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Ergodic problem for the
Hamilton-Jacobi-Bellman equation. II
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Mariko ARISAWA

CEREMADE - URA CNRS 749, Université Paris-Dauphine,
Place de Lattre de Tassigny, 75775 Paris Cedex 16

ABSTRACT. — We study the ergodic problem for the first-order Hamilton-
Jacobi-Equations (HJBs), from the view point of controllabilities of
underlying controlled deterministic systems. We shall give sufficient
conditions for the ergodicity by the estimates of controllabilities.

Next, we shall give some results on the Abelian-Tauberian problem for
the solutions of HIBs. Our solutions of HIBs satisfy the equations in the
sense of viscosity solutions. © Elsevier, Paris

RESUME. — Nous étudions le probleme ergodique pour les équations
de Hamilton-Jacobi-Bellmans (HJBs). Nous utiliserons les notions des
contrdlabilités dans les systémes déterministes controlés pour donner des
conditions suffisantes pour la convergence ergodique.

Ensuite, nous donnons des résultats du probleme de Abel et de Tauber
pour les solutions des HJBs. Nos solutions des HIBs satisfont les équations
au sens de la solution de la viscosité. © Elsevier, Paris

1. INTRODUCTION

The so-called ergodic problem for the Hamilton-Jacobi-Bellman
equations concerns in studying the convergence of the terms Auy(x),
% u(z.T) (as A goes to +0, T' goes to +c respectively) in the following
equations.

(Stationary problem - infinite horizon control problem)

(1) Sup{——<b(;v.a).Vu,\(1’)>+/\u,\(.1?) — f(l'.()z)} =0 . r€0Q.
acAd
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2 M. ARISAWA

(Time dependent problem - finite horizon control problem)

(2) %(w,t)+sup{—<b($7a),vu($,t)>—f(x’a)} =0,
a€A

t>0,z€0,

u(z,0) = 0, x €Q,

with either one of the following boundary conditions.
(Periodic B.C.)

Q) is assumed to be a n-dimensional torus

n

™ =Rr"/[[(T2) =~ [[o0.71,

i=1

where T; (1 < i < n) are real numbers, in which case b(z, @), f(z, ) are
periodic in z; (1 < i < n) with the period T; (1 < i < n).
(Neumann and oblique type B.C.)

(3) <Vuy(z),v(z)> 0, z€08Q,
(3" <Vu(z,t),y(z)> =0 , t>0, z€dN,

where () is a smooth vector field on 9 pointing outwards, i.e. denoting
n(z) the unit outward normal at € 9, () satisfies

(4) Jv >0 suchthat <n(z),y(z)>>v , VzeoQ.

(State constraints B.C.)

(5) ux(z) , u(x,t) are viscosity supersolutions of (1), (2)
in Q, Qx(0,00) respectively.

Here, ) is a bounded, connected, open smooth subset in R ; ux(z)
(A > 0) and u(x,t) are real-valued unknown functions defined in ,
Q x [0,00) respectively ; A is a metric set corresponding to the values
of the controls for the underlying controlled dynamical system ; b(z, a)
is a continuous function on £ x A with values in R™ which is bounded,
Lipschitz continuous in z uniformly in « ; f(z, ) is bounded continuous
on Q x A with real values.

The relationship between the convergence of limy_o Aur(z),

lim7_ 7u(z,T) and the notion of “ergodic problem™ was mentioned
in our previous paper [1]. Here, we only note that the unique viscosity

Annales de I’Institut Henri Poincaré - Analyse non linéaire



ERGODIC PROBLEM FOR THE HAMILTON-JACOBI-BELLMAN EQUATION. II 3

solutions (for the definition of the viscosity solution, we refer M.G.
Crandall, P.L. Lions [5]) ux(z), u(z,t) of the equations (1), (2) are the
value functions of the following control problems. (See P.L. Lions [6], [7],

I. Capuzzo-Dolcetta - P.L. Lions [3], I. Capuzzo-Dolcetta - J.L. Menaldi
[4], HM. Soner [9]).

6) u(z) = inf/oo e f(zalt),a(t)dt , A>0,z€0,

a() Jo
¢
(71 u(z,t) = n(lf)/ f(zo(s),a(s))ds , t>0,2€Q,
() Jo
where «a(-) is any measurable function “called control” from [0,00) to

A, z,(t) is the solution of the following ordinary differential equation
corresponding to a(-) :

(Controlled deterministic system - Periodic B.C.)

d
5 La(t) = b(za(t),a(t) 20,

() 2a(0) = x € Q, Vo) control,
zo(t) € Q Vit>0,VYal) control

(Controlled deterministic system - Neumann and oblique type B.C.)

;

zo(t) = a:+/0 b(za(s), a(s)) ds—/0 Y(zal(s))dBs Vi >0,

2,(0) = z z € Q, VY acontrol,
(9) ﬁ%(t) € Q Vt>0, VY acontrol

Bt = / 169(1?&(5)) d,Bs Vit 2 0 N
0

L . is continuous and nondecreasing.

(Controlled deterministic system - State constraints B.C.)

& 2alt) = blaa(t), o) 120,
1,(0) = z z € Q, V() control,
(10) T.(t) € Q Vt>0,Va) control.

At any y € 0, there exists 3 € A such that
<n(y),b(y,B)> < 0.

Since our study in this paper is closely related to the results of our former
paper [1], we recall them here.

Vol. 15. n® 1-1998.



