59) p Jo n

E?+D <0 in D'(O,oo)

Tn
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where E and D are defined as in (17).

Remark 2. — Theorem 4.1 yields immediately the existence theorem
. . N
existence. In fact we can take, for instance, for any n > sup( 7,2),

<4

Yo = n, p2 = p® and m® = m°, we see then that

( /)g )%.

Tn

lim inf =0

n

and hence (17) is satisfied.
Proof. — The proof is divided in three steps.

Step 1. — From the energy conservation and the mass conservation, we
deduce that for any 1 < p < oo, we have for n such that v, > p,

0, -6,
HanL‘x(O.T:LP) S H/)nHL‘x(UAT:LI)Ilpn.llzx(().T;L-,,,)

6, ¥ 1-6,.)/vn
< M9 (Cry, )78/

where we have used Holder’s inequality and where 6,, is given for any
1 1-4,

nby - =86,+
P

. Then, letting n go to infinity, we deduce that

n

1
#,, — — and that
p

o= 0.1;07) < 1131_1>10101f l|pnllLe0.1:00) < M.
Hence, letting p go to infinity, we obtain
1ol 0,r:2>) < hlfgio‘olfH/’HL%(U,T;LP) <L
We next introduce ¢,, = (p, — 1)4. We are going to show that ¢, goes

to 0 uniformly in ¢ in all L? spaces. In fact, from the energy conservation
that we have for any ¢, we deduce

/(1 + ¢7l)%11{(;),,>0} S /(l)n)% S C’Ynn
JQ JQ

Next, for any p > 1, there exists a constant a (for instance we can take
ap = 5 if p is an integer) such that for any & large enough the following
p!
inequality holds,
(1+2)* > 1+ a, kPa?,
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for any nonnegative x. To see that we can consider the case where p is an
integer and then make an “interpolation”. In fact if p € IV, we can take
f(z) = (14 z)* — a, kP2 and notice that a sufficient condition for f to
be nonnegative on R* is that ) (z) = k(k—1)...(k —p+ 1)1 +z)k» —
a, p'kP is nonnegative in IR* and we can see that this holds true for k large
enough ifa = 2%)' for instance. Next, if p < g < p+1 with p € IN, we have

(142)* > 14a, (kz)? and (1+2)* > 1+a,,; (ka)P*! for k large enough.
Then, we notice that for all z € IRt we have (k)7 < sup((kz)?, (kz)Ptl),
hence we can take a, = inf(a,,apt1) = apiq.

Hence, we have for n large enough

[ o< o
JQ " (’er)[)_lr

which yields the convergence of (p, — 1), to 0. Let us notice that this
convergence is obviously “very fast”.

Step 2. — Now, we turn to the proof of the L' bound on (p,)”. We
begin by treating the whole space case and then explain the necessary
modifications we in the periodic case. Applying as in [6], the operator
(=A)~! div to (54), we obtain

(60)

(pn)"" = Op(=A) M iv(pyun) — RiRj(p(un)i(un);) + (p + ) div(uy,).

Then multiplying (60) by p,,, we deduce (we omit the indices 7 in the right
hand side for the sake of clarity),

(pn)" T = B [p(=A) " div(pu)] + div[pu(—A) " div(pu)]
+oui RiRj(puj) — pRiR;(pusu;) + (u + &) pdiv(u),

" This manipulation and essentially the multiplication of p, by
Or(=A)~'div(p,u,) should be justified. This can be justified in the
same way as for the product of p by m. Then, integrating (61) over
(0,7) x RY, we see that (p,)"*! is bounded in L'((0,T) x RRY),
uniformly in n. In fact, the proof is the same as the proof of the bound
of m in M((0.T) x IRY), so we are only going to mention the changes
that must be performed. We also refer to [6] (Chapter 7, section 7.1) for
the proof of (57). First, we notice that we do not have a L™ bound on
pn. However, since [(p,)? (t) < Cr, for ae. t, we see that there exists
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. C
a constant C; <f0r instance C| = exp(—)), such that for any n, we
e

have ||pn||z>0,r;zn) < Ci, since

¥>0

sup(CHy)/7 = up(c)

Next, we remark that the norm of p,u,, in L>(0,T; L2/0n+1) n Ll)
is independent of n (we use here the fact that the norm of ,/p, i

L>(L*» N L?) is bounded independently of n and that /p,u, is bounded
in L>°(L?)). Hence, we may write

A[p(=A) " div(pu )| < 2Hp||L°€(Lf7’)”p“’||Lx(L")’

JIRN

1 1 29 .
with | —-——= |+—=1,1<r< Tn and 1 < ¢’ <+, (such a choice
r N q Yo + 1

is possible if 7, > N for instance).

