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ABsTRACT. — Given any constant C>0, we show that there exists
smooth bounded nonstarshaped domains U in RN (N=5), such that the
problem

—Ay=yN+2/N=-2) U,
2y U) u=0 on dU,
u>0 inU,

has no solution u, whose energy, J |Vul?, is less than C.
u

Key words : Elliptic equations, concentration compactness principle, critical Sobolev
exponents, moving plane principle.

ResuMme. — Etant donnée une constante C>0 arbitraire, nous montrons
qu’il existe des ouverts bornés réguliers non étoilés U de RN (N = 5), tels
que le probléme

—Au=yN*DN=2 daps U,
2y U) u=0 sur JU,
u>0 dans U,

ne posséde pas de solution u, dont I’énergie, j| Vu|? est plus petite que C.
18]

Classification A.M.S. : 35A99, 3560, 35B40, 35B45.
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244 A. CARPIO RODRIGUEZ, M. COMTE AND R. LEWANDOWSK]I
INTRODUCTION

Let U be any smooth open bounded domain in RN. For N5, consider
the problem:

—Au=u* inU,
24y U) u=0 onJU,
u>0 inU,

where p=

2 ...
5 is the critical Sobolev exponent.

It is well-known that if U is starshaped, 2y (U) has no solution [P] and
if U has a nontrivial topology, Bahri and Coron [B.C] have shown that
2y (U) has a solution. On the other hand, Dancer [D,] and independently
Ding [D,], were able to construct a contractible domain D, such that
2 (D) has a solution. '

Then, the question arises whether there exists an open domain U,
smooth, bounded and not starshaped, with a trivial topology, on which
2y (U) has no solution.

We define the energy Ey (v), where ve HJ (U) as follows:

EU(v)=f Vo],

We shall denote by S the Sobolev constant,

S= inf j [Vul,
ueHy (U, |lullp+1=1 JU
which does not depend on the choice of the domain U.
The main results of our paper are the following:

THEOREM 1. — Let m be any real number strictly less than SN'*. Then
there exists a bounded domain €% which is not starshaped such that
Py (€L) has no solution whose energy is less than 2 SN? — .

THEOREM 2. — Assume SSNZ8. Then for any constant C>SN?, there
exists a bounded domain €. which is not starshaped such that P (€%)
has no solution whose energy is less than C.

These theorems call for a remark. We construct a nonstarshaped domain
such that our problem has no solution with a prescribed bound for the
energy. We believe the result to be true without the energy constraint.
Also, the statement of Theorem 2 contains a technical condition on the
dimension. This condition is used in estimates concerning the interaction
terms (see Appendix B and [B]). We believe the result to be true for all
dimensions, even in dimensions four and three.

This paper is divided in two parts. In the first part, we construct an
explicit sequence of open sets ., which are not starshaped and converge
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to the unit ball of RN. Using the method of “moving planes” of Alexan-
droff, in the same way as in [S], in [G.N.N] and in [HB.N], we give some
geometrical properties of any solution of 2 (£2,). In the second part, we
suppose that 2y (£2,) has a solution u, which satisfies Eq_(#,) <C, C being
a given constant. We use the concentration compactness principle introdu-
ced in [P.L.L] to study the behavior of u,. By the generalization of the
method developed in [R.L], we analyze the location of the concentration
points of u,, when & goes to zero. Finally, a connection between the
geometrical part and the concentration points is displaid. A contradiction
comes out from those facts. Our €% is chosen to be ., for ¢ small
enough.

I. GEOMETRICAL PROPERTIES OF THE SOLUTIONS

A. Construction of Q,

We set:
RY={x=(x",xy), xneR, X' e RN "1 },
B will denote the open unit ball in RN and we consider the points P=(0, 1)
and M, =(0, p), where p< —1 is a fixed constant. For ¢>0, B(P,¢) is the
ball centered at P with radiuse (which is going to be small), C, is the
closed cone with vertex M, consisting of all those rays which intersect the
sphere 0B (P, €) in other words:
< &en—p) }

Cez{(x,3 -xN): 1 —p

Then, / being a fixed constant in ]0, 1[, we define the required Q, as
follows:

xl

Q,=B\(C.,N {xeRN,xy21}).