4 M. ARISAWA

THEOREM A. — Let f(x, ) in (1), (2) be of the following form f(z,a) =
g(z) + h(z, @), where g(x) is an arbitrary real-valued Lipschitz continuous
function on Q and h(z, «) is a bounded continuous function in Q x A. If for
any Lipschitz continuous function g(x) there is a constant d, such that

(11) /l\imox\u,\(x) =d, , forall z€Q,
(12) (resp. Tlim —;:1L($,T) =d, , forall z€Q,)

then there exists a subset Z of Q0 which satisfies the following properties
(2), (P), (A).

(Z) Z is non-empty and z € Z if and only if for any y € Q and for any
e > 0 there exist T. > 0 and a control o, such that

liff)l T. = 400 , |z—¥yo.(Te)| <€.

(P) Z is closed, connected and positively invariant, i.e.
(I 2a(t)€EZ , Yz€Z VYacontrol ,Yt>0.

(A) Z has the following time averaged attracting property, i.e. for any
open neighborhood U of Z,

)\/ e Myu(za(t))dt — 1,
0

(13) as A | 0, uniformly in a(-) , V2 € Q,
1 /7
(resp. —/ xv(za(t))dt — 1,
T Jo
(14) as T — oo, uniformly in a(-) , Vo € Q )

where xp (U C Q) denotes the characteristic function of the set U.

THEOREM B. — Let f(z,a) in (1), (2) be in the form of f(z,a) =
g9(z) + h(z, ) where g(z) is an arbitrary real-valued Lipschitz continuous
function on Q and h(z,c) is a bounded continuous function in Q x A.
Assume that there exists a maximal subset g of S such that for any Lipschitz
continuous function g(x) there exists a constant number d, such that

(15) l/\l{%/\lt)‘(l') =d, , foral z€Q,

1
(16) (resp. Tlgl; Tu(.LT) =d, . forall z€ Q).

Annales de I'Institut Henri Poincaré - Analyse non linéaire
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Then, there exists a subset Zy of Q which satisfies the following properties
(Zo), (Fo), (Ao).

(Zo) Zo is non-empty and z € Zy if and only if for any y € Qo and for
any € > 0 there exist T, > 0 and a control a. such that

lim 7, = +oo , |z—ya.(T2) <ce.
€10 .

(Po) Zy is closed and positively invariant, i.e.

Q) 2o(t) € Zy , Y2z€E€Zy,Yacontrol , Vt>0.
(Ag) For any open neighborhood U of Z,
(17) lim inf)\/ e Myxue(za(t)dt = 0 |, VzeQ,
Ao () Jo
T

(18) (resp. lim infl xve(za(t))dt = 0 , VzeQ),
T—oo o) T Jo
where xu (U C Q) denotes the characteristic function of the set U.
Roughly speaking, Theorem A (resp. B) asserts that the convergence
property (11), (12) (resp. (15), (16)) in Q (resp. in g) leads to the existence
of the ergodic attractor Z (resp. Zp). In other words, the existence of such
a subset Z (resp. Zj) is a necessary condition for the convergence property
(11), (12) (resp. (15), (16)).
Our first goal in this paper is to study the converse, i.e. does the existence
of Z leads the convergence (11), (12) ? For this, we introduce a notion of
controllability (the exact controlability and the approximate controllability).

Next, we shall study the equivalence between the averages :

lAiﬁ)linf/\ /000 e M fzo(t), at)) dt

and
1 T
Jim inf = /0 f@a(t), a(t)) dt,

which can be called an Abelian-Tauberian problem. More precisely,
in the linear case, i.e. b(z,a) = b(z), V 2z € Q, f(z,a) = f(z),
V z € €, it is known that if for a continuous function f(z) there exists
limxjo A fy° e f(zo(t)) dt at some point g € € (zo(t) denotes the
solution of (8), (9), (10)), then limy o, & [ f(wo(t)) dt exists and

o0 T
19 tma [ e faatyar = Jim 7 [ peo(o) i

Vol. 15, n® 1-1998.



6 M. ARISAWA

holds, which is called the Abelian Theorem ; on the other hand, if for
a continuous function f(x) there exists limr_o 7 fOT f(zo(t)) dt at some
point zo € €, then limxjo A [y~ e f(zo(t)) dt exists and (19) holds,
which is called the Tauberian Theorem. We refer for instance to B. Simon
[8] for these results. Here, we generalize these relationships in a nonlinear
case when b(z, ), f(z,a) possibly depend on « € A. These results will
be given in section 3.

Finally, we shall see the relationship between the convergence property
(11) of Theorem A and the following first order partial differential equation

(20) sup{< — b(z,a), Vw(z)>} =0 , z€Q,
acA

with the same boundary condition as for (1). We shall call the equation
(20) the equation of first integrals by analogy with the dynamical systems
case, i.e. b(z,a) = b(z), V © € Q. Roughly speaking, we shall assert
that the convergence (11) implies that the unique viscosity solutions of the
equations of first integrals are the constants, and the converse is also true.
These results will be given in Proposition 9, Theorem 10 in section 4.

In the following, we use the notations R, Z, N for the sets of real,
integer, natural numbers respectively. The usual distance between two
points z,y € § is given by |z — y| ; the usual scalar product of nxn is
denoted by <-,->. We use the letters C(Cy, Cs, .. .) for positive constants.
We shall write the solution of the ordinary differential equations (8) or (9)
or (10) as z,(t),ys(t), t > 0, etc... which correspond to the initial value
z4(0) =z, y3(0) = y. We denote by A the set of all measurable functions
from [0,00) to A; by A, the subsets of A such that

Ac={a() e Alz.() €T V£>0.}

We shall sometimes write
H(i,p) = Sug{—<b(x,a),p> - f(;r,a)} 3
o€

where the right-hand side appears in (1), (2).

