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ABsSTRACT. — We study the initial value problem for the Davey-Stewartson
systems. This model arises generically in both physics and mathematics.
Using the classification in [15] we consider the elliptic-hyperbolic and
hyperbolic-hyperbolic cases. Under smallness assumption on the data it is
shown that the IVP is locally wellposed in weighted Sobolev spaces.
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REsuME. — Nous étudions le probléme de Cauchy pour les systémes de
Davey-Stewartson. Ce modéle se présente de fagon générique en mathé-
matiques et en physique. Nous utilisons la classification de [15] et consi-
dérons les cas elliptique-hyperbolique et hyperbolique-hyperbolique. Sous
des conditions (de petites tailles) sur les données nous montrons que le
probléme est bien posé sur les espaces de Sobolev a poids.
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524 F. LINARES AND G. PONCE
1. INTRODUCTION

Consider the initial value problem I'VP for the Davey-Stewartson (D-S)
system
i0utco0iutdiu=cy|ulPutc,ud, 0, x yeR, >0
(1.1 Zotc00=0,|ul?
u(xa y7 0)=u0(xa y)
where u=u(x, y, t) is a complex-valued function, o=@ (x, y, t) is a real-
valued function 0,=d/0t, 0,=0/0x, ,=0/0y and ¢y, ..., c; are real para-
meters.

A system of this kind was first derived by Davey and Stewartson [11]
in their work on two-dimensional long waves over finite depth liquids (see
also [12]). Independently Ablowitz and Haberman [1] obtained a particular
form of (1.1) as an example of a completely integrable model which
generalizes the two-dimensional nonlinear Schrodinger equation. Since
then several works have been devoted to study special forms of the
system (1.1) using the inverse scattering approach. In fact when
(co» €15 €5, c3)=(—1,1, =2, 1) or (1, — 1,2, —1) the system in (1.1) is
known in inverse scattering as the DSI and DSII respectively. In these
cases several remarkable results concerning the associated IVP have been
established (see [2]-[5], [10] and their bibliography). On the other hand the
above system arises in water waves, plasma physics and nonlinear optics.
Moreover, it has been shown that under appropriate asymptotic consider-
ations a large class of nonlinear dispersive models in two dimensions can
be reduced to the system (1.1) (see [13], [29] and references therein).

In [15] Ghidaglia and Saut studied the existence problem for solutions
of the IVP (1.1). They classified the system as elliptic-elliptic, elliptic-
hyperbolic, hyperbolic-elliptic and hyperbolic-hyperbolic according to the
respective sign of (c,, ¢3): (+, +), (+, =), (—, +) and (—, —). For the
elliptic-elliptic and hyperbolic-elliptic cases they obtained a quite complete
set of results concerning local and global properties of solutions to the
IVP (1.1) in L2, H!, H2 Their main tools were the L?—L? estimates of
Strichartz type [24] (see [6], [16], [19], [26]) and the good continuity proper-
ties of the operator (—A)~! (and its derivatives). Also in the elliptic-
hyperbolic case they established the global existence of a weak solution
of the IVP (1.1) corresponding to “small” data (see also [25]).

In this case (elliptic-hyperbolic) as well as the hyperbolic-hyperbolic case
one has to assume that ¢ (.) satisfies the radiation condition i.e.

o(x,y,t)—>0 as x+y and x—y—>o©

[without loss of generality we have taken c¢;= —1in (1.1)]. This guarantees
that for Fe L' (R?), "~ ' F is well defined where

A ¢=(0;—03;))p=F.
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ON THE DAVEY-STEWARTSON SYSTEMS _ 525

Thus the IVP (1.1) is equivalent to
{iatu+cof)§u+63u=cl]u|2u+c2u6§f_1 |u)?

1.2
( ) u(x,y, 0)=u0(xay)

with ¢, >0 (resp. ¢, <0) corresponding to the elliptic-hyperbolic case (resp.
hyperbolic-hyperbolic case).

As was remarked in [15] and [25] no existence results were known for
the hyperbolic-hyperbolic case.

Our main purpose here is to established local well-posedness results for
the IVP (1.2) (with ¢, #0) (i.e. the elliptic-hyperbolic and hyperbolic-
hyperbolic cases) for “small”” data. Our notion of well posedness includes
existence, uniqueness, persistence [i.e. the solution u(.) describes a con-
tinuous curve in the function space X whenever u, € X]. The problem (1.2)
can be seen as a nonlinear Schrédinger equation involving derivatives and
a nonlocal term in the non-linearity. It is interesting to remark that
previous approaches used in nonlinear evolution equation (L?— L7 estima-
tes, energy inequality, L?-theory, etc.) do not apply in this case.

In [22] Kenig, Ponce, and Vega studied the IVP for nonlinear Schrédin-
ger equation of the form

(1.3) i0,u—Au=Q(u, V, u, u, Vi)

with V,=(3/dx,, ..., 3/dx,) and Q:C?"*? - C denoting a polynomial
having no constant or linear terms. Their arguments rely heavily on
sharp versions (see [21], [22]) of the homogeneous and inhomogeneous
smoothing effect first established by Kato [I18] in solutions of the
Korteweg-de Vries equation. This allows them to obtain conditions which
guarantee that for “small” data the IVP (1.3) is local wellposed. Here we
shall extend this approach to treat the equation in (1.2) which presents a
more complicated nonlinear term (i. e. nonlocal term involving an operator
with bad continuity properties) than that considered in (1.3).

In the hyperbolic-hyperbolic case (i.e. ¢,<0) after rotation in the xy-

plane and rescaling the system (1.2) can be written as
(1.4) {i(’?,u—ﬁfwu=cl|u|2u+czu.}i”_1(6§+c36§)|u|2
u(x, y, 0)=uq (x, y)

where A" ¢ =02%, ¢ (with ¢ satisfying the appropriate radiation condition)
and c|, ¢,, ¢y are arbitrary constants.