For each ¢ small enough, Q. has a trivial topology, is not starshaped
and not conformal to a starshaped domain. By smoothing the corners,
we may work as if Q. were a smooth domain without changing the nature
of our arguments.

The picture of a projection of €.

Vol. 9, n® 3-1992.



246 A. CARPIO RODRIGUEZ, M. COMTE AND R. LEWANDOWSKI
B. The moving planes principle

In what follows, we suppose that 2 (€2,) has a solution, denoted by u.
The classical results of regularity [B.K] say that ueC»*(Q,). Next we
have:

LEMMA 2. — Let x,€Q, be such that:
u(xo)=|| [ =,
then:
Xoe{xnS0}NQ,

We postpone the proof of this lemma until the end of this section. We
start by introducing some notations. Let A be any nonnegative real number.
Then we denote:

T,= { XN=2A },
=0, N{xxy>r},
X, =(x",2h—xy), where x=(x", xy),
x* is the reflection of x across T,
A={ke[0, (1=’ [[VxeZ* u(x)Lu(x*) and aa—u(x)<0}.

XN

LeMMA 3. — Let A be defined as above. Then we have:

A+
Proof. — By the Hopf Lemma [G.N.N], it follows that:

9 10 onan,\ B,
Oxyn

and by the Serrin Lemma:
VAedBNC,N{xy20},
either
EaxiN(A)<0 or %(A)=O, ZzTg(A)<O.
'l;lhen, for all points A of BN C, N {xy=0 }, there is some €(A)>0 such
that:

9 0 inB(AE(A)NQ,
Oxn
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On the other hand, by compactness there is a finite number of points
A, ...,A,in BBNC, N {xxy20} such that:

BAC,N {320} € U B(A,a(AY).
k=1
We set:
B,=B(A,,e(A)) NQ,.
Consider k and j such that B, (M B;# J. We define:
re, j=Max {d(x,0BNC,N {xy20}), xeB, N B;},

8d=Min {r, ;k,j such that B, N\ B;# ¥ }.

Then, it is easy to verify that:

1- §eA,
2

which proves the lemma.
Now, let A e A and xeZ*. We set:
v (x)=u(x"),
wy, (X)=7v(x) —u(x).
PropoSITION 4. — If w, 0 in Z*, then:
w,>0 in X,
and
ou <0 onT,NQ,.
XN
Proof. — Let ¢(x) be defined by:
P (x) —uP (x)
v(x)—u(x) ,
Since v still satisfies: —Av=17f in X*, and we have: chosen A in A, w,
satisfies:

c(x)=—

—Aw,+c(x)w, =0 inX*,
w, 20 in I},
w,=0 onT,NQ.
The function c(x) is clearly a continuous function. Consequently by the
strong maximum principle, we obtain the fact that: w, >0 in X*. On the

other hand, again by the Hopf Lemma, we see that: % >0in T, N Q..
XN

Vol. 9, n° 3-1992.



248 A. CARPIO RODRIGUEZ, M. COMTE AND R. LEWANDOWSKI

Since the following equality holds:

Owy _ o Ou
dxn xy
the result follows.
COROLLARY 5. — Let AeA, such that A>0. Then with the notations

introduced above, w, >0 in T*.

Proof.- — According to Proposition 4, it suffices to show that there

exists a point y, € =* such that: w, (yo) #0. Let x, € X" be a sequence which
converges to some point x € Q.. Because A >0, x* ¢ 6Q.. Then, it is obvious
that: u(x*)>0. On the other hand:

u(x,) —>u(x)=0,

n—

u (Xt —u (x*)>0.

n = 0

This shows that for » large enough, w, (x,)>0.
We consider now:

p=inf A
In order to prove Lemma 2, we have to establish that p=0. We start with:
LemMA 6. — Let p be defined as above. Then peA.
Proof. — By definition, >0 and there exists a sequence A, such that:

A — 1, Ae>0, AeA.

k—> o

Let x be any point in X*. Then clearly, there is k, such that, Vk>=k,,
xe XM, It follows that:

0
M (x)<0 and u (%) <u (xM).

Oxy

Clearly, passing to the limit: u(x) <u(x"), and the lemma is proved.

