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ABSTRACT. — In this paper, we present a method that allows one to obtain a number of shary
inequalities for expectations of functions of infinite-degtéstatistics. Using the approach, we
prove, in particular, the following result: Lé be the class of functiong: Ry — R such that
the functionf (x + z) — f(x) is concave inx € R for all z € R;.. Then the following estimate
holds:

Ef(Z S Yy (X X,-,))

=0 1<it<<ij<n

Sy wy %

q=0 1< ji<<jg<n I=q iy<--<ij—q€{l,....n]\{j1, -, Jq}

E(Y,-l,,_,,jq,,-l,,,,,i,_q(le, e X Xy X ) X ..,qu>>

forall f € D and aIIU—statisticszl<i1<,,,<ilgn Yi,..i(Xip, ..., X;) with nonnegative kernels
Yi.i'RE—> Ry, 1<ix <nj iy #i5, r #s; k,r,s=1,...,1;1=0,...,m, in independent

rv.’s Xi,..., X,. Similar inequality holds for sums of decouplédstatistics. The clas® is

quite wide and includes all nonnegative twice differentiable functiprssich that the function
f"(x) is nonincreasing i > 0, and, in particular, the power functionf@x) =x?, 1<t < 2;

the power functions multiplied by logarithrfi(x) = (x + x0)" In(x + x0), 1 <t < 2, x¢0 =
maxe3*-6+2/(t(=12-1) 1): and the entropy-type functionf(x) = (x + xo) IN(x + xq),

xo > 1. As an application of the results, we determine the best constants in Burkholder—
Rosenthal-type inequalities for sums Gfstatistics and prove new decoupling inequalities for
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those objects. The results obtained in the paper are, to our knowledge, the first known results c
the best constants in sharp moment estimate& fetatistics of a general type.
0 2002 Editions scientifiques et médicales Elsevier SAS

MSC: primary 60E15; secondary 60F25

Keywords: Infinite degred/-statistics; Burkholder—Rosenthal-type inequalities; Decoupling
inequalities

RESUME. — Dans ce travail nous présentons une méthode permettant d'obtenir certaine
inégalités fines pour les espérances mathématiques de fonctibhstdéstiques de degré infini.
En particulier, nous démonstrons le résultat suivant : Bdit classe des fonctions: R, — R
telles quef (x + z) — f(x) est une fonction concave de= R pour chaque € R... Alors, nous
avons :

Ef(Z S Yy (X X,-,))

1=0 1<ig<-<ii<n

Sy w(y %

q=0 1< j1<<jg<n I=q i1<-<ij—g€{l,....n)\{j1,-, jq}

E(leg,_,,jq,il,...,i,_q (Xjpseens qu, Xigrons Xi[_q) [ X, -, qu))

pour toutef € D et toutelU - stat|st|quezl<ll< <iy<n Yit,it(Xig» - .., X)) @avec noyaux non-
negatifsy;, . ,,.R >Ry, 1<ix<n;ir#is, r £, krs—l L1:1=0,...,m, etva-
riables aléatoireX,, ..., X, mdependantes. Une inégalité analogue est vraie pour les sommes
de U-statistiques découplées. La clad3eest assez étendue et contient toutes les fonctfons
qui sont deux fois différentiables et telles qyié(x) est décroissante au sens large sur 0.
En particulier,D contient les fonctions puissangéx) = x, 1 < < 2; les fonctions puissance
fois le logarithmef (x) = (x +x0)' IN(x +x0), 1 < 7 < 2, xp > maxe3*~6+2/t=D@-n) 1
et les fonctions de type entropi&x) = (x + xo) In(x + xp), xo > 1. Comme application de
ces résultats, nous détérminons les meilleures constantes dans les inégalités de type Burkhold
Rosenthal pour les sommes désstatistiques et nous prouvons des nouvelles inégalités de dé-
couplage pour ces mémes objets. Les résultats de ce travail sont, a notre connaissance, les
miers sur les meilleurs constantes dans les inégalités fines pdixdigistiques de type général.
0 2002 Editions scientifiques et médicales Elsevier SAS

Mots Clés: U-statistiques de degré infini; Inégalités de type Burkholder—Rosenthal;
Inégalités de découplage

1. Introduction

Recently, Klass and Nowicki [11], Ibragimov and Sharakhmetov [6-8] (see also [5]
and [9]) and Giné et al. [3] obtained Burkholder—Rosenthal-type inequalities/ for
statistics with nonnegative and degenerate kernels. Ibragimov and Sharakhmetov [¢
also showed the significance of each term in the Burkholder—Rosenthal-type bound
for U-statistics of arbitrary order and obtained results concerning the rate of growth of
the best constants in these bounds. Giné et al. [3] proved the Burkholder—Rosentha
type inequalities for theth moment of U-statistics of ordernn with the constants
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L (t/Int)™, whereL,, is a constant depending only en and obtained Bernstein-type
exponential inequalities fav -statistics (for further discussion of the order of constants
in the Burkholder—Rosenthal-type estimates fbistatistics see [6]). Ibragimov et al.
[10] found the best constants in Burkholder—Rosenthal-type inequalities for bilinear
forms in the case of the fixed number of random variables (r.v.'s). de la Pefa et al
[2] determined the best constants in Burkholder—Rosenthal-type inequalities for sum:
of multilinear forms in independent nonnegative and symmetric r.v.'s.

