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ABSTRACT. — We study the Cahn-Hilliard equation in a bounded domain
without any symmetry assumptions. We assume that the mean curvature of
the boundary has a nondegenerate critical point. Then we show that there
exists a spike-like stationary solution whose global maximum lies on the
boundary. Our method is based on Lyapunov-Schmidt reduction and the
Brouwer fixed-point theorem. © Elsevier, Paris

RESUME. — Nous étudions I’équation de Cahn et Hilliard dans un domaine
ouvert en ne supposant de symétrie pour le domaine. Nous supposons que
la courbure moyenne sur la frontiére a un point critique non dégénéré. Nous
montrons qu’il existe une solution stationnaire avec un pic qui atteint son
maximum sur la frontieére du domaine. Notre méthode utilise la réduction de

Lyapunov et Schmidt et le théoréme du point fixe de Brouwer. © Elsevier,
Paris
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460 J. WEI AND M. WINTER
1. INTRODUCTION

The Cahn-Hilliard equation [5] is an accepted macroscopic field-
theoretical model of processes such as phase separation in a binary alloy.
In its original form it is derived from a Helmholtz free energy

B = | [Plu(e) + 5 Vu(e)lda

where  is the region occupied by the body, wu(z) is a conserved
order parameter representing for example the concentration of one of the
components, and F'(u) is the free energy density which has a double well
structure at low temperatures (see Figure 1). The most commonly used
model is for F(u) = (1 — u?)%

F(u)

Fig. 1.

The constant € is proportional to the range of intermolecular forces and
the gradient term is a contribution to the free energy coming from spatial
fluctuations of the order parameter. Moreover the mass m = ﬁ fQ udx is
constant. Thus a stationary solution of E(u) under ™ = I—fllT Jo udz takes
the following form

e2Au — f(u) = o, in Q,
gu =0 on 09, (1.1)
fQu = m|Q|

where f(u) = F'(u) (see Figure 2) and o, is a constant.

There have been numerous studies of the Cahn-Hilliard equation. The
global minimizer of E(u) has a transition layer. More precisely there exists
an open set I' C €2 such that if u. is a global minimizer then u. — 1 on
Q\T.u. — —1onT and O N Q is a minimal surface and has constant
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STATIONARY SOLUTIONS FOR THE CAHN-HILLIARD EQUATION 461
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Fig. 2.

mean curvature, see [16]. The dynamics of the interface have been studied
extensively, see for example [2], [3], [23]. Also local minimizers of E(u)
have been studied and their transition layer structure has been established
in [6] and [13]. In particular, Chen and Kowalczyk in [6] used boundary
mean curvature to construct local minimizers (therefore transition layer
solutions) for equation (1.1).

In this paper we are concerned with solutions of (1.1) with spike layers. In
the one dimensional case, Bates and Fife [4] studied nucleation phenomena
for the Cahn-Hilliard equation and proved the existence of three monotone
nondecreasing stationary solutions when 77 is in the metastable region
(\/173 < m < 1), (a) the constant solution v = 7, (b) a boundary spike
layer solution where the layer is located at the left-hand endpoint, (c) a
transition layer solution with a layer in the interior of the material.

Motivated by the results of [4], we shall construct a boundary spike layer
solution to (1.1) for € << 1 in the higher dimensional case when m is
in the metastable region.

The existence of spike layer solutions as well as the location and the
profile of the peaks for other problems arising in various models such
as chemotaxis, pattern formation, chemical reactor theory, etc. have been
studied by Lin, Ni, Pan, and Takagi [14, 17, 18, 19] for the Neumann
problem and by Ni and Wei [20] for the Dirichlet problem. However, they
do not have the volume constraint and the nonlinearity is simpler than here.
To our knowledge the present paper is the first to establish this kind of
results for the Cahn-Hilliard equation in higher dimensions without any
symmetry assumptions on 2.

Vol. 15, n® 4-1998.



462 J. WEI AND M. WINTER

Naturally these stationary solutions are essential for the understanding of
the dynamics of the corresponding evolution process. While Bates and Fife
[4] prove some results in this direction for the one dimensional case these
questions are open for higher dimensions.

In [11] in the one dimensional case the number of all stationary solutions
is counted by arguments using transversality.

First we make the following transformation.
v=m —u,

g(v) = —f(m) + f(m —v).
Rewrite
g'(0) = —m, g(v) = —mv + h(v).
Then equation (1.1) becomes
{62Av —mu +h(v) — & Joh(v) =0 inQ,

v __
2 =0 on 90N.

(1.2)
(Figure 3 shows qualitatively how the graph of g looks like.)

g(v)

Fig. 3.

To accommodate more general g we assume that
(1) ¢'(0) < 0, g(0) = 0, g € C3(R,R).
(2) g(v) has only two zeroes for v > 0, 0 < a; < ay and

/ g(s)ds > 0, ¢g'(as) < 0.
0

Annales de !'Institut Henri Poincaré - Analyse non linéaire



STATIONARY SOLUTIONS FOR THE CAHN-HILLIARD EQUATION 463

(3) The function v — fﬁ’;)o is nonincreasing in the interval (vo, a2) where
1o is defined as the unique number in (a1, a2) such that fov" g(s)ds = 0.

@) |W(v)], |A"(v)] < C for any v.

Remarks. — (1) Condition (3) can be weakened further. For example, the
conditions in [7] will be enough since we just need the uniqueness and
weak nondegeneracy of the ground state solutions of (1.3).

(2) Condition (4) is not a restriction physically since in the physical
world v is always bounded. Hence we can modify h near infinity so that
h satisfies (4).

It is easy to see that for f(u) = —2u(1 — u?) conditions (1), (2), (3),
and (4) are satisfied. Our main result can be stated as follows.