We are now ready to prove Lemma?2. Arguing by contradiction, we
suppose that p#0. Then there is a non decreasing sequence p, of strictly
positive reals, a sequence of points x, € Z*x such that

u(x;) > u (xi¥),
U, — L.

k =

Let x be a limit point (passing to subsequence) of x,. Then, xeZ*, and
consequently by Lemma 6,

u(x)Su(xh).
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It follows that:
u(x)=u(x").
Then, by Lemma 6 and Corollary 5 of Proposition 4, we have necessarily:
xeT,.

On the other hand, for every integer k, there exists &, on the line segment
[x;, x*] such that:

(o) —u(d®)  u
2((xn— 1) Oxy
According to Proposition 4 and Lemma 6,

(&)

ko, Vkzk,, %‘(&»«x
N

and consequently:
Vhkzky u(x,)<u(xix).

This is a contradiction, showing that p=0, and Lemma 2 is proved.

Applying the technique of the moving plane in all directions, one is led
to:

THEOREM 7. — There exists a compact set K = BN\ {xx<0}, which does
not depend on €, such that for all €>0, for all solutions u of Py (L2,):

VxeQ, such that Vu(x)=0, thenxekK.

In order words, all critical points of the solution u of the problem
Py (,) are contained in a compact set K, which does not depend on ¢,
and which lies in the lower half ball. For the proof, apply the same
procedure as in Lemma 2, but in all possible directions.

II. AN APPLICATION OF THE CONCENTRATION
COMPACTNESS PRINCIPLE

We are now in position to prove Theorems 1 and 2. We shall suppose
that 2y (L2,) has a solution u,, whose energy is bounded by a constant C
which does not depend one. From the facts that

B\{X:(O,XN), léxNél}

has the same capacity as B and that 2 (B) has no solution by Pohozaev’s
identity, it follows that the sequence u,, extended to B by zero outside Q,,
converges weakly to zero in H} (B). Arguing as in the first part of [R.L],

Vol. 9, n® 3-1992.
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which relies on the work of P.L. Lions, it is easily seen that:

j=k
daj,a,, .. .,4€B, suchthat|Vu|[*—S¥2 3} 3,
£e—>0 i=1

where 3, is the Dirac mass at a;, and the convergence is the weak
convergence of measures. We shall say that g; is a concentration point of

u,. We start with a uniform convergence result:

TueoreM 8. — Let K be any compact subset of B, which does not contain
the points a;, j=1, . . ., k. Then, the sequence u, converges uniformly to zero
on the compact K.

Proof. — This is a direct application of Theorem A.2, proved in
Appendix A, which is in the same spirit as the regularity result of Brezis-
Kato [B.K].

From the equation satisfied by u,, it follows that:

j=k
2% N/2
U, —>S jgl 6xj’

e~ 0

where 2*=p+1= ﬂ

N-2

Let K’ be an other compact subset which strictly contains K and does
not contain the points a;. From (1) it follows that:

*
u?’ —0.
K’ e~ 0

Then apply Theorem A .2 with a,=u?P 1.
A direct and basic consequence of Theorem 8 combined with Theorem 7
can be stated as follows:

ProrosiTioN 9. — Let K be the compact set introduced in Theorem 8.
Then all the concentration points of the sequence u, are contained in K.
We now set;

o )\'(N —2)/2

d(a,N)= 2| x—a Py

where ¢, is such that:
—A3(a,N)=38(a, M)’

We denote by P.8(a,\) the orthogonal projection onto H(Q,) of the
functions 8 (a, A); that is the unique solution of the problem:

{ —AP,d(a,\)=—Ad(a,\) inQ,
P.6(a,A)=0 o0noQ,.