In this paper, we present a method that allows one to obtain sharp inequalities
for expectations of sums df -statistics with nonnegative kernels, which represent an
important case of infinite-degrdé-statistics (see [4]). Using the approach, we prove, in
particular, the following Burkholder—Rosenthal-type inequality:

Ef(z Z Yil,...,i](Xila "'aXil)>

=0 1<ig<-<ii<n

< T owE %

q=0 1< j1<<jg<n i1<--<ij—q€{l,...n}\{j1,....Jq}
E(les---»jq»ils---»il—q (Xjps oo X Xigs oo Xy ) [ Xy oo qu)>

for all U-statistics) 1<, ... <i;<n Yiy....it (Xiy» - - -» Xiy) With nonnegative kernelg;,

..... -
Rl-> Ry, 1<iy <nji, #iy, r#s;k,r,s=1,...,1;1=0,...,m (Y, =const=0

for I = 0) in independent r.v.«,, ..., X,, and all functionsf : R, — R, such that the
function f(x + z) — f(x) is concave inx € R, for all z € R,. A similar inequality
holds for sums of decoupletl-statistics. The above condition is satisfied for all twice
differentiable functionsf such that the functiorf” (x) is nonincreasing in > 0, and, in
particular, for the power functiong(x) = x’, 1 < < 2; the power functions multiplied
by logarithm £ (x) = (x +x0)" IN(x +x0), 1 < t < 2, xg > Maxe3*~6+2/t=D@-1) 1y.

and the entropy-type functiong(x) = (x + xg) In(x + xg), xo > 1. As an application of
the results, we determine the best constants in Burkholder—Rosenthal-type inequalitie
for sums of regular and decouplét statistics with nonnegative kernels and prove new
decoupling inequalities for sums bf-statistics. We show, for instance, that the constant
in the following Burkholder—Rosenthal-type inequality is sharp:

t
E(Z Z Yil,...,il(Xila ""Xi1)>

=0 1<ig<-<ii<n

S T AL %

<ji<<jg<n I=q iy<-<ip_ge{l,...n]\{j1,... g}

t
E(le,...,jq,il,...,i],q (Xj17 cce qua Xi17 ey Xl‘[,q) | Xj17 e X]q)> 9

1<t <2, for all U-statistics 3 1< -...i,<n Yiy....is (Xiys - - -, X;;) with nonnegative
kernelsY;, ; ‘R R, 1<iy<n}i, #is, r#s, k,r,s=1,...,1;1=0,...,m,in
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independent r.v.X1, ..., X,,. A similar result holds for sums of decoupléttstatistics.
To our knowledge, the results obtained in the paper are the first known results on the be
constants in sharp two-sided moment estimate#/fatatistics of a general type.

2. Sharp estimates for expectations of functions of sums of U-statistics

Let Ry =[0,00), 1<m < n, Xo,..., X, Xp1,..., Xpn, p=1,...,m, be in-

.....

1,...,1; 1 =0,...,m, be functions having the property that, ;(x1,...,x) =
Yii iz Gr@s -+ Xx)s Xk €ER, k=1,...,1, 1<iy < --- <i; < n, for all permu-
tationsz :{1,...,1} = {1,...,1},1=2,...,m (we assume thal;, _, = const> 0 for
[ =0). Consider the sums of regul&rstatistics (symmetric statistics)

Z Z Yi]_,...,i] (Xila L) Xil)

=0 1<ip<<i<n

and decoupled’-statistics (symmetric statistics)

YooY YK X

=0 1<ip<<ii<n
In what follows, write

Yreg(il,...,il):Y,-l l-,(X,-l,...,X,-,),
YOy, i) =Yoo (Xaiys s X1i))-

.....

Denote by D the class of functionsf:R, — R, such that the functionf(x +
z) — f(x) is concave inx € R, for all z € R;. The classD is quite wide and
includes all nonnegative twice differentiable functighsuch that the functiorf” (x) is
nonincreasing i > 0, and, in particular, the power functionfg(x) = x*, 1 < ¢t < 2; the
power functions multiplied by logarithnfa(x) = (x + x0)’ IN(x + x0), L <t <2, x0 >
max(e®*-61+2)/t-12-n) 1) and the entropy-type functiong(x) = (x + xo) In(x +
X0), Xo = 1. Indeed, if the functiory” (x) is nonincreasing in > 0, then we havg” (x +
7)< f"(x) forallx > 0,z > 0, and, thereforef (x + z) — f(x) is concave inx € R for
all z € R.. Itis obvious thatf;’(x) is nonincreasing in > 0 and, thereforef; € D. In
addition to thatf," (x) = (x +x0) 3(t (t — 1) (t — 2) In(x +x0) + 3t — 6t +2) < 0,x > 0,
and, thereforef; (x) is nonincreasing i > 0, and f> € D. Since f3' (x) = 1/(x + xo)
is nonincreasing i > 0, we havef; € D.