THEOREM 1.1. — Let Q be a bounded smooth domain in RN (N > 2) and
Py € 9Q be such that V., H(Po) = 0and (V3, H(P)) # 0 where H(P,)
is the mean curvature of Py € 02 and V p, is the tangential derivative at
Py. Then for € << 1 there exists a solution v, of (1.2) such that ve — 0 in
CL.(Q\ Py), ve has only one local (hence global) maximum point P, and
P. € 90, P. — Py,v.(P.) — V(0) > 0. Moreover

z— P, z—P\|?
e”N{/EZV've—VV< 6) +/ ve—V< 6) }—)0
Q € Q €
AV —mV + h(V) =0,
V(0) = max,erny V(y), V > 0, (1.3)

as € — 0 where V (y) is the unique solution of
V(y) — 0 at co.

2

(By the results of [9] and [24], (1.3) has a unique radial solution).
The method of our construction evolves from that of [8], [21] and [22]

on the semi-classical (i.e. for small parameter h) solution of the nonlinear
Schrodinger equation

h2
S AU = (V- E)U+U" =0 (1.4)

in RV where V is a potential function and F is a real constant. The
method of Lyapuhov«Schmidt reduction was used in [8], [21] and [22] to
construct solutions of (1.4) close to nondegenerate critical points of V' for
h sufficiently small.

Vol. 15, n® 4-1998.



464 J. WEI AND M. WINTER

Following the strategy of [9], [21] and [22] we shall construct a solution
ve of (1.2) with maximum near a given nondegenerate critical point of the
mean curvature Py on 9X2. Heuristically we rescale (1.2) to obtain

(1.5)

9ue — on Q. p

{ Aue — mue + h(u.) — ﬁ fﬂg,p h(ue) =0 in Q¢ p,
v,

where u.(z) = v(z) for 2 = (z — P)/e, 2 € Qcp and Q. p = {2z €
R¥|ez + P € Q} and v, is the unit outer normal to 9, p.
Taking the limit € — 0, u. — V where V is the unique solution of

Aw —mw + h(w) =0 in RY,

w>0 in RY, (1.6)
6%%:0 on RN-1x {0}

with V(0) = max RY V. Therefore the ground state solution V restricted to

Rf can be an approximate solution for u.. Since the linearized problem
arising from (1.6) has the (N —1)-dimensional kernel span{%, el WGNV__{
we first “solve” (1.6) up to this kernel and then use the nondegeneracy of

H(P,) to take care of the kernel separately.

The paper is organized as follows. Notation, preliminaries and some
useful estimates are explained in Section 2. Section 3 contains the setup
of our problem and we solve (1.2) up to approximate kernel and cokernel,
respectively. Finally in Section 4 we solve the reduced problem.

2. TECHNICAL ANALYSIS

In this section we introduce a projection and derive some useful estimates.

Throughout the paper we shall use the letter C' to denote a generic
positive constant which may vary from term to term. We denote RY =
{(2’,zx)|zx > 0}. Let V be the unique solution of (1.3).

Let P € 99. We can define a diffeomorphism straightening the boundary
in a neighborhood of P. After rotation of the coordinate system we may
assume that the inward normal to 0f) at P is pointing in the direction
of the positive zx-axis. Denote z’ = (z,...,zx_1), B'(Ro) = {.’E/ €
R |2'| < Ry} and Q; = QN B(P, Ry) = {(z',zx) € B(P, Ry)|z~n —
Py > p(z' — P')} where B(P.Ry) = {x € R™| |z — P| < Ro}. Then,
since 9 is smooth, we can find a constant Ry > 0 such that 9Q N Q5 can
be represented by the graph of a smooth function pp : B'(Ry) — R where

Annales de 'Institur Henri Poincaré - Analyse non linéaire



STATIONARY SOLUTIONS FOR THE CAHN-HILLIARD EQUATION 465

pp(0) = 0,Vpp(0) = 0. From now on we omit the use of P in pp and
write p instead if this can be done without causmg confus1on The sum of
the principal curvatures of 9 at P is H(P) = Zl 1 ' ii(0) where

dp
. = 5 :1,,N—-1
B 8.’Ez ’

and higher derivatives will be defined in the same way. By Taylor expansion
we have

p(z’ — P') = % z_: pij(0)(z; = P)(x; — P))

+ E pijk(0)(z; — Pi)(w; — P;)(z — P) + O(|z' — P'|*).

. . . . lal
In the following we use p, to denote the multiple differentiation %;Q—",
where « is a multiple index.

For z € 99, let v(z) denote the unit outward normal at z and 9/0v

the normal derivative. Let (71(z),...,7v—1(z)) denote (N — 1) linearly
independent tangential vectors and (32—, ., 50— ) the tangential derivatives.

In our coordinate system, for x € wy := 0Q N B(P, Ry), we have

1

v(z) = ——=——==(V,p,~1),
(@) V1+|Vypl?

0
v ,/1+|V p|? {ijax axN}

mi(z) = (0,...,1,...,0,pi(z)),

y

zN —Pn=p(z'—P’)

0 1 7] + o __8_ }
or; - 1/1+|Vm,p|2 ox; pl@azN
For a smooth bounded domain U we now introduce a projection Py of

H2(U) onto {v € H*(U)|8v/dv = 0 at U} as follows: For v € H*(U)
let w = Pyv be the unique solution of the boundary value problem

TN — N:p(x' *P')

Aw —mw+ h(v) =0 in U,
3_15 =0 on 9U.

Vol. 15, n° 4-1998.