For the second term, we only need to show that U =

Pty (—A)"rdiv(pnu,) belongs to L(L') for all n, which can be
deduced from the following bound

HU-IILoc (L") < ||pnunH%m(Lq),

2N < 2%,
N+1 7 v, +1
For the third and the fourth term, we must distinguish two cases, namely
N > 3 and N = 2. In the first case, we have pl|u|?> € L'(L*), with
1
s

with ¢ = , since v, > N.

N -2 1
il o + o < 1. Therefore R;R;(pu;u;) € L'(L*) and hence
-2 1

N
pR;R;(pu;u;) € L*(L'), since +2— < 1. For the third term

Yn
we recall the fact that p,u,, RiR;(p(un)i(uy,);) € L*(L" N L), where
1 -2 1
- = L + — > 2. The case N = 2 is treated using the bound on u,,
T 2N Yn

in L2(0,T; BMO) and on p,u, in L?(L%/?) (if v, > 3), which yield

||[u7RiRJ](pu’j)”Ll(O,T;LS/Z) < Ollullrz0,. 7300y ||pull L2 0,750572)
and, multiplying by p, we deduce

o[, R'R'](puj)“Ll(OTLl)
< Cllplle= (0.9 ]|

2(0,T;L3/2)-
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Finally for the fifth term, we have the following straightforward
computation

T
/ / Pn div U,
0 JRY

where we use the fact that p,, is bounded in L2(0,T’; L?) since v, > N > 2.

Using this bound on (p,)?"*! and the fact that p € L>(0,T; L"), we
deduce the desired bound

T T
/ / (pn)™" < / / (Pn)" T+ pn.
0 RN 0 RN

Hence extracting subsequences again, there exists 7 € M((0,7) x Q)
such that

(61) < enllzz 0,522 ||div wn || L2 (0,7;02)-

(62) (Pn)™ — .
Step 3. — Finally, we show that (p, u, 7) is actually a solution of the initial
6 n .
system and that the strong convergences hold. First, we observe that 9l is

bounded in L>°(0,T; W~"!) and that u,, is bounded in L?(0,T; H'). Then,
using the compactness lemma 3.3, we get that p,u,, converges weakly to
pu. On the other hand, using the bound on (p,)”" in L', we deduce that

Opntiy . .
9Pnln i< bounded in LY(0,T; W=11) and hence ppit, @u, — pu®u. The

only point that should be proved is the relation pr = 7. Using the same
notations as in the previous section (s = p log(p) and 5 = p log(p)), we get

(63) 5%(3 —8) +div[(5 — s)u] = —p divu + p divu.

Then applying the operator (—A)~!div to the momentum equation,
multiplying by p,, and passing to the limit (extracting subsequences if
necessary), we obtain

(Pn) 7 *t = (p + E)pdiv(u) = Oi[p(—A)~div(pu)]

(64) +div[pu(—A)~1div(pu)]

+ouiRiRj(pu;) — pRi R;(puiu;)
Changing the order of the multiplication by p and the passage to the
weak limit, we obtain

pr = (1 + §)pdiv(u) = d,[p(=A) " div(pu)]
(65) +div[pu(—A)~1div(pu))
+puiRiR;(puj) — pRiR;(puiuy).
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The same computations as in the last section show that the second hand
sides of (64) and (65) are equal. Hence, we get

—pdiv(u) + pdiv(u) =

pr = (pn) 1]
n+€

Reporting this in (63), we get

(66) g(? — )+ div[(s = s)u] =

o — (pn %“].
" /h%[/ (pn)

Next, we notice that pm = p(p,, )" < (p,)7»*1. Indeed we have

(/)n)‘)"_H - m(/’ﬂ)ﬂ’x' ((pn)™ )(/)n =)

( pn ’YI - /) )(pn - /’)

| V

where we have used that

(/))Am - 1{/7:1}

almost everywhere and in LP((0.7') x ) for 1 < p < oc which yields
the following weak convergence

(p)m (/),,, - /)) —0
Next, integrating (66) in x, we get
J

— 5—s)dr <O0.
(‘)t,Q(S s) da <

Then, since 5 — s|;—=¢ = 0 and s < 3, we see that s = 5. Therefore, we
obtain that

,07T — (p")‘/n +1

Next, we see that for any € > 0 there exists ngy such that for n > nyg
and x > 0, we have

gt > g e,
Applying this inequality to p,, and passing to the weak limit, we get

(pp) it > 71 —e.
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Then, letting ¢ go to 0, we get
pT > .
Next, using that 0 < p < 1, we obtain
p < p.

