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gchang€s ATGE
Normal modes of a Lagrangian system
constrained in a potential well
by

V. BENCI (*)

ABSTRACT. — Let a, U e C*(Q) where Q is a bounded set in R" and let
1
*) L(x,€)=§a(X)l€|2—U(X), xeQ; eR".
We suppose that a, U > 0 for xeQ and that
lir}j}) Ux) = + .

Under some smoothness assumptions, we prove that the Lagrangian

system associated with the above Lagrangian L has infinitely many periodic
solutions of any period T.

Key-words.: Lagrangian system, periodic solutions, minimax principle, Palais-Smale
condition.

REsUME. — Soit a, U e C3(Q) ou Q est un borné de R”, on pose
1
*) L(x,€)=5a(X)|€|2—U(X), xeQ; LeR".
Nous supposons que a, U > 0 pour xeQ et que
lim U(x) = + .
x—0Q

Moyennant quelques hypothéses de différentiabilité, nous démontrons
que le systéme Lagrangien associé¢ a L a une infinité de solutions T-pério-
diques, quel que soit T.

AMS (MOS) Subject Classifications: 34 C 25, 70 K 99, 58 E 05.
Work Unit Number 1 (Applied Analysis).
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380 V. BENCI

1. INTRODUCTION AND MAIN RESULTS

Let a, U —» R where Q is an open set in R". We make the following
assumption

(L,) Qs bounded and its boundary is C*.
L, UeC*Q
(L,) xlirgln U(x) = + ©
VU(x) - v(x)
Ly lim —————=
=00 U(x)

(L, aeC*Q)
(Lg) " a(x) > O for every xe Q
(Lg) for every x € 0Q such that a(x) = 0, Va(x) # 0.

We consider the Lagrangian

= + oo where v(x) = — V dist (x, 0Q)

1
(1.1) Lix, &) = Ea(X) €17 — Ulx),
xeQ, £eTQ = R* and || denotes the norm in R",

and we look for normal modes of the dynamical system associated to this

Lagrangian ; i. e. periodic solutions of the following systems of ordinary
differential equations :

ye CYR, Q)
(1.2) T T N
. ay)y = > |7 1*Va(y) — (Va(y) - y)y — VU(y)

d
where « - » denotes T and « - » denoted the dot product in R”. We restrict

our attention to periodic solution of a given period T, and in order to

simplify the notation we suppose T = 1. Also it is not restrictive to suppose
that

(L) Ux) =20 for xeQ, miél Ux)=0 and a(x) <1.
The main result of this paper is the following theorem:

THEOREM 1.1. — If (Ly)-(L,) hold then the equation (1.2) has infinitely
many periodic distinct solutions of period 1. More exactly there exists a
positive integer N, and two positive constants EY and E™ such that for every
N > N, there exists pye C*(R, Q) such that

i) 7y is solution of (1.2)
1

.. h iod —

ii) yx has perio N

Annales de I’Institut Henri Poincaré - Analyse non linéaire



NORMAL MODES OF A LAGRANGIAN SYSTEM 381

iify) ETN? < E(yy) < E*N?
where E(y) = %a(}'}(t)) | 9() |2 4+ U(t)) is the « energy » of y.
iv) aN2? < J(py) < SN2

where J(yn) = J‘a(yN) | 7n |2 — U(yn)dt and o and B are constant which depend

only on Q (but not on U and N). Moreover if U(xy,) = 0 (i. e. x,, is a minimum
point) and
U(x) = o(|x — xy|*) for x = xy,

then we can choose N, = 1.
1
Remarks 1. — Notice that (ii) does not say that N is the minimal period

of yy. It might happen that yy has a smaller period. Thus it may happen
that yy = 7y for some M # N. However (iii) implies that if M > N then
M 7 N

I1. — As easy one-dimensional examples show it is possible that equa-
tion 1.2 has no periodic solution with minimal period 1.

II1. — Assumption (L,) which may appear as the less natural one,
describes the behaviour of U(x) as x — Q. It says that U(x) cannot
« oscillate » too badly near the boundary.

IV. — We have decided to consider Lagrangian of the form (1.1) (i. e.
with a(x) not identically 1 and in particular with a(x) which may degenerate
on 0Q) because in this way theorem 1.1 can be applied to the study of

closed geodesic for the Jacobi metric (which degenerates for x — 0Q),
cf. [B,]

V. — By the proof of the theorem it will be clear that the same result
hold for a Lagrangian of the form

L(x, &) = zijaij(x)éiéj - U(x)

with Z,.a,/(x) &, = alx) | & |? and satisfies (L,-L,). More in general, the
same method apply also to the case in which Q is a Riemann manifold with a
C2-boundary. We have decided to consider a simpler case in order to not
make the notation and the uninteresting technicalities too heavy.