To explain our results (in the hyperbolic-hyperbolic case) it is convenient
to consider first the associated linear problem to (1.4)
{ i0,u—02,u=0

1.5
. ) u(x, y, 0)=u,(x, y).

Vol. 10, n® 5-1993.



526 F. LINARES AND G. PONCE

It will be shown (see Theorem 2. 1) that there exists ¢>0 such that for
any yeR

(1.6)j f |D§’2e"“7>2wu0(x,y)|2dxdt=cj f |ug (x, y) | dx dy

— —

where {e* 63Y}°_°w denotes the group associated to the IVP (1.5),
DI2v(x, y, t)=c(|E|'2 0™ (&, y, ))¥ with o™ denoting the Fourier
transform in the x-variable. Notice that (1.6) is a global (in space and
time) estimate which involves the Ly° L?L2-norm. Previous results only
provide the gain of half-derivatives in L2 (R?) (see [9], [27],[28]). Roughly
speaking (1.6) corresponds to the sharp one dimensional version of
the Kato smoothing effect obtained in [21] (Theorem 4.1). Also the
estimate (1.6) illustrates one of the key arguments in the proof of the
hyperbolic-hyperbolic case (see Theorem A below), i. e. the use of different
LP-norms for the x and y variables. This kind of estimate also appears in
the inhomogeneous version of (1.6) (see Theorem 2.3) and when inverting
the operator A~ [see estimate (2.20) in Proposition 2.7].

Our results in the hyperbolic-hyperbolic case are contained in the follow-
ing theorem.

THEOREM A. — There exists >0 such that for any

u e *(RH NH3 (R?: r2dxdy)=Y,
with s26 and
8= 4o ”HS?YJr l| o ||H,3:y(r2)<8

there exist T="T (84)>0 [with T (8y) — 0 as 8, — 0] and a unique classical
solution u(.) of the IVP (1.4) satisfying

.7 ueC([0, T]: Y)),
T foo 1/2
(1.8) ||D§+1/2u||L;oL%L§ssup<Jj‘ | DS 2 u(x, y, t)lzdxdt> <o
y 0 J-—
and

T (feo 1/2
(1.9) ”D;“/Zu||L;oLg.L3£sup(J.[ |D;+1/2u(x,y,t)|2dydz> <.

o

Moreover for any T' €(0, T) there exists a neighborhood V,, of u, in Y,
such that the map uy — u(t) from V,, into the class defined by (1.7)-(1.9)
with T' instead of T is Lipschitz. —

In Theorem A (and Theorem B below) we shall not optimize the lower
bound for the Sobolev exponents given in the hypothesis.
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ON THE DAVEY-STEWARTSON SYSTEMS 527

In the elliptic-hyperbolic case (i.e. c,=1) after a rotation in the xy-
plane and rescaling, (1.2) becomes

(1.10) {iatu—Au=cl]u|2u+czuf"1(6f+c36,2,)|u|2

' u(x, y, 0)=uo (x, y)
where S ¢ =02, ¢ and ¢, c,, c; arbitrary constants.

As was remarked above in this case Ghidaglia and Saut [15] established
the global existence of a weak solution corresponding to “small” data.
Also in [25] M. Tsutsumi studied the asymptotic behavior of this weak

solution. Our results show that the IVP (1.10) is local wellposed for small
data u,.

THEOREM B. — There exists >0 such that for any
u e HF(RH N HE (R : rPdx dy)=W,
with s212 and
8o = || 4o [lzz + 1 o0 llug, oy <3
there exist T=T (85)>0 [with T (8,) —» o0 as 8, — 0] and a unique classical
solution u(.) of the IVP (1.10) satisfying
(1.11) ueC ([0, T]: W),

p+1 1/2
(1.12) sup(J j J | DS u(x, y, t)lzdxdydt> <.

Moreover for any T’e(O T) there exists a neighborhood ¥, o Of Ug in Y
such that the map u, — u(t) from V into the class defined by (l 11)-(1.12)
with T' instead of T is Lipschitz. —

This paper is organized as follows: in section 2 we shall deduce all linear
estimates needed in the proof of Theorems A, B. Section 3 contains the
essential arguments in the proof of our nonlinear results. Here all the
nonlinear estimates to be used in sections 4, 5 are carried out in details.
Finally in sections 4 and 5 we prove Theorems A and B respectively.

2. LINEAR ESTIMATES
In this section we shall deduce several estimates concerning the linear
Ivp

7 2 2 = =
2.1 {16,u+aaxu+6yu 0, e==1

u(x’ ys 0)=u0 (X, y)

Vol. 10, n° 5-1993.



528 F. LINARES AND G. PONCE

First we consider the hyperbolic-hyperbolic case, i.e. e= —1. In this
case after changing variable and rescaling (2.1) can be written as

{ i0,u—0%,u=0
u(x, y, 0)=uy (x, ).

We begin by establishing the followmg sharp versions of the Kato
smoothing effect in the group { e %} commented in the introduction.

(2.2)

THEOREM 2. 1. — There exists ¢>0 such that if uye L*(R?) then for any
yeR the solution u(., ., .) of the IVP (2.2) satisfies that

(23) “D,lc/zu("ya )”Lt Lx
J J |DY2 e Sy (x, y) Pdxdi=cl|ug |l —

It is clear that the same estimate holds with the roles of x and y
interchanged.

Proof. — By Fourier transform it follows that

ei‘aazcyuo(x, )’)=ij J ei(xmymeitg“lzo(&, n) dg dn.