From the Lipschitz continuity of b(z, ) in z € Q and « € A, in Periodic
B.C., and Neumann B.C. cases, we have

[ra(t) = ya(t)] < tlz—yl
(21)

Vz.y€e Q. Vacontrol, Vt>0\ > 0is a constant,

Annales de I'Institut Henri Poincaré - Analyse non linéaire
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and in the State constraints B.C. case, we have for any z,y € (2, and for
any of-) € A,, there exists 3(-) € A, such that

(21) [za(t) — ys(t)] < eX'z—yl,
V¢ >0 Ag > 0is a constant.

To be more specific, in the Periodic B.C. case A is given as follows (see
P.L. Lions [6])

(22) Xo = sup {—<b(z,a)-b(z,a), z—z'>|z—z'|7?} .
z,2' € )
a€A

For Neumann type boundary conditions, (21) is proved in P.L. Lions [5]. In
the case of State constraints boundary condition, we refer to M. Arisawa-
P.L. Lions [2]. In particular, if A = 0 in (22), we have respectively in
place of (21) (in Periodic and Neumann type B.C. cases)

(23) [za(t) — ya(t)] < Colz —y|,
Vz,y€Q, Yacontol, Vt>0,

and in place of (21°) (in State constraint B.C. case) for any z,y € €,
a(-) € A,, there exists () € A,, such that

(23) |za(t) —ys(t)] < Colz—y|  Vt>0

where Cj is a constant in each cases, we shall call that the system is
Lipschitz continuous.

The author is very grateful to Professeur Pierre-Louis Lions for his
constant encouragements and helpful advices.

2. CONTROLLABILITY

We recall the definitions of the exact controllability and the approximated
controllability.

DeriNITION 1 (Exact controllability). — A point = € Q is said to be
exactly controllable to a point y € Q) if there exist a control a(-) € A, and
T(x,y) > 0 such that z,(T(z,y)) = y.

DEFINITION 2 (Approximated controllability). — A point x € Q is said to
be approximately controllable to a point y € Q with the estimate §(e; x,y)

Vol. 15, n°® 1-1998.



8 M. ARISAWA

if for any € > 0 there exist a control a € A, and T(e;x,y) > 0 such that
|za(T(g52.9)) —y| < & T(eiz.y) < (&2, y).

From the above definitions, one sees that the properties (Z) and (Zp)
of the ergodic attractors Z and Z; in Theorems A,B mean that all points
in Q (resp. Qo) are exactly or approximately controllable to any points in
Z (resp. Zp). That is, the convergence (11), (12) or (15), (16) implies the
controllability of the system towards Z or Zy. In the rest of this section, we
shall study the converse, i.e. does the exact or approximated controllability

imply the convergence (11), (12) or (15), (16) ? We present two results in
Theorems 1 and 2 in this direction.

THEOREM 1. — Assume that any point x € Q is either exactly controllable
or approximately controllable with some estimate 6(e;x,y) to any point
y € Q, and that the controllability is satisfied in the following uniform
sense, i.e. either one of the following conditions (i), (ii), (iii) holds.

(i) (Uniform exact controllability). There exists a number T > 0 such
that any point x € S is exactly controllable to any point y € ) with
T(z,y) < T.

(ii) (Uniform approximated controllability). There exist some 7y € [0,1)
and some C > 0 such that any point x € ) is approximately

controllable to any point y € Q with the estimate §(¢;x,vy) such
that

(24) §(esz,y) < C(—loge) , Ve>0,Vz,yeq.

(iii) (Uniform approximated controllability for the Lipschitz continuous
system). Let the system be Lipschitz continuous ((23)). There exists
a continuous function 6(¢) defined in € > 0 such that lim. | 6(¢) =
+00 and any point © € Q is approximately controllable to any point
y € Q with the estimate 6(¢;x,y) such that

S(e;x,y) = 6(e) , Ve>0,Vr,ye.

Let f(x,a) be Lipschitz continuous in Q x A uniformly in o € A. Then,
for any such function f(x,), there exists a constant dy such that

(25) lﬁi& Aux(z) = df , uniformlyin x €.
1 —
(26) Tlim T w(z,T) = dy , uniformlyin z€Q.

Annales de U'Institut Henri Poincaré - Analyse non linéaire
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Next, we shall consider the situation such that any point z € €2 is exactly
or approximately controlable to any point y € Z;, where Z; is strictly
contained in 2.

THEOREM 2. — Assume that there exists a nonempty closed invariant subset
Z1 C S which satisfies the following properties.
(Ao) For any point x € Q, for any a(-) € A,, {z.(t)}(t > 0) is
attracted to Zi in the following sense.

(i) (General case of (21) or (21°)). For any point x € ﬁ\Zl, for any
a(-) control in A, and for any € > 0, there exist z. € Zy and a
number T, > 0 such that

|za(T:) — 2¢| <&,

T. < C(~loge)",

where C > 0, ~ € [0,1) are constants depending on z.

(i1) (Lipschitz continuous case of (2§_) or (23%)). Let the system be Lipschitz
continuous. For any point x € Q\Z, for any a(-) control in A,, and
for any € > 0, there exist z. € Z1 and a number T, > 0 such that

|2a(T:) — 2:| < e.