In the inequalities throughout the paper, the extremal cases of the estimates suc
as+oo < +oo are considered to be valid inequalities; we, therefore, do not include
assumptions on finiteness of moments of the summand r.v.'s that ensure finiteness
moments of sums df/ -statistics into formulations of the results.

The following theorems give sharp Burkholder—Rosenthal-type inequalities for sums
of U-statistics. In what followsE(- | X, ..., X)) = E(- | Xjvsiygs s Xjpiy) = EC),
the unconditional expectation operator, fo= 0.
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THEOREM 1. - For f € D,

Ef (Z > Y, ..., i,))

=0 1<ii<--<i<n

>y m(y ¥

=0 1< 1< <jy<n I=q iy<-<ii—g&{Len)\(j1..mr o)

E(Yreg(jl, ...,jq, il, ---ail—q) | le, ...,qu)). (1)

THEOREM 2.— For f € D,

Ef(Z DD S (T m)

=0 1<ip<<i<n

m m
<X X > Ef( X >
q=0 1< 1< <jgsm 1<ijy<-<ij, <n I=jq 1<ip<n,ipy<ip,, p1<p2,
p.p1,p2=L,....1, p£j1,..Jq

E (Y%, ..., i)|X . 2)

i s X, )

N——

COROLLARY 1.—For a twice differentiable function f:R, — R, such that the
function f”(x) isnonincreasing on x > 0, inequalities (1) and (2) hold.

THEOREM 3. — The congtants in the following inequalities are sharp:

E (Z > Y, .., i,)>

=0 1<ii<--<i<n

>y gy %

g=0 1< j1<<jg<n  \l=q i1<r<ii_g€{L ot)\{1eejig}

t
E(Yfeg(jl,...,jq,il,...,iz—q>|Xfl""’X”)> ’ o

m !
} : } : dec,: .
E Y (11, ey 11)
=0 1<ii<<i<n
m m
<X X > E( X >

q=0 1< j1<<jg<m lgi_/-1<---<ijq <n I=j; 1<ip<n, ip1<ip2, p1<p2,
P, p1.p2=1,...1, p#j1,....Jq

t
E(Y®iy, i) Xjpi, .o qu,z-_,-n) . l<rs<2 @

Remark 1. — It is not difficult to see that moment inequalities (2) and (4) for sums
of decoupledU -statistics follow from their counter-parts (1) and (3) for sums of
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regular U -statistics, using the fact that any decoupl@estatistic can be represented
as an undecoupled’-statistic with many zero kernels (it suffices to consider new
V'S X(ptysi = Xpis p=1,...,m,i =1,...,n, and new kernelg;, ,+i, _(—vnti =
Yisio.. il,1<i1<i2<---<i1<n,l=0 ijljz _____ =0, 1<ji<jo<-- <
Ji < mn, (jl,jg,...,jl);ﬁ(il,n+i2,...,(l—1)n+l1) fOf 1<ii<ir<---<i;<n,
I=1,...,m; an(1> ,,,,, ey CLs s X)) =Y i (K1), - Xpm1g)s Xk ERE=1,0
1<]1 < .-+ < jy < mn, for all permutationsr : {1,...,1} - {1,...,[},[=2,...,m,
whererr ! is the inverse ofr).

Remark 2. — The essence of the Burkholder—Rosenthal-type bounds for suths of
statistics given by Theorems 1-3 is that they give (sharp) estimates for moments of th
sums in terms of expressions that do not contain momerssnag of r.v.'s. The bounds
contain only directly computable expressions. For example, in the case of régular
statistics of ordem in identically distributed r.v.’s the bounds consist of terms equivalent
to n"OHRE(E(Y™®Y(Xq, ..., X)) | X1,..., X)), k=0,1,...,m (and each of the
terms is significant, as it was shown in [6], see also [5]). In the case of, let us say, sum
of multilinear forms the terms in the bounds depend only on the moments of individual
variables (see also [2]).