However, since the product p7 is not defined almost everywhere, we must
explain the above inequality. We denote by wy, = kV*+w(k.) a smooothing
sequence in both variables ¢ and x, where w € C°°(]RN+1), w > 0,
fivs1w = 1, Supp(w) € By(IRNF1). Then, we denote by pr = p * wy
(resp mp = 7 * wy) a sequence of nonnegatif smooth functions converging
to p (resp m)

pr — p in C([0,T]; LP) n C*([0,T); H™1),

(67)
e — 7w in W L2(HY) + LY(LY),

1 1
for some ¢ > 1 and p such that — + — = 1. Hence writing (p — 1) as
P q
(p =D = (px = Dmi + (p = pr)mr + (p = 1)(7 — 71

we conclude by letting k£ go to the infinity.
Finally, we deduce that

pT = p.

Therefore, (p,u, ) is a solution of (1)-(4). The strong convergences stated
in the theorem are then deduced easily as in the proof of the compactness
theorem.

5. GENERAL PRESSURE LAW AND INFINITE MASS

In this section, we discuss two related issues. The first one is the case
where we include a pressure (7 = p(p) on {p < 1} ), the fluid is assumed
to behave as a general barotropic fluid as long as its density is smaller than
1. We also study the case where we no longer assume that the total mass
is finite in the case of IRN.
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We begin with the case of a general pressure law fluid. The pressure
law p is assumed to be a continuous nondecreasing function on [0, 00)
vanishing at 0. For instance, we can take p(p) = ap”. Next, let ¢ be defined

. . t t .
(up to a linear function) by T % = ]% for ¢ > 0. Notice then that

multiplying the moment equation by w, the term 7 divu does not vanish
and is equal to p(p) divu, since divu = 0 on {p = - 1}. Then, using (1),
we get taking B(p) = q(p) in (21)

(68) 200) | iv(a(p)u) = ~p(p) divu,

since q(p) — pq'(p) = —p(p). This equation need some justifications if ¢(t)
1
. . . t
is not C* (¢ € C'([0,00)) if and only if / ]%2) < 400) and we only
0

7 p(t)

have to approximate ¢ by gs(p) = p 2

.. Now, integrating (27),
we obtain (at least formally)

(69) %/Q [pg +q(p)] + /Q p(Du)? + £(divu)® = /s;/)u-f-

Next since ¢ is bounded from below, we see that we deduce the same a
priori bounds in the periodic case. We also notice that, in this case, we
can make the computations directly on the term p(p)divu, since p(p) is

bounded and that ||p(p)divul|p: < — + €||divul|g2, for any € > 0.
€

In the whole space case, this bound from below is not sufficient to derive

the desired bounds. We thus begin by the case when we can take ¢ such
p(t " p(t

that ¢ > 0. In fact 1f/¥ < +o0o then we can take ¢(p) = p/ [Q

t2
0
and hence ¢(p) > 0. We then obtain (we omit here the force term f)

@) [ )+ / [ puy + v = [ 14 0) + a0

f
and the same bounds follow. However if ]% = 400, we can no longer
take g such that ¢ > 0 and hence we cannot obtain such bounds directly.
For instance, if p(p) = ap” with 0 < v < 1, then q(p) = —150"+Cp

and we can check easily that

sup p” = 4o0.

f p=M
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One idea to recover some bounds is to introduce (as in P.-L. Lions [6])
a reference function 7, such that 0 < p < 1, p € L! and V(¢'(p)) €
L* + L*(IRN). Another case, where we can recover bounds is the case
when the force f is potential, namely f = —VV for some V. In fact if the
force is attractive enough we see that the fluid cannot disperse widely. We
study below a case where we can recover some bounds, we assume that
V=V,-V_, with Vi, V. >0 and
p(p) =ap? with 0<~vy <1,
V_e L'+ L™,

(Vi +1)777 < 400

RN
=-V V +f', where f’ satisfies (19).

(71)

In this case the energy estimates yield

@ 2 [ [p'i;'i+q<p)+pv] + [ wDw? +etaiva)? = [ pus.