(C) Any point z € Q\Z; is approximately controllable to any point
z € Z, with the estimates 6(z; x, z), in each of the following cases.

(i) (General case of (21) or (21°)).
6(e;z,2) < C(—loge)?,

where C > 0, ~ € [0,1) are constants depending on z, z.
(i1) (Lipschitz continuous case of (23) or (23°)).

6(e;2,2) < 6(e),

where §(¢) is a non-increasing continuous function defined in € > 0.

(UCZ) Any point z € Z, is either exactly controllable or approximately
controllable with some estimate 6(g; z, w) to any point w € Z;, and
the controllability is satisfied in either one of the following uniform
sense: (i) uniform exact controllability, (ii) uniform approximated
controllability, or (iii) uniform approximated controllability in the
Lipschitz continuous system in Theorem 1, where in the statement
Q is replaced by Z,.

Vol. 15, n® 1-1998.



10 M. ARISAWA

Let f(x,a) be Lipschitz continuous in Q0 x A uniformly in o € A. Then,
for any such function f(x,«) there exists a constant dy such that

(29) lﬁ% Muy(z) = dy , Yz e,
1 _
(30) Tlggcfu(:v,T) =dy , YzeQ.

The followings are simple examples of the systems satisfying the
assumptions in Theorems 1 and 2.

Example 1 (for Theorem 1). — Let H(z,p) = sup,c4{—<b(z, a),p> —
f(z,a)} = |p| — f(z), where f(z) is an arbitrary Lipschitz continuous
function in z € Q. Consider the equation (1) with this Hamiltonian and
either one of the boundary conditions of Periodic B.C., Neumann and
oblique type B.C., or State constraints B.C. Then, this is the case of
the uniformly exact controllability in Theorem 1, (i), and we have the

convergence property (25), (26).

Example 2 (for Theorem 2). — Let Q = (—1,1) x (=1,1) C R2, and
put H(z,p) = sup,<1{z1p1 + apa} — f(x), where x = (x1,12) € €,
p = (p1,p2) € R?, and f(z) is an arbitrary Lipschitz continuous function
in Q. Consider the equation (1) with this Hamiltonian and either one of the
boundary conditions of Periodic B.C., Neumann and oblique type B.C., or
State constraints B.C. Then, we can apply Theorem 2, because the system
satisfies (23) and Z; = {(0,2z2) | =1 < zo < 1} satisfies (A), (C) and
(ucz).

The proof of Theorems 1, 2 are based on the following two Lemmas.

LEMMA 3. — Let dy, dy be the real numbers, and assume that u;(x), us(x)

are respectively a viscosity subsolution and a viscosity supersolution of the
roblem
P H(z,Vu))+d; =0 , z€Q,

where H(x,p) = sup,ec4{—<b(z,a),p>— f(z,a)}, with either one of the
boundary conditions of Periodic B.C., Neumann and oblique type B.C., or
State constraints B.C. Then, di < ds.

Lemma 4. — Let f(x,a) in (1), (2) be Lipschitz continuous in x € Q
uniformly in « € A. Let A\qg > 0 be the number given in (21), (21’). Then,
we have the following.

(1) (In the case when \g > 0)
(31) l)\uA(:r)—/\u,\(y)l < CIx—y'g\—o 3 V)‘>0/ Vl’a?JEQ,
where C > 0 is a constant.

Annales de I'Institut Henri Poincaré - Analyse non linéaire
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(i1) (In the case when Ay = 0)

(32) [Aux(z)=Aur(y)] < Clz—y| , YVA>0,Vz,y€ Q,
() |gu D)~ @ T)| < Clo-yl , VT >0, Vayed,

AN

where C > 0 is a constant.

Proof of Lemma 3. — Let d; > do, and we shall look for a contradiction. If
necessary, by adding a positive constant to u;, we can assume that u; > us.
Let € > 0 be small enough such that dy —eu; > dy — eus holds in €. Since
ug is a supersolution of the above problem, us is also a supersolution of

H(z,Vuy)+eus+d;—eu; >0 , z€Q,
with the corresponding boundary condition. Since u; is a subsolution of

H(x,Vu1)+eu1+d1—eu1§0, T € Q,
with the same boundary condition, the standard comparison theorems of the
viscosity solution theory (for the periodic B.C. case, see P.L. Lions [6]; for
the Neumann B.C. case, see P.L. Lions [7] ; for the state constraints B.C.
case, see H.M. Soner [9], I. Capuzzo-Dolcetta, P.L. Lions [3]), we have
u; < us, in z € Q, which is a contradiction. Therefore, d; = ds.

Proof of Lemma 4. — (i) In the state constraints case, the estimate (31)
on Auy follows from I. Capuzzo-Dolcetta and P.-L. Lions [3]. In the other
cases, the proof is straightforward and we reproduce it here for the sake
of completeness. So, in order to prove (31) for Ag > 0 (for the cases of
Periodic B.C. and Neumann B.C.), first we shall prove

Mu(z)=Aur(y)| < Clz—y|™

VA>0,Vz,y€Q suchthat |z—y| <

Ao— A

Let z,y € Q be arbitrary, € > 0 be an arbitrary small number, and take
a control By of y such that for any T' > 0, any A > 0, the following holds

Aur(y) +e > /\/(; e f(yg (t), Bo(t)) dt + Xe M uy (y5,(T)) -

Vol. 15, n® 1-1998.



