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ABSTRACT. — We derive a lower bound for the number of intersection
points of an exact Lagrangian embedding of a compact manifold into its
cotangent bundle with the zero section. To do this the intersection problem
is converted into the problem of finding solutions of a Hamiltonian system
satisfying canonical boundary conditions. The dynamical problem is then
solved by global variational methods on a Hilbert manifold.

Key-words : Lagrangian Intersection theory, symplectic geometry, Hamiltonian systems,
variational methods, strongly indefinite functionals.

RESUME. — Soit M une variété différentiable, compacte et connexe,
T*M — M son fibré cotangent,oc: M — T*M lasectionnulle, p: M — T*M
un plongement lagrangien. Cet article démontre que ¢(M) N o(M) contient
du moins ¢(M) points, ou ¢(M) est la catégorie cohomologique de M.
Dans le cas M = T", tore a n dimensions, ce résultat avait été conjecturé
par Arnold et démontré par M. Chaperon.
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I. INTRODUCTION AND STATEMENT
OF THE MAIN RESULTS

I.1. Lagrangian embeddings and Hamiltonian systems.

Let M be a compact connected differentiable manifold and tf: T*M - M
its cotangent bundle. Denote by s : M — T*M the zero section and let
Z=s(M). On T*M there exists a unique 1-form A, called the Liouville-form,
such that f*A=p for all 1-forms § on M considered as maps M - T*M.
The associated 2-form w=d4 is called the canonical symplectic form on
T*M. An immersion ¢ : M — T*M is called « Lagrangian » if ¢*w = 0.
If ¢* A is exact we call it « exact Lagrangian ».

DerINITION 1. — A Lagrangian embedding ¢ : M — T*M is called
« nice » if

(i) ¢ is exact.

(if) There exists a differentiable map $:[0,11x M — T*M such
that ¢({0} x ) = X, §(1, .) = ¢ and (¢, .) is a Lagrangian embedding
forall te [0,1].

In order to give the statement of the main result we use the notion of
cohomological category.
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LAGRANGIAN EMBEDDINGS 409

DEFINI:rle 2. — The cohomological category of a topological space X,
denoted -by c(X) is the maximal number k such that there exists a ring R
and cohomology classes x,e H"(”(X R), n(j) > 1, for j =1,.. k=1,

such that
xluxz.u LoUXx-1 0.

If there exist arbitrarily long préducts of the above type one puts ¢(X) =
and if X = O one define ¢(X) = 0
The main result is the folowing:

THEOREM 1 — Letop: M - T*M be a nice Lagrangian embedding.
Then ¢(M) N X contains at least (M) points.
Let us state a-theorem' which implies Theorem 1. Denote by

*: 00,17 x T*M - R

a smooth map with compact support and let h¥* = h*(t, .). We introduce
the associated (exact) Hamiltonian vectorfield X, by

ixtCl) = ‘dh;k
and study the time-dependent Hamiltonian system with boundary condi-

tions

(HS) x = X(x), x(0), x(eX.
We have

THEOREM 2. — Let h* be as described above. Then (HS) possesses at
least ¢(M) different solutions.

That Theorem 2 implies Theorem 1 was observed by M. Chaperon,
who proved Theorem 2 for the special case M = T", which has been conjec-
tured by Arnold [2]. The more general statement in Theorem 1 had been
conjectured by M. Chaperon [5]. In order to reduce Theorem 1 to Theo-
rem 2 we need the following lemma due to Chaperon ([5, 0.4.2 Theorem
or (for the case M = T") 6, Lemme 2]).

LemMa. — Let ¢ : M — T*M be a nice Lagrangian embedding. Then
there exists a smooth map h* : [0,1] x T*M — R with compact support,
such that the points in ¢(M) N X are in bijective correspondance to the
solutions of (HS), where X, is the time-dependent Hamiltonian vector-
field associated to h*.

1.2. Sketch of the proof.

Following the ideas of M. Chaperon we reduce Theorem 1 to Theo-
rem 2. The problem to find solutions of (HS) is variational (the well-known
degenerate classical variational principle). In order to give a good varia-
tional formulation fix a Riemannian metric {.,. > on M. Using the cano-
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410 H. HOFER

nical map TM — T*M : x — {x,.) the symplectic structure on T*M
induces oneon TM. Therefore, without loss of generality, we may assume
that x = X,(x) is a Hamiltonian system on TM defined by a smooth map
with compact support, say h: [0,1] x TM — R.

Denote by A the Hilbert manifold consisting of absolutely continuous
- curvesq : [0,1] — M with square-integrable derivatives. Moreover denote
by LA the vector bundle over A consisting of L2-sections along H'-curves.
Let m:LA — A be the canonical projection. Define a Cl-map ¥, :
LA —» Rby

1 ) 1
We(x) = J (g xydt — J h(x(z))dt

0 0
= W(x) — o(x)

where g = nx. The solutions of (HS) are exactly the critical points of ¥,..
o, is a bounded perturbation of . So one might expect that the behaviour
of W, is similar to that of W as far as critical points are concerned. The
first indication that this is true is the fact that ¥ and ¥, satisfy the so-
called Palais-Smale condition. On the other hand ¥ is of class C* and
the linearisation at a critical point has an infinite positive and negative
Morse-index. This implies that passing a critical level one has to attach
infinite-dimensional cells which are invisible from the topological point
of view. Clearly this will cause some difficulties. This difficulty with Morse
theory or more generally with variational techniques for Hamiltonian
systems is of course not new and well-known. One should mention here
that in the framework of convex Hamiltonian systems a Morse theory,
due to L. Ekeland [21], exists, which however cannot be applied in our case.

Now let us have a look at . Its critical points are exactly the constant
maps t —» O,,€ TM, me M, where O,, denotes the zero-element in T, M.
In the following we shall identify M with the zero section in TM and TM
with the constant curves in LA. Define the sets

Si=1{4qlqgeA}
S;={—-qlqgeA}.

¥(S,\M) < (0, + )
P(S*\M) = (— 0, 0)
¥(M) = 0
S,nS, =M.

We have

Moreover ¥(q) - + o and ¥(—gq) » — 0 as jli]lz — + 2. This

shows that we have a « hyperbolic structure ». A feature already clearly
exhibited in the seminal paper by Conley and Zehnder [7], where for
the first time a global problem of symplectic geometry on a manifold was
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LAGRANGIAN EMBEDDINGS 411

solved by means of a classical variational principle in the loop space over
the manifold. This hyperbolic structure will be preserved under the per-
turbation a,. The natural procedure to find critical points of ¥,. would be to
apply the minus-gradient flow (which we assume to exist) LA x R — LA :
(x,t) = x=t to the set S, and to show that the infinite-dimensional
intersection problem S, *t n'S; # O has a solution for every t > 0. Then
the number ¢ given by

+ 0 > ci=lim,, 4, sUp W (S, % 1) > inf W (S;) > — ©

would be a critical level, since the Palais-Smale condition holds. A more
sophisticated procedure, taking into account the size of the intersection,
would give at least ¢(M) critical points.

What we have just described will be in fact the underlying idea of our
procedure. However, there are several underlying difficulties. The study
of the intersection problem S, =t N S; # @ leads to a fixed point problem.
In order to show the existence of fixed points one needs topological tools,
which however are only applicable if some form of compactness is available
in the problem, for example if the fixed point set is compact. Unfortunately,
this cannot be shown. The reason for this is the fact that the gradient of o,
is not small as far as compactness is concerned: the vertical component
of the gradient will not be compact (in local coordinates). To avoid this
difficulty one approximates o, by functionals o, which have in some sense
a compact gradient. This approximation will be carried out in IT11.4 and IV.
Instead of ¥, one studies the functionals ¥, = ¥ — «,. The question of
course is how good is the behaviour of W, described by the behaviour
of the family of functionals (¥,). Here, an abstract critical point theorem
proved in chapter II. (Theorem 3) reduces the study of ¥, essentially to
the study of a single W,. Having this abstract result we apply the procedure
outlined already for W, to the functional ¥, (for some n large). It turns
out that the corresponding intersection problem S, *t NS, # & can be
studied by converting it to a fixed point problem for a fibre-preserving
map in some infinite-dimensional vector-bundle over M, where the maps
in the fibres are compact. Hence the topological machinery is applicable.
In order to carry out the conversion intersection problem « fixed point
problem for a compact map, one derives a representation for the flow
associated to ‘P, which relates it in some sense to the flow of the unperturbed
problem. The representation for the flow and some compactness estimates
will be derived in chapter V. Our procedure shows as in [7] quite clearly,
in fact in contrast to the coercive closed geodesic problem, that for the
variational problems for Hamiltonian systems only the topology of the
underlying manifold itself is reflected in the topology of the critical points.
It also shows that these can be found by studying the gradientflow in relation
to the hyperbolic flow of the unperturbed problem.

Vol. 2, n° 6-1985.



412 H. HOFER

I.3. Concluding remarks.

The first who employed global variational methods to solve global
problems in symplectic geometry were Conley and Zehnder [7], in their
astounding solution of Arnold’s Conjecture on the number of fixed points
for symplectic self-maps of Tori. Their method was adapted by M. Cha-
peron [51], to solve our Theorem 2 for the case M = T" and to prove Theo-
rem 1 for T". Motivated by [7] Weinstein proved Theorem 2 for all compact
manifolds M, requireing however the C!-smallness of h* [/9]. From that
point of view we find in fact not a new phenomenon, but we remove this
smallness-condition imposed by Weinstein. Other related results are
concerned with fixed point theorems for symplectic maps on compact
manifolds. For example, Fortune and Weinstein [/2], show that a sym-
plectic map P"C — P"C homologous to the identity has at least n + 1
fixed points. Floer [/1], recently proved that a symplectic map M - M
homologous to the identity, where M is a compact Kohler manifold with
a vanishing second homotopy group, Abelian Holonomy, and non-posi-
tive sectional curvature, has at least ¢(M) fixed points. Fortune and Wein-
stein extend Conley and Zehnder’s idea and lift the problem into an Eucli-
dean space invariant under symmetries. Then they use different methods
in the spirit of [4] [14-15]. Floer carries out a nonlinear variant of the Lia-
punov-Schmidt reduction. The obtained finite-dimensional problem is
then solved in the spirit of [7].

Now a few remarks concerning the method employed to solve Theo-
rem 2. The first who used the classical variational principle to study Hamil-
tonian systems in the large was P. Rabinowitz [20]. His ideas were later
on abstracted, extended and simplified (see for example [3] [4] [/4] [I5)).
Our approach here is motivated by the results in [3] [I5]. In fact, as in
this papers we attack the variational problem without carrying out a
finite-dimensional reduction, except at the very end where we have to
carry out some reduction—not in the variational problem, but—in the
fixed point problem representing the intersection problem for the sets S,

and S,. This is in contrast to the reductions which have been carried out
in [5]1[7] [11]

II. AN ABSTRACT CRITICAL POINT THEOREM

We shall give an abstract result concerned with the behaviour of a
functional and certain approximations.

DEerINITION 3. — Let (L,(.,.)) be a connected metrically complete
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LAGRANGIAN EMBEDDINGS 413

Hilbert manifold and ¥, e CYL, R). An N-family for W, is a sequence
of maps ¥,: L —» R, neN, such that

(i) ¥,e C*(L,R) for all neN.

(ii) For all sequences (x;) = L,x; — x, and (m) = N, = N U (=0),
m — + o, we have ¥,(x;) - Y(x). Moreover, ¥, (x) =0 implies
1P (x) 1l = 0 and || W, (x| — O implies W, (x) = 0.

(i) If for some sequences (x;) = L, (m,) = N, meiy = 1y, we have
¥ (x|l — 0 and ¥, (x) — 4, then (x,) is precompact.

In the above definition of course W}, denotes the gradient and L is equipped
with the metric dy : L x L — R derived from (., .) in the usual way.

Let (¥,) be a N-family for ¥, and let f : R — R be a smooth map such
that

. B is monotone decreasing (not necessarily strict).

. B(s)=1foralls < 1and f(s) = s~ ! forall s > 2.

We introduce vectorfields G, : L — TL by
Grx) = — B(II'Wax) 1)) .

Clearly the G, are smooth. Since || G,(x)|| < 2 we have global existence
for the corresponding flows ¢, : L x R — L defined by
¢;n,x = Gn((bn,x)’ ¢n,x(0) =X.

In order to simplify the notation we shall write

X # 8 = Py(X, 5).

Denote by CL the set consisting of all closed subsets of L.

DerINITION 4. — The Lyusternik-Schnirelman category on L is a map
cat:L - Np,=N,u{0}
satisfying the following

(i) cat (@) = 0.