To recover some bounds, we must show that

~inf /pV + q(p) > —o0.
J p=M, 0<p<t

In fact, we have
[ov- <@ MVl

and the infimum of pV, — ﬁ/ﬂ under the constraint f p = M is reached
for

1-— =

a

where C' is such that [p = M. Hence, for almost all ¢, we have

/pV+ +4q(p) > /5V+ +4q(p) = —o0

and we recover the desired bounds as above.

We next turn to the study of another topic, namely the case of infinite mass
in the whole space case. We require p° to satisfy the following conditions

p—pe L*IRY) where p satisfies
(73) 0<p<1, meas{p=1}is finite,
V(¢(?) € L= + I*(RY) and q"(p) > c,
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for some constant ¢ > 0. Notice that we impose no integrability conditions
on p. In this case the energy estimates are the same as in the case where we
only include a pressure. In fact, since p and p are bounded and ¢”(7) > ¢,
we can find two constants ¢; and co, such that we have

alp =92 qlp) = a(p) = dP)p—7) > calp — )2

We begin our investigations by the following simpler case (5 is a constant
such that 0 < p < 1). The energy estimates then yields the following
inequality

(74)

C ul? :
/p| | + cao(p —,0 / Dlt < / f)u(())‘*‘(l(/’ -p)
Jao o 2 0 sz

../

Next in order to deduce a bound for « in L', we multiply (37) by p — 7,
and we obtain

(1 =7p)m = 0((p — p)(=A) *div(pu)] + divipu(—=A) " div(pu)]
+ puiRiRj(puj) — (p— p)RiRj(puiu;) + (1 + &) (p — p)div(u).

Then we deduce a bound on 7 in L' integrating this equality. In fact, all the
terms in the right-hand side are treated as in section 2, replacing p by p—7
(recall that p —p € L*>(0.T; L*(IR™))). The case N = 2 does not create
further difficulty and we treat the term (p — 7) R, R;(pu;u;) as follows

(0 =P)RiR;(puing) = (p — P)[RiR;. uwi)(pu;) + (p — p)u; R R;(puy).

In the general case, namely when 7 is no longer assumed to be a constant,
the energy estimates yield the same bounds as above. In fact, for the extra
term, we have

JEA

Next, in order to obtain the estimate on 7, we use the existence of an v > 0
such that meas{p > 1 — «} is finite. In fact

Naso{p >1—a}={p=1}
Using this «, we see that
p—inf(p.1—a) € L%
then multiplying (37) by p — inf(p.1 — «) instead of p — p, we deduce

« / T < / 1 —inf(p.1— a)n,
JIRN .

which yields the same L' bound since p — inf(p, 1 — o) € L>(L?).

< lpulliac: [V (g @)L~ -
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6. CONVERGENCE TO THE
INCOMPRESSIBLE NAVIER-STOKES SYSTEM

In this section, we discuss two results concerning the convergence to the
incompressible Navier-Stokes system in the case of two space dimensions
(N=2). These two results are still true, for NV > 3, on any interval of time
(0,T) for which we know that there exists a strong solution u (which is
unique) for the incompressible Navier-Stokes equation.

The first issue concerns the limit M — 1 (in the periodic case). Let
M,, be a sequence of real numbers (0 < M, < 1) converging to 1 and
(pnsun, ) a sequence of solutions of (1) - (4) in T2 satisfying the energy
inequality. Let us explain the heuristics which lead to the incompressible
Navier-Stokes equation. Indeed since p, < 1 and f pn(t)y = M, — 1 we
deduce that p — 1. Next, we conclude from (1) that the weak limit of w,,
satisfies the divergence-free condition : div v = 0. Hence, we expect that
(pn, un, T,) converges, in some sense, to (1, u, ), where (u, ) is the weak
solution of the incompressible Navier-Stokes equations

ou .
(75) 5 +div(u ® u) — pAu+ Vr = 0.
We shall show that this heuristic derivation is basically correct if we
impose in addition some extra conditions on the initial data. We assume
that (p,,, un,m,) satisfy the following initial conditions

— 0
- pn?
t=0

(76) PnlUn = "L?L s Pn

t=0

where 0 < p% <1 ae., f p% = M,, and /p%u? converges strongly in L?

to a divergence-free vector u’.

THEOREM 6.1. — Under the above assumptions, p, converges to 1
in C([0,T); LP(Q)) for 1 < p < 400, \/pn u, converges to u in
L>=(0,T;L*(RY)) and Du, converges to Du in L*(0,T;L*(Q)) for all
T € (0,00) where w is the unique solution of the incompressible Navier-

Stokes equations corresponding to the initial condition u°.