466 J. WEI AND M. WINTER

Let hep(z) = V(2E) = Py, V(L) where
Qep={2€ R"|P+eze }.
Then h. p satisfies

2 _ — in
{e Av—mv =0 in Q, (2.1)

% = % on 9f).
We denote
ol = & [ (€190 + mo?)
Q

For z € ; set now

6y/ — g — PI,
{ eyn =xny — Py — p(a’ — P’). (2.2)

Furthermore, for z € §2; we introduce the transformation

T:(z') = z;, i=1,...,.N -1 (2.3
Ty(z') = o — Py — p(a’ — P'). 3)
Note that then
1
= -T(xz).
€
The Laplace operator and the boundary derivative operator become
A, = A, +|V/pl - Zp, —eA/p—a— for z € Q,
=1 6%6 YN * 7 O0yn
(2.4)
V1+|V |2V8 Zl 9 141V, ) fi
oy B pja pl? e or T € w.
(2.5)
Let v; be the unique solution of
{Av—mfu_O in RY, (2.6
a?;j\, = ry’; ij= 1pz](0)yiyj on 8Rf 6)
where V' is the radial derivative of V, ie. V' = V,(r), and r = ‘£§B|
Let vo be the unique solution of
Av — mv — 221 = lpl](O)y,ay e =0 in RY, o
v _ (0 aR'N .
Ay~ Zl ij= 1 Pij )yl on F -

Annales de I’Institut Henri Poincaré - Analyse non linéaire



STATIONARY SOLUTIONS FOR THE CAHN-HILLIARD EQUATION 467

Let vz be the unique solution of

{Av—mv:O in RY, 2.8)
v / N—1 .
aay—N = "|V7|% Zi,j,k:l ik (0)Yiy; Yk on 8Rf'

Note that v;, v are even functions in y' = (y1,...,Yy~—1) and v is an odd
function iny' = (y1, .., yv—1) (e v1(y,yn) = vi(=y ,yn), va(y ', yn) =
—v3(—y ,yn)). Moreover, it is easy to see that |vy],|va], |vs| < Ce #Ml
for some 0 < p < /m. Let x(z) be a smooth cutoff function such that
x(z) = 1,z € B(0,Ry — 6) and x(z) = 0 for z € B(0,R,)° (for a
positive number 6). Set

he,p(z) = evi (y)x(z—P)+€ (v2(y)x(x—P)+vs(y)x(z—P))+€ Ve p().
Then we have

ProrposiTiON 2.1.
|V plle <C.

To prove Proposition 2.1, we begin with

LemMa 2.2. — Let u be a solution of

Au—mu+ f=0 in 2,
2—7::9 on 09,

Assume that [, |f|> < CeV, [, 9> < CeN 1. Then
llulle < C.

Proof. — Multiplying the equation by u, we have

62/|Vu|2+m/u2:/fu+e2/ gu.
Q Q Q Elo)

Lemma 2.2 follows easily by the following interpolation inequality (the
proof of it is delayed to Appendix A),

lull 200, p) < Cllulle

where Q. p = {2| z = P + ez € Q} for a fixed P € 0Q. O

Vol. 15, n® 4-1998.



468 J. WEI AND M. WINTER

Proof of Proposition 2.1. — We first compute the equation for ¥, p(z):

—€2A\IJ€’P(.'I,') +mU¥, p(x)

= [ A, (ev1x + €2 (vax + v3X))} — mevix — me2vax — me v3x]

1 v = Pu v,
=LA+ |Vl -2 i — €A p— — MY
2 H Vel e ; P 5 Page ~ ™ (X
8%vy gt 8%vy Ovy
Ayva + |Vl -2 i — €A p—— —mv
{ 4 Vil g ;p OyiOyn Poyn 2
N-1 2
’U3 ad VU3 8’1]3
+eq Ayus + |V, 29 -2 i — €A p——— — MY
{ s Vaol g ; P G Py~ ™ (X

+E€(x)}

1 82’01 81)1 e 82’01
== V|2 - Zt _ 9 — €0 (0)15) e
= [x{l Pl o eAp Bom § (pi — €pi;(0)y;) 900

i,5=1

20 pla 2 Ovy
e|Vp| Z — e Ap—

1 'LayN 6yl\f
0%v
+X{€|Vp‘2 6 23

N-1
32
—2e S pil s _ezAp%H
=1

0y:0yn Oy~
1

= fe

where E.(x) denotes all the terms involving derivatives of x. Since

|v1], |vals lva| < exp(—ply|) for some pu < \/m we have f. € L*(Qe,p)
and er . f2 < C. On the other hand, for z € 99 it holds that

Oep . L[V Aox) ()  dsx)
ov (x)_e”’{ay_e ov ¢ v T ow ’

Annales de I'Institut Henri Poincaré - Analyse non linéaire



STATIONARY SOLUTIONS FOR THE CAHN-HILLIARD EQUATION 469

Note that

<:c Pv>
\/1+|V| =V ”| VI+ V]2

-v(=8) { S pO)— P, - )

1,5=1

HE S pokO)(e e - B)a— P + Ol - P}

t,5,k=1

V’( ) ¢ N-1
= { Zpu(O)yzyg 3 > pijk(O)yiyjyk}+0(e2exp(*ulZI))-

|y| 1,j=1 1,5,k=1

Furthermore,

N-1
0 1 0 0
TFIVAP ot =< {Zpk - <1+|Vp|2>—8"“},
YN

N-1
oY, p 1 €
g Xr) = 1791 = i3 0 17
o T AT VR lyl{ Z”” 3,2 P )”’y’“}
+0(€* (exp(—ply])))
N-1
8’01 8’01 28’1)1
+x9 - + 1 |V
X{ ;pkayk B Vol e
N-1
81)2
— + \Y 29
€Zpkayk | | Yy
N-1
61]3 8113 2
—eZpkaykJrea + Vol 5=t + Be(x)
= 9:(y)

where again E.(x) denotes all the terms involving derivatives of x. This
implies Ro_s
ge < Cexp(—plz|) for || < =2—.

Therefore

P

5t < Coxplonle) for 2= T
€

ov

Vol. 15, n°® 4-1998.



470 J. WEI AND M. WINTER
Let \ile,p(z) = V¥, p(z),z = P + €z. Then ‘i’€7P satisfies
A\i’e,P - \i’e,P + fe =0 in Qe,P)

oV.p
—_81/5 = Ge

where f. € L*(Q,p), g € L?(0Q,p) and both the corresponding norms
are bounded independent of . Hence by Lemma 2.2

on 09, p

”\IJE,P“e S C.

