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ABSTRACT. — We show that the functional
T T
I(x)=j g, x() dt+J‘ h(t, x' (8))dt
] (o]
attains a minimum under the condition that g be concave in x.
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ResumE. — Nous montrons que le fonctionnel
T T
I(x) =j gt x()dt+ f h(t, x' (1)) dt
] . 0

atteint le minimum sous la condition de concavité sur g.
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98 A. CELLINA AND G. COLOMBO
INTRODUCTION

We consider the problem of the existence of the minimum for the
integral functional I (x):

T T
I(x)=f gt x(1) dt+f h(t, x' (1)) dt
0 0
on the set of functions x belonging to W7 ([0, T], R"), p = 1 and satis-
fying: x(0)=a, x(T)=b; x'(1)e®(7) a.e. on [0, T]. The set-valued map
®: [0, T] - 2% is measurable with non-empty, closed (not necessarily
bounded nor convex) values, and each of the functions g and 4 satisfies
Carathéodory conditions. Our purpose is to show that, for the existence
of the minimum, Tonelli’s assumption of convexity of 4 with respect to x’
can be replaced by the condition of concavity of g with respect to x, all
other requirements (e. g. growth conditions) being the same. In particular,
we do not impose any regularity on g, 4 and h**. Notice that the subset
of W7 on which the minimum is seeked is not weakly closed, due to the
lack of convexity of the values of ®.

The' problem of avoiding convexity has been considered by: Aubert-
Tahraoui [A-T1] and Marecellini [M1] with g = 0 and ® = R'; with g linear
and on a control theory setting, by Olech [O] and Cesari [Cel]; under
different conditions on g and 4 and with ® = R*, by Aubert-Tahraoui [A-
T1] and Marcellini [M1] (see also the references in [M2] and in [Ce2]). In
addition, necessary and sufficient conditions for the existence of minima
were given by Ekeland [E] and Raymond [R], under regularity assumptions
for the integrands. Our theorem neither contains nor is contained in either
Theorem 2 of [M1] or in the results of [A-T1], which concern the case
n=1, while it generalizes Theorem 16.7.i of Cesari [Ce2]. Our main tool
is Liapunov’s theorem on the range of vector measures as presented in
the book of Cesari (§16).

ASSUMPTIONS AND PRELIMINARY RESULTS

We shall assume the following hypothesis.

HyrotHesis (H). — The set-valued map @: [0, T] - 2%" is measurable
[C-V] with non-empty closed values. In addition we assume that there
exists at least one veLlP”([0, T], R") such that »()e®(f) a.e. and

T
j v(f)dt=b—a.
0

The map g: [0, T] X R* - R is such that

(g,) t—-g(t, x)is measurable for each x;
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CALCULUS OF VARIATIONS WITHOUT CONVEXITY ASSUMPTIONS 99

(g,) x—g(, x) is continuous for a.e. ¢;

(g;) x—g(, x) is concave for a.e. t.

Moreover there exist a constant y,; and a function y,eL’, such that
(8s) g, x)2—71, ]xl”—yz ().

The map 4: [0, T] X R* - R is such that

(h;) t- h(z, x") is measurable for each x;

(h,) x" > h(t, x') is continuous for a.e. ¢.

Moreover:

(hy) if p=1, there exist: a convex lower semicontinuous monotonic
function Y : R* — R and a function &, (.) in L such that

h(t, x) 2 V(X" ) =& (1)

xl

and

lim Mr—)=+oo.

r-o I

If p>1, there exist: a positive constant &, and a function &;(.) in

L! such that A(t, x') 2 &, |x' [P~ &, (?) and v,/, is strictly smaller than

the best Sobolev constant in Wi'? ([0, T]). W

We list some notations and preliminary results. The closed unit ball of
R" is B={xeR": |x| < 1}. The characteristic function of a set E is yg(.).
Let (X, d) be a metric space and F: X - 28" be a map from X into the
nonempty compact subsets of R”: F is called upper semicontinuous on X
if, for every xeX and for every € > 0, there exists 8=20(x, €) such that
d(x,y)<d=>F(@) g B(F(x),g). A set-valued map F whose graph is
closed and whose values are all contained in a compact set is upper
semicontinuous. We also set | F (x)||=max {| y|: yeF (x)}.