— 0 — o0

Hence performing the change of variables a=&n and »=§, using Plan-
cherel’s theorem in the (x, f)-variables, returning to the original variables
and using again Plancherel’s theorem one obtains that

”DI/Z nayu (X y)“L, L2

=c et xEtym tténlg)lllzuo(& n)d&dn
J-w0d— L L2
foo (oo . . ) . 1

=c e e e | b2 yy (., .)——dadb
Jowd-n |b] L7212
fo [oo 1 2 1/2

=c( BRI uy (., ) dadb>

(* o * o . 1/2
=c’< [uo (&, n)lzd&dn>
=C””o“2'

CoroLLARY 2.2. — Let FeL!(R:L% , (R?). Then

(2.4

D’l‘/zj FBF (., ., 1)dt écHF”LyIL,ZL,%
-

LZL?

where DY2G (x, y, )=c(|E|'"2GW(E, y, 1)¥. —
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ON THE DAVEY-STEWARTSON SYSTEMS 529

Proof. — 1t follows from (2.3) by duality.
Next we deduce the inhomogeneous version of the estimate (2.3). Thus
we consider the inhomogeneous IVP

{i@,u-aﬁyu=F(x, ¥, 1)

@) u(x, y, 0)=0,

which solution u(.) is given by the formula
(2.6) u(t)= f OB R (L, ) dr.

THeOREM 2.3. — If u(.) is the solution of the IVP (2.5) then
2.7 l0xullip izl Fllsizez —

Proof. — We shall follow the argument in [22].
Using Fourier Transform in the time and space variables one formally
has that

u(x, y, )= cj j j eettynto__ R(E n, 1)dEdn dt.
—w &n

Hence applying Plancherel’s theorem it follows that

2.8) [|8,u(.,p, )22

=cf f f gstynt /gl B, . ©) & dn de

= m_____f ,1)d
c L’oe r/a . (€, n, 1)dn

1?12

L? L

=c j K-y, & DF="E y, ndy

— 0

L?L?
where

Koy g 9=e | dvn_La
e TE—m

and F>? denotes the Fourier transform of F in the x, ¢ variables. By
comparison with the kernel of the Hilbert transform (or its translated) it
is easy to see that K e L* (R*). Thus combining (2. 8), Minkowski’s integral
inequality and Plancherel’s theorem we find that for any yeR

2.9 ”ax';(-’y> -)”Lt L,%Scf ”F(x’t)(-ay', -)||L3L,%d)’=CHF“L§L,2L§-

Vol. 10, n° 5-1993.



530 F. LINARES AND G. PONCE

Using Parseval’s identity we find (formally) that the solution u(x, y, t)
satisfies the following data

17(_)(’ Y, 0)=C J\ (J _—‘1—71:\:(&_»9 n, ,r)d,r>ei(x§+yn)d§dn
T—&n

J-wd-w - _E_v

=c J <J‘ et En sgn(tl) B y)(En n, t’) dt,)ei(xé'h”l)dgdn

« — 00 — 00 - 0
(* o

=c| €& %sgn(r)F(., ., )dr.
Vv — 0

By (2.4) we can infer that D}2 4 (x, y, 0)e L?(R?). Finally since
u(x, y, D=ii(x, y, )= " u(x, y, 0)

combining (2.9), (2.3) and the above remark we obtain (2.7). The above
formal computation can be justified (and the proof stays essentially the
same) by using the argument given in [23] (section 3).

Next we recall some estimates concerning the Kato smoothing effect in
the group {€"4}® .

It is convenient to introduce the notation:

Qu, B=Ia X IB=[a’ o+ 1] x [Ba B+ 1],

thus { Q,, P b, p<z forms a family of cubes of side one with nonoverlapping
interiors such that R*= U Q.

a, f=—o
TueEOREM 2.4. — Let uye L% (R?). Then

') 1/2
(2.10) sup G J ln;geiwuo(x,y)|2dtdxdy) <cllug s
Qq, p

a,BeZ ~

where DY2G (x, y, )= (| (€, n)["*G* Y (€, m, 1))".
Let Fell ,(L?(Q,, ;  R)). Then

(2.11)

D;{ZVJ AR (., ., 0dt

-~ 0

121}
® ® 1/2
<c ) (J J |F(x,y, t)|2dtdxdy) R
o, f=—o0 Qq,pv ~

t
Vx,yj ETIAR(L, ., )dr

0

© 0 1/2
c Yy (J‘ j |F(x, y, t)|2dtdxdy)
o, p=—00 \JQy v ~®

Annales de I'Institut Henri Poincaré - Analyse non linéaire
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2 1/2
dtdx dy)

A
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Proof. — The estimate (2.10) was basically proven in [9], [27] and [28].
(2.11) is the dual version of (2.10). Finally (2. 12) was established in [22].

To complement the previous estimates in the proof of our nonlinear
results in section 3 we shall use the following theorems.

LEMMA 2.5. — Let uye H*(R?) N H3(R?: r* dxdy). Then

o0

(2.13) sup sup|e* % u, (x, y)|dy
Cw[-T,T] x
§C(1+T2)”“o||H§y+c(1+T)“"0”H3,(r2)
where
12
(2.14) l| o llest, o= 2 (J | %1 0%2 ug (x, y)|2r'dxdy>
lalsk \Jr?

with r=(x2+yH)'2. —
Proof. — For simplicity in the exposition, it will be carried out only
the details for T>0.
For (y, t) fixed Sobolev’s theorem tells us that
sup|e* Bug (x, y)| x| e % u, |z +c]l e %0, uy Iliz-
Similarly for y fixed

it 92

(2.15) supsup|e” v uy(x, )|
0,1 x
<€ T a2 oy a2
=T1), [| " v ug ||z dt+c . a”e o |z | dt
C T s A2 T a it 02
+ -J || € %% 0, ug || .2 dt+cf — || €% 0, uq ||p2| dt.
TJo * o |0t *

now using the inequality
lgls=c{llglhs+lrelz}
together with Minkowski’s integral inequality and the identity (see [17])

i 52 it 52 .. ita2
ye't % u, = e % yuy — ite” %% 9 u,

we find that

T it 92
T || € %% ug || 2 dt dy
— 00 (1]

c [Ty o c [T w2
§¥ . lle xyu0||L32‘L§dt+ T . ||ve ""uo”L,%L},dt
Sc{lluolluz izt 4o lluz 2+ Tl dx oLz rz

Vol. 10, n° 5-1993.