(ii) cat(D) = (ke N if there exist k open sets Uy, ..., U, in L, each
contractible to a point in L, such that their union covers D, and D cannot
be covered by a collection of k— 1 contractible (in L) open sets.

(iii) cat (D) = oo if there exists no finite open covering as above.

One calls cat (D) the Lyusternik-Schnirelman category of the set D in L.
We have the following result.

THEOREM 3. — Assume ¥, € CY(L, R) and (¥,) is a N-family for V...
Suppose S; and S, are closed subsets of L such that for some number d € R,
d>0

—d < inf W (Sy) < sup W,S,) < d

Vol. 2, n° 6-1985.



414 H. HOFER

for all ne N. Define maps i, : CL - N, , by (neN)

in(D) = inf, &, cat (D *,t) "' S;)
and assume '
iS))=N>1

for all ne N for some N e N. Then ¥, has at least N critical points with
corresponding every levels in the interval [— d, d].

Index maps like the i, were introduced by Benci [4], and in a weak
form by the author [/4], to overcome the difficulties of the infinite Morse-
index.

Let us collect first some properties of cat and the index maps i,. Let D,
EeCL.

. If D < E then cat (D) < cat (E).
.If H:[0,1] x L -» L is continuous and H(0,.) = Id and H(t, .)

is a homeomorphism for all te [0,1] then cat(H({t} x D)) = cat(D)
forallte [0,1].

. If cat (D) > 2 then D contains infinitely many points.

. If D is compact then cat (D) is finite and there exists an open neigh-
bourhood U of D such that cat (cl(U)) = cat (D).

. If D = E then i,(D) < i(E).

. i (D UE) < iy(D) + cat (E).

. i(D#*,5) =i (D) forall seR™*.

The above properties are trivial consequences of the definitions of cat
and i,.

Now define for ne N and je{1,...,N}.

(1) c{n) = infpecr,iypy=j Sup V(D).
Let us show
(2) —d<ceim<...<cenn<d

for all ne N. If De CL and i,(D) = 1 we infer from the definition of the
category that D n' S, # 0. This implies )

3) sup V(D) > inf¥,(S,) > — d

for all ne N. On the other hand since i,(S,) > N > 1 we conclude forne N
andje{1,...,N}

4) c{n) < sup W,(S,;) < d.

Hence combining (3) and (4) and using the monotonicity of i, we find (2).
Eventually dropping some of the ¥, and making some renumbering we
may assume that lim,. ., c{n) =:c; exists for all je{1,...,N}. Clearly
we must have

(5) —dSClﬁcz...SCNSd.

Annales de I'Institut Henri Poincaré - Analyse non linéaire



LAGRANGIAN EMBEDDINGS 415

We shall show the following

6) If ¢;=...=cjsx for some ke{O0,...,N —1} then the set
Cr={xeLl|¥,(x) =0, ¥,(x) =c;} has at least category k + 1 in L.

In particular this implies that the c; are critical levels for ¥ . Since
the (¥,) are a N-family for ¥, condition (iii) implies that Cr is compact.
Assume cat (Cr) < k. We shall prove (6) by deriving a contradiction. There
exists an open neighbourhood U of Cr such that cat (cl(U))=cat (Cr).
Clearly if Cr = ¢ we have U = ¢. Define

1 -
p= 3 dist (U, Cr)
and
(7 V={xel|dist(x,Cr) < p}
Then cl(V) = U and dist (60U, V) = p.
Next we shall show

(8) There exist ¢g > 0, t > 0, and ny > 1 such that || Wy(x)|| > = for all
xeL\V with W,(x)e [cj—&o, cj+e] provided n>n, or n= + .
Arguing indirectly we find sequences (x,) = L\V, (n.) < N, n, < n., 1,
with .
1r(x) l < =
e
and

1
| Wa,(xe) —¢; 1 < —.
e

By (iii) (x.) is precompact. Hence eventually taking a subsequence we
may assume x, — x€L\V. By (ii) ¥,(x) = ¢; and ¥, (x) = 0 giving a
contradiction. Hence (8) must hold for all natural numbers n > n, for
some n, € N. Using (iii), eventually replacing ¢, and t by smaller numbers,
we find that it also holds for n = + co. Now fix ¢ > 0 such that

1
9) O<e< gmin { &, 7, 7%, p1, pT° } .

Following the arguments given in [22] one easily obtains
(10) For all xe L\U such that

Y,.(x) < ¢; +ewehave P(x x, 1) < ¢;—¢.

Now we find n, > n, such that for all n > n; and all ie{1,...,N}
we have

(11) ledn) — ail <

N ™

Vol. 2, n° 6-1985.
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o and-

- (12) © o Crfn) = { x| Wix) = 0, ¥,(x) = cdn) }
is contained in Vfori =j,...,5 + k.
In fact (12) follows immediatety from (ii) and (iii). We find a set De CL,
iD)y=j+k
and. -

YD) < (— 0, c,+k(n) + = ]c (— oo, cj+ ¢e].
Define D = D\U By the previous discussion we have using (10)
WD #, 1) < (— o0, ¢; — g] < (= o, cin) — %J

By the definition of i, and c{n) this implies

(13) D) <.
On the other hand we infer
(14) k +j < iD)

i(D U (cl(U) ~ D))
i(D) + cat (cl(U) n D)
i(D) + cat (cl(U))
i,(D) + cat (Cr)

iD) + k.

A A

IA

Hence N

J < i,(D)
which contradicts (14). This proves (6). Now (6) implies the following:
If all the c; are different we have N different critical levels and conse-
quently at least N different critical point. On the other hand, if two numbers

c;and ¢;,j * j, coincide the corresponding critical set has at least category
two and therefore contains infinitely many critical points.

III. NOTATIONS AND PRELIMINARY RESULTS

In this chapter we shall introduce the Hilbert and Banach manifolds
which will be used in the proof of the main results. In general we shall
use the notation in Klingenberg’s closed geodesic book [16], we also
borrow some results from A. Floer [/7], who was the first to study a related
variational problem in this general setting. Further we study certain fibre-
preserving maps in vectorbundles over spaces of curves. The main part,

Annales de I'Institut Henri Poincaré - Analyse non linéaire



LAGRANGIAN EMBEDDINGS . 417

however, will be the study of the behaviour of compact subsets of fibres
under transport (for example, parallel transpert). Finally; we introduce -
afamily of smoothing operators which make the compactness concept work.

II1.1. The spaces of H!-curves and corresponding vectorbundles.

We equip the compact.connected manifold M with a Riemannian metric
(o . >: TM@®TM — R and denote by 1y, TM — M the tangent
bundle. Moreover; we denote by exp: TM — M the exponential: map
associated to the Riemannian metric on M. By. A we denote the
set H'([0, 1], M) consisting of absolutely continuous curves q: [0,1] - M
such that

(1 E(q) ==L | g(t) |2dt < + oo

We call E(g) the energy of g. Further let C be the Banach manifold
consisting of all continueus maps ¢ : [0,1] — M. We equip C with the
metric

ddg, ) = max,cpo,11dm(q(t), 4(2)).

There is a standard metric on TM derived from ¢ ., . » and the associated
Levi-Civita connection K, turning TM into a Riemannian manifold. Namely

<a9b>TM= <Ka’Kb> + <TTMa,TTMb>.
For g € A we define
TqA={yeHl([0’1]aTM)|TMy= q}

We equip T,A with the structure of a Hilbert space by defining the inner
product

(6 = L (< x(e), () > + < Vx(t), V() > )dt .

Here Vx denotes the covariant derivative along the curve g associated
to K, which is almost everywhere defined. It is well-known that
TA = UzeaT,A can be canonically identified with the tangent space of
A [16] [9] Therefore the notation is justified. We have a canonical embed-
ding p:M — A by p(m)(t) = m for all te [0,1]. To simplify notations
we shall write m for p(m) and M for p(M) if there is no danger of confusion.
We denote by my: B — M the pullback of the tangent bundle 7, : TA - A
via p. my possesses an important smooth sub-bundle 7% : B® — M, where B°
is the kernel of the smooth fibre-preserving map over M defined by

1
(2) B—)TM:X—»J~ x(t)dt .
0

Vol. 2, n° 6-1985.



418 H. HOFER

Here, of course, we consider B to be TA |y. The vector bundles 1 and my
possess smooth Riemannian metrics induced from the inner product
(., -)a- We can equip T,A with a different inner product

G) (x,y) = JO (), yt) > d.

Denoting by L,A the complection of T,A with respect to the norm || . ||
associated to (., .) we obtain a Hilbert space. It is well-known that
LA = UgaL,A carries in a natural way the structure of a smooth vector-
bundle over A and moreover (., .) defines a smooth Riemannian metric
for the bundle = : LA — A.

We introduce a continuous map || ||, : TA — R by
I x1lo = maX,epo, 13| x(¢) |-
In the following we need several standard estimates (see [/6])
4) Ixll < lIxllo <210 xlla
for all xe TA. Moreover for all ge A we have the estimate
(5) dw(q(t), 4(s) < /E(@) |t — s *.

Denote by dy : A X A —» R the metric induced by the Riemannian
metric (., .)a : TA@® TA — R. By a result in [/6] we have the estimate

(6) E(g)* — E(§)* < dA(g, 9)-

Using the compactness of M the Ascoli-Arzela-Theorem can be applied
to conclude from (5) and (6) that the embedding (A, dy) o (C, dc)is compact.
Before we give some canonical charts for the manifolds just introduced
we state a simple interpolation inequality which will be very useful later on.

(7 o ll% < xll® + 20 x ) I Vxl

for all xe TA. The proof of (7) is very simple. Fix to€ [0,1] such that
| x(to) | = || x||. Then

| x(t) 1> = | x(to) I* + ZJ < x(s), Vx(s) > ds

> || x5 = 2l x [l Vx|l

Integrating over [0, 1] gives (7).
To introduce local trivializations denote by exp,:T,M — M the
restriction of the exponential map. For ge A we define exp, by

expy : T,A — A exp, (x)(t) = expye (x(t)) .

This map is injective on an open neighbourhood V of O € T,A and can be
used to define the differentiable structure on A. Hence

®) exp,: V - U

Annales de I Institut Henri Poincaré - Analyse non linéaire



LAGRANGIAN EMBEDDINGS 419

is a diffeomorphism, where U is a suitable open neighbourhood in A.
In fact, we can take rather big neighbourhoods V. For example V can be
taken of the form { xe T,A | x(t)e W for all t€ [0, 1] }, where W is an open
neighbourhood of the zero-section of TM — M (see [/6]). Note that by
the compact embedding A < C already finitely many of such « big »
neighbourhoods will cover a bounded set in A. -

For me M and xe T, M let

9) D expu(x) : T,M - Tep oM

denote the linearisation of exp,, at x. Then with exp, as defined above we
define a map @, by

(10) q)q 1V x LqA - LA|U
where
(11) D,(x, y)t) = D expgq, (x(t)). y(t) -

Similar maps give the local trivializations of the tangent bundle of A.
In order to give local trivializations of my and n% let V,, = T,M be an
open neighbourhood of zero in T,,M such that exp,, : V,, — U establishes
a diffeomorphism for a suitable U = M.

Define
(12) ®,:V, x T,A > Bly
by
(13) @,(a, X)(t) = D expy, (). x(t).

Clearly a local trivialization in my is given by

1
(14) Vu X {xeTmA[J x(t)dt = 0} - B%|y
0
(a,x) - D expn(a).x

It is well-known that the bundle m: LA — A possesses a connection
K:TL — LA induced by the Levi-Civita connection K on 1y [16] 1.3.4.
Using K and 7 we can turn LA into a Hilbert manifold by defining

(15) (a, b = (Ka, Kb) + (Tna, Trb),

for a, be T,LA. The metricd; : LA x LA — Rinduced by (., .). turns LA
into a complete metric space. Hence (LA, (., .)) is a metrically complete
Hilbert manifold. Recall the definition of the bundle 7% : B® — M. Denote
by By for some p > 0 the subset of B® consisting of all x e B® such that
Ixllx < p (again we consider B & TA |y).
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LeEmMMmA 1. — There exists p > 0O such that the map
(16) ®:B% > A:®(x)t) = exp (x(t))

induces a diffeomorphism of B onto an open neighbourhood of Ag=p(M)
in A.