Therefore Proposition 2.1 is proved. [
We next analyze 0/8tp,Pqo. ,V(%=£). After choosing a suitable

€

coordinate system we can assume that 0/0tp; = 0/0P;. Then
0/0P;h. p(zx) satisfies

eEAv—mv=0 inQ,

ov o 8V(z—P

o = 0P,

€

> on 09Q.

We compute

8 8 t—P\ "< a8 o z—P
2 _— —_— — _ .

__”Z‘l 8’V (z—P\ 9V (z-P
N — 0z;0z; € pi Oz NOx; € ’

Now we have (let x = P + €2)

ov Z;
Y y=vE
32;‘( ) |2
o*V ZiZj 8ij  zizj
aoas =V VAR R
V(@ =P)fe) _ L[ zple . zole
Ox N Ox; €2 |2]? |z]3

Annales de I'Institut Henri Poincaré - Analyse non linéaire
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. . 1
_ {V//y_J _ V’&_}E—:ﬁp—{— h.o.t.,

ly|? lyl*
FPV((z—-P)le) 1 2% bij  zizj
CYN\E—PJIY) 2 Jyntit 1)z 2 .
0x;0x; €2 |z]2 v { | 2| |z[3 }},01,

e (<)

1 {V//ylyJ _*_V'{(SL] — yiyj}}elvz_lp'kyk
ly[? Wl WPl &

vy 2 }— PriYkyL| +ho.t.
63{ ly]? lyl3 2.2
N-1 N-1
1[1 (v" v'> V'
=-|z pri| T — YrY;iy + pikyrk | +ho.t.
e[zk,kl P P ] 2

Let

[ v 6P96,PV] (w - P) = w1 (y)x(z — P) + ews(z).

Otp, Otp, €
Here w, is the unique solution of

Av—mv =0 in RY,
» " ! N—
By = ‘;(f;? - ﬁ) i pu(Ousyiy; on ORY. (2.9
|y| Zk 1 p]k(o)yk

Note that [w1| < Cexp(—ply|) for some p < /m and w; is an odd
function in y . Then wy satisfies

(2.10)

2 Awy — mwsy + L[ Awyx1 — wixa] =0,
dw R
Gz = L AL~ Zlwx(= - P))
Note that |we| < Cexp(—uly|) for some p < /m. Similar to the proof
of Proposition 2.1, we have
ProposITION 2.3. —

[ v 8Pae,pV} (ﬂ? - P) = wy (y)x(z — P) + ew§(x)

6TP]- 6TP ’j €

Vol. 15, n® 4-1998.



472 J. WEI AND M. WINTER
where w, is defined above and
[wslle < C.
Finally, let
Lo=A-m+h (V).
We have

LemMma 24. —

Ker(Lo) N HY(RY) = span{ oV il }

8—y1, ey —8yN_1
where H (RY) = {u € H*(RY), a—‘z’_‘; =0 on ORY}.
Proof. — See Lemma 4.2 in [19]. O

3. REDUCTION TO FINITE DIMENSIONS
Let P € Q and
Qep={z€RNez+ P € Q}.
Let H%(Q. p) be a Hilbert space defined by

ou
v,

HIZV(QG’p) = {u € HZ(Qe)p)

=0 on 0 p }
For u € H%(Q. p), set

Se(u) = Au — mu + h(u) — ﬁ A h(u).

Then solving equation (1.2) is equivalent to
Se(u) = 0,u € HY(Qe.p).
To this end, we first study the linearized operator
L : u(z) v Au(z) — mu(z) + k' (P, , V(2))u(z),
H%(Q p) = L*(Qe.p).

Annales de I’Institur Henri Poincaré - Analyse non linéaire



STATIONARY SOLUTIONS FOR THE CAHN-HILLIARD EQUATION 473

L. is not invertible due to the approximate kernel

{ 6PQE PV(Z)
Ke,p = spanqy —————
or

j= 1,...,N—1}
in H%(Qc p). It is easy to see (integration by parts) that the cokernel of
L. coincides with its kernel. We choose approximate cokernel and kernel
as follows:

8PQ€‘PV(Z)
an

J

Cep=Kep= span{

jzl,...,N——l}.

Let 7. p denote the projection in L?(Q p) onto Cp. Our goal in this
section is to show that the equation

Te, P (o] Se(PﬂfvpV + q)e,p) =0

has a unique solution @, p € ICéP if € is small enough.

As a preparation in the following two propositions we show invertibility
of the corresponding linearized operator.

ProrosiTiON 3.1. — Let Lep = me p © I?E. There exist positive constants
€ A\ such that for all € € (0,€)

1 Le,p@liL2(a., ) 2> Ml®lIr2 (0. r) (3.1)
for all ® € K}p.
PROPO__SITION 3.2. — There exists a positive constant € such that for all
€ € (0,€) and P € 0N the map
Lep=mepoLe: IC;L’P — Cip
is surjective.

Proof of Proposition. 3.1. - We will follow the method used in [9], [21]
and [22]. Suppose that (3.1) is false. Then there exist sequences {ex}, { Pk},
and {®} with P, € 9Q, ®, € K2, p such that

”Lek,Pk(I)k”L'Z — 0, (3.2)
|[Prllaz =1, k=1,2,... (3.3)

We omit the argument 2., p, where this can be done without confusion.
Denote
0

0
ek,j = %Pﬂe,PV/"E;PQS,PV

L2

Vol. 15, n°® 4-1998.