532 F. LINARES AND G. PONCE
f ) J T
—w JO
J‘T
0
T

T
e| et ulupdire | [1yet e u iz de

and

aﬁlle“ % o |2 | de dy

t
j [| € %% 82, uy || 2 d dt

IA

IIA

0 )
eTl% uollzrz+eT |y uolliz iz +eT?| 03y uolliz 2

The same argument applied to the last two terms on the right hand
side of (2.15) yields (2.13).

Using the notation introduced before the statement of Theorem 2.4
and in (2.14) one has the corresponding result for the group {e"*}* .

LEMMA 2.6. — Let uye H® (R?) "\YH® (R?: r* dx dy). Then

ool

(2.16) Y. sup sup[e"AuO|§c(l+T5){|]u0||Hgy+Hu0“Hgy(,6)}.
o, Bp=—o0 [0, T] Qq,p

Proof (see [22], Proposition 3.7).
Next we deduce some estimates concerning the second equation in (1.1).
Thus after a change of variable we need to consider the problem

(2.17) az,w(x, »)=A w=F(x, y)
with Fe L' (R?) and w(., .) satisfying the radiation condition
Iim w(x, y)= lim w(x, y)=0.

x = t+owo y—= +ow
Under the above hypotheses the equation (2.17) has a unique solution
given by the formulae

(2.18) w(x,y)=f_1F=J

b

o0

J F(x', y)dy dx'.
y

ProposiTION 2.7. — If FeLY(R?) then # ~'Fe C(R?) and
(2.19) [ Fllupip el Fllsg

In addition, if Fe L} (R: L2 (R)) then
(2.20) |0 " F e L%éCHF”L& LE

We recall the notation

o 1/p
anLgLf(f nm.,y)nzdy) .

As was commented in the introduction we observe that the estimates
(2.3)-(2.7) and (2.20) use different L”-norms for the x and y variables.

Annales de I'Institut Henri Poincaré - Analyse non linéaire



ON THE DAVEY-STEWARTSON SYSTEMS 533

Proof. — (2.19) follows directly from (2.18). To obtain (2.20) from
(2.18) one sees that

('3xf—1F(x, y)= _J F(x, y,)dy’
y

Thus computing the L?-norm in x, using Minkowski’s integral inequality
and taking supremum in the y-variable we obtain (2. 20).

3. NONLINEAR ESTIMATES

In this section we shall obtain all the nonlinear estimates needed in the
proofs of Theorems A, B. First we have the following inequalities concern-
ing fractional derivatives.

THEOREM 3.1. — Let 5s>0, O<a<l, o, a,€[0, o] with a=o, +a,.
1 1

Let p, p'e(1, o) with —+ — =1 and qe[l, ©). Then for any f, g & (R")
p p

(Schwartz class)

3.1 “ (I_A)S/Z (fg) | L? (R™)
§C{||f“L°° (R™) (I_A)s/2g||LP<R")+”g||L°° (mz")||(I_A)S/2f||u’m")}’
(3.2 Z ||aB(,fg)||Lq(R")

|Bl=k
éc{llfllmmlg k”aﬁg||L4(R”)+”g”L°°(nx“)lle: ||apf||L‘1(lm")}
= =k

and when n=1 (not essential)

3.3 ID*UBle=c{llgllr [D*fllos+[ f [lo | D* & ler }
Wlth l + ‘1— = 19 pla pZE[pa OO], and

Pr P2 P
(3.4 | D*(fg)—fD*g—gD*f [|[L1 <c|| D1 f ||r || D*2 g ||1o.

Proof. — The estimate (3.1) was proven in [20] (Appendix). (3.2)
follows by combining Galiardo-Nirenberg, Holder and Young inequalities.
Finally, for (3.3) and (3.4) we refer to Theorems A.12 and A .13 in [23]
respectively. As was remarked in [20] and [23] the proof of (3.1), (3.3)-
(3.4) relies on ideas of Coifman and Meyer ([7]-[8]).

The following estimates form the essential steps in the proof of
Theorems A, B. They combine the linear results obtained in section 2 with
the inequalities in Theorem 3. 1. Propositions 3.2-3.5 are concerned with
Theorem A, and Propositions 3.6-3.9 with Theorem B.

Vol. 10, n° 5-1993.



534 F. LINARES AND G. PONCE
PRrROPOSITION 3.2. — If k=s5s—1/2€Z with k=3 then

3.5

t

i(t—1) 02 -

a§+1fex(t t)a"”(cllvlzv"_czvf 1
0

X 02+, 02) |0 D) (¢) ar

LP L$L2
<cTsup [[2(9)|lig, sup || 2() |ls,
[0, T] [0, T]

tellolltyipre 0 vy a2z 1l 0o llEg o e 1050l gz

Proof. — To simplify the notation we assume (without loss of generality)
that ¢;,=c,=c¢3;=1. Thus

(3.6)

t
3i“f ei(t-t’)biy(lv|2v+v'%/‘—l
0

x (82+02)|v[?) () dr'

LP LFL2

t
< al;+1j ei(t—t')a,%y(lvIzv)(t,)dt,
0

LPLfL2

~+

t
a,;ﬂj ¢ (o 1 02 |0 ) (1) df
0

LPLfLZ

+

t
a);ﬂj ei(t—z')a}cy(vf—l 5§|v|2) () dt
0

LeLfL

=A,tA,+A,.