Proof. — Fix 0,,€ B®. We show that T®(0,,) : T,, B — T,A is an iso-
morphism. In local co-ordinates we have with

m = €XPp, (@)
x(t) = D exp,, (a).<(t)
the following representation of the local representative of ®
" @@, E)t) = €XPpg (€XP (D €XPo (a)-£(2))) -

Here, of course, @,,, : Vo X B, — T A.
Since

D, (0, E)1) = &(t), Pmgla, OXt) = a

D®,, (0, 0)(h, k)(t) = h + k(t).
Clearly this means that D®,,(0,0) establishes an isomorphism
T, M x (B%),, — T,A.

we infer

Therefore, T®(0,,) is a diffeomorphism for all m e M. By the inverse func-
tion theorem ® establishes a diffeomorphism from an open neighbourhood
of 0,, onto an open neighbourhood of p(m) for all m e M. By the compactness
of M we find p > 0 and U = A open, A, = U, such that the map

®:B) - U

is onto and a local diffeomorphism. Therefore it is enough to show that ®|BS
is injective in order to complete the proof of Lemma 1. By the previous dis-
cussion the number of points in (®| B%)~*(q) is finite for all g U and constant.
The injectivity of ® | B will follow if we can show that (® | BY) ™ }(m)={ 0, }.
Arguing indirectly assume for some x # 0, xe B

exp (x(t)) =m

for all te [0,1]. Then x(t) = x, for all te [0, 1] for some constant curve
1
in B°. Since xodt = 0 for some me M we must have x, = 0;. Hence
0
m = exp (xo) = exp (0z) = m

which implies m = m giving a contraction. O
The vectorbundle n% : B® — M will be crucial in the construction of
the intersection pairs.
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111.2. Covariant derivatives and curvature.

Denote by 6 : TA — LA the smooth fibre preserving map defined by
(1) (6x)(t) = Vx(t).

It is well-known that § is the covariant derivative of the smooth section 0 :
A — LA defined by

¥) dq =4,

see [16], Proposition 1.3.5.

Let G denote one of the bundles TA or LA over A. If £:A - Gisa
smooth section and x € T,A we define the covariant derivative of £ at ge A
in the direction of x by

3) (DE)) = Vi&uls, t) ls=o0

where E(s, t) = & (expy (s. X))t) .
Clearly we have

) (DL&)(t) = (R(TE. x))¢)

if £ is a section of LA — A.

Since we consider T(TA) in a natural way as a subset of T(LA), for-
mula (4) remains valid for sections of TA — A. Now let G, and G, denote
bundles of type LA — AorTA — Aandassumep: G, — G,isa fibre-
preserving map, we define the covariant derivative at g in the direction
xeT,A by

(3) (Dyp)¢ = Di(pd) — p(Dx<)

where ¢ is a smooth section of G; — A.
Denote by R: TM @ TM @ TM — TM the curvature tensor of
M, .,.>) ForgeA, neT,A we define a map

(©) R(1, ) : TA - LA
by
0 (R(1, @) = REp(e), d(e)x(e)

LemMA 2. — D,6 = R(x, g), where x € T A.

A proof can be found in [/7].

Before we proceed further, let us note that if p, : G; — G, and p, :
G, — G; are fibre-preserving maps, where the G; are as before we must
have

D.(p2p1) = (Dxp2)p1 + p2(Dypy).
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LEMMA 3. — For all ge A 6 induces a surjective Fredholm operator
0q: T, A = LA of index i(d,) = dim (M). Moreover if S is a bounded
subset of A there exists a positive constant ¢ = ¢(S) such that

@®) [1ox 1l = cll x|la
for all xe TA |s such that x is (., .)-orthogonal to kern (,), where g = nx.

Proof. — Arguing indirectly we find a sequence (x,) = TA such that
g, = mx, €S and

’ 1
©) Ilxalla =1, lloxull < o E L kern (5,,) -

Since (¢.) is bounded we may assume, without loss of generality that
(10) 4 > go in C
where go € C. Taking a chart centred at some g€ A close to g, we have

_ dn = €XPyq (én)
for all n large enough. It is easy to see that (|| £,|la) must be bounded.
Hence (£,) possesses a weakly convergent subsequence in T,A. This, of
course, implies that qq is, in fact, an element in A. Let g = g,. We have
Xp = @yf&n, M) -
Using the notation in [/6], p. 7-22, (9) looks, in local co-ordinates, like
(G(én)(vnn + D2®q(€n)nn + r‘q(én)(nm aqén» s

1
.V"ln + D2®q(én)’7n + rq('in)(”m aqén)) < ;

Since G(£,) — G(0) = Id, D,0,¢,) — 0 and [(&,) - O uniformly
as n — + oo we obtain :

(11) lim || Vn,. || = 0.
Since T,A is compactly embedded in L,A and || x, |l» = 1, we infer even-
tually taking a subsequence
' .. > n in LA
. — n in TA.
Hence by (11) Vi = 0. Therefore 7 € kern (J,) = kern (V). On the other

hand, we know that
x, L kern (6,,) .

Using the standard L2-theory for ordinary differential equations we
find for all ne N a unique solution %, on H([0, 1], TM), 7,(t)e T,,M
such that
(12) Vﬁn + D2®q(én)ﬁ" + rq(én)(ﬁm aqén) = 0

1,(0) = n(0).
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Let X, = ®4(¢,, 11,). Then 6X, = 0. Hence | X,(¢) | = const. Since (|| ¢,&,1])
is bounded we find that

DZOq(én)ﬁn + I—q(én)(ﬁm aqén) g 0
in L,A. Hence eventually taking a subsequence of (7,) we may assume
In = 7 in T,A
. — 7 uniformly.
Taking the limit in (12) gives
Vi =0
1(0) = 7(0).

By the uniqueness of solutions for given initial value we must have
# = n. We have by our assumption

(13) (Xp> Xn) = 0.
Hence in local co-ordinates

0= (G(én)rlm ;ln) - (’1, ’7) =1

giving a contradiction. O
Denote by A: LA — LA the fibre-preserving map defined by

(14) Ay, = (8,0 | kern (5,.)* A TA) 'x.

LeMMA 4. — A is smooth.
The easy proof is left to the reader.
Denote by || A, || the norm of the operator A : L,A — L,A. By Lemma 3
the map
g~ 1A,

maps bounded sets into bounded sets. Denote by A* : LA — LA the
L-adjoint of A, i.e.
(Ax, y) = (x, A*y)

for all (x, y)e LA @ LA. Clearly A* is smooth and || A% || = || A, |l.
LemMa 5. — Let xe L,A and assume
(15) (x,opy < cllyll

for all y e T,A for some constant ¢ independent of y. Then x € T,A.
This is an easy consequence of the H = W result of Serrin and Meyers [/].
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II1.3. -Compactness and transport equations.

The compactness concept we shall introduce in this section is promted
by the corresponding theorem by M. Riesz in L?. The following results
provide the necessary background. Given ge A we denote by

Al TywM - TymM

for t, se [0, 1] the parallel transport along q. Since g is of class H' the
standard L?-theory of the Cauchy problem V;x = 0 then shows uniqueness
and existence of A?,. We define a one parameter family (Z(t)).e(-1,1; Of
fibre preserving maps Z(t): LA — LA by

Al x(t + 1) if t+1,tel0,1]

0 if t+1¢][0,1]t€][0,1]

where x € T A. Since || Z(7)x || < || x || and T,A is dense in LA it determines
a unique map LA — LA. Note that

) (Z(v)x, y) = (x, Z(— 1)y)

for all te [— 1, 1] and all (x, y)e LA @ LA. In fact we calculate assuming
that 7 > 0

(1) (Z(o)x)2) = [

(2o, ) = f AL+, 0 de
) 0

- J N ) A y(0)> di
0

1
= J‘ x(t), At,l—ty(t - T)>dt

= (2~ 1)y).
Moreover,
3) Z()x =Z(— 1)x =0 (inLA).
LemMa 6. — For a bounded set S in L A the following statements are
equivalent

(i) S is precompact
(i) Given any ¢ > 0 there exists pe (0, 1] such that || Z(t)x — x|| < ¢
forall xeSand |7| < p.

For the moment we shall postpone the proof. Later on we shall reduce
Lemma 6 to a standard result in LP-theory. Next we give a useful estimate
relating to the T,A-norm and the quantitative expression in (ii).

LemMA 7. — For all xe TA we have the estimate
4) IZ(t)x — x|l < 2|l xlalTI*.
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Proof. — Assume first t and t + 7€ [0,1]. Since
[(Z(Dx)t) — x(t) | = | AL+ oX(t + T) — x(1)]
= | x(t + 1) — Al x(0)] -

we infer

%| (Z(D)x)t) — x(t) > = 2 x(t + 1) — ALy . x(t), VX(t + 7))
<2|x(t + 1) — Al x(t) || Vx(t+71) |
=2[Afi+ Xt + 1) — x(¢) || Vx(t+1)|
= 2|[(Zo)x)t) — x(t)| | Vx(t + 7)|.

Hence

©) | (Z(Dx)t) — x(t) | <

J vt ds
< lox|l |z
Ift+t¢[0,1], te[0,1] we have
(Z()x)(t) = 0.
Consequently
| (Z(D)x)t) — x(0) 1> = | x(t) |7 .
Hence with A, = {tre [0,1]|t + 7€ [0,1] } and B, = [0, 1 \A, we infer

1 Z()x — x|I> = J‘ [ (Z(z)x)(t) — x(t) [*dt + J | x(t) [Pde
A B.
<WoxIPlel+ | llxlZat
B,
< fox|Plel+ (IxI® + 20 x/lox)] <l
= (x|l + [IxI1)*||
< @Ixla? el
This yields (4). O
Let ¢ CHR,A) and B: R — [— 1,1] smooth. Denote by V,, the

covariant derivative along the curve ¢ in the bundle LA — A associated
to K. Consider the differential equation

(6) Vsa = B(s)a.

We denote by C(sy, 5o) : LoD — Lgsy)A the induced linear « transport
map ». Clearly we have the estimate
Y | C(s1, s0) Il < exp (11 — sol)

for the operator norm.
The following result is crucial.
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ProPOSITION 1. — Let ¢ be as defined above. We have the following
estimate

®) | Z()Cls1, s)x —Cls1, So)x | <M, 51, 50 IZ@x—xI+IIx]l |l

for all x € Lyi)A, all Te [—1, 1], for a suitable constant M only depending
on (M, { .,. D). Here [¢,s;, 0] denotes the number

(9) [d)s sl ) SO]
=(1+max { || 3¢(h) || Il ¢'(B) |l | he [min{s1, 50}, max {s;,s0}]})
. exp(3lsi —sol)-
Proof. — Define a map $:Rx [0,1] - Mby P(s, 1) = P(s)2).
First we shall prove the Proposition under the additional assumption
that ¢ is smooth. Denote for t, t; € [0, 1] and so, 5, € R by
Also; 115 80) * Tgiso.e0M = Tgiso,epM
the parallel transport along the path ¢t — d;(so, t). Moreover denote by
B(t() 5 S1, SO) : TJ)(so,to)M - T&(Slglo)M
the map induced by the differential equation V. .ma = B(s)a where ¢'(., to)
denotes the partial differential with respect to s. Clearly we have for xeTysp)A
(Cls1, so)x)(t) = B(t; 51, so)(x(t)).-

Moreover we compute for xeTg,, M and yeTg, oM with the
abbreviations

a(s, t) = B(t; s, s0)x — A(s; t, t0)B(to; s, So)y

b(s, t) = A(s; t, to)Blto; s, So)y
the following

0
(10) (a—s la |2>(S, 1)=2< als, t), B(s)B(t; s, s0)x — Vib(s, 1) )

Denote by qg, and cf)s the partial derivatives with respect to ¢ and s, res-
pectively. We infer
(11 V,Vb(s, t)=V.Vb(s, 1)+ R((s, ), (s, t))bls, 1)
= R(s, 1), dfs, 1))b(s, t).

Here R denotes the curvature tensor. Now using the variation of constant
formula we deduce

(12) Vib(s, t) = A(s; 1, 1o)(Vsb(s, to))

+ (J A(s; t, R( (s, h), dols, W)A(s; h, to)dh)

. Blto; s, so)y
=:A(s; t, Lo} B(5)B(to; 5, So)Y)
+ K(s;t, t0)B(to; s, So)y -

Annales de I'Institut Henri Poincaré - Analyse non linéaire



LAGRANGIAN EMBEDDINGS 427

Here

K(s; t,t0) = f Als; t, DR(P s, h), dd(s, h)A(s; b, to)dh .

to

Now combining (10) and (12) yields

0
(13) (;3;1 a Iz)(s, t)

= 2<a(s,t); Bls)als, t) ) — 2 Cals, £), K(s;t, to)B(to; s, so)y >
= 2B(s) | a(s, ) > — 2 als, £), K(s; £, to)B(to3 s, so)y )
Now let x € TyoA. Then
(14) (Cls, so)x)(t)=B(t; s, so)x(t)), te [0,1];
(Z(t)C(s, so)x)t)=A(s; t, t+T)B(t+1; 5, So)x(t+ 1)) if t+7e0,1];
(Z()C(s, so)x)t)=0 if t+7¢[0,1].