474 J. WEI AND M. WINTER
Note that
< ek, er; >=6;; + O(ex) as k— oo

by Proposition 2.3 and because of the symmetry of the function w;, which
was defined in (2.9), where 0;; is the Kronecker symbol. Furthermore
because of (3.2),

N-—1

Moo @il = 3 ( /

=1

2
Eek <I>kek’]> — 0 (34)

g Py

as k — oo. Let €1, x, p and T be as defined in Section 2. Then T has
an inverse T~ ! such that

T-1. T(B(P,Ro) N Q) — B(P,Ry) N .
Recall that ey = T'(x). We introduce a new sequence {py} by
or(y) = x(T7 (exy)@r (T (exy)) (3.5)

for y € RY. Since T and 7! have bounded derivatives it follows from
(3.3) and the smoothness of x that

llokll g2 (my) < C

for all k£ sufficiently large. Therefore there exists a subsequence, again
denoted by {¢x} which converges weakly in H2(RY) to a limit ¢, as
k — oo. We are now going to show that ¢, = 0. As a first step we deduce

oV

oo = U, .:1,...,N—1. 3.

/RNso ap, 0, j (3.6)
y

This statement is shown as follows (note that det DT = det DT~ = 1)

OPq, V (T} - B
/ wk(y)[ 69" ( (&) k)]dy
RY TP.; €k

—a [ ey oV (2)

3Tpkd
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—N/ Oy (x GPQQ'PV(Q:::D’C)
o,

—€
k
Brpk’j

z— P
-5 [ [1—x<w>1¢k<x>apg“gi( =)

1 k.J

- 5A% BPQ |4 r — Pk
— _ N @ _ €, P
0~ /Q\Q1 +(@) 0P ; d7p, €k

ov(=2) opy V| (a-P
—e N 1 — x(2)]®r(z & /T Qe (x k)
& [ 1= x|t -

€k

€k

_N
—e O (2) "L
* /Q\Ql OPy ;

[ - x(xn@k(x)#

k
J

av(ﬂk-)

where 2; is as defined in section 2. In the last expression the first two
terms tend to zero as k — oo since € ¥ ®; is bounded in L*(Q2) and
[...] — O strongly in L?*(£2). The last two terms tend to zero as k — oo
because of the exponential decay of OV/OP; ; at infinity.

We conclude

dPq. V(T (exy) — P
[ o ( (ex) ’“)
RY T

lim sup =0, 57=1,...,N—1.

k— oo

Py ; €k

(3.7)
This implies (3.6).
Let Ky and Cy be the kernel and cokernel, respectively, of the linear
operator S5(V') which is the Fréchet derivative at V' of

So(v) = Av — mwv + h(v),

So : HY(RY) — LA(RY),

du
— =0.
oyn }

)%
= = _.:1....N_]. .
SRS

H2(RY) = {u e H3(RY)

Note that
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Equation (3.6) implies that ¢, € K. By the exponential decay of V and
by (3.2) we have after possibly taking a further subsequence that

A(;Ooc — MPo + h/(V)(Poc = 07

i.e. Yoo € Kg. Therefore o, = 0.
Hence
¢ — 0 weakly in H*(RY) (3.8)

as k — oo. By the definition of ) we get &, — 0 in H? and
“h/(PQ(‘PV)(I)k“Lz — 0 as k — oo.

Furthermore,

J

we have that

||(A—m)<1>k||L2 — 0 ask — oo.

Since

|V<I>k|2 + m<I>2 = / [(m - A)‘I)k]q)k

€k Py Qqc‘Pk

< OI(A = m)Pyllz>

H(I)kllHl —0 ask — oo:
In summary:
“A‘I)k“Lz — 0 and ”‘Dk”Hl — 0. (39)

From (3.9) and the following elliptic regularity estimate (for a proof see
Appendix B)

[Pkl < CUIARK]IL2 + ||k lz1) (3.10)
for &, € H% we imply that
|Pxllgz — 0 as k — oo.
This contradicts the assumption
|Prllzrz =1

and the proof of Proposition 3.1 is completed. O
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Proof of Proposition. 3.2. — Assume that the statement is not true.
Then there exist sequences {ex}, { Pk} such that e, — 0 as k — oo and
P, € 99 and such that for all k, L, .p, : K. p — C p_is not surjective.
Let K p and C. p be the kernel and cokernel of f)e, respectively. Then
Tep Py ° Cjk,Pk — CZ p, is not surjective, ie. for all k there exists a
®) € C p with @, # 0 such that ¥ 4 &, ¢ CF p, forall ¥ € CZ p,.
This is equivalent to &, € C,, p, and ®, # 0. Because we can assume
that w.l.o.g. ®; = 1 this can be rewritten as follows. For all k there exists
a &, € C,, p, such that

1®@kllze =1, (3.11)
/ @kaﬁef_v =0 j=1 N -1
Qe Py 87—Pk.j , ’

Now since
AP — m®y + b (Pg, V)P, =0
and because of the elliptic estimate (3.10) it follows that
Pkl < C

for some constant C' independent of k. Extract a subsequence (again denoted
by {®«}) such that ¢, as defined in (3.5) converges weakly in H?(RY)
0 Yoo as k — oo and ., satisfies

Ao — Mpoo + B (V)poo =0 in Rf,

Yoo

B9, = 0 in RN~ x {0} (3.12)

with oV
/ Yoo =0 j=1,...,N—1. (3.13)

rRY  0Y;

From (3.12) we deduce that ¢, belongs to the kernel of S{(V') and (3.13)
implies that ¢ lies in the orthogonal complement of the kernel of S{ (V).