Annales de I'Institut Henri Poincaré - Analyse non linéaire



A NON EXISTENCE RESULT 251

The following statement describes the decomposition of the function u,
in terms of the functions P,8(a,\). This result is now classical in the
context of the critical Sobolev exponent, and the reader can consult [B]
and [B.C]. Here, the assumption on the bound of the energy of u, is
essential.

THEOREM 10. — There exists an integer k', a sequence (ay ., . ..,a; )
included in (Q)*, a sequence (A ., ..., N ) in RY, a sequence v, in
H} (Q,), whose norm in H} (Q,) goes to zero as € — 0 such that:

(1) k'=k (see Theorem 8),

(i) Vi=1,...,k', 3j; such that a; .—a;;

e—>0
i=k'

(i) u,= Y P,8(a; oMy o)t og
i=1

(v) Vi=1,... k"

C.3@0h, )= e elid o) (Fllohid )
a
v) Vi=1,...,k"

)"i, € d(ai, I3 aQe) —> 00,

=0

(vi) Vi#j:

A ' -1
8i,j=<ﬁ SR S R N o (N > —0.
A i€ }"i, £ e~ 0

In (iv), the expressions in the parenthesis denote the scalar product in
the space H} (Q,).

Assume first that Eq_(1,)<2S"?—n, n being as in Theorem 1. Then,
arguing as in [R.L], using Theorems 7 and Proposition9, we find that
k=k'=1. Then, we obtain a contradiction between Proposition 9 and
Lemma 10 in [R.L], which states that d(a, ,,Q,)—0 as €¢—0, and
Theorem 1 is proved.

To conclude, the generalization of the techniques used in [R.L] leads to

the following:

ProrosiTiON 11. — Assume SSN<=8. Then there exists an index iy, a
Sequence €, which goes to zero as n— + oo, such that the sequence
d(a,,,,Q,) >0 as n— +co. In other words the sequence a;, . cannot
converge to a point of the compact set K.

The proof of this proposition, which is rather technical, is given in

Appendix B.

Vol. 9, n® 3-1992.
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The contradiction between Proposition11 and Proposition 9 is now
clear, and shows that for & small enough, the problem £y (£,) cannot
have a solution, which is the claim of Theorem 2.
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APPENDIX A

Let Q be a smooth bounded domain in RY. We consider a function
a(x) in the space L2 (Q) and we denote by P, the problem:

p —Au=a(x)u in Q,
¢ u=0 on dQ.
We recall the following result due to Brezis and Kato [B.K]:

THEOREM A . 1. — Let ue Hy(Q) be any solution of P,. Then for all t=1,
wis in L' (Q).

Let a,>0 be a sequence in the space LN'?(Q), a compact subset K of
Q, such that:

j‘as’/z(x)dan, ase — 0. (A1)
K
We have:

THEOREM A.2. — Let u,e Hy(Q) solution of P, such that the sequence
(u,) converges weakly to 0 in Hy(Q), and u,>0. Then for every compact
subset K’ of int K and for all real number t=1 we have:

j u, >0, ase—-0. (A.2)
.

Proof. — Let K’ be a compact subset of int K. We consider a C* cut-
off function ¢, such that:
O=op=1,

¢o=1 onK/,
¢=0 on ON\K.

Let o be any real number greater than 1. By theorem A.1 and the fact
that u, >0, the function @u; belongs to Hj (Q). Hence, it makes sens to

— A
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multiply P, by ¢, which leads to:

J—A(us)q’u;‘:J a,Quitl. (A.3)
K K
By Holder inequality:
J aQutt< ” a, ”LN/2 (K) ” Ut Dy, | ?2+*/12) (a+1) (A.4)
K
where 2* = ﬁ
N-2

On the other hand, by integrating by parts, we obtain:

4o
_A u = V 1/2 u£a+ 1)/2y |2
L (u) @ u; T 1) Ll (¢ )|

a—1 4o
- - | Vu,.Vo.u2— wrl|vel?2. (A5
a+1 Jg ? (a+1)? L Vol (a9
In the same way:
1
fVue.Vm.uZ=—ju§+1(—A¢). (A.6)
K at+1l Jg

On the other hand, by Sobolev inequality,

J I V((pl/z u::a+ 1)/2) IZgS “ (Pl/(a+ l)ugl
K

a+1
(2%/2) (@ + 1)

where S is the Sobolev constant.