12 M. ARISAWA
Then, by the dynamic programming principle we have
(35) Aux(z) — Aualy) —¢
< Aup(z) = A /OT e (s, (), Bo(t)) dt — Ae M uy (yg, (1)) -
By the continuity (21) of the system,
|20 () = ys, (£)| < €M¥|z—y| , VE>0,

and putting this into (35) we have

e—)\T
Aur(z) — Mua(y) — e < AC(é“‘”Tu—yL+ ),

)
0<YA<A, VT >0,

and since € > 0, x,y € Q are arbitrary, we get
(36)
Aux(z)—Aur(y)] < A\CG(T) , ¥YA>0,Vz,yeQ,VT >0,

e—)\T

where C > 0 is a constant, G(T) = e*o~MT|g — y| + &—. It is easy to
see that G(T) (T > 0) takes its minimum at Ty = 5= log (mw——yl)
provided that |z — y| < ﬁ Inserting Tj in (36), we have (34).
For z,y € Q) such that |z — y| > =, since
0

e > ()

where the right-hand side converges to 1 as A — 0,
Mur(@) = dua(®)] < O < Clo—y|%

and (31) is proved.

(i) The inequality (32) is proved by repeating the preceding proof by
taking T' = +oc in (35). The relationship (33) is also quite similarly shown.
Now, we shall prove Theorems 1 and 2.

Proof of Theorem 1. — First, we shall prove
(37) lim [Aux(z)—Aur(y)] = 0 , uniformly inz,y € Q,

for each cases of (i), (ii) and (iii).

Annales de U'Institut Henri Poincaré - Analyse non linéaire
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In the case of (i), for an arbitrary pair of z,y € Q there exists T > 0
such that for a control @ of z, z5(T(z,y)) = y, T(z,y) < T. Thus, by
the dynamic programming principle

Aux(z) — Aua(y)

T(z,y)
<A / e f (zx(t), @(t)) dt + Ae T EMuy (y) — Aualy)
0

and by the boundedness of f and Auy,

Mun(z) = dua(y) < C(AT+e M —1) , VA>0,Vaz,yel,
where C' > 0 is a constant. Since z,y € () are arbitrary, by letting A\ — 0
we get (37).

In the case of (ii), there exists a number v, 0 < v < 1 which satisfies the
statement. Let x,y € ) be an arbitrary pair of points, € > 0 be arbitrary,

and take a control @ of z such that |zz(T(¢; z,y)) — y| < e. Then, by the
dynamic programming principle

T(e;x,y)
Aup(z) — Aup(y) < /\/0 e M f(z=(1),a(t)) di+

+ Ae ATE@ )y, (g;a—(T(e;:r,y)) — Aua(y)
C(l _ e—,\T(e;w,y))_*_
+ e T (s5cz,y) ()\u,\(SCE(T(‘f? z,y))) — )‘UA(y)) ’

IA

where C' > 0 is a constant independent of the choice of z,y € Q,e>0,
A > 0. From this and Lemma 4, we have

(38) Aup(z) — dup(y) < C’(l — e M (Emy) 4 s%) ,
VA>0,Vz,y€Q,Ve>0.
Now, we recall the estimate (24). Then, putting
1
e = exp(-A"0™)) | forsome 0<w< o 1

in (38), we have (37).
In the case of (iii), from the same argument as in the case of (ii), by
using Lemma 4, we have

Aupr(z) = dup(y) < C(1— e ME=Y) 4 ¢) |
YVA>0,Vz,yecQ,Ve>0,
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14 M. ARISAWA

where C > 0 is a constant. And since T'(e;z,y) = O(6(¢)), lime,0 6(e) =
+oc, we have (37).

Therefore, in each cases of (i), (ii) and (iii), we have proved (37).

Now, from (37) there are a subsequence A’ — 0 of A — 0 and a number
d; such that

(39) Jim Nuy(z) = di , uniformlyin z€Q.

We shall prove the uniqueness of the number d;. For this purpose, suppose
that there are another subsequence p' — 0 of A — 0 and a number ds
such that d; # do,

40 lim p'u, () = do , uniformlyin 2z € Q.
#’—>0u #

Assume that d; > d», and we shall look for a contradiction. If di > ds,
by the uniform convergence of Nuy/, p'u,, for € > 0 small enough we
can take X', u’ small enough such that

uy 1s a viscosity subsolution of

H(z,Vux)+di < e , z€Q,
and a viscosity supersolution of
H(.’E,V’U,)\/)—Fdl Z —E& ) HTEQ,

u, 1is a viscosity subsolution of

H(z,Vuy)+ds < e , z€Q,
and a viscosity supersolution of

H(.T,Vu“l)—FdQ > —¢ s -’LEQ,

where H(z,p) = sup,c4{—<b(z,a),p> — f(z, )}, with the appropriate
boundary conditions. Then, by Lemma 3, since ¢ > 0 is arbitrary we have
di1 = dy. Therefore, we have proved the convergence property (25). We
do not give the proof for the convergence property (26), here. This can be
obtained from (25) by using the Theorem 5 below in §3.

Proof of Theorem 2. — First of all, we remark that from Theorem 1,
the assumption (UCZ) leads the following : for any bounded continuous
function f(z,«a) in @ x A, Lipschitz in z € Q uniformly in a € A, there
exists a constant ds such that

(41) 1;?01 Aux(z) = dy . uniformly in z € Z;,

1
(42) lim T w(z.T) = df . uniformlyin z€ Z;.