V1. — The results of theorem 1.1 holds also if a and U are of class C!
(cf. remark II after theorem 2.3). However, in order to not get involved

in technicalities which will obscure the main ideas we have preferred to
treat the C?-case.

The study of normal modes of nonlinear Hamiltonian or Lagrangian

Vol. 1, n° 5-1984.



382 V. BENCI

systems is an old problem which in the last years has attracted new interest.
We refer to [R,] for recent references on this subject. However, as far
as I know there are no results of the nature of theorem 1.1, i. e. periodic
solutions in a potential well. The more similar situations to the one consi-
dered in this paper are the following ones.

a) Q is a compact manifold without boundary

b) Q@ = R" but U grows more than quadratically for | x| — + oo or,
more precisely

1
0 <Ux) <0U(x)'x for xlarge and § < 3

(notice that the above condition is the analogous of (L,) when Q = R").

In both cases (a) and (b) we have a result similar to theorem 1.1 (cf. [B,]
for (a); [R,], [BF] or [G] for (b); also the case (b) has been considered
in [R,], [BR] and [BCF] in the context of Hamiltonian systems).

What we want to remark here is the similarity of these three situations.
In case (a), the existence of infinitely many periodic orbits can be proved
by virtue of the compactness of Q (provided that Q satisfy some suitable
geometric assumption as having the fundamental group finite). In (b)
and in theorem 1.1, the lack compactness is replaced by the growth of U.

A last remark about the technique used to prove theorem 1.1. We have
used variational arguments reducing our problem to the proof of existence
of critical points of a functional defined on an open set in a Hilbert space.
In proving the existence of critical points for functional in infinite dimen-
sional manifold the well known condition (c) of Palais and Smale (P. S))
has been used. However in our situation (since we deal with a non-closed
manifold) (P.S.) is not sufficient. For this reason we have used a variant
of (P.S.), which fit our case, obtaining an abstract theorem (theorem 2.3)
which might have,some interest in itself as a further step in understanding
the critical point theory in infinite dimensional manifolds.

2. AN ABSTRACT THEOREM

Let X be a Hilbert space with norm || - || and scalar product {-,-> and
let A be an open set in X (or more in general a Riemannian manifold

embedded in X). C*(A, R) will denote the set of n-times Frechét differentiable
functions from X to R.

If feCYA, R), f’ will denote its Frechét derivative which can be iden-
tified, by virtue of ¢, >, with a function from A to X.

DEFINITION 2.1.— A function p: A — Xis called a weight function for A
if it satisfies the following assumptions:

i) peC'(A, R)

Annales de I"Institut Henri Poincaré - Analyse non linéaire



NORMAL MODES OF A LAGRANGIAN SYSTEM 383

ii) p(x) > 0 for every xe A
iii) if x, - XedQ then p(x,) »> + oo for n » + co.

DEFINITION 2.2. — We say that a functional Je CY(A, R) satisfies the
weighted Palais-Smale condition (abbreviated W. P. S.) if there exists a
weight function p such that given any sequence x, € A the following happens:

(WPS 1) if p(x,) and J(x,) are bounded and J'(x,) — O then x, has
a subsequence converging to Xe€ A

(WPS 2) if J(x,) is convergent and p(x,) — + oo, then there exists
v > 0 such that

NI(x)ll = vl p'(x,)ll for nlarge enough.

Remarks I. — We say that a functional satisfy the Palais-Smale assump-
tion on a Hilbert (or Banach) manifold A if every sequence x, such that
J(x,) is bounded and J'(x,) — O has a converging subsequence. Most
results in critical point theory have been obtained using the (P. S.) assump-
tion. However, as easy examples show (P. S.) is not sufficient to obtain exis-
tence results when A is an open set in a Hilbert space, or to be more precise,

when A is not complete with respect to the Riemannian structure which
we want to use.

II. — If A is a closed Hilbert (or Banach) manifold then (P. S.) implies
(W. P.S) (it is enough to take p = 1). Moreover if A = X, choosing
p(x) = log (1 + || x ||?), then (W. P. S.) reduces to a generalization of (P. S.)
introduced by G. Cerami [C] (cf. also [B. B. F.] and [B. C.'F.)).

III. — If a functional J satisfy (P. S.) then the set
K, ={yeAlJ»)=c V() =0}
is compact. If J satisfies (W. P. S.) we can only conclude that
K. n{yeAlpl) <M}

is compact for every M > 0. Thus (W. P. S.) might be an useful tool for
analyzing situations in which we do not expect to find a compact set of
critical points at a given value ¢. (However if p’(x) # 0 when p(x) is large,
then K, is compact).

DEerINITION 2.2, — Let X be an Hilbert (or Banach) space. Let S be a
closed set in X, and let Q be an Hilbert manifold with boundary 6Q. We
say that S and 0Q link if

a SNndQ=¢

by if h:Q — A is a continuous map such that h(u) = u for every
ue dQ, then W(Q) S # ¢.