Let f**(¢, x) be the bipolar of the function x — f (¢, x). We have the
following

ProposiTioN 1 ([E-T] Prop. 1.4.1; Lemma I1X.3.3; Prop. IX.3.1). — (a)
[** (2, x) is the largest convex (in x) function not larger than f (t, x).
(b) Under the growth assumption (h;) on f

n+1 n+1 n+1

S** (¢, x)=min { Zi Mf(, &) x= Zi MG A 20 Z,- 7"1':1}-

(c) Let x'(.) be measurable. Then there exist measurable p;: 1 — [0, 1]
and measurable v;: 1 - R", i=1, ..., n+1, such that:

Lr@=1  XO= p@Ov@®; [ O)=Tp@) ] 00)).

The following properties of the subdifferential of a convex function
([E-T], § 1.5.1) will be used later.

Vol. 7, n® 2-1990.



100 A. CELLINA AND G. COLOMBO

LemMa 1. — Let f: [0, T] X R* - R satisfy
() f(t, x)<k|x|P+b(t) (k>0, beL");
(ii) t — f (¢, x) is measurable for every x;
(iii) x — f (¢, x) is convex and continuous for almost every t.
Then, for any continuous x: [0, T] —» R", the set valued map

10, f (1, x(1)

admits a selection 8(.)e L.

Proof. — (a) We claim that the map ¢ — 0, f (¢, x(?)) is measurable. In
fact, fix A > 0; then | /' (¢, x)| < kA?+b(¢) in [0, T] x AB. By the Corollary
to Proposition 2.2.6 in [C] we have that

|, f (@ 2| < %(k(2A)"+b(t)) fora.e. te[0, T], for all xeAB. (1)

Fix € > 0 and let, by Scorza Dragoni’s theorem, E, [0, T] be closed and
such that: m ([0, TI\E,) < ¢; the restriction of f to E,x AB is continuous
as well as the restriction of b to E,. We prove first that the map
(¢, x) > 0, f (1, x) is upper semicontinuous on E,x AB. Let us show that
it has closed graph. Let (¢, x,) be in E, x AB, (¢,, x,) = (¢, x) and let v, be
in 0, f (¢,, x,), v, = v. From

f(tm xn)_f(tm y) 2 <’U,,, Xp Y >a yeR",
and the continuity of f, we have

(f&0=ft,»)z{vx~y), yeR,
so that ved, f (1, x). By (1) and the boundedness of b on E,, the upper
semicontinuity follows.

Let A be such that |x ()| < A, rel: then the map - 0,(¢, x()) is
upper semicontinuous on E.. An application of Lusin’s theorem for multi-
valued maps yields our claim.

(b) By the theorem of Kuratowski-Ryll Nardzewski (see Theorem II1.6
in [C-V]) there exists a measurable selection 8 () d, (¢, x(#)). We have

B

5 <0, f (t, x| é%lk(ZA)ub(t)

sothatdeL!. MW

MAIN RESULT

THEOREM 1. — Let ®; f: g satisfy hypothesis (H). Then the problem
T
™M) Minimize j

0

g(t, x())dt+ JT h(t, x' () dt

0
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CALCULUS OF VARIATIONS WITHOUT CONVEXITY ASSUMPTIONS 101

on the subset of W' ? of those x (.) satisfying: x(0)=a, x (T)=5b, x' ())e @ (¢)
a.e. in [0, T], admits at least one solution.

Proof. — The argument of the proof goes by showing first that the
relaxed problem has a solution X; then by constructing from x a different
function, a solution to the original problem.