Now by the previous discussion we infer if t+t¢€ [0, 1]

0

% C(s, 50)x)(t) — (Z()CLs, so)x)() 2
< 2B(s) | (C(s, s0)x)(2) — (Z()CLs, so)x)(t) |2
+ 2[(Cls, 50)x)(t) — (Z()C(s, so)x)(t) |

.M j | $ds, B 1| uls, W) | dh || x(t + 1) |exp(|s — so1).

+

Here M is a constant only depending on (M, ¢ ., . D) such that
|R(a,b,c)| <M|al |b]| |c| forall (a,b,0)eTM ® TM @ TM.

Further we have used that parallel transport preserves the inner product

on M.
We introduce the abbreviation

cls, t) = | (Cls, so)x)(t) — (Z()C(s, so)x)t) | -
Hence we have provided that t + 7€ [0, 1]

0
(14') <& le IZ)(S, )

<2lds, 1) P+2] s, 0)| M || ¢(5) lloo Il 0b(s) I | T [*.| X{t +7) | exp (| s—50 |)
=2]c(s,t) P+ (M exp (Is—so )| 7 [* 11 86(s) 1 I| ¢(5) lleo | L5, 8) | | X(t+T) .

Ift + ©¢ [0,1] we find simply
0 0
(15) (a— le Iz)(s, t) = = (C(s, so)x)t) 2
s 0s
< 21(C(s, so)xe) P = 2| efs, 1) 12
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combining (14) and (15) yields

d

s | Z(D)C(s, so)x — C(s, so)x 12 < 2 | Z(T)C(s, so)x — C(s, so)x |I?
s

+ @M exp (Is—=s0 )OS ' () lleo | T 1) 1l X 111l Z(2)CCs, 50)x — C(s, so)x ||
Now applying Gronwall’s Lemma yields for a suitable constant M* only

depending on (M, < ., . >)

(16) (11 Z(r)C(s, so)x — Cs, so)x |l

< (1 Z@x—=x |l +M* |l x|l |7 * | s—so | exp (|s—50)¥(s, 50))- exp (| 550 |)

where  y(s, so)=max { [|0p() || || ¢"(h) ||, | h€ [min {s, 50 }, max {s,50} ]}
Now taking a suitable constant M large enough only depending on

M, { ., . ) we obtain

(17) 1 Z()Cls, so)x—Cls, so)x | <M [, s, s0)(Il Z@x—x || + I x [} | )

as claimed. Next we remove the assumption that the induced map
¢:R x [0,1] - M is smooth. Assume we can show for given s, s,
say so < s, the existence of a sequence of maps ¢, e C!(R, A) such that

1
dra(@1(s), '(s)) < o

forall se [sg, s;] and that moreover the induced maps b [s0,811 % [0,1] = M
are smooth. Clearly [¢,,sy,50] = [, s1,50] as n — + oo. Moreover.
given xe Ly A we find (x,) LA, x,eL, ,A such that x, —» v
By the continuous parameter dependence theory we infer further thai
C"(sy, So)xn — C(s;, 5o)x where C" is the family of linear maps corres-
ponding to ¢,. Since for fixed te [—1,1]Z(r): LA — LA is continuous
(we leave the proof as an easy exercise to the reader) we infer

1 Z(1)Cls1, So)x — Clsy, so)x || = lim [| Z(t)C'(s1, s0)x, — C(51, o)X |l

< M[, sy, s0)( 11 Z(@x — x|l + [ x|l |t )
which completes the proof. So it remains to show the approximation
result. O

LeMMA 8. — Given ¢peCYR,A) and s0,5;€R (say s, < s;) there

1
exists a sequence (¢,) < CYR, A) such that dps(u(s), ¢’(s)) < = for all
s€ [so, s;] and ¢,,.R x [0,1] - M is smooth.

Proof. — We embed (M, < ., . >) isometrically in some R™ and denote
the image by M. Denote by H the space H*([0, 1], R™). We can consider ¢
asamapin C(R, H). Let U = R™open,M < U be a tubular neighbourhood
of M and denote by p: U — M the projection. Let

Hy={qeH|g([0,1)=U}.

Annales de I’ Institut Henri Poincaré - Analyse non linéaire



LAGRANGIAN EMBEDDINGS 429

Then Hy is an open subset of H. Moreover p induces a smooth map p :
Hy — A by p(q) = po q. If we approximate in C*([so, 5,], H), the compo-
sition of the approximation with p will be an approximation of ¢ with
image in A. By the previous remark we have only to show the following:
given a map ¢ € C'(R, H) and numbers sq, s;; 5o < s;, ¢ > 0 there exists
¢ e CY(R, H) such that

. Il ¢ — & llciso,sm < €
and ¢ is smooth.

This approximation can be carried out using mollifiers. First we define
¢, :RxR —» R”

$(s)0) <0
P1(s)t) = | d(s)t) te[0,1]
o)1) t>1
Then one mollifies in the t-variable. One gets for ¢ > 0

¢5 e CHR, H)

by

by
2s)(E) = (O x(P1(Ne), 1€ [0,1]

1 [t
where 0, denotes the standard mollifier say 6,(t) = — 9(—), and
€

1
C - if |t]<1
o(e) = exP( 1—t2>1 th<
0 il 1

0

Here C > 0 is a constant such that J f=11fe > 0¢5 - ¢inC.
Moreovert — ¢5(s)(t)is of class C®. Next one mollifies ¢4 in the s-variable
getting ¢*° e C*(R, H), where ¢*%(s) is of class C*. Moreover ¢*° — ¢
ase, 6 — 0in C' on [so, s, ]

Now note that . e

$>%(s, t) = J Os(s — T)G 0.t — y)¢z(f)(y)dy>dr-

Clearly ¢ is smooth. O
Proof of Lemma 6. — Since A is connected we find a smooth path ¢ :
[0,1] » A such that ¢(0) = m, ¢(s;) = q. Here me M is an arbitrarily
fixed element. Applying Proposition 1 to the parallel transport B:
L.A — L,A we find a suitable constant a > 0 such that
a” ' || Z(t)x — x|| < [| Z(t)Bx — Bx|l + I x|l | |*
<a(l|Z(x)x — x|+ llx]l [2]%).
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Hence the statements in Lemma 6 are equivalent provided they are
equivalent in LA for B~%(S). In L,,A we have for all x

o if t+1¢[0,1]
(Z(T)x)(t)_[x(t+1) if t+1te[0,1].

Define Xx: R — T,M by x(s) = X(s) if se [0,1] and 0 otherwise. By
a result in [/], Theorem 2.21, we have the following equivalence for a
bounded set S of L0, 1; R")

(17) S is precompact iff for all ¢ > O there exists p > 0 such that

+ o
J | X(t + 1) — X(t)|%dt < &* forall xeS and |7|<p.

Taking R" = T, M we get a criterion on L,A. A straightforward calcula-
tion shows for te [— 1, 1].

I Z()x — x|* + | Z(— o)x — x|I?

o)

< fﬂo | X(t + 1) — X(t) |?dt + j | X(t—1) — X(t)|*dt

- -

<3N Zox — xIP + 1 Z(= )x — x|1?).
Hence (17) implies our assertion. O

DEFINITION 5. — A subset S < LA is called uniformly fibre-compact
(ufpc) if the following holds:

(i) S is bounded.

(ii) Given any ¢ > 0 there exists pe(0,1] such that || Z(t)x — x|| < ¢
forall xeSand |t| < p.

If, in addition, S is closed we call S uniformly fibre-compact (ufc).

In the following we denote by [ ]: LA — R™ the map defined by

(18) [x]=llx|I* + E(mx).

DEFINITION 6. — A smoothmap D : LA — LA is called fibre-compact
if the following holds:

(i) D maps bounded sets into bounded sets. -

(ii) There exists a number ¢€(0,1] and a monotone increasing map
Up : R* — R™ such that || Z()Dx — Dx|| < pp([x]) | t|° for all xe LA
and te [— 1,1].

For example the fibre-preserving map A: LA — LA is fibre compact.
In fact, by Lemma 3 we find a monotone increasing map p, such that

aaCllog Il x Il = 1 Axlla -
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Combining this with Lemma 7 we find for a suitable monotone map
pa: R > R
1 Z()Ax — Ax || < pa([xD 7 |*.
LeEmMMA 9. — Assume (q;) = A is a sequence such that (dgx) = LA is
uniformly fibre-compact. Then (gy) is precompact.

Proof. — We have to construct a convergent subsequence of (g). Since
(0gx) is bounded, we find eventually, taking a subsequence, that

gr — qin C for some ge A.

Taking local co-ordinates based at g let

ax = expy (&) and O = DyCk, M) -

This is well-defined provided k is large enough.
Using the notations in [/6] we have

Me = V& + 0,&).
Define a family of curves ¢ : [0,1] —» A by

bils) = exp, (1 — 5)Eu) -

Note that () is bounded in T,A. So by the special form of the ¢, the
numbers [¢y, 0,1] will be uniformly bounded. Moreover we must have
& — 0 uniformly.

We carry out the parallel transport along ¢, denoting by x;€ L,A the
image of dq,. By Proposition 1 there exists a constant ¢, > 0 such that

I Z(m)x — x|l < Co(ll Z(1)oqx — O |l + | 7 I*)

for all ke N and all te [—, 1]. Here, of course, the constant bounding
(Il 0gx || ) is contained in C,. Since (dq,) is (ufp ¢) we infer that (x,) is pre-
compact in L,A. Eventually, taking a subsequence we may assume

xx > x in LA,
for some x € L,A. In local co-ordinates the transport equation is given by

a =Ty, — &) a)
a(0) = 7.

Since & — Ouniformly and s, > 1, we obtain || T,((1—8)Ex)(x, a) || < &l all,
where ¢, — 0. For o, being the local representative of x; this implies

lox — mll — O.
Since 6, — o, where ¢ is the representative of x, we infer n, — . Hence

Vé+604&) - o in LA
& — 0 uniformly.
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Therefore
& —» 0 in TA.
This implies
gx — q in A. O

Next we study the question how uniformly fibre-precompact sets are
mapped by certain operators LA — LA.

Lemma 10. — Let f:TM —» TM be a continuous fibre-preserving
map and assume there exists a constant C > Osuch that | f(x) | < C(1+]| x|).
Then the map f:LA — LA defined by f(x)(t) = f(x(t)) is continuous

and maps uniformly fibre-precompact sets into uniformly fibre-precompact
sets.

Proof. — The continuity is a well-known fact from nonlinear analysis.
For the second assertion note that we can restrict ourselves to a chart

since a (u fp c) set can be covered by finitely many « big » exponential charts.
So assume

(S) < exp, (% V) ,

where exp,: V — U is a local co-ordinate system on A. Moreover we

may assume V is convex. Let (£, 1) e V x LA be the representative of some
xeS.

Let
S, = {neL,A |3 eV such that D&, n)eS )

In view of the technique used in the proofs of Lemma 6 and Lemma 9

it is clear that the set S, is precompact. Denote by f; the representative of f.
Then

f&m) = @7 o f( @)

It is enough to show that pr, o f(®, '(S)) is precompact (using Propo-
sition 1 and the previous remark). Let (7;) = pr; o f(®; X(S)). Taking
fin = pra e fo &, Nn) Where 5, € S, we infer eventually takmg a subsequence
¢s — ¢ uniformly and #, — # in L A for some £€V and ne L,A. Hence
fn — prao f(&, n). This proves Lemma 10. O

II1.4. A family of smoothing operators.

One of the difficulties in the proof of the main result is the fact—as
already explained—that the vertical component of the gradient of a.
is not compact. The idea is now to replace a, by o, = a, o F,, where the F,
are the smoothing operators introduced below.
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Define for all ne N a fibre-preserving map F, : LA — TA by
1
(1) ;(6ans 5.}’) + (ans y) = (xs y)

for xe L,A and all ye T/A.

LEmMMA 11. — For all ne NF, is a smooth map. Moreover we have
@ (F.x, y) = (x, F,y) forall (x,y)e LA® LA.

If we consider F, asa map LA — LA it is fibre-compact and we have the
estimates
€) | Z@Fx — Fx || < 23/n | x|l |7
NEx (<l x|

The proof uses Lemma 7 and is straight forward.

Lemma 12. — If (x3) <« LA is (ufpc) and (n) = N, n, — + oo, then
(Fuxx) is (ufp c). Moreover if x, — xthenF,, x; — xinLA.

Proof. — Let q; = mx;. Since (x;) is bounded (g;) is bounded. So we find
finitely many exponential charts exp,, : V,, — U, such that V,, is convex

1
in T, A and the family (expm (5 Vp‘_)> cover the whole sequence (qx).