T—oc
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In the following, we only prove the statement for the general case of (21)
or (21°), for the Lipschitz case can be proved similarly. Let € 2, and
choose «(-) so that for arbitrary ¢ > 0, T > 0,

T
(43)  ua(z) +e> A / e F (Ta), (D)t + ATy (@a(r)).
0

Then from the condition (Ap), (i), for any 6 > 0 there exist z5 € Z;,
Ts > 0 such that

|fl7a(T5) — Zgl < (57
Ts < C(—logb)”,

where C' > 0, < € [0,1) are constants depending on z. From Lemma 4,
by putting 7" = 75 in (43) we have

Aua(z) — Mua(zs) + € > —CATs + (2T — 1)Auy(zs) — C8M

and from the estimate of T, we know that the right-hand side of the above
inequality converges to 0, provided that we take

§ = exp(—A~FTw)y,
for some 0 < w < v~ ' — 1. Since € > 0 is arbitrary, from (41) we have

(44) lim Auy(z) > dy , VzeQ.
A—0

Next, we shall prove the converse relationship

(45) lim Aux(z) < df , Vze.

A—0
Let z € Q, z € Z; be arbitrary, ¢ > 0 be arbitrary. By the assumption (C),
there exist a control « of z, T'(e; z, z) > 0 such that |z (T (e;z,2))—2| < &,
T(e;2,2) < 6(e;z, z). Therefore, as in the proof of Theorem 1, by using
the dynamic programming principle, we have
(46)

Nup(z) = Mua(z) < C(1— e MTE2) 4 8))\)\’1

° . VA>0,Ve>0,
here we used Lemma 4.

Then, by putting ¢ = exp(—=A~1+%)), for some 0 < w < y~* — 1 in
(46), from (41) we have (45).

Therefore from (43), (45), we have proved the convergence property
(29). The relationship (30) can be proved similarly, and we omit the proof.
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16 M. ARISAWA
3. ABELIAN-TAUBERIAN PROBLEM

In this section, we shall study the relationship between the two averages
limy_o Aux(z) and limy_.o 7 u(z,T). The following result (Theorem 5)
concerns the case when one of the limits exists uniformly in z € €, in
which case the two convergences are equivalent. Next, in Theorem 6 we
treat the case where the convergences hold, but not necessarily uniformly in
z € Q, in which case we can show that the existence of limr_,o 7 u(z,T)
implies lim_.o Aux(z) = limr_o % u(z,T). We shall state the Theorems.

THEOREM 5. — Let uy(x),u(x,t) be the solutions of (1), (2) respectively
which satisfy the same boundary condition, either one of Periodic B.C.,

Neumann and oblique type B.C., or State constraints B.C. respectively.
Then, the following holds.

() If Mux(z) converges uniformly in x € Q to a real number d as \
goes to 0., then %u(a:,T) converges uniformly in x € Q to d as
T goes to +oo.

(i) If % u(z,T) converges uniformly in x € Q) to a real number d as
T goes to +oo, then \uy(z) converges uniformly in x € ) to d as
A goes to 0.

For the case of pointwise convergence, first we shall give the following
Lemmas.

LEMMA 6. — Let uy(x);u(x,t) be the solutions of (1), (2) respectively
which satisfy the same boundary condition, either one of Periodic B.C.,

Neumann and oblique type B.C., or State constraints B.C. respectively.
Then, the following holds.

(47) lim Aux(z) > lim 1 u(x,T) , Vze,
A0y Tooo T
1 —
(48) lim Aup(z) < lm —u(z,T) , Vze.
A0y Tooo T

LEMMA 7. — Let f(z,a) in (1), (2) be in the form of f(z,a) =
f(z) + g(z, ), where f(z), g(z,a) are continuous functions defined in (,
Q x A respectively. Let ux(t), u(x,t) be the solutions of (1), (2) respectively
which satisfy the same boundary condition, either one of Periodic B.C.,

Neumann and oblique type B.C., or State constraints B.C. respectively. We
denote

(49) H(z,p) = ilelg{—<b(x,a),p> —g(z,0)} .
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And we assume

(50) H(z,p) >0, Yz€Q,VpeR", H(zx,0) =0, VzeQ,

(51) H(z,p) isconvexinp € R".

Then, there exists 0 < 7 < 1 such that the following holds

1
(52) Aup(z) < T u(z,T),

VeeQ,YA>0 and VT >0 suchthat \T <.

We then obtain the following Theorem from LLemmas 6 and 7.

THEOREM 8. — Let ux(x),u(z,t) be the solutions of (1), (2) respectively
which satisfy the same boundary condition, either one of Periodic B.C.,
Neumann and oblique type B.C., or State constraints B.C. respectively.
Then, the following holds.

() Ifat a point T € Q@  limp_o0 % u(Z, T) exists, then limy_,o Aux(T)
exists and

. _ . 1
(53) )1\13%))\11)\(:1:) = Th_r)rio 7 w(Z,T) .
(i) Let f(z,a) in (1), (2) satisfy the assumptions in Lemma 7. Then,

we have

1 _
(54) lim Auy(z) = lim = u(z,T) , VzeQ.
A—0 T-—00 T

Now, se shall prove the Theorems and Lemmas.

Proof of Theorem 5. — (i) Let M = supg, 4 |f(z,a)|, and let ¢ > 0
be an arbitrary small number (which is fixed). Let z € Q be an arbitrary
point and let T > 0. We choose A = ¢ - T~!. Then, by the dynamic
programming principle

Aup(z) = inf{/\/ e f(za(t), at)) dt + Ae ™ U,)\(a:,,(T))}
& 0
55 = igf{% /0 F(za(t), a(t)) di
+ % / (e =1)f(za(t), a(t)) dt + Ae™® u,\(:ca(T))} .