Now, using the fact that ¢ is a C* function, combining (A.3) to (A.6),
we see that there exists C (K, K’, o) >0 such that:
lle

1/(a+l)u l
€

at1
(2%/2) (@ + 1)
1/(a+1)
o ugl

<|la. [lv2 &, | @ &2 @rn T CE K, ) j Ut
K
By (A.1), we can choose ¢ small enough such that
1
[l acllve g = 5’

which leads to:

”ue,?;;/lZ)(a+ 1)(KI)§2C(K5 K’, a)f “:H-
K

But we assume that u, converges weakly to 0 in Hg(Q). Hence, if we
choose any a such that:

a<2*—1,

Vol. 9, n® 3-1992.
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we see that:

€

J Wwtt 50, ase—0.
K

This proves that:

“ U H?zt/IZ) @+1y(K)—>0, ase—>0.
2*
Now, taking into account that By >1, we can reiterate the process, and

the proof is complete.

APPENDIX B

We prove in this appendix Proposition 11. We use the notations of part
II, and in particular Theorem 10. These computations, which take into
account the interaction between the singularities, were originally introdu-
ced by Bahri and Coron ([B] and [B.C]), who were the pionneers of those
kinds of arguments.

As in [R.L], we start with an estimate of the Hg (Q,) norm of v,. The
following holds:

LemMA B.1. — We have the estimate:

O(} &)} |Loge; ;|2 +} &), if N=5,

i#j i
|2 [|HE Q)= O(Y & ;| Loge; ;|*+3 | Logg, |72 &l ) if N=6,

i#j i

O () € ;|Loge, ;| +Y gN*D2) if N>6,
i#j i

1
where &; .=

d(a, ,0Q) N\, .

Proof. — In what follows, we do not write systematically the indexe,
and we shall write P, for P,8(q; ,,A; ). We multiply the equation satisfied
by u, whose expression is given by (iii) in Theorem 10, by v and obtain,
taking into account (iv):

J|Vv|2=j(z P 5,400, B.1)

On the other hand, we have:
¢ P&+oyP=( P8)*+p( P v
+0(|o|)+ (X P8P 2Inf{ (¥ P8)%e?},

Annales de I'Institut Henri Poincaré - Analyse non linéaire
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which leads to:
J(Z P5i+v)Pv=J(Z P5i)pv+pj(z P3)r 122
+0<j[v|p+l+J(z P o) Inf{ (Y P5,~)2,vz}v>. ®.2)

On the other hand, we know by [B] that there exists a constant p, which
just depends on the dimension, such that:

ijVv|2§Jle|2—pZ Jag"‘vz. (B.3)
We now combine (B. 1), (B.2) and (B.3) a'nd obtain:
pJ|Vv|2§J(ZP8i)"v—pZ fﬁf_1v2+pj(z Poy-1 o
+O<IIU|PH+f(Z. P5) " Inf { (3 Pﬁi)z,vz}v). (B.4)

We now study each of the terms appearing in (B.4). Using the usual
expansion, we have:

‘[(Z PSi)pv=f(ZP85)v+0<Z fPSf"‘Inf(PSi,PSj)v). (B.5)

i#j
We set:
©;=93,— P35,

JE{’v=J‘VP6in=O,
JP5€v=0<J¢i85'lv>. (B.6)

We shall denote by B; the ball centered at a;, whose radius is d;=d(a;, Q).