Clearly it is enough by the previous construction to show that the sub-
sequence of (x;) consisting of those elements that the corresponding g,

. . 1 .
lie in a specific chart exp (5 V,,'.) is (ufpc). So we may assume without

loss of generality that (gy) < exp (1 V) for some convex open zero-neigh-
bourhood Vin T,A.

We carry out the parallel transport along the curves ¢:s — equ(l SHEx)-
Note that (&) is bounded in T,A. Denote the image of F, x, by Zz;e L A.
If we can show that (Z;) is precompact we are done by Proposmon 1.
So we shall show that (%,) has a convergent subsequence. Eventually
taking a subsequence of (q;) we may assume g, — o in C for some g, € A.
Denoting by z, the local representation of F, x, we have for all ye T,A
using the notation in [/6].

(@) -—(G(ék)(Vzk-i-Dz 0,E1)zk+ T Ex)(zx> 04Ci))s
Vy + D20y(Eu)y + To(E(y, €qi))
+ (G(Sw)zks V)
= (G ¥)
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where n, is the local representative of x;,. We have &, — &, uniformly.
Denote by X, the image of x; under the parallel transport along Oy By
our assumptlon we may assume eventually taking a subsequence X, — X
for some X, € L,A. In local coordinates

X = a(1), e = a(0),

4 = T (1 — )&k ) -

Since &, — &, uniformly we infer that x, — 1o, where 1y = a0),
%o = ao(1) and ay = T,(1 — s)éo)(&o, ao)- By the definition of F,, it is clear
that || 0, x| < </mcll %l

Hence, taking the limit in (4) for fixed y e T,A we infer

(5) lim (G(&o)zi y) = lim (G(Ci)zss )
= (G(oo, ¥) -

Since (z) is bounded and T,A dense in L,A we deduce that (5) holds
for all y e L,A. This implies

where

z; — no weaklyin LA .
Moreover liminf|| z; || || G(&o)y Il = (1o, G(£o)y). This implies

liminf || z || = || 7o || -
On the other hand || F, x; || < || xx |I. This implies

lim sup ||z |l < [l 70 |-
Therefore .
z; — No Wweaklyin LA
lzill = llnoll.
This implies
zx — Mo stronglyin L A.
Now
)Z\k = bk(l) Zy = bk(o),
where

bk= q((l_s)fk)(fk, by) .
Since & — &, uniformly and z, — 5, we obtain Z — Zo, where
Zo = bo(1), Mo = bo(0)

bo = Tyl — 5)éoX&o, bo) -

This shows that (Z,) is precompact. Hence (F,,x;) is (ufp c). The proof
of the second part is implicitly contained in the previous arguments. The
details are left to the reader. O

and
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Lemma 13. — For fixed xe LA y, ze T,A we have the identity

1 . 1 .
(6) - (R(y, g)F,x, 0z) + - (0Fux, R(y, 9)2)

+ %(E(D),F,,)x, 60z) + (D,F,)x,z) =0

Moreover, the following estimate holds for some constant M only depen-
ding on M

1
2

1 1 ~
(7 (;II (D,F)x 1R + <1 - ;)I!DyF,,tz) <Mn x| l10gll 1l vl

Proof. — (6) follows from a straightforward application of the cova-
riant derivative D, to the definition of F,, (1), using Lemma 2. In order
to prove (7) let z=(D,F,)x. Moreover note that there exists a constant
¢, > 0 only depending on M such that |R(a, b, ¢)| < c;|al|b]||c] for all
(a,b,c)e TM @ TM @ TM. We obtain from (6)

1 2 1 2 1 .
(8) “fzIR+ 1=z < —c Iy llo T Ex Nl 1 g Il ] Oz |1
n n n
1 .
+;cllly||mIIZ|lool|5F,.XI| gl

Applying the interpolation inequality II1.1 (7) to F,x and z we infer
(9) | Fox |12 < I Fax 12 + 2| Bux || [10Fx (| < (1 + 2/n) | x |12

, 1 1 3
and with a= (—H z |2 + (1 — —) | z IIZ)
n n
(10) |lz|Z < Hzl® + 20l z)l 10z]l < @® + 2/na® = (1 + 2/n)a’.

Combining (8)-(10) gives

@ <2141 1l il [1X 11 (1 + 2¢/mn~Y)ia
<8en HIGIH yllo I xlla = Ma=#1g 1 x| ylea. O

IV. CONSTRUCTION OF A N-FAMILY

In this chapter we shall introduce the ¥, described in 1.2. Here the
smoothing operators F, and the compactness concept introduced in III
will be crucial.
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IV.1. The set-up.

We introduce a functional ¥ € C*(LA, R) by
(1) Y(x) = (0nx, x) .
For ae T,LA we compute
) d¥(x)a = (Onx, Ka) + (8(Tn)a, x).
We introduce the smooth gradient vectorfield ¥ :LA — TLA by

d¥(x)a = (¥'(x), a) .
Let

3) Y = (Tn)¥’
and put y = (Tn)a and z = Ka for some a € T,LA. We find using (2)
(K¥'(x), z) + (Zx, y) + (5Zx, dy) = (Onx, 2) + (8y, x).
This is true for all ye T,A and all ze L A.

Hence
(4) on = K¥’
and
(5) (Zx, y) + (0Zx, éy) = (x, 5y).
Using the fibre preserving map A*: LA — LA we deduce from (5)
6) A*Y + 0X = 1d.
Further (5) implies
(7 I Zxla < [l x]].

Define a smooth fibre-preservingmap ¢ : T*M — TM by f=< ¢(f), . ).
Introduce a smooth map with compact support h: [0,1] x TM — R by
®) h(t, x) = h*(t, ¢~ (x))

where h* is the map introduced in Chapter I before Theorem 2. We define
amapa, : LA - Rby

) (X)) = J 1 h(t, x(t))dt .
0

Then «,, € C}(LA, R), but in general it has no better regularity properties.
However, if we consider o, | TA: TA — R for the differentiable structure
on TA it is of class C*. We define now «, : LA — R by

o, = Oy o F,.
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Since F, : LA — TA is smooth we infer a, € C*(LA, R). Finally, define
forne N,
(11) ¥, =Y — a,.
Clearly ¥, € C*(LA, R) for ne N. With ae T,LA we have

(a;l('x)’ a)L = daao(an)(TFna)

= (a’.(Fx), TE,a) .
Further R )
(0% (x), a). = (KH(x), Ka) + (Tn)H(x), (Tn)a)

where H : LA — LA is defined by
H(x)(t) = (grad h,)(x(t))
and {grad hyx, b Yy = dhy(x).b.
Hence
(12) (o4(x), @) =(KHF,x, K(TF,)a) + (Tm)HEF,x, (Tn)(TF,)a)
=(KHF,x, F,Ka)+ (KHF,x, (DF,)x)+ (T7)HE,x, (Tr)a)
= (F,KHEF,x, Ka)+(KHF,x, (D 1aF,)x) + (T7)HF,x, (T7)a).

IV.2. Compactness estimates.
We shall now derive some estimates which will be used two times.

In the proof that the family (¥,) constructed in the previous paragraph
is in fact an N-family and in the representation result for the gradient flows.

LemMA 14. — There exists a constant H only depending on M and h
such that
¢y Il ()l < H(L + n* x| 1g11)
I Reyx) | < H

for all xe LA, where g = nx. The estimate is true for all ne N, if we put
0"t =0.

Proof. — From IV.1 (12) we infer
I Kex) || = || F,KHF,x || < | KHF,x || < H
for a suitable constant H > 0 since h has compact support. Moreover

using I'V.1 (12) again, combining it with Lemma 13, we infer for arbitrary
aeT, LA

l(oa(x), a). | < H[|Rall+BMn | x| |41l |(Tr)all.+H || (Tra]|.
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Hence, eventually taking a greater constant

| ax), @) | < H(L + n~ ¥ x|l 1G]] Nl all.

Taking a = o(x) yields (1). The claim for n = o is trivial. ]
For the following we define smooth maps B": LA — LA for ne N by

@ (B"x, y) = (Tm)HF,x, Ay) + (KHF,, (Da,F,)x)
where A was defined in III.2. Denote by A* the LA-adjoint of A, i.e.
(Ax, y) = (x, A*y).

Further denote by Q: LA — LA the fibre-preserving maps which
induces on each fibre the orthogonal projection onto the orthogonal space
in LA of kern(d). Recalling that kern(6) was a smooth bundle over A
we infer that Q is smooth. However, this property is not needed for the
following estimate. We have

(A*x, 0y) = (x, Ady) = (x, A6Qy) = (x, Qy) = (Qx, y).

Since this is true for all ye T,A we infer that A*x e T,A, where g = nx,
by Lemma 5. Hence

HoA*x || < |l x|l
Moreover || A¥ || = || A, |l. This of course implies that A* is fibre-compact
1
with factor —, i.e.

| Z(MA*x — A*x || < pad[xD <[

LeEmMA 15. — For all ne N B" is fibre-compact. Moreover there exists
a monotone increasing map up : RY — R™ independent of n e N such that
@) | Z(t)B"x — B"x || < pa([x]) | < |*

forallxeLAandte [— 1,1].

Proof. — In fact, using Lemma 7, Lemma 13 and Lemma 14, we infer
(4) (Z(t)B"x—B"x, y)=B"x, Z(—1)y—y)
=((Tm)HE,x, A(Z(—1)y—y))
+ (KHF,x, (Da@(- gy - Fn)X)
< (AX(Tm)HF,x, Z(— 1)y —y)
+ [| KHF,x || | (Dacz(-ay-yFa)x |l
<(Z(x)A*(Trn)HF,x — A*(Tn)HF,x, y)
+ HMn 4 x|l 11g 1| | AZ(= 0y =)l
< pad [Tm)HE,x] [z [* || v ||
+HM ([ x| g1l N AZ(= =31l -
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Next we estimate
(AZ(— 1)y — y),2) = (Z(— )y — y,A*2)
= (y, Z(v)A*z — A*2)
<l yl2llA*z|la]z|*
<2l ylzIP + APz 1P o).
This implies
) NAZ(— o)y — I <200+ APyl [Tl

Now we use the interpolation inequality III.1 (7) and find using that
[t <1

© 11AZ(— 7y — »I3
< [1AZ(— 9y — DI + 211 AZ(— D)y — DI 1 Z(— o)y =yl
<AA+HIAIP N VIR Tl + 4L+ ANy I ol
< 8L+ AN yIP T
Therefore
(7 I AZ(— ©)y = P lle < 30 + AP Y1 2.
Combining (4) and (7) yields
(Z(t)B"x — B"z, y) < (uad (TmHF,x]) | |*
+3AM || x|l 1gI1A + AP ) vl

Note that the expression on the right hand side is independent of ne N.
Now for a suitable monotone increasing map ug our assertion follows.

O

IV.3. Verification of N-family properties.

The following result is one in the key steps of reducing Theorem 2 to
Theorem 3.

PROPOSITION 2. — There exists ny > 1 such that (¥,),» , is an N-family
for ¥,.

Proof. — We have to check (i)-(iii) of Definition 3. Clearly (i) holds by
our construction. Next we prove (ii). Let (x,) = LA such that x, — x
and (n) = N, with n, —» + co. Define F,. = Id. By Lemma 12 we have
F,x; — x. This implies o, (xx) — o.(x).

Hence

lim W, (x;) = P.(x).
Next assume W/, (x) = 0. We have
(R ACRY IR AC A I EACA RGN 1
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In order to show that the left hand side tends to zero we have only to
show that the second term on the right hand side tends to zero. Using
Lemma 13 and Lemma 14 we infer for a suitable constant H only depending
on M and h

o) —an (el < || REx, — F,RHE, x|l
+ 1| (Tm)Hx,, — (Tr)HFy e | + 2 M || x4 | 1] O
=1 + I, + III,.

Since F, x, — x clearly I, + I[, — 0. Since (x;) is bounded in LA
and n, — + oo we infer that III, — 0. Similarly if || ¥, (xx) [lL — 0 we
infer

1o (00l < ITW5.0c0) lle + 1l o) — oo lle =2 Tic + T

By our assumption Iy — 0 and similar to the argument used before
II, — 0. Hence || W, (xx)|l - 0. Since x; — x this implies Wi (x) = 0.
The proof of (ii) is complete.

Next we show that (iii) holds. Let (x;) = LA and (m;) © N, Mg = 1y,
such that

¥l —» 0, W,la) — 4d.

With ¢, = nx; we infer

(8) | 8qx — Fo RHF, x; || — 0
and
) | Zxx — (T, (ei) lla — 0.
Define d} := || dqx — F,, KHF, x||. By Lemma 14 we have
(10) | 0gill < di + H.