0
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18 M. ARISAWA

In (55),

t% /OT(e—At_l) flza(t), a(t)) dt‘ < M(1—e—e9),

and dividing the both hand-side of (55) by ¢, letting 77 — oo, by the
uniform convergence of Auy to d we get the following

(56) t?m 7' / f(za(t), a(t)) dt + dle E—l)\ < M(l—i—e:) ,
‘ % f/ f(za(t), a(t)) dt + d(e 6—1)l < M(1_z_6 ) |

Since € > 0 is arbitrary, we have proved

T
lim inf l/ flzat),a)dt =d , Vre,
T—oo o T 0

and from the above argument it is clear that the convergence is uniform in
z € Q. And the proof of (i) is complete.

(i) Let v(z,t) = e Mu(z,t), Vo € Q, ¥Vt > 0. Since u(x,t) is the
viscosity solution of

gt +Sup{ <b(z,a), Vu> — f(z,a)} =
u(z,0) =

, TEQ,t>0,
, e,

with the appropriate boundary condition, v(z, t) is the viscosity solution of

0
b—: + sup{ —<b(z, @), Vo> — e M f(z,a)} + Ae Mu(z,t) = 0,

(57) z€Q,t>0,

v(z,0) = 0 zeqQ,

with the same boundary condition as u(z,t). Therefore, by the dynamic
programming principle we can write

v(z,t) = e Mu(z.t)

58 t
(58) igf{f e (f(zals), a(s))—Au(za(s), ) ds} .

0

I
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Let M = supg, 4 |f(z,a)|. Since u(z,t) < Mt, we deduce

l/\/too e (f(za(s), a(s)—Au(za(s),s)) ds| < Ce  (1+At),

where C' > 0 is a constant.

Hence, multiplying the right-hand side of (58) by ), letting ¢ — oo,
we have

(59) Air;f/o e M (f(za(t), a(t))—Au(za(t),t)) dt = 0,
YA>0,VzeQ.

Let € > 0 be an arbitrary fixed number, and let A > 0, T" > 0 satisfy
e = AT. By the uniform convergence of = u(z,T) to d as T — oo, there
exists Tp > 0 such that

(60) l%u(:ﬂ,T)—d|<€ , Vo eQ, VT >Typ.

For an arbitrary T > T, we rewrite (59) as follows

igf{/\ /0 T e f(ga(t), alt)) di — N2 /O L M (1), a(t) di

—)\2/ e*’\tu(:va(t),a(t))dt} =0,
T
YVA>0,VzeQ,VT>Ty suchthat A\ =¢.

(61)

We estimate the second and the third terms of the left hand-side of the
above equality.

T T
I/\2/ e Mu(zq(t), at)) dt‘ < Me)\/ e Mdt = Me(1—e™°)
0 0
(62)
VzeQ, Vacontrol.
e f(d—1—¢) < X? /00 e Mu(za(t), a(t)) dt — de™®
oy 1m0 < [T et @).a00)

< e (d+14e)

Ve, Vacontol.
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From (61), (62), (63), we obtain

/I\i—n% inf/\/ e Mf(za(t), at))dt —de | < K(e),
— fe 3 0

VeeQ,Ve>0,
lim ian/ e Mf(za(t), a(t))dt —de™®| < K(e),
A—0 @ 0

VeeQ,Ve>0,

where K(¢) — 0 as € — 0. Therefore, we have

lim inf/\/ e M f(za(t),at)dt =d , VzeQ,

A—=0 o 0

and from the above discussion, the convergence is uniform in z € Q.

Proof of Lemma 6. — Let M = supg, , f(z,), and = be an arbitrary
point in Q. We write

Aup(z) = iralf)\/ooo e f(2a(t), a(t)) dt

= inf \? /00 e M /t f(za(s),a(s))dsdt,
* 0 0

(64) duy(z) = igf{)\2 /OT e M /Ot f(za(s),a(s))dsdt

+/\2/Too e*”/otf(x(,(s),a(s))dsdt},VT20.

By using (64), we shall prove (47), (48) in order.
First, for (47), we get the following inequality from (64)

T t
() > igf )\2/0 e_At/O flza(s),a(s)) dsdt

e} t
+ )\2/ e M inf/ flza(s),a(s))dsdt, VT >0.
* Jo

T

/\U)\
(65)

Denote d(z) = lim 7 u(x,T), and for an arbitrary £o > 0 choose Ty > 0
such that o

(66) igf %/Ot f(zals).a(s))ds > d(z)—e , VE>T,.

Annales de I'Institut Henri Poincaré - Analyse non linéaire



ERGODIC PROBLEM FOR THE HAMILTON-JACOBI-BELLMAN EQUATION. II 21

In the inequality (65), we set 7' = Ty and we have

(67) Auy(z) > igf,\2/0 "e—At/O f(za(s),a(s)) dsdt
) ) (e 17

Now, let ¢ = ATy and we have the following

T, :
(68) yv /0 Y /0 f(xa(S),a(S))dsdt’ < M(l—e—ee—?)
Y « control .