We have:
J,~=J‘ (Piﬁf’_llvlzj (P,-Sf—llv“‘J\ (piﬁf_lh)l.
Q ) B; Q\Bj

By the Maximum Principle:
050,28, and  ||gfle=O0EN 242N,

By orthogonality,

then:

Vol. 9, n° 3-1992.
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so that, as in [R.L], we obtain:

o)) if N=5,
jwisr-1|v|= o(Logt,PPeh) it N=6,  (B.7)
o 0 EN*D2) T if N>6.

We look at the interaction term:

B

y JPS?“Inf(PSi,PSj)v

i#j

which is less than

L |PaTIPY,|] =0<||vl| )y {JPS?I)—U(;:H»/P Ps(jpn)/p}”/(”l))
i# i#j
But for any strictly positive real number a, we clearly have:

P&y <2*3;,

(use the inequality satisfied by ¢;) and by [B], we know that:

PP +1)
8P~ (p+ DIp §(p+ 1)ip

— N+2)(N-2)6)/4 N N+2)(N-2)0)/4N
=0 (BT DN-208N | Logg,  [NFDN-20/4N)

where 6=min ((p—l)(p+1)’p+1

>, which leads to:
p p

Y |P&r-'Inf(P5,P35) v

i%j
= 0(“ v ” 82(Y3{+2)(N—2)0)/4N | Loge; jl((N+z) (N-2)08)/4 N)' (B.8)

On the other hand:
pJ(Z PSE)""v2=pJ(ZP8€"1)v2
+ O{J(z P&’ 2Inf(P3;,PJ)) v? } (B.9)

Expanding P 3?1, we have:

jPS,P“v2=J8f‘1v2+0(j55—2¢i02>-

Annales de UInstitut Henri Poincaré - Analyse non linéaire



A NON EXISTENCE RESULT 257

Looking at (B.4), we know that the term fﬁf’ ~12? vanishes. On the other

hand, by Sobolev and Hoélder inequalities, we have:

Jvalp_z 9,0

— 2 (p+1)/(p—1) SUp—2) (p+ 1)/(p—1) (p—1)/(p+1)
=04|7] ®; ) . (B.10)

and it is easy to check that

(p—D/(p+1)
f-= (p(_p+1)/(p—1) Sp=2)(p+ (P~ 1)
1 1 1

is a quantity which goes to zero as € goes to zero. It remains the term:
J(Z P§)r 2 Inf{ Q. P& o? } v

=j D pa,.)v|v|+f 5 Po)2 |0}
(ZP&= v} {;Pﬁiélvl}

i i

=0([olP* +[[o[P)- ®B.1D)

Combining (B.1),...,(B.6), (B.8),...,(B.11) we obtain the fact that
there exist two constants C,; and C,, which do not depend on € such that:

ell(e+X fim Collo ™72 = Ca oD

<Y I+ O (N INN-2)| Loge, ,[N+D0/2),
i

and there exists » >0 such that for & small enough,

P2 fim Cilo TP =Co 0]z,

which concludes the proof of Lemma B. 1.
In order to prove Proposition 11, we establish:

LEmMA B.2. — Suppose SSNX8. Then there exist a sequence &, which
goes to zero as n — + oo, and an index iy such that d(a;, ., 0Q,) goes to
zero as n — + co.
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Proof. — As in lemma B.1, we shall not write the indexs. We start
with the equation satisfied by v, always using the same expansions:

—Av=p}, ;87"
+0 (| QP+ 9287 2+|v|P+ Y, P8P Inf(P3,, P3))

i#j

~0 (Y P& Inf(s,P3)). (B.12)

oPd
Given an index k, we multiply (B.12) by

¥ and integrate over Q.

Taking into account the relations of orthogonality, we get:

U 6P6

aPa aPs
<C 9,571 -k
{‘jl;k
S o260 2aPés J‘ |p6P6k
i#k
+y JPS{’“Inf(PS,-,PBj)aPS"
i%j oA

6P8

2

where C is a positive constant. We recall some of the estimates of [R.L}]:

_,0P§,  C N-1 1
J@kﬁﬁ l_aTIS e i H(ak,ak)+0< x >+0<F>’ (B.14)

k k

fPS" ! Inf (v, P §;

}, (B.13)

where Cy is a constant- which just depends on N, H is the regular part of
the Green’s function, solution of the problem:

—AH(x,.)=0 inQ,
H(x,y)= _ on 0Q.