By Lemma 3 there exists a constant ¢ > 0 only depending on H such that
for all xeT,A with ||dq |l < 2H + 1 we have

lox |l = ¢l x ||a
provided x L kern (d).
We have
(0Zx, oy) + (Zx, y) = (x, dY).
Therefore

I x|? = (0Zx, x) + (Ex, Ax) < 1 Zx [l | x || + | Zx [lac™ "l x ]I
Hence for a suitable constant ¢ > 0 only depending on H and therefore
only depending on M and h we find
(11) di = || Exi — (Tm)o, (41 Ila
> | Zxilla — H(1 + nc# [ x|l (H + di))
> Cllxll — H(l + m * |l x| (H + di))

\
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provided k is large enough since dy — 0. Clearly if a priori ny > n, for

a suitable n, only depending on M and h (11) will imply that the sequence

(Il xx|1) is bounded. For the following we fix such a n,. Hence if n; > ng

and || Wr(xx) I — O then (|| dgx||* + |l x, |I*) is bounded. It is easy to

see that this implies that (x;) is bounded in LA. So for the following let

(m)<= N, me1 =m > ng, and (x;) € LA such that || W, (x)ll. — O.
Define

(12) b = Zx, — (T, (x0)

We have || bi|[s — 0. Hence taking the inner product with Az where
ze L, A we obtain
(bi> A2 = (Xk, 2) — (Tm)HF,, Xy, Az) — (KHF,,xy, (Da.F,,)xi)
. = (x, — B™x,, 2).

Since ( || 0gx || ) is bounded we find by Lemma 3 a suitable constant ¢ > 0
such that

(13) Il xx — B™xi || < ¢l bella = O.
Moreover
(14) ” aqk - FnkKHFnk-xk “ d 0 .

Since (x;) is bounded using (13) and Lemma (15) we infer that (x;) is
(ufpc). If (n,) becomes stationary for k large enough we conclude from
Lemma 9 and Lemma 11 that (g,) must be precompact. If n, - + oo we
infer from Lemma 12 that (F,, x,)is (ufp c). Hence by Lemma 10 (KHF,, x)
is u fp c). Finally that implies that (FnkKHFnkxk) is (ufp c). Hence by (14)
(0qy) is (ufpc) and by Lemma 9 (qi) is precompact. Hence (q,) is pre-
compact and (x;)(ufp c). Therefore (x;) is precompact. O

V. ESTIMATES AND REPRESENTATIONS
FOR GRADIENT FLOWS

V.1. Parameterised families of transport equations
and a compactness estimate.

In the following we may assume, without loss of generality, that the
number n, introduced in Proposition 2 is equals one. We fix for the follow-
ingane Ny = N U { 0} where we denote by ¥, the functional ¥. Denote by

LAXR - LA:(x,5) > xos5
the global flow corresponding to the differential equation
x' = — BUII'¥Hx) llL)¥a(x) =t Gu(x)
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where f is as described in 1.2. We define a smooth vector bundle 7 :
¥ — A x A where the fibre over (¢2,49;)€ A x A is given by

Lig2.a0 = L(LgA, LqZA).

Here the right hand side denotes the Banach space of continuous linear
operators L, A — Lg,A. Further we denote by

K:LAXxRXxR - AxA
the smooth map defined by
1) (x,s8,t) = (m(xos), m(xot)).
We define a map u,: LA xR x R - & such that yopu, =k by

(2) (’xS S2, Sl) - /'ln(x5 Sz, Sl) B
where p,(x, 53, $1) € L(La.spA, Lux.s,)A) is defined by the Cauchy problem
(3) Va,. a=BI¥ixes)

ds

a(s;) € Ly.s)A  given

LEMMA 16. — p, is smooth.

Proof. — Let us first prove the assertion for the case that |s, — s, | is
small. Then the problem is localised in a co-ordinate chart.

Let exp, : V, - U, and exp; : V3 — Uj; be co-ordinate systems such
that for some ¢ > 0 we have
4) xeU, mn(xos)eUy for se(s; —e¢ s, +¢).

We assume without loss of generality that s; < s, .

Let

x =4 n)
mx o s) = expy (by(s, (£, M)
Define a map G by

G:V, X LA x (51 — &5 + &) x L(LzA, LzA) > L(L;A, LyA)
F)
(&, n,5,0) = Tybyls, (&, n)))(a by, ), S)+ BUIPADLE, 1) 2 5)llLo.

Clearly G is smooth. Then (3) written in local co-ordinates corresponds
to the operator differential equation

4) o' =G, n, s)o
O'(Sl) = Id .

By the continuous and differentiable-parameter dependence theory
for ordinary differential equations, we infer that the map which asso-
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ciates to (§,1,s,t)e Vg x LA X (s;—¢, s;+¢) X (s;—¢&, s, —¢) the unique
linear map o € #(L,A, L ,A) such that ¢ = o(¢), o(s) = Id and o satisfies (4)
is a smooth assignment. Hence y, is smooth provided | s, — s, | is small.
In the general case we can write s > t
X, 8, 8) = (X, Sn5 SN— 1) En(Xs SN =15 Sn=2) - - - HnlX, S1, So)

where s = sy > sy-1 > ... > 51 > 5o = t. The previous argument applies
to all pn(x, s, s;—1) provided |s; — s;_, | is small enough. Hence u,(x, s, t)
is smoothly depending on Xx, s, ¢ in the general case. O

u, can be considered as a smooth parametrisation of certain linear trans-
port equations of type (3). The importance of yu, will become clear in the

next section.
Since B(|| Wixos)|lL) < 1 for all xe LA, se R we immediately obtain

denoting by || .|| : & — R™ the operator norm the following estimate
(5) Il talox, 52, 51) Il < exp (|52 — s11).
Define a smooth fibre preserving map
D":LA - LA
(6) D"x = — A*Ix — B"x + F,KHF,x + A*(Tn)a(x)

for ne N and
D% = — A*X

where B” was introduced in IV.2 (2).

Lemma 17. — For all ne N, there exists a monotone increasing map
ipn : RY — R* such that
(7) | Zx)D"x — D"x || < ppu([xD [ 2 [

forallxe LAandte [— 1,1].
Proof. — We have using the compactness estimates for A* (before

Lemma 15, Lemmas 11, 13 and 14.
| Z()D"x — D"x ||
< | Z()A*Ex — A¥Sx || +]|| Z(x)B"x—Bx ||+ || Z(1)F,KHF,x—F,KHF,x |
+ I Z(1)A*(Tr)ag(x) — A*(Tr)an(x) ||
< pad XD 1T+ pu([xD o+ 20/nH [ 7]+ pad (TR0 D [ 7]
< pad XD T P+ (D | 4 20/mH | T+ pado([x D) T
where 0 : R* — R™ is monotone increasing. Hence for suitable monotone
increasing maps pp-: R —» R*
| Z@)D"x — Dx || < ppul [xD | T I
which is the desired result. O
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V.2. The representation proposition.

Define for ne Ny a map

E,:LA xR - LA

by
1) E,(x, 5) = x %, 5 — 0m(x %, 5).
PROPOSITION 3. — For all neN, we have the following represen-
tation for E,
() E.(x, 5) = al(x, 5, 0)E4(x, 0) + Ky(x, 5)
where .
A) K.(x,5) = L (%, 5, BB ix #, ) ILD"Cx , B)dh.

Moreover there exists a monotone increasing map v, : R* — R™ such
that

(4) | Z@KA(x, 5) — Ko, $) | < vl [x] + [ s | T [

forall xe LA, se R,and e [— 1,1].

Proof. — We calculate

6 Vv gy o o En(x, 5) = RG,(x #y )= R(TONTm)Gp(x #4 5)
) = —B(I Pr(x #, 5) L XO(x *, 5) — FEKHE,(x %, 5))
+ B *4 8) [T Po(x %, 5) — S(Tm)an(x *45))
= BUII Wrlx %, 8) [ILUOZ(x *, 5) — Om(x * , 5))
= B Wr(x #, 8) I FKHE,(x %, 5) — 8(Tr)a(x *, 5)).
Now using IV.1 (12) and IV.2 (2) we infer
(8(Tr)ay(x), 2) = — (Tr)(x), Az) + (Tn)HF,x, Az) + (KHF,x, (Da.F,)x)
= — (A¥(Trm)o(x), z) + (B"x, ).
Hence
(6) F,KHF,(x *, 5)— 8(Tr)ogy(x %, s) = F,KHFE,(x %, 5) + A¥(Tm)o(x *,5)

—B*(x %, 5)=D"(x *, )+ A*Z(x *, 5).
Moreover

(6Zx,8y) + (Zx, y) = (x, 6y).
This implies

@) 0 + A*Y =1d.
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Combining (5), (6) and (7) gives

®) Vit (o Enlts )= B 50 9) ) 9, 5= O %, 5)
’ + B Pix #, 9) IL)D(x *, )
= B2 %, 5) 1) En(x, )+ Bl Walx #,8) [|)D"(x *, ).

Now applying the variation of constant formula to (8) using the defi-

nition of u, gives
S

E.(x,5) = ua(x, 5, 0)E,(x, 0) +L ta(x, 8, BCI| Wa(x %, b) IL)D"(x *, h)dh

= /‘Ln(xs S, O)En(xa O) + Kn(-x9 S) .

This proves (2). This representation together with the fact that K., s)
is uniformly fibre compact as we shall prove, will be one of the key ingre-
dients of the proof. Next we prove (4). We have

© 1 Z(DK(x, s) — K(x, 5) ||

<

J | Z(D)pn(x, s, D" (x %, h) — p(x, s, D"(x *, h) || dh |.
0
Observe that || G,(x) || < 2. Hence

(10) = [(Tr)Gu(x *45) lIa < 2.

A

d
E (n(x ¥ S))

Using (10) we can apply Proposition 1 and find for a suitable constant M
only depending on M

(11) || Z(2)palx, 5, HYD"(x %, W) — p1o(x, 5, HYD"(x %, B) ||
< M[(x %, (), s, h (|| Z()D"(x %, ) = D"x %, ) || + || D"(x %, h) || | T |¥).
Now using Lemma 17 and the fact that Z(—1)x=0 (in LA) we infer
(12) 1| Z@)palx, 5, D" (x %, B) — o (x, 5, YD(x *, b |
< Mn(x %, (), s, h ) pon( [X %0 BY | 71 + pon [x %, B]) | T 1)
< 2M [n(x #, (), 5, hlponl [x %, D | T I

Now let us investigate the expressions [n(x *,(.)),s, h] and [x *,h]. We
have by (10)

d
”—n(x*,,s)lIASZ.
ds
Moreover
d _
d—IIX*nSH2 = 2x %, 5, KG,(x %, 5) < 4| x %,5]|.
s
Hence
(13) : Ix*,s] <||x*,t]| + 2|t —s|
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for all t, s e R. Further

di 0 ) |2 = 20m(x %, 5), STWGx %1 5)
S

< 4| 0n(x %, ) ||.
Hence

(14) | On(x *p 9) || < |l On(x %, 1) || + 2|2 — s
for all t, se R. Now using the definition of [x %, h] we infer
(15) Pr#uh] = |l x %, B |I> + || On(x *, h) ||
<(lxll+ 2R + (| onx || + 2| k1)
<2[x]+16|h)?
<2[x]+16]s]?
< 16([x] + | s1?).
Using the definition of [n(x *,(.)), s, h] we infer
(16) [(x #a ()5, 8] < 2exp (s |1 + || dmx || + 21 s]).

Hence combining (15), (16) and (12) we find for a suitable increasing
map v,:R* — R*

(A7) 1| Z(D)pals, X, WD"(x %y B) = oS, X, D" (x %, B) || < Vo [x]+1s]) | T]*
Now we combine (9) and (17) and find
| Z(0)Klx, 5) — Ko, ) | < Vul[x] + I s])Is| ol

Vn([x]+|§|)([x]+|5|)lfl%
’vn([x]+|s‘)|‘[|%’

IA 1

I

completing the proof.

VI. CONSTRUCTION OF INTERSECTION PAIRS
AND COMPUTATION OF INDICES

In this chapter we shall construct the sets S, S, occurring in the abstract
critical point theorem and compute the indices i, for relevant sets

VI.1. Intersection pairs.

Recall the definition of the bundles my: B — M and ng: B® - M
introduced in III.1 as well as the contents of Lemma 1:

(1) ®2B2—>U
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is a diffeomorphism onto an open neighbourhood U of Ay = p(M), where
p:M — A was defined by m — m.
We find a number ¢ > 0 such that the set

) Ac={qgeAld\g, Ao < ¢}
is completely contained in U. We denote by bd(A,) the boundary of A, :
(€) bd(A,) = { ge Aldx(g, Ao) = ¢} .