Therefore ¢, = 0. As in the proof of Proposition 3.1 we show by
the elliptic regularity estimate (3.10) that ||®||zz — 0 as ¥ — oo. This
contradicts (3.11) and the proof of Proposition 3.2 is finished. [

We are now in a position to solve the equation

e p0Se(Po, ,V+®.p)=0. (3.14)
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Since L. p| KL, is invertible (call the inverse L:}J) we can rewrite

® = —(L_pomep)(Se(Pa,,V)) = (L pomep)Nep(®) = M. p(®)
(3.15)
where

Nep(®) = Se(Pa, ,V + @) = [Se(Pa, , V) + Si(Pa, » V)]

and the operator M. p is defined by the last equation for ® € H% (Q p).
We are going to show that the operator M, p is a contraction on

B.s = {® € H(Q,p)||®llz2(..r) < 8}
if ¢ is small enough. We have

| Me,p(®)|l a2 (0. p)
< )_\_1(llWe,PNe,P((I‘)”LZ(Qg,P) + “WE,P(PQG,PV - V)“LZ(Q“P)) ‘
< ATIC(e(8)6 + €)

where A > 0 is independent of § > 0 and ¢(6) — 0 as § — 0. Similarly
we show

|M. p(®) — Me p(®)|| 202 ) < ATC(e+ c(8)6) 1@ — @' || 202 1)

where ¢(6) — 0 as 6 — 0. Therefore M, p is a contraction on Bs. The
existence of a fixed point ®. p now follows from the Contraction Mapping
Principle and ®, p is a solution of (3.15).

Because of
19 pllzz@. p) < ATHINep(@ep)liz2. 2y + 1Pa -V = Vliz2)
< A7 Hee + c(8)[| e pll 2 (0. )
we have
(1= A""e(d)|®e,pllaz < Ce.
We have proved

LeEMMA 3.3. — There exists € > 0 such that for every pair of €, P with
0 < e < €and P € 0N there exists a unique ®.p € ICGL’P satisfying
SE(PQ“PV + @eyp) € Ceyp and

1®e.pllrz(0. ) < Ce. (3.16)

We need another statement about the asymptotic behavior of the function
®. p as e — 0, which gives an expansion in € and is stated as follows.
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ProposiTION 3.4.
@ p(2) = €(Ro(y)x(z — P)) + ¥ p(x)
where
Ve plle <C
and ®q is the unique solution of
Ay — m®g + B (V)® — W (V)v, =0, in RY,

0P
Oyn
D is orthogonal to the kernel of Ly

where Ly = A —m + h'(V), Lo : H%(RY) — L*(RY).
Proof. — Note that the kernel of Ly is

o
Oy;

|@o] < Cexp(—ply|) for p<v/m.

=0 onBRﬂ\_’,

j:l,...,N—l}.

Furthermore we have

479

(3.17)

(3.18)

The notations for Q;, x,p and T are as in section 2. Our strategy is to
decompose ¥, p into three parts and show that each of them is bounded in

Il - |la1(q. ») as € — 0. That means we make the ansatz

Ve p(z) = Ue(z) + U2 (2) + L2 ()

where the functions W1, ¥21 W22 will be defined as follows. Let U} be

the unique solution of
EAV! —mUl =0 inQ,

1
__88\116 =g° on 02
174

where

0.(2) = = - [Balu)x(@)].
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Since ||ge]|lzz < C there exists a constant C > 0 such that
192 < C. (3.20)
Define V2! by
U2l = —%frq)o(:v)x - 70! (3.21)

where 7 is the projection in L? (€2 p) onto K. p. Because of the exponential
decay of @, the smoothness of x and and by (3.20) it follows that

[eee < C. (3.22)

Finally, define ¥2:2(z) to be the unique solution in H% (£2) of the following
equation

1 .
62A\I'f’2 — m\Ilf’2 + h’(PQE’PV)\IIZ’2 = —;fe in €, (3.23)
2,2
ove 0 on 90 (3.24)
ov
where

fe = I:e(q)e,P - €q)OX - 62(‘1/«1. + \I{z,l))

Note that the right-hand side of the last equation lies in Cj’P since
D p — eDox — (¥} + V2') € HY,.

This is clear for ®.p by definition. By construction we have that
—ePox — (P! 4+ U21) satisfies the Neumann boundary condition. By
(3.18) and the smoothness of x we conclude that ®ox € H?. By (3.19),
U! € H?. Finally, since e; € H? where

v

oT, P;

oV

e; -
J anj

L2(Qc.p)

we have U2! € H2. Therefore f. € C.p. Furthermore, the following
lemma is true.

LemMma 3.5.

| fellzz (0. ) < Ceé?.
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Proof. — We have
fe=8UPa, »V)(®c — eRox — € (¥ + T71))

= —h(Pqa. V) + (V) +eh'(V)vix + N, p(®c)

where
1 . 1 I 1 _—
Jm@—ﬁﬁumwm+ﬁbwmmfwn

~[W(Pa, »V + @) — h(Pa, , V) = W (Pa, V)@

1
+|—Q—| [h(Pa. .V + @) — h(Pq, . V) — h(Pa, V)2
Q

+e@o(y)[A —m + ' (Pa, . V)|x(z) + € < VoPo(y), V. 2(z) >
+E20 (Po, ,V)UL + E[A —m + K (Pg, V)] ¥3
Note that

| = h(Pa. V) + b(V) + b/ (V)vrx(2)| L2

<l = h(Pa, V) + (V) + e/ (V)vrl 2
+le(=R (V)vr + B(V)vix)l 2

< O(€® 4 exp(—uRy))

by the definition of x and the exponential decay of V. Furthermore
IV, p(®)z2 < O
This proves Lemma 3.5. O
By Lemma 3.5 and the invertibility of
L.: HANK:p —>Clp

Proposition 3.4 follows. [
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4. THE REDUCED PROBLEM

In this section we solve the reduced problem and prove our main theorem.
By Lemma 3.3 there exists a unique solution ®. p € lCﬁjP such that

S.(ue) = S. (PQEYPV("’ - P‘> + @E,P)

1
= e Au, — mu, + h(u.) — —/ h(ue) € Ce.p.
12| Ja

Qur idea is to find P such that

SE(’UJG) 1 CG,P'

WoslP) = o5z [ (S< >8P”Pjv),

We(P) = (Wer(P), ..., We n—1(P)).

Then W.(P) is a continuous map of P.
Let us now calculate W, (P). First of all, from condition (4) on h, we have

Let

|h(t)| < Ct.