Vol. 1, n® 5-1984.



384 V. BENCI

THEOREM 2.3. — Let A be a Riemannian manifold embedded in a Hilbert
space X and let J e C*(A, R). We suppose that

(J,) 7 satisfy (W. P. S.) B

(J,) there exists a closed subset S = A and an Hilbert manifold Q = A
with boundary 0Q, and two constants 0 < oo < 8 such that

a) Jy)< B foryeQ and maxalgm Jy) <0
'y—)

b) IXy) = a for every yeS
¢) S and 0Q link.

Weset H={h:Q — A|h(y)=yif J(y) <0} and

¢ = inf sup J o h(y)

heH yeQ

Then ce [a, B] and it is either a critical value of J or an accumulation point
of critical values of J.

Remarks I. — Theorem 2.3 is a variant of similar results (see [BBF]
theorem 2.3, [BR] or [R;]). The novelty lies in the fact that A might be
an open set, therefore (P. S.) is not sufficient to guarantee that c is a critical
value of J. Therefore we have to require (W. P. S.). A consequence of this
fact is that we do not know that ¢ is a critical value of J; it might be an
accumulation point of critical values of J (unless (P. S.) is also satisfied).

II. — The assumption J € C%(A, R) is not necessary. It would be enough
to assume J € C!(A, R). With the latter assumption the proof of lemma 2.4
would be more technical. However if the reader is interested to prove
theorem 2.3 under the less restrictive assumption, he has to « interpolate »
between the proof of lemma 2.4 and theorem 1.3 in [BBF]. Since in our
application, it is sufficient to assume Je C*(A, R), we did not bother to
be as general as possible.

To prove theorem 2.3, we need the following lemma

LEMMA 2.4. — Let Je C*(A, R) satisfy (W. P. S.). Suppose that c is not
a critical value of J nor an accumulation point of critical values of J. Then
there exist constants € > ¢ > 0 and a functionn: [0,1] x A — A such that

a) 10, x) = x for every xe A

b) n(1, x) = x for every x such that J(x)¢ [c — & c + €] and every
teR

o nl, A
where Ay = { xe A| J(x) < b }. Moreover & can be chosen arbitrarily small.
Proof. — We set
S,={xeAlc—e<Ix)<c+z¢}
Ay={xeA|lpx) <M}.

)= A,

cte

Annales de I'Institut Henri Poincaré - Analyse non linéaire



NORMAL MODES OF A LAGRANGIAN SYSTEM 385

We claim that there exists & M and b such that
2.1) NV = bllp(x)|| forevery xeS; — Ay.

In order to prove (2.1) we argue indirectly. Suppose that (2.1) does not
hold. Then there exists a sequence x, such that
a) Jx,) - ¢
2.2 b plx,) > + ©
O 1) < bl p'(x,) | with b, — 0.
Then we have ,
I (x,) |l

1o Cx,) Il
< min lim b, = 0 by (2.2) (¢).

0 < v < min lim (by (2.2)(a) (b) and (W. P. S) (ii)

This is a contradiction which proves (2.1). It is not restrictive to suppose
that € is so small that [c — &, ¢ + €] does not contain critical values of J;

this is possible because we have supposed that ¢ is not an accumulation
point of critical values.

We claim that for every M, there exists by > 0 such that
(2.3) | ¥(x) || = by, for every xeS;nA,.
In fact if (2.3) does not hold there exists a sequence x, such that
a) Jx,)elc—¢ c+¢]
2.4 b) plx,) <M
0 IVl <

Then, by (WPS 1), it follows that x, has a subsequence converging to some
limit X. So we have

VX =0 and Jx) =c%¥ lim J(x,).

b, for some sequence b, — 0.

Thus ¢e [c — & ¢ + €] is a critical value of J contradicting our choice
of 2. Let ¢: A — R be a Lipschitz continuous function such that

¢)(x) _ { 1 if xe SZ/Z

0 if x¢S;
and we set
d(x) —% for xeS;
(2.5) V(x) = NGl
0 for x¢8S;

By (2.1) and the definition of ¢, V is well defined and locally Lipschitz
continuous. We now consider the following initial value problem

2.6) n= -V
n0) = x.

Vol. 1, n° 5-1984.



386 V. BENCI

By basic existence theorems for such equations, for each x € A there exists
a unique solution #(z, x) of (2.6) defined for t e (t~(x), t*(x)), a maximal
interval depending on x. We claim that t*(x) = + oo. Let us prove that

tH(x) = + oo.