Using the homogeneous version of the Kato smoothing effect in the
group {e* ":zry}i"w described in (2.3) together with Minkowski’s integral
inequality and the estimate in (3. 1) it follows that

T
6.1 Ase[ IDE R (oF ol 0
(1)

T

<c j (o[22 v 1ol ()
[4]

<cTsup||o() e Lo sup || 2 (D) s,
[0, T] [0, T}

To bound A, we first observe that
k-1

KA 12| vy =k 12|02+ Y mdvd 10, |02
j=0

=3t v ~102 |0 +B,,

since 02, "~ ! =identity.

Annales de I'Institut Henri Poincaré - Analyse non linéaire
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Hence (2.3) and Minkowski’s integral inequality lead to

T
(3.%) Azgcj | DY? (ko1 8} 0] ||z L2 (1) dt
0

T
e j D22 B, |2 02 (1 .
0

The estimate for the second term on the right hand side of (3.8) is the
same as that in (3.7). To handle the first term on the right hand side of
(3.8) we use (3.3), (3.4), (2.19) and (3.2) to obtain

T
3.9 J”D;/Z(@';vf_l6f|v|2)||L§L§(t)dt
0

™

T
c| (l# o3 vf lery

IA

e

0
[T D207 0 lup ) 1o g, (@)

™

IIA
o

T

(1710 lea s + DX 65 [0 [l ) [ s, () e
JO
T

c| el I, @ dr

JO
ZcTsup [|o(@) ][z, sup [|2 (@) ||,
[0, T] [0, T]

1A

Finally we consider the term A; in (3.6). Since
(3.10) KA 10| v[)=vdiH 1 02|v|+ko, 00 AT 02 |v|*+B,,
where B, = i m;olvdk I 02| v 2

From (2 .J;)zand (2.7) we have that
(3.11) A,< Jtei(’_")agv(véif‘laﬁ]v|2

0

-

+kd,0d o 102 P (1) dr

L LfL?

t
Di/zf ei"_"’a’%YDi/z B, (f)dt

y i)

LP LfL?

se{ st 2loP s

T
+||6xv6';_13(_1ﬁflv!2||Ly1L%L§+I ||D;/2B2(t)|[L%L3dt}.
0
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Combining Minkowski’s integral inequality and the estimates (2.20),
(3.2), it is not hard to obtain the following string of inequalities
(3.12) |jvdtoa "0} v)? ”L§ 1312
Sclloliyip el ™ 020 lup 12102
Selloliyepre 087 0 7 o higrp
§C”1’”Ly1 weLe |0 o HL%L} L3
<c|| v”Ly‘ Il A lleHL} i3
Sellofupir e - lole 1057 vllzlls ot

Scllolfrip el 08 vlle a2
A similar argument shows that
(.13 0,087} f_laazc!vIZ“Ly‘ L%L%§C|1ax”[|f} LP LY ”a};U”L;"L%L%'

On the other hand, using (3.3), (2.19), (3.4) and (3.2) we obtain for j
fixed in B, that

T
J D2 @0t o 820 ) () 2z dt
0

i

T
sc| (IDy?élollz ez || 02 |0 e
JO
+H[0fv]li2 2| DY A 7 02| 0? |ug g dt
T
<c| (IDY? 0oz ez 105772 [0 P Il wy

+| 0k vllz 2| D207 2 [0 |La ) dr
rT
<c| (lvligg,llolls,) @ dr

Jo

<cTsup ||v(9)|Ez, sup ||v(0)[|us,-
[0, T] [0, T]1

Therefore
T
(3.14) j IDY2 B, |2z di<c T sup [[o() |, sup [|0() s,
0 g [0, Tl 0,7l

Combining (3.10)-(3.14) one has a bound for A;. By inserting this
bound and those in (3.7)-(3.9 for A,, A, respectively in (3.6) we
obtain (3.5).
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PROPOSITION 3.3. — If k=s—1/2€Z with k=3 then

t
(3.15) sup Je”‘_"’a’sz(cl|v|2v+c2v9{“1(6§+c363)|v|2)(t’)dt'
[0, TH| Jo HS,
<cTsup [|o(0) [z, sup [[2 () [,
[0, T} [0, T}

+elloliZy e e 1057 ollup aez
tel oo lfpiell o lp ez —
Proof. — The argument for highest derivatives is the same as that given
in the previous proof where instead of (2.3) and (2. 7) one uses the group

properties and (2.4). The proof for the lowest derivatives is simpler and
similar to that to be used in coming propositions, hence it will be omitted.

ProPOSITION 3.4:

(3.16) sup
[0, T}

X (02+c30D) | v (1) dr’

t
f ei('_")"JZW(cl|v|2v+c2v9{_1
0

H3, (r2)

<cTsup [|o(D]lag, o2 sup [| () [l
{0, T] [0, T1

+cT?sup ||v(2) ||fl§y sup ||v(7) ”H,?y-
[0, T] [0, 7]
We recall the notation for the |||t (4-norm:

1/2
TP <J o y)|2rldxdy>
R

lalZk
with r=(x2+y?)!2
Proof. — Combining Minkowski’s integral inequality, the identity
(see [17])
ye'' %% f= ¢t %y yf — it % 3 f
and the one obtained by reversing the roles of x and y together with the

group properties and the estimates (2.19)-(2.20) and (3.2) it is not hard
to see that for |o|<3

sup
[0, Tl

t
i(t—1) 92, Aa o - ’ ’
rf e 0% 9% (¢ [0 vt v T (0E F ey 02) | 0] (1) dt
)

L3}

T
<sup f || xe' @) % o 32 () (1) ||z p2dr
0. 11Jo

T
+ sup J [|yei €= % 921 %2 (L) () ||c2 pzar’
0

[0, T]

Vol. 10, n° 5-1993.