(a) Let us consider the function 44 defined as

ho (1 x)={ + 0 for x¢®(?)
* h(t, x) for xe®(2).

Then Problem (M) is equivalent to minimizing the functional I, with hg
replacing 4, on the functions of W*-? satisfying the boundary conditions.
Set 4° to be h3* and consider the problem

T T
(MR) Minimize J g(t, x (1) dt+f he(t, x' (1) dt

0 0
for x in W7, x(0)=a, x(T)=b. By Proposition 1 and the convexity
(with respect to x") of the functions appearing in (#;), h° satisfies the same
growth condition (#;). Then it is known that problem (MR) has a solution
x. On it, #°(t, X' (1)) < + o0 a.e.; by (b) of Proposition 1, x’ (f) belongs to
co®d(¥) a.e. and, by (c), there exist measurable functions p; and v; such
that

n+1

Y PO (=X (D)
n+1 ' (2)
Y P (D ho (8, v (D)= (1, X' (1).

Let us remark that any v; (¢) can be in the complement of ® (f) on a set E
of positive measure only if p; =0 on it. In this case, we can modify v,
on E by an arbitrary integrable selection from ® without affecting (2).
Hence we can as well assume that o;(f)e®(f) a.e.,, so that
he (2, v;(D))=h(t, v;(?) a.e.

(b) We consider the integrability of a function that will be used in the
remainder of the proof. By Lusin’s theorem there exists a sequence (K);
of disjoint compact subsets of I, and a null set N, such that
I=NU(UK}) and the restriction of each of the maps ¢— h(t, v;(?))

J
to each K; is continuous. Set S,= U K; We claim: Let (E,
JEm
i=1, ..., n+1, be a measurable partition of K; with the property that,
for every j,

I O ACLICEAGY) dt=f Q xej (DR (8, v, (1) dt. (€)

Vol. 7, n® 2-1990.



102 A. CELLINA AND G. COLOMBO

Then the map

o n+1

t —>le Zl,- xe; (D R (1, v;(1)) (O]
belongs to L. As a consequence, since, for p > 1,
|Z Y, (D0, (1) [P= Z 2e; (O v (O P < g; ZxE () (h (1, v,(1) + &5 (1)),
the function Z XE; v; belongs to LP. Analogously for the case p=1. To
prove the clalm remark that on one hand the map ¢ — Z 2 (D) h(t, v; (D)

is integrable since it equals ¢ — /° (1, x’ (£)). On the other hand the sequence
of maps

sm(=3 X xes v () (t, v,(0))+E3 (D)

is monotone non decrjeztsing and

LT 5m (1) dt=j;m j 2 s (0 (h (1, v () + B (D) .
By (3) the right hand sid; equaljs
)y L Y. P (h(t, v, (1) + &5 (1)) dt

j=m j i

= j Tsn O (1, X (D) +E5 () dt

< JT (h° (1, X' () + &5 (D) dt < + 0.

0

Hence
j (2 xgi (2) (A (2, 0, (1)) + &5 () dt
0 i J

= J ! (lims,, (1)) dt=lim J ! s, (f)dt= j ' K, ¥ () +E, () dr. (5)

0 0

(¢) Set &*g(t,x) to be —0,(—g(s x)) and consider the map
t—0%g(t, x(1).

Lemma 1 shows that there exists an integrable function §(.), a selection
from 0% g (¢, x(¢)). Set B(¢) to be

B(r)= f d(s)ds.

Annales de !'Institut Henri Poincaré - Analyse non linéaire



CALCULUS OF VARIATIONS WITHOUT CONVEXITY ASSUMPTIONS 103

Consider the vector measures v; and the scalar measures m;, B; defined,
fori=1, ...,n+1, by

\2 (E)=f v; (1) dt
E
n:(B)= J h(t, v (1)) dt
E
B:(E)= j (v (), B(T)—B(t) ) dt.