We argue indirectly and suppose that t*(x) < + .
First of all we can suppose that

(2.6" nt, x)esS; for tel0, t*(x))
otherwise the conclusion follows directly from (2.5). Now we claim that
2.6" o) < M for every te [0, t*(x))

t*(x)

whereM = M, + and M, = max { p(0), M } . If the above inequality

does not hold then there exists ¢,, t, with 0 < ¢, < t, < t*(x) such that

M, <p@®) <M for telt,t,]
and

2.7) p(ty)) = My p(n(ty)) = M

then, for te [t,, t,]
= 1< p'tn(t, %), V(e ) > | [oy (2.6)]
| p"(n(t, x) Il by (2.5)]

< f’ O T, 1
< [by (2.6'), (2.4') and (2.1)]

£ oot 9)

b
Then we have

M — M, = p(n(t,, X)) — p(n(t,, x)) [by 2.7)]

ty d
< — p(n(t, dt
L 7, Pl X))
1 . .
<(t, —ty) 5 [by the above inequality ]
t*(x) ..
=M -M, [by the definition of M].

This is a contradiction. Therefore (2.6") is proved.
Then by (2.3), there exists by, > 0 such that

2.7) Il 3t x) || = by for te [0, 1% (x)).

Annales de I’ Institur Henri Poincaré - Analyse non linéaire



NORMAL MODES OF A LAGRANGIAN SYSTEM 387

Now let ¢, be a sequence such that t, — t"(x). So we have

In(t, p ) —n(t, )| = JM Vin(t, x))dt|| [by (2.6)]
<[ by 2.4 and 2.5)]
S Wan o T '
< bt — 1) by 2.7)].

This implies that #(t,, x) is a Cauchy sequence converging some .\'oeK
as t, — t'(x). Moreover p(X) = 13131 p(n(x, t,)) < M, therefore, by Defi-

nition (2. 1) (iii), X € A. But the solution of (2. 6) with initial condition X fur-
nishes a continuation of #(t, x) contradicting the maximality of t*(x).

Analogously we can prove that t~(x) = — oo. Therefore #(t, x) is defined
d

for every t € R. Since 7 J(n(t, x)) = — 1if n(t, x) € S;,, by an easy standard

argument the conclusion follows. O

Proof of Theorem?2.3.— By virtue of lemma 2.4, the proof of theorem 2.3
is almost a repetition of analogous proofs (cf. e. g. [BR], [R;] or [BF]).
We sketch it for completeness. By the first part of (J,) (a) and since the
identity belong H, ¢ < 8. By the second part of (J,) (a) and (J,,) (¢), (Q)nS # ¢ ;
then by (J,) (b), ¢ = a. Then c is well defined and is in [«, f]. It remains
to prove that ¢ is a critical value of J or it is an accumulation point of
critical values of J. Suppose that neither possibility holds. Then the assump-
tions of lemma 2.4 are satisfied. Choose € (0, o], ¢ and # as in lemma 2.4,
By the definition of ¢, there exists h e H such that

supJoh(x)<c+e.
xeQ

By lemma (2.4) (¢) and the above inequality we have

(2.8) supJonoh(x)<c—e.
xeQ

By lemma (2.4) (b) and the choice of g, 1 - h e H ; then by the definition of ¢

sup Jonoh(x) = c.
xeQ

The above inequality contradicts (2.8). Thus the theorem is proved.

a

3. PROOF OF THEOREM 1.1

We set
(3.1) A'Q={yeH'SLR)|70eQ} (S'=1[0,1)/{0,1})

Vol. 1, n® 5-1984.



388 V. BENCI

where H'(S?!, R") denotes the Sobolev space obtained by the closure of C*-
functions (periodic of period 1) with respect to the norm

1 1/2
I|YII=U){H)|2+17|2}dt] :

Since H!(S!, R") = C%(S!, R"), then the set A'Q is an open set in H*(Q, R").
The periodic solutions of (1.2) are, at least formally, the critical value of
the functional

1
(3.2) J(v)=J{§a(v)|?|2—U(v)}dh

However the functional (3.2) does not satisfy W. P. S. (nor the condition (J,)
of theorem 2.3) on the set (3.1). Therefore it is necessary to modify the
functional (3.2) in a suitable way. Then we shall apply theorem 2.3 to
the modified functional and finally we shall prove that the solutions of
the modified functional are the solutions of our problem.