Remark 3. — From the results obtained in [5-9,11] (see also [3]) it follows that the
following non-sharp (in the sense of constants) Burkholder—Rosenthal-type inequality
holds for regularU -statistics of second order with nonnegative kernels (belw,),
C;*%t) andC%<(r) are constants depending oonly):

E( > Y;-eg(x,-,X») <G Y E(YAXL X))

1<i<j<n 1<i<j<n

n—1 n ¢
+cz(z>ZE< > EYAXL X)) | Xl-)>

i=1 j=i+1
n j—1 !
+c3<z>ZE<ZE (V%X X)) 1 X, ))
j=2 i=1

t
+ c4(z)( > EYUX, Xj)) . 1>1
I<i<j<n
From (3) it follows that a “natural” form of Burkholder—Rosenthal-type inequality for
regularU -statistics of second order with nonnegative kernels contains three, but not fout
terms and is given by

> Y,-;eg(xi,Xp) coo Y E(NX, X))

1<i<j<n 1<i<j<n
t
f‘*g(oZE(ZE reg(x,,XnX))
i=1 VES]

reg(t) ( Z EY'lrjeg(Xl , Xj)) .

1<i<j<n
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Moreover, the best constants in the inequality are give@i¥(r) =1,i =1, 2, 3, for

1 <t < 2. Similarly, from (4) it follows that a “natural” form of Burkholder—Rosenthal-
type inequality for decoupled’-statistics of second order with nonnegative kernels
contains four terms similar to those in [8], namely,

t
E( > Y,-‘j“(xli,xzp) <CPU Y E(Y§(Xu. X2)))'

1<i<j<n 1<i<j<n

+C‘2’ec(t)ZE< > E( Yd'eC(Xlz‘7X2j)|Xli)>

i=1 Jj=i+l

no -1 t
+CEN > E (Z E(Y§*(Xy;, X21)|X21)>
— i=1

ren (X BV X))

1<i<j<n

and, moreover, the best constants in the above inequality are giverf%y) = 1,
i=123,4,forl<r<2.

Remark 4. — Similarly to Remark 3, from moment inequalities for sums of multilinear
forms obtained by Pefa et al. [2] and Theorems 1-3 it follows that a “natural” form of
Burkholder—Rosenthal-type inequalities for expectations of functions of sums of regular
U -statistics of order not greater thanwith nonnegative kernels contains+ 1 terms
and a “natural” form of Burkholder—Rosenthal-type inequalities for expectations of
functions of sums of decoupldd-statistics of order not greater thanwith nonnegative
kernels contains”2terms. Moreover, those theorems imply the following inequalities:

E (Z > Y, .., i,))

=0 1<ii<--<i<n

S(m+D max > E(f: >

’’’’’ 1<j1<"-<jq <n I=q iy<-<ipge{l,...n\{j1...-.Jg}

t
E(Yreg(]lv7]qvllvvll—q)|Xj1v7qu)> )

E (Z DR S (RS i,))

=0 1<ii<--<i<n

m
< 2" max max E E( E E
=0,...m 1< <
s 1K j1 << g Sm 1<ij1<'“<ijq<n I=j4 lgipgn, ip1<ip2s p1<p2,
p.p1,p2=1,.l, pFEja,-iq

t
E(Ydec(il7 '--ail) | Xj]_,ijla ""qusijq)> )

l<r<2
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From the estimate
N
k=

N t
z,ié(sz>, 21,.-.,2nv 20, 1> 1, )
1 k=1

and Jensen’s inequality it follows that

E (Z D A (S i,))

=0 1<ii<--<ii<n

s Yoy ¥

1< ji<<jg<n I=q i1<-<ij—g€{l,...n]\{j1,.... Jq}

t
E(Yfeg(jl,.-qu»il,---»il—q) | le,...,qu)> , (6)

E (Z > Y%, .., i,)>

=0 1<ii<--<i<n

> max  max Y E<§mj >

=0,..., 1<j1<<j,; < -
4 MOASJISTSIg ST 1<ijl<w<i_/-q <n I=jg 1<ip<n, ipl<ip2, p1<p2,
p.p1,p2=1,..l, p#ja,-iq

t
E(Ydec(il7 .. -ail) | Xj]_,ijla ey qu,ijq)> ) (7)

1 <1< 2 Assume thatX},l, . ..,X;m, p=1,...,m, are independent copies of the
rv.’s Xi,..., X, (the primes are used to remind us about the independence between th

sequences). From estimate (5), the inequal®)_; z;)' < N' 230 124, 21, ..., 28 =
0,t > 1, and estimates (3), (4), (6) and (7) it follows that the following theorem holds

(C* =m!/(k\(m —k)!), 0< k < m).
THEOREM 4. — The following decoupling inequalities hold:

m !
(m+ 1)_1E (Z Z Y. (X/l,il’ ceey Xl/,i;)>

=0 1<ii<--<ii<n

t
<E<Z Z Yil ..... il(Xi17"'7Xi])>

=0 1<ii<--<i<n

t
<<Z(c;)‘>E<Z > Y,-l,___,,-,(x’l,,.l,...,X,’,,.,)>, 1<t<2

k=0 =0 1<ip<<ii<n
Note that the constant in the upper decoupling inequality given by Theorem 4 satisfie:

the inequality>_}"_o(C* )" < 2", As far as we know, the constants in the estimates in
Theorem 4 are the best available so far, and it is likely that they are the sharp ones