Denote by LA x R - LA :(x,s) » xos the flow associated to the

differential equation
x' = = BIIY(x) [l )¥'(x) .

Define subsets of LA x R*, R* = [0, + ~0), by

(4) Q={(—0g)ett)lqeA, teR"}
Q= {(~dg)ot.1)|gebd(A,), teR" }.

For fixed te R* define

4) Q= {x|(x1)eQ}

Q= {x|(x,))eQ}.
Moreover define

(5) S, ={0dqlgeA}.
Note that
(6) Q.nS; =pM) forall teR"*
QNS =¢ forall reR*.
(6) follows immediately from the fact that themapt — W(x o t)is decreasing

for all xe LA and that LI’(fz,) < (= 0,0), ¥(S;) < [0, + ). Moreover
the set Ag = p(M) is the set of stationary points of the flow.

LeMMA 18. — Given any constant ¢ > 0 there exists t, > O such that
for all t > t, the following holds
() W(Q) = (= o0, — ]

¥(Q,) < (— ©,0].

Proof. — Clearly the second statement in (7) is trivial. In order to prove
the first statement concerning Q we note that
sup (P(Qy) < 0.

In fact, arguing indirectly we find otherwise a sequence (gq,) < bd(A,)

such that
— |1 0g, 1> = ¥(— dq,) — 0.

Vol. 2, n® 6-1985.



448 H. HOFER

Hence (0q,) is (uf p ¢) and therefore (g,) is precompact. Eventually taking
a subsequence we may assume ¢, — ¢o in A and || dqe || = 0. Hence
go€ Ao = p(M) giving the contradiction

& = da(qn, Ao) — da(go,No) = 0.

Applying Proposition 2 to ¥ (consider ¥ = ¥, with h = 0) the following
compactness property holds (Palais-Smale-condition).

®) 1Y)y » 0 and ¥(x,) — d

for some sequence (x,) imply that (x,) is precompact.
Since W has only the critical level 0 we find a constant r > O such that

©) |¥()|l.>r forall xeLA suchthat W¥(x)e[— c,sup¥(Q)].

Hence there exists a t, > 0 such that (7) holds. O
Now let & be the Hamiltonian with compact support from Chapter IV.
Since h has compact support we have for a suitable constant ¢ > 0

1
(10) [oa(x) | < 3 ¢ forall xeLA

and all n e N. This implies with the ¢, > 0 given in Lemma 18 corresponding
to ¢

(11) inf W,(S;) > sup ¥,(Q,)
for all t > to. For the following let
(12) S, =9Q,.,8,=0Q,.

In the following section we shall study the problem (S, *,1) n S;.

VI.2. Fixed points of fibre-preserving maps and index maps.

Fix ne N. We have to calculate
(1) cat ((Sz *, ) N Sy)

for all se R* and to show that ¢(M) is a lower bound for the expression
on (1). This will imply that i(S) = ¢(M). Now consider the intersection
problem

2 (S2#.85) NSy + ¢.

Using the fact that s — W,(x *,s) is decreasing and the estimate (11)
in IV.1 we infer

?3) (S, %,5)"S; =¢  VseR*.
Using the maps Eg, yo, E, and g, introduced in V.2, we define a conti-
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nuous family of fibre-preserving map (A, x R* considered as bundle
over A,).

4) B A x RY — LA
by

1
aq_ EHO(—aqa 09 t)KO(_aqa t) for te [0> tO]
_ 1
Elg,t)=| dq— 5 ol =0, 0, t)Ko(— 0, to)

1
) Ho(—04, 0, to)u,((—0g) ° to, 0, t— 1) K,((—0g) © to, t — o)
for t> to .

Clearly E, is continuous by the properties of Eq, E,, uo, ttn, Ko and K,,.
Moreover

LEMMA 19. — For all te R* we have
(5) Edg,t) £ 0 if gebdA,).
Moreover the following statements are equivalent
(@) x#*,5€S; where xeS§,
and

(i) x=(—0q)oty forsomegeA, and E\q,to +5) =0.
Proof. — We infer if xe S, and x *, s€ S, that

x = (—0q)oty forsome gqgeA,
and

(6) E((— 0g)° to,s) = 0.
(6) is equivalent to 0 = w,((— 0q) ° to, 0, E,(— 9) ° to, ).
Hence (6) is equivalent to
0 = E,((— 09) ° t0,0) + w{(— 0g) © o, 0, )K((— 0g) © to, 5).
That is
0 = Eo((—09g), to) + pl(—9) © to, 0, )Ku((—09) = Lo, 5) .

Multiplying this with po(—3q,0,1t0) gives an equivalent equation to
which the representation result Proposition 3 can be applied. In order to
get (7) we use the identity po(—03q,0,10)” = po(—04g, to, 0)

(7) 0= —20q+ po(—0q, 0, to)Ko(— 09, to)
+uo(—0g, 0, to)u(—0g)eto, O, s)K,(—0g)°to,5).
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However (7) is equivalent to
0=E\g 10+ 9.

Hence we have proved the equivalence (i) (=) (ii). (5) follows from this
equivalence together with (3). O
For the following define ¢, : A, x R* — LA by

®) Edg, 1) = 0q + 04(g, 1).

LemMa 20. — For all ne N there exists a monotone increasing map
K,: R* — R* such that
) | Z(D)onl(g, t) — oulg, )| < ) | T [

forallteR*, te[— 1,1]and geA,.
Proof. — We have for te [0,1,]

1
o(g, t) = — 2 Ho(— 0g, 0, t)Ko(— 0g, t).

Now observe that || dq || < ¢ for a suitable ¢ for all g € A, by the construc-
tion of A, (Recall A, = U = ®(BY)).

Now combining Proposition 3 (4) and Proposition 1 we conclude that (9)
holds for all te [0,t0] for a suitable x,. Similarly we can estimate ¢ for
t > to. The details of the proof are shorter but similar to that of Propo-
sition 3 and are left to the reader. O

Recall the definition of the bundles n%, the sets A, and bd(A,) and the
contents of Lemma 1. We define an open subset V of BY by
(10) V= {xeB)|D(x)eA\bd(A,)}.
Moreover define
bd(V) = { xe B | ®(x) e bd(A,) } .

Note that in fact bd(V) is the boundary of V in B®. We consider V,

V = V U bd(V) and bd(V) as bundles over M. Define U = ®(BY). Denote
by «, the difftomorphism defined by

B) @ B’ —» By ® LAy, (x,)) — (x,0)).
Moreover define the map «, by

BI® LA, —» LAy (x,2) — OH&(X)(x, 2)

where the ®,, are the maps already used in III.1. Here we identify of
course again B and TA |,,. Define o : B) @ B — LA | to be the compo-
sition of a; and a5,

oA = 00y .
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It turns out that a is a diffeomorphism. In fact, it is enough to show that a,
is a diffeomorphism. Clearly a, is smooth. The inverse is the smooth map «,
defined by

%y(z) = (@~ Yn(2)), (Dn&@- l(n(z)»((l)‘ Yn(z)), .) " 'z.

Define a map Z, by
Z,: (V,bd(V)) x R* — (B° B?)
where B® denotes the complement of the zero section in B?, by
E(x,8) = praca”t o E(@(x), 5).

Here pr, : B @ B — B° denotes the projections onto the second factor.

Clearly E, is continuous. Moreover it preserves for fixed se R* the fibre
over M. In fact, if a(x) = m we find n(Z,(D(x), s)) = ®(x). Hence

oo o ED(x), ) = Tyo Do B(x) = y(x) = m.

Further, in order to see that bd(V) x R* is mapped into B° we observe
that Z,(x, s) = 0 is equivalent to E,(®(x), s) = 0. This implies ®(x) ¢ bd(A,).
Hence x ¢ bd(V). In the following we shall relate the cohomological pro-
perties of the zero set of é,,(, s + to) for some fixed se R* to the cohomo-
logical properties of the set (S, *,s) N S;. We need

LEMMA 21. — The map y : LA |,, — BO defined by
(11) Wz) =praeal(2)

maps (ufp c) sets into precompact sets.

Proof. — Let D < LA |5, be (ufpc) and (z,) = (D). We have to show
that (z,) possesses a convergent subsequence. Let (x,) = D such that
z, = y(x,). Since &:B° — LA|,, establishes a diffecomorphism it is
enough to show that (y,), y, = 0z,, possesses a convergent subsequence.
Let g, = n(x,) and m, = ny(z,). Eventually taking a subsequence we
may assume

m, - m in M
g, > ¢q in C, where geA.
We have
a(q)ﬁl(n(xn))a Zn) = Xp.
Then
(Dm,,((D_ I(Qn)s yn) = Xp.

Clearly ® '(g,) » ® '(g) uniformly for the metric dqy, i.€.
dTM(q)_l(qn)([)e q)_l(CI)(r)) d 0
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uniformly in te [0,1]. This implies that ® *(g)e(B°),. For neN we
~ define a smooth path q,: [0,1] - A by

an(s) = O((1 — )@~ '(gn)) -

We have dajs) = — @, ((1 — 5)® '(q,), ® '(g.)). Since the parallel
transport along a curve is only depending on the curve but not on its parame-
terisation we can apply Proposition 1 to find that the images X, by the paral-
lel transport along a, of x,, build a (ufp c) sequence. Since (7(X,)) = Ag = M
(we identify Ao and M, B and TA |y) we infer by an easy application of
Proposition 1 by the compactness of M that (x,) is precompact. (If (y,) = LA
is a sequence such that (n(y,)) converges in A and (y,) is (ufp c), then (y,)
is precompact; this is an easy exercise using Proposition 1). Hence even-
tually taking a subsequence we may assume

X, - x in LA
where xe LA |y. Let m = n(%).

We have N
(X,) = ©0. D (g,) = mH(D@ ™ (qn)) = My

Hence ‘ m = lim n(Xx,) = limm, = m.

We introduce local co-ordinates based at me M by (for n large enough)

qn = €Xpm (&n) & eTA
Xpn = q)m(ém nn) N € LmA
Xp = ©,(b,, 1) . € LA

my, = CXPp, (bn)
ay(S) = €XPp, (an (s) .
Denoting by ¢, the solution of _
ci(s) = — L(as)((ar(s), cals))
with c0) = 1,

we have N
ell) = 1,

By the special form of the q, it is clear that a,(s) and aj(s) converge uni-
formly for se [0, 1] to a(s) and a’(s) respectively given by a(s) = exp,, (a(s))
and

als) = (1 — )@~ *(g)) -

Hence a(s) = (1 — s)® !(g). Since #, — # in L,A where Xx=9,(0, )
we infer that #, converges to some # in L,,A where n = ¢(0), # = (1) and

c'(s) = — L(als)){(d'(s), c(s)). Now
(Dm,.((b_ l(qn)a yn) = (Dm(ém nn) .
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This gives
(@7 (qn), Yn) = D, Dy 1) -
Therefore
Yn = Prao @ 0p(En, 112) -

Since &, — ¢ uniformly where ¢ represents q and #n, — n in L,A.
m, — m we infer y, - y in LA |y. |

LEMMA 22. — Define 5, : V x R* — B° by
(12) Oulx, 1) = E(x, 1) — x.

Then &, maps sets of the form V x [0, s] into precompact sets.

Proof. — By the definition of é,, we have

Gu(x, S) = é,,(x, s) — x
= pryo o }(0®(x) + o, (P(x),s)) — x
= prao o (@ (X, %) + 0,(D(x),5) — x

=praoa”toalx,x) = x + prooa ! o 0, (®(x), 5)

=praoa o 0',,(@()6), s)
=700, (Dx, s).

By Lemma 21 6, maps bounded sets in V x R* into (ufp c) sets. By
Lemma 22 y maps (ufpc) sets into precompact sets. O

Denote by TM @ iTM — M the complexification of the tangent bundle.
For je Z we define smooth maps

ej: [0,1] - C
by
t Lt =0
—_—— 1 =
efy= " 2 7

eZnijt lf ]4: 0

It is well-known that the family (e%) (" denotes the derivative) is a total
subset of L?(0, 1; C). Since all e; have mean value O the span of the e; will
be a subspace of the H'-functions with mean value zero .Since the deri-

vative-map induces a linear isomorphism we infer that (e;) is a total subset
1

in {er‘([O, 1,0 j x = 0}. For ke N we introduce smooth sub-
0

bundles n¥ : Bf - M of B® - M by

BY = { xeB®|x = X4_ _,ape;, where a;eTM@iTM and a;=a_;
(a; the complex conjugate) } .
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Clearly the maps in By are real valued. A local trivialisation, say centred
at me M, is given by
Vm X (Bl(())m - Bg |exp(Vm)
(a,x) > Dnla, x),

where V,, = T,M is open such that the restriction of the exponential
map gives a diffeomorphism onto exp (V,). Note that

Op(a, T _yae;)t) = E4- (D exp, (@). a;)eft)).