‘x__yln—Z

[otar+28 (4
oA N ) ~ (B.15)
aPB (N-2)2
[ (Ha}
1aP5 (N-272
Jiop e 2= ”,,a =)
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We now study the interaction terms. From [B], we have:

P&
gpmL "k
f(p’ Yoo

1 1 4/(N+2) 1
_. X_k o { AN=2/2 ) (N- 2)2/2 (N+2)) <8i, k + A BT ) (- (B.15)

Both terms
aPs
2opm2—_k
U ? on

oP3,

O\

oA

and U(pg’@

are controled by J‘(p,'S,P -t

oP 3,

We turn to j P87 ' Inf(P5, P& ) . We have:

por- P8 [ [5pi5 (20, 00
oA 67» oA
We start with JS{" ! 81-%. We may write Q=B; U B; U (B{ N BY). Then:

jsg’-lsj?ﬁs

A"

x|l o |

+1 ” d; ||L°° (aBj)J; dp= 1 (p+1)/p
i

_ a(Pk f
+|| 8?7 o d;
11877 [l sy o |l o,
J¢
H18 7 ool B ey | |

=0 { g NPT (1) +ATNDY S ZAJ N2+13 (B 16)

In the same way, we write: Q=B; U B; U B, U (Bf N Bj M By). As in the
previous estimate, we get:

Jﬁp 15 66 _0{)\’ (N/Z))\' (N/2)+10(1)+}\‘( N)/Z)b 2)\' (N/2)+1} (Bl’])
Yo
. _ 0P 5, L
We are left with the term | | P87~ ! Inf (v, PB,)W , which is less than

cfo-fs

>
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C being a positive constant. By Holder inequality:

Jsp_1|v| P8, <l ”{jsg(rm"“”/” ag:k (p+1)/p}p/<p+n7
and
§(p= 1 (p+1))/p Oy | 7T DP
' o

=0{ Ay N @EON2P o (1)), N@TDY2p) -2 (p+ i},
On the other hand,

0%, 6
P
so that:
53 (pt1)/p 1 _
5((p 1) (p+1))/p < S{p— D (p+1)/p §lp+1)/p
o =t | k '

Using again the estimates of [B], we obtain:

J 8P8

=o{|1v||<x§/20(1)+x§/2 A2
1

N+2)(N—-2)6)/4N N+2)(N-2)6)/4N
+ g FDN-DOAN| ] oo g [(N+2)N=2)0) )} (B.18)

k

Given ¢ small enough, there exists k&, such that:

M, e = mf X

Then there exist a fixed index k, and a sequence ¢, which goes to zero as
n goes to infinity, such that k,=k, . Multiplying (B.13) by &kNO_ ! combin-
ing Lemma B.1, (B.14),...,(B.18), we get:
d?o t:l,, ‘ H (ako, €p> ako s,,) l
<o (1) +0 (“ v ” lN 2 8(179 (N=2))/(2(p+1))
(Log & j)(pﬁ (N=2)/2(p+1) 4 “ v “ )LI’:ZZ 0 (1))’
for all N> 5. Taking into account the estimate of ||v||, we shall need some

restrictions over the dimension, in order to obtain a o(1) in the second

term of this last inequality. For N=35, 6, it is easy. If N>6, we must
have:

AT EC,
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by the choice of the index k, (C is any positive constant). This is satisfied
when N <8. In this case, we have:

dN_l IH (ako, &n° akg,e,,) I = 0(1)

ko, &n
But, by the maximum principle, there exists a strictly positive constant p,
such that:

l H (ako, &> ako, e,,) l > P,

then 4y, ., goes to zero as n goes to infinity, which is a contradiction with
the fact that the points g, . should stay in the compact K, and the proof
is complete.
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