In order to carry out this program we start defining a function h e C¥Q)
with the following properties

) hx) =dx, 0Q) if d(x, 0Q) < d,

(3.3) ii) h(x)>d, whenever d(x, :’)Q) > d,
iii) Vh(x) <1 for every xeQ
iv) h(x) <1 for every xeQ

where d, is a constant sufficiently small. Such a function h exists since Q
is assumed to have a C2-boundary. Also we set

2 2
(3.4) ho = sup TIXT

o |0x|?
dxeR"

where d?h denotes the second differential of h. Moreover we set
(3.5) v(x) = — Vh(x) sothat v(x)eCHQ,R" and |v(x)|<1.
Now let ¢, x € C*(R) be two functions such that

o) =t for t>1

o) =

for t<

N
N =

0< @'t < ¢pt) for teR

x() =0 for t<1
) =1 for t>=2
(@) =0 for teR

Annales de I'Institut Henri Poincaré - Analyse non linéaire



NORMAL MODES OF A LAGRANGIAN SYSTEM 389
and set 1
a,(x) = 2 $(La(x))
1
U nx) = Nz {x(lh(x))U(X) + [1 = x(Zh(x))] %}

12
where M, = sup{U(x) | xeh”([—, —])} Clearly a, and U, are C>-
functions and A A ’

1
(3.6) a,(x) > o

Our modified functional will be
1 1 )
J;_,N(V) = L {5 a1y |2 - ULN())) } de.
It is easy to check that J, \(y)e C*(A'Q, R) and that

Va0 oy] = J

0

for every xeQ.

! P | .
{al(v)v 0y + E(Val(?) 1P = VU, () 6y } dt
for yeA'Q and &yeH S, RY).

Now we want to apply theorem 2.3 to the functional J, y. In order to do
this some lemmas are necessary.

LEMMA 3.1. — a) there exists a constant b = b(A, N) such that

1 1

b) there are positive constants § and K, (which may depend on J and N)
such that

VU, ((x) v(x) = B WP K,

) for every M > O there are constants a(M) and AM) such that

U, ) < MVU AnX) v(x) + aM) - for every xeQ and every A = AM)
d) there exists a function . — O(A) such that
i) )EI’P 0(4) = + o

1 1
ii) forevery x € Q such that U; n(x)< e 0(2), we have U ; n(x) = N U(x),
and a,(x) = a(x)

e) there exists a constant K such that

Va,(x)-v(x) < Kay(x) forevery xeQ andevery A>0.
Proof. — a and b follows by the fact that for x sufficiently close to 9Q,

Vol. 1, n° 5-1984. 15



390 V. BENCI

U, Nx)= Nz h(l 7 (remember that for x sufficiently close to 0Q, | Vh(x)| =1).
Let us prove (c). Since v(x) = — Vh(x) we have:
1 2
(3.6a) VU, \(x)v(x)= N { $(AR(x))VU(x) v(x) + [1 — x(Ah(x))] l:%)xl—) M,

M, )
+ ix’(ih(X))[ ho)? ]IV(X)I }

12
If '(Ah(x)) # O,thenxe h™* <[1 , E:D Thus for such values of x, by (3. 3) (iv)
and the definition of M, we have
M,
h(x)?

Thus, since y'(t) = O for every'teR,

M,
(3.6b) ¥ (Ah(x)) [h( 7

- Ux) = —Ux)=0

— U(x )]20 for every xeQ.

By (L,) and easy computations, for every M > 0 there exists a, such that

(3.6¢) VU(x) - v(x) = MU(x) — a, forevery xeQ.
Moreover, for x sufficiently close to 6Q
| v(x) |2 M

h(x)* h(x)2
Then there exists A(M) such that, for 1 > A(M)

| v(x) 12 M
[1 — x(Ah(x)] ——=5- )P =1 - x(lh(X))]W-
So by (3.64a), (3.6b), (3.6¢) and the above inequality we get

1
VULNX) 9(x) 2 o5 { AAHENMU(x) — ag + [1 — x(Ah(x))]
=z MU, \(x) —a

W)
h(x)?

From the above inequality (c) follows. Now let us prove (d). We set

Q,={xeQ|ix) =2 and Aa(x)>1}
and

9(,1)=inf{ er—Ql}

M A
h(x)?

Annales de I’ Institut Henri Poincaré - Analyse non linéaire



NORMAL MODES OF A LAGRANGIAN SYSTEM 391

by (3.3), (L) and (L,), 6(1) > + o for 4 —» + oo. Moreover, if

6
U, nx) < ( 2) , by the deﬁnltlon of (A), xeQ,. Then Ah(x)>2 and Aa(x)>1.

Therefore X(/lh(x)) =1 and d)(ia(x)) = a(x). This proves (d). In order
to prove (e), we set -

I'={xedQlax)=0}.

Since a(x) > 0 for xeQ it follows that Va(x):v(x) < O for every xeI.
By virtue of (L) and the compactness of T, there exists a constant § > 0
such that

(3.64d) Vax) v(x) < — o6 forevery xel.

Let
B={xeQ|Vax) v(x) <0}.