V.H. DE LA PENA ET AL./ Ann. I. H. Poincaré — PR 38 (2002) 973-990 981
Similarly, the estimate
N N
Zf(zk)<f<zzk>, 21, ...,2n 20 (8)
k=1

for all convex functionsf : R, — R with f(0)

Ef (Z S Y, .., i,)>

=0 1<ii<--<i<n

= 0 and Jensen’s inequality imply that

>q:ngaxm Z Ef(Z

""" 1< <jg<n I=q iy<-<ij—g€(l,...n\{j1, s Jq}

E(Yreg(jl, ...,jq,il, ---yil—q) | le, ...,qu)), (9)

Ef (Z > r®, .., i,)>

=0 1<ii<--<i<n

m
= q:rro\,a),(m 1<j1£n~i)§q <m Z Ef ( Z Z

1<ijy <<ij, <n I=jg 1<ip<n, ipy<ipy. p1<p2,

P.p1p2=1...l, p#j1,-slg

E(Ydec(ila .. ll) | le 1/1 RN} qu,ijq)> (10)

for all convex functionsf:R, — R, with f(0) = 0. From (8), the inequality
FO z) SNV, f(NZY, 21, ..., 2y = 0, for all convex functionsf : R, —

R, and estimates (1), (2), (9) and (10) it follows that the following more general results
hold.

THEOREM 5. — The following decoupling inequalities hold:

(m+l)‘lEf<Z > Y, z,(Xill,---»XE,iJ)

=0 1<ip<-<i<n

<Ef<§: > Y l,(X,l,...,X,-,)>

=0 1<i1<---<i1<n

Z Ef (Ck Z Z Yil ..... i (Xél.,il’ . Xl/ ll)>

=0 1<iz<-<i<n
for all convex functions f € D with f(0) =

Remark 5. — Itis easy to see, using the derivations at the beginning of the section, tha
the class of convex functiong e D with f(0) = O includes the functiong (x) = x’, 1 <
t<2; f(x)=(x+x0) In(x +x0) —x5INxg, 1<t <2,x0> max(e(3f2‘6’+2)/(’("1)(2")),
1); and f(x) = (x + xo) In(x 4+ x0) — xgINxg, xo > 1.
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Remark 6. — From Khintchine—Marcinkiewicz—Zygmund inequalities bistatistics
(e.g., [1,5-9]) it follows that analogues of inequalities (3) and (4) with appropriately
adjusted constants hold for sumsiafstatistics with degenerate kernels. Moreover, by
Hoeffding’s expansion, this implies corresponding inequalities for sunis-sfatistics
with not necessarily degenerate kernels.

3. Proof of thetheorems

Let us prove Theorem 1. Let us use induction on the number ofKy,’s. ., X,,. Let
us first demonstrate the argument in the case 2. Suppose thaf € D, ¢o > 0, and
Y;:R— Ry, Y;;:R?—> Ry, 1<i,j <n,i#j, are functions such that; (x;, x;) =
in()Cj,)Ci), Xi, Xj € R, 1< i< _] g n. Let Yreg(i) = Yi(Xi), Yreg(i,j) = Yij(Xia Xj),
Ei()=EC|X1,...,Xj-1, Xj31,---, X»), L<i,j <n,i#j, and letE(:) be the
unconditional expectation operator. Let us show that

Ef<co+ZY“’9(i)+ > Yreg(lbi))

i=1 1<i<j<n

> Ef(Y™, ) ZEf(Yfeg(zH Z E; Y™, n)

1<i<j<n j=1j#i

+f<co+ZEYreg(z)+ > EY™, ])> (11)

1<i<j<n

Suppose that it is already known that estimate (11) holds in the case-df r.v.s
X1,...,X,_1. Let us prove that this implies that the inequality is valid in the case of
rv.s X, ..., X,. From the inequality

Ef(X+2)—Ef(X)< f(EX +2)— f(EX) (12)

for f € D and for an arbitrary nonnegative rX. and allz € R, (implied by Jensen’s
inequality) we have, lettingd = Y"%(n) + >/ Y™®%(i, n) andz = co + >/—71 Y™%) +
agicj<n—1 YU, ),