Therefore

/Qh(ue) < CeN.

Hence by Proposition 2.3

O0Pq 1 0Pq, ,V
h . €, P — e, P
€N+1 / (/ (u ) oTp, /Q h(ue) eNtl o Otp

J

=0 [ (5 + wiloixtz = P+ cus(a))

= () s [Otexa-o19) +c [ vy

= O(EN/Z)
because

1.1,
o~ WS s llwallzz
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and Proposition 2.3. On the other hand, since

0P V 0P .V v
2 €, P . €, P h/ V .
A Bre, m + A'(V) aP,

=0
BTPJ. ’

we conclude

0Pg, .V
anj

/0[62Aue — mue + h(uc)]

0FPq PV(i_P) 9 O0Pq PV 0Pq PV
— €, € A €, _ €,
/Q {h(UE) anj t e anj m 87’13‘ ]ue
-,

J

e VE) h'<V>——8V<$;P)ue]

Op, P
8Pq, V
B / [A(Po .,V + ®ep) = h(Pa, , V) = W (Pa, . V)@ p] 55—
Q 7-Pj
OPq, ,V v
h (P, V)—er ' RV 3,
# [ [ et v gz e
OPg, ,V

+ /Q [h(Po V) — h(V)]

BTP]
=1 +12+ J.

where I', I?, and J, are defined by the last equality. We first calculate IZ.

0FPg, .,V
I? = / hI(PQe‘PV)-—‘-Qi— - h'(V)a—V (e®o(y)x(z—P)+€*V (7))dz
Q aTPj aTPj

OP, Vv
- / [h’(PQE,PV%&"— Al ]e%x
Q 7

B’TP 8ij

OPq,. .V 5)%
2 h/ P, e, P N 1%
+6 A { ( Qe,P V) 8TPJ~ h ( )3ij :| \IJE

= eI 4 22,
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Note that
8Pq, ,V E1%
W(Pa ,V)—5 =~ (V)g—
, L 0Pq, V Py, VOV
= [W(Pa.,V) = K(V)] =5 +h'(V)[ e an.]

and
oPq .V
[ (Pa V) = KO0
Q ! oT 2
oP, .V
:/h”(V)(PQEPV—V)—BLq)()—i—/ h”’(vl)(PQGPV—V)2
Q ! 87— Q ’

J

oPq, V

®
anj 0

+0O(exp(—6/e))

= O(€N+1)
since ®q is even and V — Pq_,V = €V} where V) is even. By Proposition
2.1
/ [T > < CeN.
Hence
[122] < O(eM).
So

|12 < O(eN2).

We next compute I}.

0Pq, .,V 0Pq, .V
1= [ Wi et ey [ e po e et
Q ’ ’ anj Q ' ? anj
OPq, V ;
= / K (Pg, ,V)E[®2X2 + 2e®ox T, p + 202 J] 2oL 4 O(N+2)
Q ' ’ 8ij
= O(V+?)
since @, is even. Finally, we compute the term .J..
OPg, ,V
1= [ [h(Pa, V) = m(v) el
Q TP;
OPq, .V OPq, .,V o
- / W (V)(Pa, ,V=V) =5 =it b (V)(PaV = V)? =2 ==+ O(e¥+?)
Q 8ij 8ij
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ov
= e [ o0t etomc+ o) + L (S + v+ enia)
Q

aPQe,P

N+2
87’13]. + 0(6 )

& /Q (V) (@2x? + e(B1)?)

/h,(V)’Ugg; + O(eN*?)

— _€N+1 / h,(V)’U?, ov 4 O( N+2)
Q. p Ay

|4
—elVH / hI(V)’Uga— + O(NT2).
RY dy;

+

But av v v
/ h/(V)’U?, _/ (A_ - m‘>'U3
RY y] RY 8yj 8yj
_ / Qv oV 9 OV
ORY Oyn 9y; 38?/N 0y;
N-1
o ()
= —— — pklm(o Yy ylymy'dy
3 RN-1 |y| k,f:;:l ) * ’
TGRS
= —= — ykylymy'pklm(o)dy
3 Jrv-1 \ |yl k,gm::l ’
. Vi 2 , N-1
== — ) v Y1Ym Pjim(0)dy
3 /R (|y|> v ; it (0)
= vpixk(0)
= IJVJH(P)
where

N-1 2

1 Vl) 2 2

= — | yiyp d 0.
3/R~—1(|y| Yk dy 7

Combining I}, I?, J., we obtain

k=1

W.(P) = vV p, H(P) + W/(P)

where W/(P) is continuous in P and W/(P) = O(e) uniformly in P.
Suppose at Py, we have det(V;V, H(FP;)) # 0 then standard Brouwer’s
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fixed point theorem shows that for ¢ << 1 there exists a P, such that
W(P.) = 0,P. — P.
Thus we have proved the following proposition.

ProrosiTION 4.1. — For € sufficiently small there exist points P, with
P. — Py such that W.(P,.) = 0.

By Lemma 3.3 and Proposition 4.1 we have

Se(ve) =0,

1
€ Ave — mue + h(ue) — — / h(ve) =0 in 9,
12| Jo

O,
ov
Hence [, v. = 0. Let uc = M — v.. We have

=0 on 09.

€Ay, — f(u.) = o,

Ouc/Ov =0 on 00

/u6 =m|Q|,
Ja

i.e. ue is a solution of the Cahn-Hilliard equation. Moreover

UE—V(x_Pe)
€
and P. — P, € 909.

Finally, we study the shape of the solutions v.. Let P. be any local
maximum point of v.. Then by (1.1),

— 0

€

mu. — h(v.) + i/ h(ve) < 0.
2] Jo
But eV [, h(ve) — Jan B(V) > 0, hence
+

mv. — h(ve) < 0.

So v.(P:) > a; > 0. On the other hand, from our construction,
1
oz = 5[ | 19VE +mv?),
2 J
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Similar proof as in Theorern‘ 1.2 of [18], we conclude P. € 9f2 and there
is only one such P..