By (3.6d), B is an open neighbourhood of T relative to Q. Then, since
Q — B is compact, by (L;), there exists a constant ¢, such that

a(x) = ¢, forevery xeQ — B.
Using again the compactness of Q — B, there exists a constant c, such that
Va(x)-v(x) < ¢, forevery xeQ —B.
So, choosing K = ¢,/c,, it follows that
(3.6¢) Va(x) - v(x) < Ka(x) forevery xeQ.
Then we have
Va,(x) - v(x) = ¢'(Ax)Va(x) - v(x)
= K¢'(Ax)a(x) by (3.6¢)

1
= KE ¢(Ax)= Ka,(x) by the definition of ¢ and a,. [

In order to apply theorem 2.3 to the functional J, it is necessary to
choose an appropriate weight function; we make the following choice

1 1 1/2
3.7) p(y) = [L Wdt]

LEMMA 3.2. — The function p defined by (3.7) satisfies the assumptions
of definition 2.1.

Proof.— (i) and (ii) are trivial. Let us prove (iii). Let y, € A*Q be a sequence
approaching 0A'Q and let ¢, be such that dist (y,(t,), 9Q) < dist (y,(¢), 0Q)
for every t € (0, 1). We want to prove that p(y) — + oo.Since p is invariant
for « time translations », we can suppose that ¢, = 0 for every k.
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By the Schwartz inequality we have

t t 1/2
170 = 70| < f 70| < wz[ J m(t)v] < N pell- 642,

0 0
Then, by (3.3) (iii),
(3-8) [ hyd®) — h(7,0))] < max | VA) | 17d0) = 700 | < H el 2,

If we set
m(yk) = h(?k(o))

h(y(0) < mly) + [y ll €172

We can assume that || y, || = o > O for k large and some positive constant a.
Then we have

1‘ > 1 Zl 1
howe)® ~ (m(y)+ 1yl 227 7 2 mp® + 1 e 1Pt

1o 1 dt 1 Il 7 12
p(y )2=J dt?—f = log<1+—~>.
o mow@)? T T 2 Jo mpP e lPt el m(y,)?

From the above inequality and since ||, || = « > 0 and m(y,) — 0 for
k — + oo the conclusion follows.

by (3.8) we get

LEMMA 3.3. — For every N > 1 and A > O, the functional J, \ satisfy
W.P.S.

Proof. — To simplify the notation, in this proof we shall write J, U
and a instead of J, , U,  and a,. Let us start to prove WPS 1. In the fol-

lowing a,, a,, ... will denote suitable positive constants. Since p(y,) is
bounded, then by lemma 3.1

3.9) JU()},,(t))dt is bounded .
Since J(y,) is bounded it follows that
1 -
ji a(y,)p2dt is bounded .

Then || y,|lu: is bounded, therefore (may be taking a subsequence) we
have that

(3.10) v, — 7 weakly in HY(S!, R") and uniformly .
We have to prove that y, — 7% strongly in H'(S*, R"). Since we suppose
that J'(y,) — 0, we have that
e 1 )
(3.11) J{ ay,)1,07 + E(Va(?,.) oY) 19,12 = VUG, - 5Y}dt =&, |0l
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for every y e H' (we have identified H' with its dual), where ¢, is a sequence
conveying to 0. By (3.9) and (3.10) it follows that

(3.12) jVU(v,,W < VUG, HLwJ&’ < 4,117l
Also, using (3.10), we have
013 3 [Vats- 5113, < 31 Ve I 157 e i < s
By (3.11), (3.12) and (3.13) it follows that
ja(yn)?rﬁ? =& lloyll + (a2 + a3) || 6y [l
for every dy e H'(S% R"). In particular, taking &y =y, — 7 we get
(3.14) Ja(%.)*/n(“)n =D =ellva =TIl + o(1)
since ||y, — 7 llL=— O for n » + o0. So by (3.6) and (3.14) we have
%I!vn—?“%%Jl?~?n|2+0(1)<Ja(v.,)|?,.—?lz+0(1)
= Ja(v,.)?,,(i’,. —7) - J a(y, 73, =) +o(1)
<e,l7,— 7+ ua(v,,)anJm—mo(1>=s,,|m—vn +o(1)
from which the conclusion follows. Now we shall prove W. P. S. (ii). In

the following b,, b,, ... will denote suitable positive constants. Now
let y, be a sequence such that

a) J(y,) is convergent

G.13) B o) — + oo

Then we have

1
ﬁfmlz < Ja(vn)l?,. ? (by (3.6))

< jU(V,.) + by (by (3.15) (b))
(3.16) 1
< bZJW + b, ~ (by lemma 3.1 (a))
= b,p(y,)* + by (by (3.7)).
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W
€ now set 8y,(1) = vy, (0) = — Vh(y,(0).

Thus &y, e H(S!, R") and
(B.17) | oy, 11> = j| d*h(y,) 3,17 | + | Vh(y,) [Pdt

< b5j| .12 +bg  (by (3.3) (iii) and (3.4))
< bsp(y,)* + b (by (3.16)).