538 F. LINARES AND G. PONCE
T
Sc| |lxa:
0
T

<cTsup||o(2) ||Hs°:y « sup || 2(2) ”l%lf:y
[0, T] [0, 7]

T
2L3dt'+ch || 0°¢ 032 2 2dl'
0

T
ngdt’+cTJ || %1
0

212 dr'

+¢T? sup ||o(2) ”ﬁgy sup || (2) HHgy
[0, T]1 [0, T]
which yields (3.16).
ProrosiTiON 3.5.

t
(3.17) J 0y (¢4 oot ey 0 @2+ e300 |0 P) () drf
<cT(1+T?) sup [KIGYEN sup [l [lus,
[o,

+cT(1 +T) sup Ilv(2) ||ny(,z) sup || (t)||ny -

LiLPLY

Proof. — Using Minkowski’s integral inequality, (2.13), (3.1), (3.2)
and Sobolev’s theorem it follows that

(3.8)

t
fei(“")a%y(cl[v|2v+czv%_‘(6§+c38§)|v|2)(t’)dt'
0

L} L¥ LY
j “el(t t)axy( )(t)”LyL%’L“’dt

=T sup ”e'(' z)aZy( )”LyL%’Lx
v e[0,T]

<T “ ettt %%y(.)“L; LP LR LY

gcT(l-Isz)“cl|v|2v+c2v9{_1(6)2‘4-c36,3)]-0]2[]}1;y
+cTA+T)|le|oPot+e,o "1 (02 +cs 6§)|vl2 ||H3y(r2)

ScT(1+T?) sup [|v ()| 1P Sup ||v(2) ||H;4cy

[0, T] [0, T]
+eTA+T?) ot =102+ ¢30) |0 g,
+¢T(1+T)sup || ro.2 L2 Sup lo@ ||lLe L SUP ||v(t)||H;y
[0.7] [0. 7] [0, T]
+eTA+T)||v A " (02 +c;00) |0 ||Hgy(,2).
From (3.2) and (2.19) it is not hard to see that
(3.19) |l " (@2 +c30D)|0)? |IH4 <c sup l|o(®]22.2 sup (0 ||,
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and
(3.20) ||voH "1 (0t c, 6§)|v|2||ﬂgy(,z)_c sup ||v(t)||ny(,2) sup Hv(t)||ny

Inserting (3.19)~(3.20) in (3.18) and using Sobolev s theorem we obtain
the desired inequality (3.17).

PROPOSITION 3.6. — If k=5—1/2€Z with k=3 then

(3.21) sup <J J J /6"“{ ECA e [vPote o
a,BeZ I JI,

X (62+¢502) |[v ) (1) dr’ dxdydt)

<cT sup ||o(®) ||H3 sup |0 () ||H

1/2
+c sup sup(jj |o1. vlzdxdydt>
k<|y|<k+1 ] Ig I

X Z( Y. sup sup|6x,yv|>

11121\, p=~ 0 [0, T] Qq,

© 3
+cTH? Y, < Y. sup sup|6ﬂwv|> =D. -

1111 \e, B=—0 [0, T] Qq, 8
We recall the notation:
Q=L xIg=[o, a+1]x[B, p+1]
with a, BeZ.

Proof. — Without loss of generality we can assume ¢; =c,=1.
Thus

(3.22) sup (f J\ J /8"“[ AR (PIREE ' S
a,peZ Ig JIy

X (02 +c ) |0 ) () dr dxdxdy)

T
s ([.1,)
o BeZ \Jo JigJi,

t
J~ it—t)A (l P |2 'U) (tr) dr’

+c¢ sup <J j J
«, peZ Ig Jly

xj d O QA 102 o) (7) dr
0

k+ 1
Ox

2 1/2
dx dy dt)

ak+1

2 1/2
dx dy dt)
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T
+e sup (j ”
o BeZ \Jo JigJl,

t
xj Ayt 03 | v|2) ()dr
0
=A,+A,+A,.

k+1
0

2 1/2
dx dy dt>

From the homogeneous version of the Kato smoothing effect in
{e"*}, (2.10), the Minkowski’s integral inequality and the estimate
(3.1) it follows that

T
(3.23) K =c j DY (02 a0z () d

0

A

T
[ Qoltesslelhe) 0
0
ScTsup [[o() |[{e Lo sup || o (1) ||,
[0, T] {0, T]
To bound A, we notice that
(3.24) A 12| vP)=0vd A 2 |vP ko, 00 T 02 |0 [P+ By,

Using an argument similar to that given in (3.23) [based in estimate
(2.10)] together with the inequality (2.19) one easily sees that

L1,

where H_ denotes the Hilbert transform in the x-variable.
To handle the first term on the right hand side of (3.24) we use (2.12)

2

(3.25) sup (

a,BeZ

t
D12 J ¢"ADI2H B, (1) dr
0

1/2
dx dy dt)

<cT sup IEIGFEN sup [0 [|ss,»

to see that
T t
(3.26) sup (J J f 6xJ ettmma
@ peZ \Jo Ji,Jig 0
2 1/2
X(va’;‘%”‘lﬁﬂv]z)(l')dﬂ dxdydt>
]2
<c <f jj |@wdk 162lvlz)(t)lzdxa’ya't>
a, p=— Iy
<c