Proof. — The proof of this theorem is similar to a proof introduced in
[11]. First it is easy to see that p,, converges to 1 in C([0,T7]; L?) (for
1 < p < +00). Next, we can assume, extracting subsequences if necessary,
that u,, converges weakly in L?(0,7; H'(Q2)) to some v. Then, applying
lemma 3.3, we deduce that \/p, u, and p,u, converge weakly-star to v in
L>(0,T; L*(£2)) and hence v is divergence free. At this point, we cannot
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deduce, as before, the weak convergence of p,,u,, @u, to v&v since we have
not a uniform bound on ,, and hence no compactness in time for p,,u,,.

Let uj € C3°(2) be such that : divu§ = 0 in Q, u§ — u® in L2(Q)
as 6 goes to Oy. We denote by u® the solution of the incompressible
Navier-Stokes equations corresponding to the initial condition uj. As is
well-known, u® is smooth on ([0,00) x Q) and u® converges to u in
L2(0,T; H'(Q)) N C([0,T]; L*(©)) (and thus in L*(€2 x (0,7T)) for all
T € (0,00). The energy inequality for u, yields for almost all ¢

" 1
(77) / = pnlun|?(t) / //1|D'un|2-|-£ div uy,) _/ 2,0,L|un|2
02

Then using the conservation of energy for u®, we get for all ¢

1 .
(78) / |u / //L|Du /§|u8|2
Q Q

In addition, since u® is divergence-free and P(p,u,) is continuous in time,
we get for all ¢

/ PnUn.- lL / / Pnln . ()tu/ + PnUp Uy . V”' +
Q

Z/L/ / YV, Vu +/1/ /u,,Au :/ POl b
Q Q

Combining (77), (78) and (79), we get
([ 1 T o
/ VB ué|2(t)+/ / HID (1t — )2 +€|div(un — ) <
Jo Jo Ja
+/ (VPn — 1),//),,}11,,,.'u/‘5(1‘)—|—
0
ot p d
(80) < —/ / p,,,u,,l,[é)tu‘ﬁ +ub . Vub — /LA’IL(S] — /L/ / (pn — Dy Aul+
0 Jo Jo Ja
/ / Uy — u’ )+ ul + (pn — 1)1 ,,,] [(un — ué).Vub]+
0
/ | (r)lu’n - U’()|2 - / (\/ pn - 1) [)%’U/?L.’U;g
\ JQ

Using the Gagliardo-Nirenberg inequality, we get for almost all ¢
/ (wn — u®)[(un — 'u,b).Vu‘s] <
JQ

< e = |2l |V 2

< = |2 1D (un = u®)|| 2| Vb 2

< [Vt =2 + 1y = Dl 11D — )]

(79)

V’U,b l lL'z
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and then, by the Cauchy-Schwarz inequality, we get
IVPnun — U‘SIILZIID(un = u)|| 2|V’ 2 <
_||D Un — U ||L’+—vanun_'U'&H%‘ZHVU(SH%Z

where v = inf(p,n + ).
Next, let A% (t) be defined by

Af‘(t = ‘/ Vo —1 \/p”un.ué t)+
/ | 3tu +u?.Vul — ,uAu / / Pn — Duy,. Aul+
0, Ja
+/ / u® +(pn — 1)un] [(un —ub).Vul] — / P0 —1)\/p0ul ub+
0 Jo

A1/ = Dtz 1Dt — )| Vs ||L-z|
\

(81)

Then, we see easily that for all 8, A% (t) converges to 0 for almost all t,

uniformly in ¢ and that | A% (t) dt goes to 0 when n goes to co. In deed
for the terms containing the factor (pn — 1) or (y/pn — 1), we use that

[lvPn = UlL=o,1:r) < |lPn = |2 0,7517) :’0

and for the two others, we use the weak convergence of p,u, to v which
is divergence-free and the weak convergence of u, — u® to v — u® and
then notice that

ot o
/ /'U[(?tué—i—u‘s.Vué—uAué] :/ /U.V7r:0

0 Ja Jo Ja
[ fo-srmer=—[ 1%
Q

The fact that the convergence is uniform in time for these two terms can
be deduced from the following elementray lemma

LEMMA 6.2. — If f,, is bounded in L*(0,T) with o > 1 and f, converges

weakly to 0, then
t
/ f” — 0
Jo

dzv (v —u®) = 0.

uniformly in t.
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Hence, (80) yields for almost all ¢

"1
/—|\/pnun—1 / /—]D Uy — U |2
A0(1)+ / IV — WP+ / / |/t — 2] [V |2
0 Q

By Grénwall’s inequality, we deduce that we have for almost all ¢ € (0, o0)

(82)

"1
/ §|\/ Pnln — ’lt(slz(t) S
Q

(83) ) [/Q; B+ / IV (s

0<s<

Then, letting n go to infinity, we obtain

v —u’(t) <lim ||\/pou, — u
L~ (0,T;L3(Q2) n L (0,T:L2(%)
< Collu’ = ug
L2(Q)
where
T
5
o [ v
Co= sup e Jo < +00.