Ef(co—l—ZY'eg(i)—l— > Yfe%',j)>

i=1 1<i<j<n

n—1 n—1
=Ef (YfGG(n) +> Y™, n)+ <c0 YO+ ) Y, j)))

i=1 i=1 1<i<j<n—1

n—1
<Ef (Yfeg(n) +> Y, n)>
i=1
n—1
+Ef (Eyreg(n) Foot Y (Y°%) + E, Y6 m) + S Yo, j)>'

i=1 1<i<j<n-1
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Conditioning onX,, and using the induction hypothesis, we obtain

n—1
Ef (Yfeg(m + 3G, n>>

i=1
n—1 n—1
< Z Ef(Y™,n)) + Ef (Yreg(n) + Z E; Y9, n)> .
i=1 i=1
In addition to that (also by the induction hypothesis),

n—1
Ef (Eyfeg(n) Foo+ D (YU + E, Y%, m) + Y Y™, j))
i=1 I<i<js<n—-1

n—1 n
< Y Ef(Y*e%,j))+ZEf<Y'eg<i>+ > Eije%J))

1<i<j<n—1 i=1 J=Llj#

n—1
+f<EYf99(n) +co+ Y (EY™(i)+EY™G,n)+ > EYreg(i,j)>.

i=1 1<i<jg<n—1

From the latter relations it follows that

Ef(co—l—ZY'eg(i)—lr > Yfeg(i,j)>

i=1 1<i<j<n

n—1 n—1
< EF(Y™,m) + Ef (Y'eg(m + 3 EYe, n))

i=1 i=1

n—1 n
+ Ef(Yreg(i,j))+ZEf<Yreg(i)+ > Eereg(i,J')>

1<i<j<n—-1 i=1 J=Lj#i

n—1
+f(EYfeg(n)JrCOJrZ(EYreg(i)+EYreg(i,n))+ > EYreg(LJ’))

i=1 1<i<j<n-1

= Y Ef(Yfeg(i,j))+ZEf<Yf69(i)+ > EijGG(i,j)>

1<i<j<n i=1 J=Llj#i

+f<Co+ZEYreg(i)+ > EY*eg(z‘,ﬁ).
i=1

1<i<j<n

The fact that by (12)

Ef(co+ Y1(X1)) < Ef (Y1(X1)) + f(co+ EY1(X1)) (13)

forall f € D andcy > 0, that is, (11) is valid in the case= 1, completes the proof.
Let us follow the same approach in the case of arbitranySuppose thayf € D, and
Y. ' RI=Ry, 1<iy<nji, #i5, r#s; k,r,s=1,...,1;1=0,...,m, are func-
tions such thalYil ,,,,, i (X1, ...,x) = Yl'n(l),---»in(l) (Xﬂ(l), Ceey x,,(l)), xeR, k=1,...,1,
1<ip <+ <ip <n, for all permutationsr :{1,...,1} —> {1,...,1}, 1 =2,...,m.
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Let Y™y, ....ip) =Yy i (Xips ..o, Xip)y Eip, i) = EC | Xiok=1,...,n; k #
i1,...,0), 1<ir <n; i, #i5, r#s; kyry,s=1,...,1;1=0,...,m, and letE(-) be
the unconditional expectation operator. Suppose that we already have the bound

Ef(Z > Y'eg(il,...,i,)>

=0 1<ip<<ii<n—1

S ¥ (% 5

4=0 1< j1<<jy<n-1 iy <ee<il—g €(Lmean =1\ {1 Jy)

.....

re . . . .
Eil ..... i,_,,Y g(]l»---,Jq,ll,u-,lz—q)>

for all f € D. From inequality (12) we obtain, letting = > D1y <e<ij<n—1
Yreg(il, R n) andz = Z;H:O Elgi1<m<il<n—l Yreg(il, e i),

Ef (Z > Y, .., i,))

=0 1<ii<--<ii<n

gEf(Z > Eaneg(il,...,i,)>

=0 1<ip<--<i<n
m—1
+Ef<z > Yfeg(il,...,i,,n)>. (14)
=0 1<ii<---<i<n—1

From the induction hypothesis we get (we assufté(iy, ..., i,,n) =0forall 1 <i; <
n—21i.#i5, r#£s;k,r,s=1,...,m)

Ef (Z > EY ™, ..., i,))

=0 1<ip<-<ii<n

= Ef(Z > (Y i) A+ E Y, n))>

=0 1<ip<-<ii<n—1

SN Ef(Z )

g=0 1<j1<<jg<n—1 I=q i1<-<ij—g€{l,...n=1\{j1,.-.. Jg}
req, - .. .

Eil ..... i,_,,Y g(]1, cees Jgo U1, e, lz—q)
re . . . .