( Y sup sup sup[v|>

B=—0[0,T] xely yelp

1/2
Xsupsup(Jj |9{_16’;+2|v]2[2dxdydt> .
e B 0 JigJl,
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Combining the argument used in the proof of (2.20) with the correspond-
ing version of (3.2) for bounded domains it follows that

T 12
(3.27) GJJ |,}if‘16x6§“[v|2|2dtdxdy>
1, JigJo
1/2
§sup(JJ |0, 4~ 16"“|v|2|2dtdx>
yelg
1/2
§sup(jf (f 6"+1|v|2|dy’> dtdx>
yeR \Ji, JoO y
-4} 1/2
gf (“ ]6’;“|v|2|2dtdx> dy
—® I, J0
© T 1/2
<y (I f J|6’;“|v|2|2dxdydt>
p'=—o Ig V1
12
U f sup|v|2<J|v|2dx+J[8"+1v|2dx>dydt>
B——oo xel

c z sup sup sup|v|{j J |v|? dxdydt
I‘; Iy

a,Bp=—0 [0, T] yelp xely

T 1/2
+fjf|6§+lvlzdxdydt}
0 Jipr vl

© 2
§cT1/2< Y sup sup sup|v|>

a,p=—00[0,T] yelg xely

T 12
+csup sup<J j J |6';“v|2dxdydt>
o B 0 JigJi,

x( Y sup supsup|v|>.

o, B=—0w [0, T} yelp xely

IIA

Inserting (3.27) in (3.26) we obtain the bound for the first term on the
right hand side of (3.24). The proof for the second term follows the same
argument.

Finally, to bound A,, we notice that

k—1
1O |o)=0v ot "1 |v P+ Y, mdlvdiiT g, | v ]?
j=0

=Kot 13} |0]*+B,
since 02, 4"~ ! =identity.
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Then the smoothing effect (2.10) together with similar arguments as
those in (3.23) and (3.25) yield

(3.28) AséjT(llDi’z P 10} o) ez + D2 By llz 1) (1) dr
<cT sup |0 ()|, sup 1) e,
[0, T] [0, T]
Collecting all these bounds we get (3.21).
ProrosITION 3.7. — If k=s—1/2eZ with k=3 then

(3.29) sup

[0, T}

where D was defined in (3.21).

<D,

S
Hyy

t
J e e oot v @R+ e302) [0 (¢ dr

0

Proof. — The part of the proof of (3.29) involving the highest deriva-
tives is similar to that used to obtain (3.21) where instead of (2.10) and
(2.12) one needs the group properties and (2.11). The argument for the
lowest derivatives is a straight application of the group properties.

ProposiTION 3.8:

0

(3.30) Y. sup sup

o, p=— o [0, T] Qq,p

X

) :
j e |vPote, v @2+ e, 0) |0 () dr’

0

ScTA+T){(1+T sup || ()71
[0, T]
+sup || o(2) |lug, ¢ sup [|2 () [lazs §
[0,T] [, Tl

where Q, y=1,xIy=[a, a+1]x[B, B+1]. —

Proof. — From Minkowski’s integral inequality and (2.16) it follows
that

o0

(3.31) Y sup sup

% B=—oo [0, T] Qq,p

X

t
J e |vPote,u TH(02 ey 5§)|v|2)(")d"
0

g(lnS)U oo s, dr

T
+J oot =1 @2+ c307) 0] ||, at
0
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T
+j lle™™ 4 0] v||us, o) dt’
0 )

T
+j |‘e_i"Avf_1(0§+c3ﬁf)lv|2”Hgy(,s)dt’}
[4]

=M, +M,+M;+M,.
From (3.2) one has that
(3.32) M, ScT(1+T?) sup || o] e sup |0 () ||ug,
[0, T] [0, T]

and
(3.33) M;=cT(A+T){ sup ||v|lﬂxy(,6, sup EIQYF

+(1 +T3) sup ||o () ”HG sup |v(2) “H
Similarly from (2.19) and (3.2) it is easy to find that
(3.34) M,<cT(1+T5) sup I vl|H4 sup ||v () ”ny

and
(3.35) M ZcT(A+T){ sup H‘D”H6y(r6) sup IEIG] A

+(1 +T3) sup || () ||Hgy sup || v (?) ||H;,1 }
[0, T 0.1

Inserting (3.32)-(3.35) in (3.31) and then using Sobolev’s theorem we
obtain (3.30).

PROPOSITION 3.9:

(3.36) sup
[0, T]

t
j e oot v 7102+, 82) v () dr
0

HS, (%)

ScTA+T){ S“p |2 lssg, o)
X sup “v(t) ”H1 + sup ” v (1) ”H}q} }

Proof. — The proof is similar to that provided in detail for (3.16)
(Proposition 3.4). Hence it will be omitted.

4. PROOF OF THEOREM A

To simplify our exposition we fix s such that s—1/2=keZ. By hypo-
thesis k= 6.
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For ve L® ([0, T]: H*(R?) define
4.1 K}”(U): ” a;;+ 'v ||L;° LfL2 + ” 5’;"’ ”L00 LfL2

+“6k "olle gzt vl gz
4.2) Al (v)= SUP lo @)

y’

HK
4.3) KT(U)”SHP ” v (D) |13, v
(4.4) XT(Z’)_“v”Ly veie 0 v“L,L%L,‘é"+“”|leL%°L°°+||a UHLXL%’Ly
4.5) A (0)= max kT (v)
j=1,..,
and

={veL” ([0, T]: H*(R*) N H3(R*: 2 dx dy))/A () < 0 }.