From (67), (68),
Aup(z) — d(x)(ce”“+e™%) > *M(l—e_s—g@—s) Y

Since this inequality holds for any A > 0 independently of the choice of
ep > 0, Tp > 0 taken in (66), as € = XTIy — 0,

lim Aux(z) > d(z) — e,
A—0

and we have (47), for g > 0 is arbitrary.
Next, for (48), we get the following inequality from (64),

oS} t
Auy(z) < inf)\z/ e_’\t/ f(za(s),a(s))dsdt

(69) “ T 0
+ M(1—eT=ATe ) |, VT >0,

here we used the same estimate as in (68). Denote d(z) =

lim supy_, ., % u(z,T), and for an arbitrary number ¢; > 0 choose 17 > 0
such that

(70) inf %/Ot f(za(s),a(s))ds < d(x)+er , VzeQ,Vi>Tr.
In the inequality (69), we set 7' = T; and by (70) we have
Aur(z) < (d(x)+er)(ANTe 2T 4e 7)) + M(1—e = ATie )
Putting ¢ = AT;, we get
Aua(z) < (d(z)+er)(ce +e®) + M(1—e "—ee™ ) .

By the same argument as the one used to prove (47), we get (48) from
the above inequality.
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Proof of Lemma 7. — Let vx(z,t) = Muy(z), VA >0,Vt>0,Vz € Q.
Since ux(x) is the viscosity solution of

(71) H(z,Vux(x)) + Aur(z) — f(z) =0 , z€Q,

with the appropriate boundary condition, vy (z,t) is the viscosity solution of
(72)
3] — — _
—(%* + H(xz, Vo) f(z) = H(z,Voy)—H(z, V), zeQ, t>0),
’U)‘(.’IT,O) =0 ’ .’L‘Eﬁ) ’

with the same boundary condition to (71). By the assumption (50), (51),
there exists 0 < 7 < 1 with which the following holds : for any A > 0,
t > 0 such that Mt < 7 < 1,

(73) H(z,Vvy) ~ H(z,Vuy) = H(z, MVuy) — H(z, Vuy)
{Xt -1} H(z,Vu,) .
Hence, from (50), (72), (73) vx(z,t) satisfies

IA

o —_—
%—FH(&:,VU,\)—f(x) <0 , xEQ,0<t<TX,
ua(z,0) = 0 z e,

with the same boundary condition to (72). Therefore, by comparison
theorem, we have

Mux(z) = vx(z,t) < u(z,t) , z€Q,0<t<

Aur(z) < fu(z,t) re,0<t<

Proof of Theorem 8. — We have (i), directly from (47), (48) in Lemma 6.

For (ii), if f(z,«) satisfies the assumption in Lemma 7, we can combine
(47) in Lemma 6 with (52) in Lemma 7, and we have (54).

RN

4. FIRST-INTEGRAL EQUATION

In this section, we study the relationship between the convergence
limy_o Aux(z), for all z € Q, limr_oo Fu(x.T), for all z '€ Q and

the unique solvability (in the viscosity solutions’ sense) of the first-integral
equation

(20) sup{—<b(z.a).Vw(z)>} =0 , z€Q.
a€Ad

with the same boundary condition as (1),(2). Our results are the following.
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PROPOSITION 9. — We assume that any continuous solution of (20) is
constant. Assume that for a bounded continuous function f(z,c), = € Q,
a € A, My (z) converges to a continuous function uniformly in z € ) as
A goes to 0. Then

)l\in})/\u,\(:c) =dy , Yz eQ,

where dy is a constant.

THEOREM 10. — If for any continuous function f(z) in Q, for the solution
ux(z) of (1) with f(z,a) = f(x), there exist a real-number d; and a
sequence {\,} such that lim, . A\, = 0,

(74) lim Auy,(z) = df , YzeQ,

n—co
then any continuous solution of (20) is constant.

Remark. — The claim in Theorem 10 holds for more general controlled
system than stated above. In fact, let the Hamiltonian H(z,p), z € €,
p € R™ satisfy

(75) H(z,kp) = a(k)H(z,p) , VEk>0,YV2zeQ,VpeR",
where a(k) # 0, ¥V k > 0. Let us denote by uy the solution of the equation
(76) H(z,Vuy)+duy—f =0 , VzeQ,

with an appropriate boundary condition of Periodic B.C., Neumann and
oblique type B.C. or State constraints B.C.

In this situation, if for any continuous function f(z) in Q, there exist a
real number d; and a sequence {),} such that lim, ., A, =0,

(74) lim Aux (z) =df , VzeQ,

n—oo

then any continuous solution of
(77) H(z,Vw) =0 , Vze,

with the samﬂ)oundary condition to (76), is constant. An example of such
Hamiltonian H(z,p) is |p|™ (m > 1).
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Proof of Proposition 9. — Let Aux(x) converge to a continuous function
d(z) uniformly in Q. By the dynamic programming principle

Aun(z) = inf{/\/T e M f(za(t), at)) dt + )\e_’\TuA(ma(T))} ,
@ 0
YVA>0,YVzeQ,VT>0.

Since f(z,«) is bounded, by letting A | 0 in the above, we have
d(z) = inf {d(z.(T))} , YVzeQ,VT>0.

This implies that d(z) is a solution of (20), and thus d(z) is a constant.

Proof of Theorem 10 and Remark. — Theorem 10 is a special case
of Remark, where a(k) = k in (75). So we shall prove the claim in
Remark. Let w(z) be a continuous viscosity solution of (77). Then, for
ux(z) = A7 'w(x), ux(z) is the unique viscosity solution of

H(z,Vuy) +duy —w = a(A)H(z,Vw) =0 , z€Q,

with the same boundary condition as (77). From the statement, there exist
a real number d, and a sequence {/\rine such that lim,,_,.o A, = 0,
lim, 00 Anun, (z) = do, = w(z), ¥V z € Q. Therefore, w(x) is constant.
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