Then by the above formula we have

(3.18) Il 6y, Il < bsp(y,) + bg.
We have

(3.19) N V@u)ll(b7p(yn) + bs) Z NG 1 116741l (by (3.18))
=z = J(,)07,]

1

) 1 .
= | VU(y,) 8y, — a(y,)?,07, — 5Va(v,,) 0y, 1 9, 17
JO

o 1 (by the definition of J’)
= | VUG, Wy, — aly,)dh[i]* - 3 Va(y,) v, | 9, 1*
o (by the definition of &y,)

1

> | VU@, v, — a0, i I d*h(y,) [ ] I|LmJ| Pa Pt

JO

1
) 1 Va(y) llpe - 1l v(v,) “L“’Jl T dt
> bgjﬁﬁ - bmJ“ 9,12 = b,  (bylemma 3.1)(b),(3.5) and (3.4))

1
= bgjw — b,,p(y)* — by,  (by (3.16)).

Next we shall compute || p’(y,) || . We have

o ESe T 1 —1/2 Vh(y) - oy
A qmd) JW‘”

for yeA!Q and 6&yeH!S!, R"
then

OBy 1 i th(v)év
3.20) || p(5)Il = _ o J
3200 WP =S80 ST = o) B o711 ) TGP

1 167 1 jwmm 1 JIVh(v)I
= dt < — |22
i Wy S o) e
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By the Holder inequality we have

1 1 1 2/3
P < -
L h(y)? U h(v)J
1 1 312
f o U W‘“] e

By the above inequality and (3.19) we get

1) 11 (bp(y,) + bg) = 1 J (1)3 +3 bgp(V )* = byp(y,)* — b,.

Now, since p(y,) — + oo, for n large enough we have
1) > 2 j -

PG J h(v,)

Since | Vh| < 1 (by (3.3) (iii)), the above inequality and (3.20) imply that

130 112 Bysll () |l

and this proves W. P. S. (ii). O
To simplify the notation we shall suppose that

(3.21) 0eQ.
Now let

V = {yeH'S!, R"|y is a constant }
and let V* its orthogonal complement in H'(S', R"). We set
(3.22) Q=[Vx{resin2nt|r=0}1nA'Q, ecR"|e|=1.

Let R be a constant small enough in order that the ball of center 0 and
radius R is contained in Q. Then there exists an integer number N, such that
2

N Ux) < 3 for every x € Bx(0) and every N > N, .

By the above inequality we get that

R2
(3.23) U, \x< 3 for every xeBg(0) and every N>=N, and 1>,

Ui
where 1, is big enough in order that U, \(x) = %Cz for every 1> 4,
and every x € By(0). Observe that

(2.23) if U(x) =o(|x[*) then we can choose N, = 1
provided that R is small enough .
Now we set

(3.24) S={yeVillyll=R}.
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We have the following lemma

LEMMA 3.4. — For every A = Ay and N = N, J, | satisfy the assump-
tions (J,) of theorem 2.3 where S and Q are defined by (3.22) and (3.24)

respectively and o and  are constants which depend only on Q (but not on U, A
and N).

Proof. — a) If yeQ then y(t)=y, +y,esin(2nt) with y,eR" and y,eR.
Since Q = A'Q then

y, + y,esin(nt)eQ for every te |0, 1].
Therefore

(3.25) [y, <d; ly,l<2d wheredzm%x dist (x, 0QY).
Thus, by (3.21)

1
TN < JE |y, |*[2n cos 2nt))?dt < 8n*d? 8 forevery yeQ.

Also f depend only on d i. e. on the geometry of Q. Now let us prove that
(3.26) max lim J(y) < 0.
y—oQ
We have
0Q = (VA AQ) U (Q nIAQ).
If ye VA A'Q we have

LN = y— U, \0dt <0 (by (3.24) and the definition of V).

If ye Q n AQ we have

1
LN = _[{5 | v, 1?27 cos 2nt]* — ULN(y)} dt

< 8n%d* — bJ‘—l—2 +b  (bylemma (3.1) (b))
h(y)

<K - bp(y)*  (with K =8ud? +b).

Then (3.26) follows by the fact that lig}\lﬂ p(y) = + oo (cf. lemma 3.2).
y— AL

Now let us prove that assumption (J,) (b) of theorem 2.3 holds. If ye S

then ||y |l = R and |y()| <R for every te [0, 1]. Then, for 1 > 4, and
N = N, by (3.23) we have

2

R
(3.27) U, ) < < for every te[0,1] andevery yeS.
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Moreover for yeS, by the Poincaré inequality lel2 < JIMZ; then

1 1 1 1
- .22_ -2+ 2 __ 2=_R2 f S.
leyl ‘lel [71 4|le| 2 or ye

Thus by the above inequality and (3.27) we get

1 . 1 1 1 .
) = J[E 191> — Uz,N(V(t))]dt = 2 R? — —R? = 3 R2E &

8 for every yeS.