Appendix A: Trace Inequality
LEMMA A.l. — Let 0 < € < 1. Then

(A1) 1@llzz(00. ) < Cll®@llm (. r)

for all ® € H*(Q) where the constant C'is independent of e.

Note that the constant C' in (A.l) is required to be independent of
e. Therefore Lemma A.l is special although trace inequalities are quite
standard.

Proof of Lemma A.1. — For ® € H'(Q. p) define U € H'(Q) by a
linear transformation:

U(z) = B(z) where z = 2L
€

Ob;erve that ”‘b”i?(aaap) = gl—QNJl\ny”%z(ag), |l¢||%2(QG‘P) =
e NNy and VR[22, ) = € V|[[VU||7sq). Therefore (and
after translation) (A.1) is equivalent to

1
(A.2) 10117200y < C(ell V720 + E”‘I’H%z(n))

for all ¥ € HY(Q) and 0 < ¢ < 1 where C is independent of e. The
proof of (A.2) is standard and is omitted here (see for example the proof
of Theorem 3.1 in [1]). O

Appendix B: An elliptic regularity estimate

In this section we prove the following inequality

(B.1) @l 0. ) < CUIAR| L2 p) + @] 1 (00 )

for all ® € H%,(Qe,p), 0 < e < ¢y where €} p is as defined in Section 2
and C is a constant independent of e. For a point P on 92 we can find
a constant Ry > 0 and a smooth function p : B’(Ry) — R such that in
B(P, Ry) the boundary 0X2 is described by the graph of p where p satisfies
p(0) = 0, Vp(0) = 0 (compare Section 2). Furthermore there exists a map
n = T(&) with DT(0) = I (the identity map) from a neighborhood Up of
P onto a ball B(0, R;) (compare Section 3). By a linear transformation
we naturally get a map T from Uy = {(z — P)/e|lr € Up} onto a ball

Vol. 15, n® 4-1998.



488 J. WEI AND M. WINTER

B(R,/¢) with center at 0. We set y = n/e. Then the Laplace operator
becomes €A, = A, + A® where

AT =1V |28_2 2]{5 i — €A pi
A oy% = P D0y *oyn

Observe that for given § > 0 we can find R; > 0 and ¢ such that for
0 <e< ¢

(B.2)

IV o121 L= (B(Rose)) < 65 10llLo=(B(Rose)) < 6 €8, pllLee (B(Ro/e)) < 6

In the same way we transform

N-1

I5] 16] 0
= {14V p|?r 2 — = (1+ |V o)
D {141V, 0"} g:l T (1+1V,pl )8yN

0
=——— 4+ B¢
Oyn

where B¢ is a differential operator on B(R;/e)U{yx = 0} with coefficients
which are bounded in L™ for 0 < € < ¢g (compare section 2). From
{Up|P € 90} we select a finite subcovering of 92 and denote it by
{Uy,...,U,}. Choosing Uy = Q the set {Up,...,U,} is a finite covering
of Q consisting of open sets. We keep this covering fixed from now on.
Let {fo,...,0,} be a partition of unity subordinate to this open covering.
Denote 65(y) = 6; o T~'(ey). Since

n
U= E O5u
=0

we have

(B.3) lulliz q. ») < 165l 0, ») + Z 05 ull%= . »)-

i=1
Since 6 has compact support in RY

”06’“”3{2(}?-") = HA(Q(G)“)”%Z(RN) + ||08u||%11(RN)
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(see for example [10], Corollary 9.10). Because of
A(65) = 05Au + 2Vu - 65 + uAb;

and
V85l (rr) < Ce, [|A65][L=(rn) < C€?,

we obtain
(B.4) ||9(€)U||%{2(Qg,p) < C(H%AUHQLZ(QE,P) + HUH%{l(Qe,p))

We are now going to estimate u, 1 = 1,...,n. Note that

1 * € € *
(B.5) SO e ry) < WGiulla@.ry < CNOw) oty

where £k = 0,1, or 2 and

. Lo
V() = (T (@)
for v € H*(Uf). Then

_ ) 2
€, \¥[|2 €. \*||2 €.\ *
10 sy < © (18080 Iy + | 5 )

H1/2(RN-1x{0})

(B.6) +||(95u)*”§{1(Ri’)>

(see for example [15], Theorem 4.1). Now (B.2) implies that
A (05 u) NI (ryy < 821185 u)* s (ryvy-

Therefore from (B.6)

(1= C8)I(0;w) |2 n

2

al € €, \* 8 € \*
< c<n<A+A )60 Wy + | 5o 050

H'/2(RN-1x{0})
+u(0fu>*uipwf))-
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For the operator B¢ we can calculate in an analogous way. The trace
theorem implies

(1 - C8)||(65u)*|I? 2(RY)

2

< ol + 4900 iy, + | (50 + 57 ) 070

H1/2(RN=1x{0})
0 ) )

Sinceff’ is by construction independent of ¢ we can choose ¢ so small that
1 — Cé* > 1/2. This implies

P 2
B 1iulls. < (180 n, 1 + | 5o-Ei0)

H/2(89Q. p)

Hefulﬁﬂ(ae,p))'

Similarly as before

B8 AW, < CUB AR, ) + [0l )
and
a 2
(9) I <Ol
€ Hl/Z(aQe.P)

because of du/0v. = 0. Combining (B.7) - (B.9) we get
(B.10) ||95u||%1'2(96,,)) < C(Hez‘EAUHQL‘Z(Qe,P) + ||U“§11(Qg,p))~
We conclude, using (B.3), (B.4) and (B.10), that
”ullilz(ﬂe,p) <C (Z ||9iAU||i'2(Q(,P) + (n + 1)““”%11(96‘,:))
1=0

< CalllAullZzq, ) + lullE e, )

where C, depends on n. Since n is independent of e the proof of (B.1)
is finished. O
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