Denote by P, : B — B} the fibre-preserving map which projects on
each fibre in B® orthogonally onto the corresponding fibre in BY. Here,
of course, « orthogonally » referes to the TA-inner product. (Recall that
we identified B® < B =~ TA |g.) It is easy to see that P, is smooth and that

Px - x in TA as k - 4.

LemMa 23. — Given any soe R* and an open neighbourhood W of
the set

{xeV| E(x, So) = 0} (which is allowed to be empty)
there exists a ko € N such that for all k > k, the following holds
(12) (xeBYAV|PE(x,50) =0} = W
and
(13) { xe B N V| There exists se [0, so] with P,E,(x, 5)=0}
is contained in V, = V n B{.

Proof. — We carry out the proof of (13). The proof of (12) is similar
and left to the reader. Arguing indirectly we find sequences k; — + 0,
x;e bd(V) n By, and s;€e [0,s0] such that

X; + Py, 0,(x;,5;) = 0.

By Lemma 21 the sequence (x;) must be precompact. Hence we may
assume eventually taking a subsequence

5; > s, xX; > X
where se [0, so] and x € bd(V), and moreover
Z,(x,5)=0.
However, we know by Lemma 19 that this is impossible. This proves (13)

O

LeMMA 24. — Given any open neighbourhood X of { xe V | é,,(x, to)=0]
in V the projection map nx:=ng|X : X — M induces an injective map
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¥ : HM) - H(X) in cohomology. (t, is the number introduced in
Lemma 18).

Proof. — We use an approach similar to that used by Dold in the defi-
nition of the fixed point transfer, [8]. We find k € N such that

F(t)={xeVnB}| Pké,,(x, t) =0} (it could be of course empty)

is compact for all t € [0,z ] and F(ty) = X. (This can be done by Lemma 22).
We have the following commutative diagram (X, = X n BY).

EWR
M

where j is the inclusion and 7y and m, denote the projections induced from
ny. If we can show that the map n} induced in cohomology is injective,
it follows from =¥ = j*n¥, that n¥ is injective. Hence we have reduced
the infinite-dimensional problem to a finite-dimensional problem. The
finite-dimensional vector-bundle B — M is an ENRy in the sense of
Dold [8]. That is there are fibre-preserving maps over M:

B} — 0 —/> B}

‘RN lr‘/ Tk
M
such that ri = id and @ is an open subset of R™ x M for some me N.

Here, of course, R™ x M is considered as the trivial bundle over M :
(x,m) — m. Moreover 7 is the induced projection. Define

{Ik = r_l(Vk) >
where V, = V ~ B? and maps f; by
fi: Vi = R™ x M : f(a) = i(— P&,(r(a), 1)).
Moreover let B o
F(t)={aeVi| fla)=a}.

If ae F(t) we infer
a= l(_ Pkan(r(a)’ t)) .
Hence
r(a) = ri(— Pyo,(r(a), 1)) = — Pyo,(r(a), t)
or equivalently 5
P.E,(r(a), t) = 0.
Therefore R
r(F(t)) = F(t).
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If x € F(t) we have similarly x = — P,a,(x, t) which implies
i(x) = i(— Pya,(x, 1)) = fli(x)).

i(F(t) = F(z)
and in fact i and r induce homeomorphisms
Fi¢) 5> Fe), F@) S F)

which are inverse to each other. This implies the compactness of F()

for te [0, ty] and that X, = r~1(X,) is a neighbourhood of F(to) We have
the commutative diagram

Therefore

X, —— X,
r|ik\ /nk
M

If we can show that (t | )N(k)* is injective we infer from (t | )N(k)* = r¥m;
that =¥ is injective. So, in order to complete the proof we show that (7 | X;)*
is injective. To simplify notation we shall write T = 7| X,. Define

F = Uicro,0F (1)

Consider the following diagram. (We denote all inclusion maps by the
letter j, pr; : R™ x M — R™ denotes the projection onto the first factor.
Moreover maps denoted by « exc » are inclusion maps inducing in coho-
mology the natural excision isomorphism.)

R™ R™{0}) x X, TS0k % R A\F(to)
. lexc
e (Vi V\F(to))

R™ R™{0}) x M Tk (G GF).

By the homotopy-invariance of the cohomology the bottom map induces
in cohomology

d* = (pry(j — fo) D*.
Hence we obtain the diagram

H(R", R™\{0}) x Xy) P22 H(X,, X\ Fl(o)

1
(idx 5* H(V,, V\F (o))

L _

H(R™ R™{0}) x M) T HV,, Vi\F)

If we can show the bottom map is injective the map (id X t)* must be
injective.
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Clearly d: (Vi, V\F) - (R™, R™\{0}) x M has the form

d(a9 m) = (a — Prio i(Or(a,m))a m)
where 0, denotes the zero element in (BY),.

Denote by W a compact nelghbourhood of F such that W < V.. Then

the inclusion map (W, W\F) (Vk, k\F) will induce an 1somorphlsm
in cohomology. For B, being the open ball of radius p around 0 in R™
we find for p > 0 large enough a continuous extension e:R™ x M — B,

of the map W — B, :(x,m) - pryi(0,um) (of course using Tletzes
Theorem).

Define a map d, :
(R™ x M, (R™\B,) x M) —» (R™ x M,(R™\{0}) x M)

by di(x,m) = (x — e(x, m), m).
Note that d, is homotopic to the inclusion map. In order to show that d*
is injective, consider the following diagrams where we assume that B,
defined above satisfies in addition B, x M o F.

(R™,R™M{0})x M P (Vk, Vk\F)

aqw exc

(W, W\F)
(R™ % M, (R™ x M)\F)
l (R™ ><J M, (R™\B,) x M)

R™ x M, (R™{0}) x M)
(R™,R™{0}) x M.
Note that in cohomology d¥ = j* where j:
(R™ x M, R™B,) x M) —» (R™ x M, (R™{0}) x M)

denotes the inclusion map. By the homotopy invariance and the long exact
sequence j* will be an isomorphism. Hence we obtain for some homomor-
phism « the following diagram in cohomology.

H(®R™, R™{0}) x M) = H(V,, V,\F)
idi (djW)* l
H(R™ R™{0}) x M) «*— H(W, W\F).

Hence (d | W)* is injective which implies the injectivity of d*. Summing
up we have shown that the map

H(R™ R™ {0}) x M) % H(R"R™\{0}) x X)
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is injective. Denote by o : H/(I') » H/*}(R,R\{0}) x I') the natural
suspension isomorphism. Clearly the map (id x 7)* is the map induced
under m-fold suspension. Therefore we finally obtain

H/* (R, R™ {0}) x M) “% Hitm(R™ R™{0}) x X,)

Iy I

H/M) — H/(X,)
Hence the map t* is injective. That completes the proof of the Lemma.
B |
ProrosiTION 4. — For all ne N we have
(14) in(S1) = c(M).

Proof. — We prove (14) by arguing indirectly. Assume i,(S,) < ¢(M).
We find 5o € R* such that

cat ((Sz *, 50) N Sy) = In(S3).
Define
D = (Sy#,50) N Sy.
By Lemma 19 we have with
E= {XEVlén(X,to + So) = 0}
the following relation between D and E
D = ((—= 0®(E) e 1o) *, So) -

By Lemma 21 the set E is compact. Hence D is compact. Clearly

(D #, (= so)) o (— to) = — ID(E)
and
cat (0®(E)) = cat (— 0®D(E)) = cat (D) < ¢(M).

We find an open neighbourhood W < LA of 0®(E) such that
cat (cl(W)) = cat (0O(E))
n(cl(W)) = B(V).
We shall show that the inclusion map
i:W —> LA

cannot induce an injective map i* : H(LA) - H(W) in cohomology.
Assume, arguing indirectly, it does. We find U,, ..., U, open in LA,
k = cat (c(W)) such that

U'ic= IUi = W
U; is contractible in LA.
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From the long exact sequence for the pair (LA, U;) we infer in dimen-
sion j> 0 that the induced map

HY(LA, U;) - HYLA)
is bijective. Hence any cohomology class ip H/(LA), j > 1, can be repre-
sented by some cohomology class in HYLA, U;). Consider the maps
M->IA->M
m — 0,, x — 7(x)0)

which constitutes a factorisation of the identity map of M through LA.
Hence the second map induces an injective map in cohomology

HM) — H(LA).
Therefore
c(LA) = c(M).

Let v;e H'YLA); n(i)> 1; i=1,...,¢(M) — 1, such that
V=V UL Uleay—1 F 0.

Take representatives pu, ..., 4m-; such that y;e H"W(LA, U;). Then
=1V .. U lan-1 F 0.

On the other hand by standard properties of the cup-product we have
we HEO(LA, W). Since the inclusion W — LA induces an injective map
in cohomology we infer from the long exact sequence for the pair (LA, W)
that the map H(LA, W) — H(LA) is the zero map. This implies, since
1 — v that v = 0 which establishes a contradiction. Up to now we have
shown that i,(S,) < ¢(M) leads to the conclusion that there exists a certain
neighbourhood W of d®(E) such that the inclusion map W — LA cannot
induce an injective map in cohomology. Define a map y by

x: @ H(W) - M: x(x) = ny(x).
Consider moreover the factorisation of the map
17 (W) - M (x) = B(x)0)
by (i denotes the inclusion, B(x) = dd(x)).
O (W) 5 W SHILADSASM
where o(q) = q(0). Let us show that y and ¥ are homotopic if ¢ > 0 is small

enough (which we may assume, recall V.= ®~!(A,)). Clearly if ¢ > 0 is

small enough we have ~ i
dM(Z(x)’ X(x)) < oa

for all xe ® !(n(W)) where 5, —» Oase — 0. Wecanembedi: M — R™
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for some m e N and take a tubular neighbourhood of M in R™. Let y denote
the projection of the tubular neighbourhood onto M. Then the

map [0,1] x @~ }(n(W)) - M
defined by (1, x) — i(%(x) + (1 — )i(3(x))) gives a homotopy. This
implies for the induced maps in cohomology
X* — %* — ﬂ*i*n*a* A
If we can show that n*a* is an isomorphism we find since i* is not injec-
tive that x* is not injective. Consider a: A — M and define
a:[0,11x A - A: s, q)t) = q(st).

Then & is continuous and a deformation retraction onto A, which is

homeomorphic to M. Therefore a* is an isomorphism. Next consider
n: LA — A and define

7:[0,1] x LA - LA : 7(s, x) = sx.

Denote by X, the zero section of LA. Hence the inclusion map of £, — LA
induces an isomorphism in cohomology. Since X, and A are naturally
isomorphic we find that 7* is an isomorphism.

Therefore

207 (W) - M

does not induce an injective map in cohomology. This, however, contra-
dicts Lemma 24 and Proposition 4 is proved. O

VII. PROOF OF THEOREM 2

We give now the proof of Theorem 2. Clearly it will essentially consist
of collecting the results we have already proved.
In IV we have constructed a N-family (¥,) for ¥, € C(LA, R), where
Woo(x) = (Omx, X) — 0eo(x) .
In VI.1, 2 we have constructed the sets

Si={0dqlqeA}
and

S, = {(_ ‘351)°to|q€Ae} = Qto
and proved that

1(S2) = (M)

for all ne N. By Theorem 3 the functional ¥, has at least ¢(M) critical
points. If x is a critical point of ¥ we have (g = nx)

0q = KH(x)
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and
(x,0y) = (Tm)H(x), y) forall yeT,A.

This implies x € T,A. Integrating by parts yields
— (0x, y) + {x(1), (1) ) = (x(0), ¥(0) ) = (Tm)H(x), y)
for all ye T,A. Therefore

x(0) = 040y and x(1) = Oy,
and
— ox = (Tn)H(x).

Denote by ¢ : TM — T*M the natural isomorphism for Riemannian
manifolds

gla)=<a,.).

Then the pull back @ of w via ¢ is given by
@(a,b) = { Trna, Kb > — ( Ka, Tnb >

(see [16], 3.1.3). Hence we have for all ye T,A

1 1
f w(x, y)dt = J dh}¥(o(x))(To)ydt

0 0

(Here we have used the definition of h). Define y: [0,1] —» T*M by
2(t) = o(x(t)). We infer

1 1
L a(y, (To)y)dt = J dh¥(yXTo)ydt .
0

That is
y=X(7).

Since x(0) = 0, x(1) = 0 we infer (0), y(1) € Z. Therefore we have found
«(M) different solutions for y = X(y), y(0), y(1) e Z. O
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