+ Eil,...,il,q,nY g(.]l7 ceey ]qa 1, ..., ll—q7 n)>

m m
=2 > Ef{X >
q=0 1< j1<<jg<n—1 I=q i1<-<ij—g€{l,...n\{j1,.... Jg}

E; .. i,_queg(jl, ey Jgo i1, ..,iz_q)>. (15)
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Conditioning on the variabl&’,, we also get by the induction assumptions

m—1
Ef(Z > Yfeg(il,...,i,,n)>

=0 1<iz<<ii<n—1

X r (¥ 5

q=0 1< j1<<jg<n—1 I=q i1<-<ij—g€{l,...n=1\{j1,....Jq}
req, - .. .
Ei i Y 9(]1,...,Jq,ll,...,lz_q,n)>- (16)

From (14)—(16) it follows that

Ef(Z S Y, ..., m)

=0 1<ip<<i<n

> ¥ my %

q=0 1< j1<<jg<n—1 I=q i1<-<ij—g€{l,...n}\{j1,....Jg}

re . . . .
Ei,... i,_,,Y g(]la~--’]q,lla---yll—q)>

£y (%

q=0 1< j1<<jg<n—1 I=q i1<-<ij—g€{l,...n=11\{j1,....Jg}

re . . . .
Eil ..... i[_qY g(]lv"'7]q7llv"'7ll—qvn)>

>y gy ¥

q=0 1< j1<<jgsn I=q i1<-<ijge{l,..n}\{j1.....Jq}

re . . . .
Ei,... i,_,,Y g(]la~--’]q,lla---yll—q)>~

The fact that by (13) inequality (1) holds in the case of one Xvy.completes the
proof of Theorem 1. Theorem 2 might be proven in a similar way (or deduced from
Theorem 1, see Remark 1). Corollary 1 is an immediate consequence of Theorermr
1 and 2. Applying Theorems 1 and 2 fgi(x) = x’, we obtain inequalities (3) and
(4). Let 1< <2, a1, b >0,a;, <by,and lete;, . ;, >0, 1<iy <n; i, #is, 7 #s,
kros=1...,L;1=0,....,m; ¢y i = Cipyroing L< i1 <--- <i; <n, for all per-
mutationsm :{1,...,1} = {1,...,1}, [ =2,...,m (we assume that, ;, =c, >0

for [ =0). Let us setY;, ;(x1,....,x) =ci, _iyX1...x, L<ix <nj iy #is,1r # 5,
k,r,s=1,...,01;1=0,...,m (Y. i(x1,...,x)=cofor/ =0). Consider, similarly to
[12], independent nonnegative rvis™, ..., X g =1,2 ..., k=1,2,...,n, with

the following distributions:P (X = a;) =1 — 1/s;, P(XSF = b)) = ar/ (s¢bS™),
P(XY =0) = 1/5; — ax/(sxb™), whereb(™® = (#2=4=Dy1/a-1) 1t is not difficult

ak
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to see thab(™ > a;, 0< ar/(sib™) < /s, b — 0o, (b)) ay /sy = by — al (1 —
1/sx) — by —aj, assy — oo. We have that for all nonnegative r.vZ andZ, with finite
rth moment independent &f\**,

E(ZlX,f‘Y") + Zz)t = E(Ziar + Z2)' (1 — 1/sp) + EZ5(1/ s — ak/(skb,?")))
+ (E(Z1b( + Z5)' = EZ5(b0Y) Yar/ (seb™)
+EZy(0{) " ai/se. a7

It is not difficult to see thatfl + x)! — 1 <r(x +x") forall r € (1, 2] and allx > 0.
Consequently,

0< E(Z1+ Zo/b™) — EZy <t(EZ57'Zo/b¢Y + EZ/ (b)),

Therefore,
(E(Z1b{® + Z5)" — EZL (b)) ar/ (sxb™)

— (E(Z1+ Za/b) — EZD) (6%P) " ay /s — O
k 1 k
ass; — oo, and from (17) we obtain
E(Z1X(P 4 7o) — EZ.(by — ab) + E(Ziay + Zo)' (18)

ass; — oo, for all r.v.’s Z; and Z, defined above. Let us show that

t
(sig) (si))
B T ol

=0 1<ig<-<ii<n

t

m
(si7) (sir)
(S5 aaxx?)

=0 1<ii<<i<n

- i > ﬁ(”jr —aj,)

q=0 1< j1<<jg<nr=1

m t
X Z Z Cltrerdgoitsit—g @iz - = - Qip_g | » (19)

I=q iy<--<ipge{l,...n}\{j1....Jg}

ass; — 00, ..., s, — oo. Letus use induction on the number of the rx%s?, ..., X,
Suppose we have already proven relation (19) for all sums of multilinear forms of order
not greater tham, 1< m <n — 1, in the case of — 1 r.v/s X0, ..., X7 that is
suppose that the relation

t

m
(siq) (si;)
Sy o)

=0 1<ii<-<ij<n—1
m q

- > [1®) —a})

q=0 1< j1<<jg<n—1r=1
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t
m
X <§ : § : Cigans jq,il,---,ilqail"'ai1q> ’

I=q ip<-<ij—g€{l,...n=1N\{j1,... Jq}
ass; —> o0, ..., s,_1 — o0, is valid. Lettingk = n,

(8iq) (si,)
Zl_z Z Cil ..... i[,nXill "'Xi[ ! s

=0 1<ii<---<i<n—1

= (s17) (s7)