Each of them is a vector valued non-atomic measure on [0, T], hence on
every K;. By an extension of Liapunov’s theorem on the range of vector
measures ([Ce] 16.1.v) there exists a measurable partition of each K,
(E);, i=1, ..., n+1, such that

) J ey (D dv; (=) | pi(D)dvi(0); ©)
i JK;j i JKj .

. Xei () d"li(t)=z pi (D) dn; (1); @)
2 J e OB (=2 | pi()dBi(2). ®)

(d) We claim that the function x: I - R" defined as

o n+1

¥ (=%, ¥, 15 000, x(©)=5(0)

is a solution to problem (M).
First, let us remark that almost every ¢ in [0, T] belongs to exactly one

of the Ej., so that, for almost every ¢, x'(f) equals one of the v;(f) and
hence belongs to ® (7). Moreover

hit, X () =h(t, ¥ 1e 0 (0)= ¥ 1y (1 (2, 2, (2).

Hence, by point (b), h (¢, x' (¢)) is integrable whenever (3) holds, and this
follows from the definition of the measures m; and equality (7). Again by
point (b), we have that x'(.)eL?, hence x is in W' ?. Moreover,

0 Ji

x(T)=x(0)+ ZXE§(t)vi(t)dt=§(0)+Zf 2 % (v (D) dt

and, from (6), the last integral equals
T
) f W AGENG dt=f W AGIAOL 2
J Kj i 0o i

Vol. 7. n® 2-1990.



104 A. CELLINA AND G. COLOMBO

so that x (T)=x(T).
We claim now that

J ! K (t, X' () dt= JT h(t, X' (1)) dt )
0 0
and
T T
f gt X (1) dt= j g(t, x (1)) dr. (10)
0 0

Ad (9). Again from the definition of the N, (5) and (7),

IT ke (1, X' (1) de=Y, f LP(Oh(t, v (1) dt
Kj i

0 j

=X X | xeh(, o (0)at

i JK;
=y f h(t, Y xei (1) v; () dt=JT h(t, x' (1)) dt.
i JKj i 0

Ad (10). By the definition of 3(.) in (¢), for every 7 and y, we have (see
[E-T]1§1.5.1)

gty Sgt, xM)+{(3(1), y—x (). (11)
We claim that

JT<8(t),x(l)—§(t)>dt=0. (12)
0

Recalling the definition of B and denoting by u, the /-th component of a
vector u, the above integral can be written as

T n
280 (x ()= X, (D) dt
0 1
=3 JT 8, (1) J t (x} (5)— X} (5)) ds dt
=3 f (x1 ()= X, (5)) (B, (T) — B, (s)) ds

T
= <Z X} () v; (S)_Zpi (9)v;(s), B(T)—B(s) pds

=Y | T 0 @=pis) Coi(s). B~ B(5)) ds
I =0, by (8).

Annales de I'Institut Henri Poincaré - Analyse non linéaire



CALCULUS OF VARIATIONS WITHOUT CONVEXITY ASSUMPTIONS 105

By (11) this proves that

T T
J g(t, x(0)dr < f g(t, X (1) dt. 12)
0 0
Since x is a solution of the problem (MR), by (a) in Proposition 1,
T T T T
J g(t, x(1) dt+J h(t, x'(¢) dt = f g(t, x(0) dt+f K (8, X' (1)) dt.
V] 0 0 0

On the other hand, by (9) and (12), (10) follows. This proves that x is a
solution to the problem (M). W

Remark. — In case g(1, .) is strictly concave for almost every ¢, i.e. if
there exists a selection § from 0*g (¢, x (#)) such that the inequality sign in
(11) is strict for y # x(f), the functions x(#) and x(¢) have to coincide,
otherwise the integral functional would assume on x a value strictly less
than its infimum. Therefore, in this case, every x which is a minimizer for
the relaxed problem (MR) is also a minimizer for the original problem M).
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