This proves assumption (b) of theorem 2.3 with « depending only on R,
i. e. on the geometry of Q. The fact that S and JQ link, is proved in propo-
sition 2.2 of [BBF]. Actually there Q is defined in a slightly different
way, but this fact does not affect the proof. O

Finally we are able to find solutions of the modified problem.

LEMMA 3.5.— For every N = N and . = A* > A, (where A* is a suitable
constant) there exists vy, y€ C*(S?, Q) such that

a) o <J,\(r,5) < B where a and f§ depend only on Q.

B 0, = 51 Va0 = (Va3 Fadan = VUsal7)

¢ a< %al(yl’N(t))l?l’N(t)lz+ULN())LN(t)d§fELN<a for every t€(0, 1)
where ¢ is independent of 4 and N.

Proof. — By lemma 3.3 and lemma 3.4 the functional J, \ satisfies the
assumptions of theorem 2.3. Then there exists y = 7, y€ A'Q such that

(3.28) J(y)[6y] =0 for every dyeHYS', R")
and
(3.29) J0) = e, with a<c, < 8.

The above equation proves (a). Moreover by (3.28) it follows that y, \(t)
satisfies the equation (b) in a weak sense. By standard regularity arguments
it follows that y is of class C2. Now let us prove (c). It is easy to check that

1 .
(3.30) Eal(?(t)) 190 12 + U, N0()
is an integral of the equation (b) (in fact it is just the energy). Therefore

itisindependent of ¢ ; we shall call E, \ its value. Integrating (3. 30) between 0
and 1 we get

1
(3.31) E;n= Hiam) 1912 + U;,,N(v)}dt-
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Writing (3.29) explicitely we have

(3.32) asj{%amw—Ux,Nm}dtsﬁ.
By (3.31) and (3.32) we get

(3.33) 2 <E,\< 2JUA,N(y)dt + .

The above formula gives the first of the inequalities (b). In order to get
the second one more work is necessary (and it will be necessary, for the
first time, to use the assumption (L,;) which has been used to prove
lemma 3.1 (c)). Writing (3.28) explicitely with dy = w(y) = — Vh(y) we get

1
(3.34) j{%()’)dzh[i’]z + EVG(Y) v 1P = VU@)- V(Y)}dt =0.
Now take M = 4h, + 2K. Then, for 1 > A(M), we have
JUA,N(Y(t))dt

”

VU, \() - v(y)dt + a(M) (by lemma 3.1 (c))

{aa(v)dzh[i)]2 + %Va;(v) )P } dt + aM)  (by (3.34)

m

K
a; ()7 12dt + M jal(v) |7 12dt + a(M)

1 1 (by (3.4) and lemma 3.1 (e))
=P + K)[E jal(v) |9 Izdt] + a(M)

1
< 2 [_[ULN(V)‘” + ﬁ] + a(M) (by our choice of M and (3.23)).

Then we get

1 1
3 JUA,N(v)dt <58+ aM).

By the above inequality and (3.33) the last inequality (c¢) holds with
o =3 + 2a(M) and 2* = max (AM), 1,). O
Finally we can prove theorem 1.1.

Proof of Theorem 1.1. — For any N = N, choose A(N) > A* large
enough such that
00N) _
= o

NZ
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where 6(1) is defined in lemma 3.1 (d). Then setting y(t) = P 2y NDs
by lemma 3.5 (c) we have

U y <0< fUN) f 0,1
A(N)’N(yN(t)) <0< N? orevery te[0,1].

Thus by lemma (3.1) (d), we have that
al(N)(yN(t)) = a(?N(t))
(3.36)
~ 1 -
U oonn0) = WU(y(t)) for every te [0, 1].

By the above identity we have that

- 1 . 1
(3.37) T = | 5000 1 ? = 3 UGN -
2 N
Moreover, using again (3.36), by lemma 3.5 (c), y, satisfy the following
equation . .
a(Fy = 51 IxPVa(in) = (Valiy) - )y =z VUG -

Therefore, setting yy(t) = y(N?), it follows that y,(t) satisfy the equation
- L. D
alyrn = 3 1w Valn) = (Vin - idin = VUG

Then (i) and (ii) of Theorem 1.1 are proved. By (3.37) and lemma 3.5 (a)
we have that

1
aN? < Jia(vN)H)NIZ — U(yy) < pNZ.

The above inequalities prove (iv) of theorem 1.1. Moreover, using again
lemma 3.5 (c) and (3.36) we get

U(yx)

N2

|
a<§a(yN)|y|2+ <o forevery te(0,1).

Therefore .
aN? < Ea(yN) n 1? + Ulpy) < oNZ.

Thus (iii) of theorem 1.1 is obtained with E~ = « and E* = ¢. The last
remark of theorem 1.1 follows by (3.13). O
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