0<6<1

Then, letting 6 go to infinity, we recover the uniform convergence in ¢
of /pru, to u, since

11111 ” / Pr by —

Loc(o,T;L‘z)

Co|u® — u + |u’ —u

< lim
’ L2(@)

} 0
L>=(0,T;L?)

Going back to (82), we get that Du,, converges in L? to Du and that u,,
converges to u in L*(0,T; H'(2). Finally, we also get that V,, converges
weakly to Vo in H=1((0,T) x ) for instance.

Remark. — It is worth noticing that the above proof shows that, for N > 2,
the result is still true on any interval of time (0, 7") for which we know that
there exists a solution u (which is in fact unique) of the incompressible
Navier-Stokes equations corresponding to «° which satisfies :

Du € L'(0,T; L>(Q)) + L*(0,T; L™ (Q)).
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The second issue, we are going to study concerns the convergence of
solutions of the compressible Navier-Stokes system (54) as ~, goes to
infinity in the case where + p9 = M > 1. Let (p,,u,) be a sequence
of solutions of (54) satisfying in addition (55) and (56) and such that
00 =M>1, F(p°) < M 4+ C,, for some constant C,,, such that
C,, converges to 0 and \/p%u® converges strongly in L? to a divergence-free

vector u”.

THEOREM 6.3. — Under the above assumptions, p, converges to M
in C([0,T];LP(Q2)) for 1 < p < +00, \/Pn Un converges to u in
L>(0,T; L*(Y)) and Du, converges to Du in L?(0,T; L*(Q)) for all
T € (0,00) where u is the unique solution of the incompressible Navier-
Stokes equations corresponding to the initial condition u° and where the
viscosity p is replaced by /M.

Proof. — The proof of this theorem is the same as the previous one. The
only point we must show is how we obtain uniform bounds. In fact the
energy inequality (56) reads for almost all ¢

"1
/ipnlun,z(t)"'fy a / /M|Dun[ +&(divu, )? <

‘1 a
< 2 < 24 QM +
/2pn|unl =1 ——(pp)"" < / 2ﬂnlunl Po— I | ¢

(84)

Hence, to get uniform bounds, we notice that we deduce from Jensen’s
inequality that we have for almost all ¢

/s;(ph)v”(t) > Iﬂl[/Q pn]%(t) — QM.

Arguing as above, we can extract subsequences that converge weakly. Next,
to see that p = M and that p,, converges strongly to M we use that for all
p (1 < p < +00) and for n large enough (v, > p), we have

||,0n“L°°(O T;Lr) > < “pnllLoo(o T: Ll)llthllLoo 0,T;LYn)
< M (G + QM) 000

1-4, )
. Then, letting n go to

’YH

1
where 6,, is given for any n by — = 6,, +

infinity, we deduce that
oIl Lo 0,150y < lirfgiogf||/)n||Lw(0,T;Lp) <M.
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Then, since f p(t) = M for all ¢, we get, using the Jensen inequality (or
letting p go to infinity) that p = M. We also deduce the convergence of
pn to M in LP(0,T; LP). Next, to get the convergence in L>(0,T"; L?),
we write that

v (p'n - M)+ ’Yn(’)/n - 1) (Pn B M)+ 2
85 T > MO T n .
(85) o 2 [ LA A M ]

and deduce easily from the bounds we have on p)» that (p, — M),
converges to 0 in L°°(0,7;L?) and then in L>(0,7;L"). Using that
Fpn = M, we get that (p — M)_ goes to 0 in L>(0,T;L"). Finally,
to conclude we remark that we can use the expansion of p)" up to the

order p as in (85) and deduce that (p, — M), tends to 0 in L>(0,T; L?).
Then, we see that

(86) / lon = M|P < /(ﬂn — M+ MPH M = p,)s.

And letting n go to infinity, we conclude easily.

Eventually, we see that the proof of the previous theorem can be adapted

to this case. The study of more general initial data will be considered in
a forthcoming paper.
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