Sig Siy

Zy=) > Cipin X, H o X5,
=0 1<ii<--<i<n—1

from (18) we get

t
m
(sig) (si,)

=0 1<ii<--<i<n

m—1 !
—> (bn - a;)E(Z Z Ciy,...i, nX(fll) .o Xl-(]Sil)>

=0 1<ii<<ii<n—1

m t
E(E(Z S X,V X X0 = )) (20)

=0 1<ii<--<i<n

ass, — oo. From the induction hypothesis it follows that

m—1 t
§ : (siq) (si;)
E(Z Cig,..., i[,nXill "'Xi[ ! )

=0 1<ii<--<i<n—1
q

— mf) > [1®) —a})

q=0 1< j1<<jg<n—1 r=1

m—1 4
X Z Z Ctsesfgritseit—gn @iy « = - Qip_g | (21)

I=q i1<-<ij—g€{l,...n=1\{j1,.... jg}
ass; — 09, ..., s,-1 — 00. Moreover (we assume, ;. ,=0forall 1<iy <n -1,
i, #ig, r#s;k,r,s=1,...,m)

m !
(siq) (Y,) Sn
E(E(Z S X Lx ‘X( ) = ))

=0 1<ip<<i<n

t
m
(siq) (siy)
:E(Z S (Cipiy + Cinign@) X X,.,'>

=0 1<ip<-<ip<n—1

S VNS VRN | CEVAI0 D>

q=0 1< j1<<jg<n—1 r=1 I=q i1<-<ij—ge{l,...n=1\{j1..... g}

t
(Clyorjgitoimit—g T Cjp., jq,il,...,i,_q,nan)ail---aiz_,,)
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D S | (OBS

q=0 1< j1<<jg<n—1 r=1

m t
X Z Z Citrerfqoitseii—q @iz « - - Qip_g (22)

I=q i1<-<ij—g€{l,...n\{j1,---, Jg}

ass; —> o, ..., s,_1 — o0. From (20)—(22) it follows that

t
m
(siq) (si,)
E(Z Z Ciy, ..., l[nxll "Xil[>

=0 1<iz<-<i<n
m—1

ST S SR | (7S

q=0 1< j1<<jg<n—1 r=1

m—1 t
X E E Citserfigritseii—gn@ig « - - Aij_,

I=q i1<-<ij—g€{l,...n=1\{j1,....Jq}

S S S | (TR

q=0 1< j1<<jg<n—1 r=1

t
m
X <§ : E : Citrerdgnitsenis qail"'ai1q>

I=q i1<--<ijge{l,...n}\{j1.....Jg}

= ﬁ: > ﬁ (bj, —df)

0 1<ji<<jg<n r=1

m !
X Z Z Cip,..., Jgoitseensii—, qa,-l e ai/,q s (23)
1=

q i1<-<ij—g€{l,..n]\{j1,--, g}

ass; — 090,...,s, — oo. Therefore, (19) is valid. The foIIowing constants satisfy the
conditions stated before (17b'k =q; = 1/n, k=1 ....n; ¢y, =0, 1<ip <n;

i, #is, r#s, k,r,s =1,. 1 1=0,. -1 ¢y (Zq oq.((m q).))l/t
1<iy<n;i, #i5,r #s; k,r,s_l ,m. Forthese parameters we get

DS ﬁwj, —d)

q=0 1< j1<<jg<n r=1

t
m
X (E : E : Citesfgoitseii= qall"'ai1q>

I=q i1<--<ipge{l,...n\{j1.-.-Jg}

m
=3 Gt ) (e )

t
21 1
- 7! (f) om=1 (24)
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asn — oo. Moreover, sinceEX™Y = a;, E(X) =by, si =1,2,..., k=1,...,n,
we obtain

ZZE(Z >

4=0 1<j1<<jg<n  \l=q ir<-<ii_g€(lot)\{j1ofg)

t
(sjp) (jg) 1 (sip) Gsip_y)
Eil ,,,,, il—qul ,,,,, jq i1,000i]— q(le ,...,qu ’Xil ""’Xil—q )

=Y Y IIEeY

q=0 1< j1<<jg<n r=1

t
m
(Y, ) (siy_,)
g < <i . .
m q
-y Y I

q=0 1< j1<<jg<n r=1

3

n

t
x ( Ctsenesdgoityemmit—g Fig - - ‘ail—q>
I=q i1<-<ij—q€{l,...n}\{j1..... Jq}

NE

Cin~1(Cpin~m D¢y )" — 1, (25)

n

Il
o

q

asn — oo. Relations (19), (24) and (25) imply sharpness of the constants in inequal-
ity (3). Sharpness of the constants in inequality (4) might be proven in a similar way.
The decoupling inequalities in Theorems 4 and 5 follow from inequalities (1)—(10), as
explained before the theorems. The proof is complete.
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