For u, e H*(R?) N H* (R?: r? dx dy) we denote by @, (v)=u the solution
of the linear IVP

{iatu—ﬁfwu=cl |o[P ot e o " (@243 02) |0 )?
u(x, y, 0)=uy (x, y)
where ve X{={veX/A; (v)<a}
We shall prove that there exists >0 such that if
50:||“oHHiy+”"o||H§éy(r2)<6

then there exist T>0 and a>0 [with T=T(§,) - oo as &, — 0] such that
if ve X% then u=® (v)e X4 and

@ X2 X4

is a contraction. For this purpose we rely on the integral equation version
of (4.6) to write

@4.7) ®, (v)=e"%u,

4.6)

t
+J SO (¢ |0 vt eyo 1 (@4 c; )| 0P (1) dr
0

Thus combining (2.3), (3.5) and Sobolev’s theorem we find that
4.8) A (@, (@) =85+ ¢ T (A3 () + ¢ A (v) (M (2)).
Similarly, from the group properties and (3. 15) it follows that
4.9) A3 (@, @) <85+ T (A3 (0))° + A (0) (M) (v)%,
from (3.16)
(4.10) A3 (@, @) =8, +c T (A (@)* 1] () + ¢ T>(A] (2))°
and from (2.13), (3.17)
(.11 (@, @) =c(1+T?) 8+ T(1+T) { (A (@)*+ (A (2))* A (v) }.
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Thus (4.8)-(4.11) yield the inequality

4.12) Ar(@,, (@) Sc(1+ T2)8,+c(1+T? (Ar (0))3.
Choosing a=2c¢(1+T?) 3§, with T satisfying
(4.13) 83 (14T2)?82<1/2.

The same argument shows that
@.14) Ap(@,y ()~ D, @) Sc(1+T?) { (Ar (0))* + (A7 ())* } A (v =),
and that for T,e(0, T)
(4.15)  Agy (®,,(0) = Oz @) S c(1+TH) [[|uo— o] 3

+e(1+T3) { (A, @)+ (Ag, @)* } Ag, (v —2)

when ||| u —uo ||| =] 4o — 1o |lus, + |40 — tio||3, 2 is sufficiently small.

Therefore @, (X7) = X4 for a and T as above and @, |x4 is a contraction.
Thus there exists a unique u e X§ such that ®, (u)=u, i.e.

(4.16) u(t)=e"%u,

T
+J % (e, |uPutcyut =1 (92 +c;0) |ul?) (2)dr'.
0

Inserting the argument used for (4.8) in (4.16) we obtain that

M @) S M (@ ug) +¢ T (M )+ ¢ AT () (MF ().

Since A] (€% uy)=o0(1) as T— 0 by (4.13) it follows that L] (x)—o(1)
as T—0.

Combining this result with the arguments in (4.9)-(4.10) and the inte-
gral equation (4. 16) we conclude that

ueC ([0, T]: H*(R?) N H?(R?: r* dx dy)).
Now using the continuity properties is not hard to extend the uniqueness

result to the class X; N C ([0, T]: H*(R*) N\ H?(R?:r?dxdy)) (see [22]).
This observation completes the proof of Theorem A.

5. PROOF OF THEOREM B

As in Theorem A we fix s satisfying s—1/2=keZ with k=12. Tt will
be clear from our proof below that this does not represent a loss of
generality.

For ve L ([0, T]: H*(R?)) define

T 12
(5.1) ol= sup sup (J J J | 0% ,v(x, ¥, t)|2dxdydt> ,
o JigJi,

kZ|y|Sk+1 o, BeZ
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(5.2) ® (0) = sup [|v(1) [|us,.
[0, T]
(5.3) o3 (v)= sup ||v(¢) ||Hgy 5y
[0, T]
G4 ol@= Y Y sup sup |aL,0(x 1)
[Y]1=£1 a,B=—0 [0, T a,BeZ
(5.5) Qr(v)= max o] (v)
i=t1,..., 4
and

Zy={veL® ([0, T]: H*(R?) N H® (R*: r* dx dy))/Q; (v) < o0 }.

For uye H*(R*) N H®(R?):r%dx dy) we denote by ¥, (v)=u the sol-
ution of the IVP

(5.6) {i6,u—Au=c1]v[2v+czvf_1(6ﬁ+6§)]v|2
u(x, Y, 0)=u0(x9 y)

where veZi = {ve Z/Qr (v)<a ).
It will be established that there exists >0 such that if

8= | o s, + [l 4o |lsse, o) <5

then there exist £>0 and a>0 [with T(§,) > 0 as 8y — 0] such that if
veZy then u=Y¥, (v)eZj and

Y. 7470

is a contraction. As in the proof of Theorem A we rely on the integral
form p (5.6)

(5.7 Y, (0)=e"u,

t
+J ei(‘_")A(clIv|2v+czv,}f—1(6i+c38§)|v|2)(t')dt'
0

from (2.10) and (3.21) it follows that
(5.8) 01 (¥, (@) Scdp+cT (03 (2))* + ol (0) (0 ()*+ ¢ TV (0] (v)*.
Similarly, from the group properties and (3.29)
(5.9) 0l (¥, @)=+ T (0] (2))* +cof (v) (@ () +c T2 (0l (v))?,
from (3.6)
(5.10) 03 (¥,,@)=cdo+cT(1+ T { (0] ()% 0} () + (@] (v)*}
and from (2.16) and (3. 30)
(5.11) ml(‘l’uo(v))§c(1 +T%)8,+cT(1+T5)
* {(1+T) (03 (9))* + (0} (2))* 0} (v) }.
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Collecting the information in (5.8)-(5.11) and using the notation in
(5.5) one finds that

5.12) Q(¥,,()=c(l +T3)8,+c(1+T8)(Q; (v)>.

Once that the estimate (5.12) has been established the rest of the proof
of Theorem B follows an argument similar to that used for Theorem A.
Hence it will be omitted.
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